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Heat Transfer Problem for the Boltzmann Equation in a

Channel with Diffusive Boundary Condition∗
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Abstract In this paper, the authors study the 1D steady Boltzmann flow in a channel.
The walls of the channel are assumed to have vanishing velocity and given temperatures
θ0 and θ1. This problem was studied by Esposito-Lebowitz-Marra (1994, 1995) where
they showed that the solution tends to a local Maxwellian with parameters satisfying the
compressible Navier-Stokes equation with no-slip boundary condition. However, a lot of
numerical experiments reveal that the fluid layer does not entirely stick to the boundary.
In the regime where the Knudsen number is reasonably small, the slip phenomenon is
significant near the boundary. Thus, they revisit this problem by taking into account the
slip boundary conditions. Following the lines of [Coron, F., Derivation of slip boundary
conditions for the Navier-Stokes system from the Boltzmann equation, J. Stat. Phys.,
54(3–4), 1989, 829–857], the authors will first give a formal asymptotic analysis to see that
the flow governed by the Boltzmann equation is accurately approximated by a superposition
of a steady CNS equation with a temperature jump condition and two Knudsen layers
located at end points. Then they will establish a uniform L

∞ estimate on the remainder
and derive the slip boundary condition for compressible Navier-Stokes equations rigorously.

Keywords Boltzmann equation, Compressible Navier-Stokes approximation, Slip
boundary conditions, Chapman-Enskog expansion
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1 Introduction

1.1 Problem settings

In this paper, we study the steady flow of a rarefied gas in a channel which is bounded by

two thermal walls located at x = 0 and x = 1. The walls are assumed to have a vanishing

velocity and given temperatures θ0 and θ1 (θ0 6= θ1), respectively. In the kinetic setting, the

distribution function satisfies the following 1D rescaled steady Boltzmann equation:

v1∂xF
ε = ε−1Q(F ε, F ε), x ∈ (0, 1), v = (v1, v2, v3) ∈ R

3. (1.1)
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The parameter ε > 0 is the Knudsen number which is proportional to the mean free path and

is assumed to be small. The Boltzmann collision term on the right-hand side of (1.1) takes the

non-symmetric bilinear form of

Q(F1, F2) =

∫

R3

∫

S2

B(|v − u|, ω)[F1(u
′)F2(v

′)− F1(u)F2(v)] dωdu,

where the velocity pair (v′, u′) is defined by the velocity pair (v, u) as well as the parameter

ω ∈ S2 in the relation

v′ = v − [(v − u) · ω]ω, u′ = u+ [(v − u) · ω]ω,

according to conservation laws of momentum and energy

v′ + u′ = v + u, |v′|2 + |u′|2 = |v|2 + |u|2

for elastic collision. For simplicity, we consider the hard sphere model when the collision kernel

B(|v − u|, ω) = |v − u|| cosψ| with relative velocity v − u and interaction angle defined by

cosψ = ω · v−u
|v−u| . Denote the outward normal vectors at each boundary point x ∈ {0, 1} by

n(x) =

{
(−1, 0, 0), x = 0,

(1, 0, 0), x = 1.

The phase boundary {0, 1} × R3 can be decomposed into three parts:

{0, 1} × R
3 = γ+ ∪ γ0 ∪ γ−,

where

γ± = {(x, v) | n(x) · v ≷ 0}
= ({0} × {v1 ≶ 0}) ∪ ({1} × {v1 ≷ 0}) (1.2)

and

γ0 = {0, 1} × {v1 = 0}.

The distribution of gas particles at thermal walls satisfies the diffusive reflection boundary

condition, which is given by

F ε(x, v)|γ− = µθw

∫

{n(x)·v>0}
F ε(x, v){n(x) · v} dv, x = 0, 1, (1.3)

where the wall Maxwellian µθw is

µθw(v) =
1

2πθ2w(x)
e−

|v|2

2θw(x) , θw(0) = θ0, θw(1) = θ1.

Without loss of generality, we assume that θ0 = 1 and θ1 > θ0. Moreover, the total mass of the

solution is equal to 1 throughout the paper, i.e.,

∫ 1

0

∫

R3

F ε(x, v) dvdx = 1. (1.4)
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1.2 CNS approximation

We are interested in the behavior of solution F ε in the limit ε → 0+ that is the hydrody-

namic limit of the Boltzmann equation. In the absence of physical boundaries or shocks, it

is well-known that the distribution function converges to a local Maxwellian with parameters

satisfying the compressible Euler system, cf. [19]. The Chapman-Enskog expansion yields the

compressible Navier-Stokes system (CNS for short) as the first order correction. In this sub-

section, we give a formal derivation of CNS approximation in the setting of this paper. Before

this, we define some function spaces which will be used later. Given a local Maxwellian

M = M[ρ,u,θ](v) =
ρ

(2πθ)
3
2

e−
|v−u|2

2θ

with density ρ(x) > 0, velocity u(x) and temperature θ(x) > 0, we define a function space L2
M,

equipped with the following inner product in v:

〈f, g〉M =

∫

R3

fg

M dv.

The linearized collision operator around M is given by

LM(·) = −[Q(M, ·) +Q(·,M)].

The following properties of LM are well-known (cf. [18]). That is, LM has a null space KerLM
in L2

M that is spanned by the following functions

χ1 = M, χi =
vi√
θ
M, i = 1, 2, 3, χ4 =

|v|2 − 3θ√
6θ

M.

We also define the macroscopic projection operator PM as the projection onto KerLM. If f is

orthogonal to null space of LM, the following coercive inequality holds:

〈LMf, f〉L2
M

≥ c0|ν
1
2 f |L2

M
(1.5)

for some positive constants c0, where ν(v) = 1 + |v|.
Without boundary, by formally passing limit ε → 0 in (1.1), we see that the leading order

gives the local Maxwellian M which satisfies Q(M,M) = 0. Hence, we set the following

expansion

F ε = M+ εG+ ε2F2 +O(ε3), (1.6)

where G and F2 are some correctors to be constructed later. Inserting the expansion (1.6) into

(1.1) yields the error

E = v1∂xM + LMG+ ε[v1∂xG+ LMF2 −Q(G,G)] +O(ε2).

Then we can eliminate the terms of O(1) and O(ε) order by choosing

G = −L−1
M [(I − PM)v1∂xM], (1.7)

F2 = −L−1
M [(I − PM)v1∂xG−Q(G,G)] + F̃2, (1.8)
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where F̃2 ∈ KerLM will be determined later. Here, M satisfies

PMv1∂xM+ εPMv1∂xG = 0. (1.9)

It is straightforward to check that (1.9) is equivalent to the following 1-D steady compressible

Navier-Stokes system for x ∈ (0, 1):






∂x(ρu1) = 0,

∂x(ρu
2
1 + ρθ) = ε∂x

(4
3
ι(θ)∂xu1

)
,

∂x(ρu1uj) = ε∂x(ι(θ)∂xuj), j = 2, 3,

∂x

[
ρu1

(5θ
2

+
|u|2
2

)]
= ε∂x

(4
3
ι(θ)u1∂xu1 +

∑

i=2,3

ι(θ)ui∂xui + κ(θ)∂xθ
)
.

(1.10)

Here, the viscosity ι(θ) and heat conductivity κ(θ) are respectively given by






ι(θ) = θ

∫

R3

Aj(ξ)L−1
M[1,u,θ]

Aj(ξ)M[1,u,θ]dv, i = 2 or 3,

κ(θ) = θ

∫

R3

B(ξ)L−1
M[1,u,θ]

B(ξ)M[1,u,θ]dv, ξ =
v − u√

θ
,

where

Aj(ξ) = ξjξ1 −
|ξ|2
3
δ1j , B(ξ) =

|ξ|2 − 5

2
ξ1

are the Burnett functions. It is well-known (cf. [4]) that these functions satisfy the following

relations

− L−1
M[1,u,θ]

[Ai(ξ)M[1,u,θ]] = α(|ξ|, θ)Ai(ξ)M[1,u,θ],

− L−1
M[1,u,θ]

[B(ξ)M[1,u,θ]] = β(|ξ|, θ)B(ξ)M[1,u,θ]

with two smooth scalar functions α(|ξ|, θ) and β(|ξ|, θ). After some scaling, one has

α(ξ, θ)Ai(ξ)M[1,u,θ] =
1

θ2
α(ξ, 1)Ai(ξ)µ,

β(ξ, θ)B(ξ)M[1,u,θ] =
1

θ2
β(ξ, 1)B(ξ)µ,

where

µ(ξ) =
1

(2π)
3
2

e−
|ξ|2

2

is the normalized global Maxwellian. Here, the scalar functions α(ξ, 1), β(ξ, 1) are determined

by

α(ξ, 1)Ai(ξ)µ = L−1
µ Ai(ξ)µ, β(ξ, 1)B(ξ)µ = L−1

µ B(ξ)µ

and Lµ = −[Q(µ, ·) +Q(·, µ)] is the linearized collision operator around µ. Then viscosity and

heat conductivity coefficients are given by





ι(θ) =
(∫

R3

|Aj(ξ)|2α(ξ, 1)µ(ξ)dξ
)
θ

1
2 = ιθ

1
2 , j = 2 or 3,

κ(θ) =
( ∫

R3

|B(ξ)|2β(|ξ|, 1)µ(ξ)dξ
)
θ

1
2 = κθ

1
2 .
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Similarly, G can be rewritten as

G = −L−1
M[1,u,θ]

[ ∑

i=1,2,3

Ai(ξ)∂xui +
∂xθ√
θ
B(ξ)

]
M[1,u,θ]

= −
[
α(|ξ|, θ)

( ∑

i=1,2,3

Ai(ξ)∂xui

)
+ β(|ξ|, θ)B(ξ)

∂xθ√
θ

]
M[1,u,θ]

= − 1

θ2

[
α(ξ, 1)

( ∑

i=1,2,3

Ai(ξ)∂xui

)
+ β(ξ, 1)B(ξ)

∂xθ√
θ

]
µ(ξ). (1.11)

1.3 Slip boundary condition

In order to solve compressible Navier-Stokes system (1.10) when x ∈ (0, 1), suitable bound-

ary conditions are needed. If we consider the no-slip boundary condition

u(0) = u(1) = 0, θ(0) = θ0, θ(1) = θ1,

the approximation (1.6) matches the boundary conditions (1.3) up to O(1). However, since G

contains non-Maxwellian terms, the Chapman-Enskog approximation M + εG in general does

not match the boundary condition (1.3) up to O(ε), except for the case when

∂xu(0) = ∂xu(1) = ∂xθ(0) = ∂xθ(1) = 0.

However, then (1.10) is overdetermined. To obtain a more accurate approximation, Coron [9]

formally derived the slip boundary conditions for compressible Navier-Stokes equations, which

are essentially a consequence of the analysis of the Knudsen layer. In what follows, we elaborate

the derivation only in one dimensional case. We refer to [1, 33–35] for the physical investigations

in general cases.

As in [9], since Chapman-Enskog expansion is not valid near the boundary, we introduce

Knudsen layers B0 and B1 around boundary points x = 0 and x = 1, respectively. The

construction of Knudsen layers relies on the solutions to the following Milne problem:




v1∂yF + LµF = 0, y > 0, v ∈ R3,

F(0, v)|v1>0 = G,∫

R3

v1Fdv = 0,

lim
y→∞

F(y) = F∞ exists and belongs to KerLµ,

(1.12)

where G is a given incoming distribution function. The well-posedness of (1.12) has been shown

in [3], and is summarized in Lemma 6.1 for later use.

Now we construct the Knudsen layer B0 and B1 at the boundary points x = 0 and x = 1,

respectively. Let p ∈ {0, 1} be a boundary point. We set the boundary conditions of Navier-

Stokes system as

u(p) = εũ(p), θ(p) − θp = εθ̃(p), (1.13)

where ũ(p) and θ̃(p) are corrections to be determined later. Then we expand the boundary

values of M(x, v)|x=p and G(x, v)|x=p as:

M(p) =

√
θp
2π
ρ(p)µθp + ε

{ ũ(p) · v
θp

+
|v|2 − 3θp

2θ2p
θ̃(p)

}
ρ(p)

√
θp
2π
µθp + ε2MR(p)
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:=

√
θp
2π
ρ(p)µθp + εM1(p) + ε2MR(p), p = 0, 1 (1.14)

and

G(p) = − µθp√
2π

{
α
( |v|√

θp
, 1
)
A
( v√

θp

)
∂xu(p) + β

( |v|√
θp
, 1
)
B
( v√

θp

)∂xθ(p)√
θp

}
+ εGR(p)

:= G0(p) + εGR(p), p = 0, 1. (1.15)

Now we consider B0 first. To compensate G0 at x = 0, we take Fα,i, i = 1, 2, 3 and Fβ as solu-

tions to the Milne problem (1.12) with incoming distribution functions Gα,i = α(|v|, 1)Ai(v)µ, i =

1, 2, 3 and Gβ = β(|v|, 1)B(v)µ. By (1.12)4, there exist positive constants cα,1, cα,2, c, cβ,1 and

cβ,2, such that

Fα,1,∞ = lim
y→+∞

Fα,1(y) = cα,1µ+ cα,2
|v|2 − 3

2
µ,

Fα,j,∞ = lim
y→+∞

Fα,j(y) = cvjµ, j = 2, 3,

Fβ,∞ = lim
y→+∞

Fβ(y) = cβ,1µ+ cβ,2
|v|2 − 3

2
µ.

Then we define the Knudsen layer B0 as

B0 =
∑

i=1,2,3

[
Fα,i

(ρ(0)x
ε

,
v√
θ0

)
−Fα,i,∞

( v√
θ0

)]∂xui(0)
θ20

+
[
Fβ

(ρ(0)x
ε

,
v√
θ0

)
−Fβ,∞

( v√
θ0

)]∂xθ(0)
θ

5
2
0

. (1.16)

By a straightforward computation, one has

B0|x=0 = −G0(0)−Ψ(0),

where

Ψ(0) =
cα,1

√
θ0∂xu1(0) + cβ,1∂xθ(0)√

2πθ0
µθ0 +

∑

i=2,3

c∂xui(0)vi√
2πθ0

µθ0

+
cα,2

√
θ0∂xu1(0) + cβ,2∂xθ(0)√

2πθ0

|v|2 − 3θ0
2θ20

µθ0 ∈ KerLµθ0
. (1.17)

Note that the Maxwellian part in (1.17) already satisfies the boundary condition (1.3) at

x = 0. Then we use M1(0) given in (1.14) to eliminate non-Maxwellian terms in Ψ(0). That

is, set

ũ1(0) = 0, ũi(0) =
c∂xui(0)

ρ(0)
, i = 2, 3, θ̃(0) =

cα,2
√
θ0∂xu1(0)

ρ(0)
+
cβ,2∂xθ(0)

ρ(0)
.

In view of (1.13), it requires [u, θ] to satisfy the following slip boundary condition:

{
u1(0) = 0, ρ(0)ui(0) = εc∂xui(0), i = 2, 3,

ρ(0)[θ(0)− θ0] = εcα,2
√
θ0∂xu1(0) + εcβ,2∂xθ(0)

(1.18)
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at x = 0. Similarly, at x = 1 we can construct Knudsen layer B1 at x = 1 as follows:

B1 =
[
Fα,1

(ρ(1)(1− x)

ε
,
Rv√
θ1

)
−Fα,1,∞

(
Rv√
θ1

)]∂xu(1)
θ21

+
∑

j=2,3

[
−Fα,j

(ρ(1)(1 − x)

ε
,
Rv√
θ1

)
+ Fα,j,∞

(
Rv√
θ1

)]∂xu(1)
θ21

+
[
−Fβ

(ρ(1)(1− x)

ε
,
Rv√
θ1

)
+ Fβ,∞

(
Rv√
θ1

)]∂xθ(1)
θ

5
2
1

, (1.19)

where Rv = R(v1, v2, v3) = (−v1, v2, v3). Then we have

B1|x=1 = −G0(1)−Ψ(1),

where

Ψ(1) =
−cα,1

√
θ1∂xu1(1) + cβ,1∂xθ(1)√

2πθ1
µθ1 −

∑

i=2,3

c∂xui(1)vi√
2πθ1

µθ1

+
−cα,2

√
θ1∂xu1(1) + cβ,2∂xθ(1)√

2πθ1

|v|2 − 3θ1
2θ21

µθ1 ∈ KerLµθ1
. (1.20)

Then we set the following boundary condition of [u, θ] at x = 1:

{
u1(1) = 0, ρ(1)ui(1) = −εc∂xui(1), i = 2, 3,

ρ(1)[θ1 − θ(1)] = −εcα,2
√
θ1∂xu1(1) + εcβ,2∂xθ(1).

(1.21)

It is straightforward to check that M + εG + εB1 satisfies the boundary condition (1.3) at

x = 1, up to the order ε.

1.4 Main result

The paper aims to justify rigorously the slip boundary conditions presented in the previous

section. For this, we start with the following expansion

F ε = M+ εG+ εB0 + εB1 + ε2F2 + ε1+αFR, (1.22)

where α > 0 is a positive constant. Here we elaborate the approximate solutions appearing

in the expansion: The leading order term M = M[ρ,u,θ] is a local Maxwellian where [ρ, u, θ]

satisfies the steady compressible Navier-Stokes equations with slip boundary conditions (1.18)

and (1.21). It will be constructed in Subsection 3.1. The function G is a corrector at order

ε which is defined in (1.11) and it satisfies (1.7). B0 and B1 are Knudsen layers which are

defined in (1.16) and (1.19), respectively. For technical reasons, we need a high-order corrector

F2 which will be defined in (3.12).

Define the weight function

w(v) = (1 + |v|2)β
2 e̟|v|2 (1.23)

with β > 3 and 0 < ̟ ≤ 1
8 . The main result in this paper can be stated as follows.
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Theorem 1.1 Suppose |θ1 − θ0| ≤ δ0 for small δ0. For sufficiently small ε > 0 and any

α ∈ (0, 12 ), there exists a unique solution F ε in the form of (1.22) to the steady Boltzmann

equation (1.1) with boundary condition (1.3) and total mass condition (1.4). Moreover, there

exists constant p = p(α) ∈ (2,∞), such that the remainder term FR satisfies the following

uniform-in-ε estimate:

∥∥∥
wFR√
µ

∥∥∥
L∞

+ ε−
1
p

∥∥∥
(
PMFR√

M

)∥∥∥
Lp

+ ε−1− 1
p

∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
L2

≤ Cα|θ1 − θ0|. (1.24)

Here the constant Cα > 0 is uniform in ε.

Remark 1.1 Esposito et al. in [13–14] studied the hydrodynamic limit of (1.1) with (1.4),

in the presence of a small external force. They proved that the solution converges to the steady

CNS with no-slip boundary condition. In this paper, we aim to justify the more accurate CNS

approximation by taking account into the slip boundary conditions. Thanks to this choice, we

can avoid the higher order expansions used in [13–14].

The hydrodynamic limit is one of the most fundamental problems in kinetic theory. There

are extensive studies on the mathematical description of relations between Boltzmann equation

and various of hydrodynamic models. Now we review some of them which are most related to

the topic of this paper. For more detailed references, we refer to the book by Cercignani [8]

and the survey book by Saint-Raymond [32].

Let us first focus on the Euler scaling. The first mathematical proof of the compressible

Euler limit was given by Nishida [31] in the analytic framework. An extension of this result has

been made in [36] for the case when the solution contains initial layers. By using a truncated

Hilbert expansion, Caflisch [7] justified the Euler limit for any given smooth Euler solutions;

see also [24] for the result in L2-L∞ framework. In the same spirit as [7], Lachowicz [28]

justified the CNS approximation over the short time interval. Recently, the global-in-time

CNS approximation was justified by the second and third authors in a paper with Zhao [29]

for the case when the data are close to the global equilibrium. This result was extended to

case of a general bounded domain in [10]. On the other hand, the hydrodynamic limit to the

compressible Navier-Stokes equations for the steady Boltzmann equation in a slab was studied

by Esposito-Lebowitz-Marra [13–14]; see also a recent survey [15]. We also refer to [25, 38–39]

for hydrodynamic limits to some wave patterns. Very recently, the compressible Euler limit in

the half-space was studied in [22] with the specular reflection boundary condition.

In diffusive scaling, there are many interesting results on the hydrodynamic limits to the

incompressible fluid systems in different settings, cf. [2, 5–6, 12, 18, 20, 26–27, 37] and the

references therein.

The rest of the paper is organized as follows. In Section 2 we will present some basic

estimates on linear and nonlinear collision terms. In Section 3, the construction of approximate

solutions is given. Precisely, in Subsection 3.1, we solve the steady Navier-Stokes equation with

slip boundary conditions. Some properties of Knudsen layer B0 and B1 are given in Subsection

3.2. We construct the higher order corrector F2 and give some error bounds in Subsection 3.3.

In Section 4, we will study the linearized steady Boltzmann equation. In Section 5, we further

construct the remainder FR and give the proof of Theorem 1.1. In Appendix, we summarize

some properties of the solution to the Milne problem.
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Notations. Throughout the paper, we denote by C a generic positive constant and by Ca

a constant depending on a. These constants may vary from line to line. Let 1 ≤ p ≤ ∞, we

denote by ‖ · ‖Lp the Lp(Ω × R3) norm. We use | · |Lp
v
and | · |Lp

x
respectively to denote the

Lp(R3)-norm in the velocity variable and Lp([0, 1])-norm in the space variable. For the phase

boundary γ± in (1.2), we set measures dγ± on γ± as
∫

γ+

fdγ+ =

∫

v1<0

f(0, v)|v1|dv +
∫

v1>0

f(1, v)v1dv

and ∫

γ−

fdγ− =

∫

v1>0

f(0, v)v1dv +

∫

v1<0

f(1, v)|v1|dv.

For any 1 ≤ p ≤ ∞, we denote by | · |Lp
±
the Lp-norm on γ±. For p = 2, we denote by 〈·, ·〉γ±

the inner product on γ±, that is,

〈f, g〉γ± :=

∫

γ±

fgdγ±.

2 Estimates on Collision Operators

Let µ(v) = 1

(2π)
3
2
e−

1
2 |v|

2

. The linearized collision operator is defined by

Lf := − 1√
µ
[Q(µ,

√
µf) +Q(

√
µf, µ)].

As in [18], we have the decomposition L = ν −K, where

ν(v) =

∫

R3

∫

S2

B(v − u, ω)µ(u) dωdu ∼ 1 + |v|,

and K = K1 −K2 are defined by

(K1f)(v) =

∫

R3

∫

S2

B(v − u, ω)
√
µ(v)µ(u)f(u) dωdu,

(K2f)(v) =

∫

R3

∫

S2

B(v − u, ω)
√
µ(u)µ(u′)f(v′) dωdu

+

∫

R3

∫

S2

B(v − u, ω)
√
µ(u)µ(v′)f(u′) dωdu.

Lemma 2.1 (cf. [18, 21]) K is an integral operator given by

Kf :=

∫

R3

k(v, u) du,

where

|k(v, u)| ≤ C{|v − u|+ |v − u|−1}e−
|v−u|2

8 e
− ||v|2−|u|2|2

8|v−u|2 (2.1)

for any v, u ∈ R3 with v 6= u. Moreover, for the weight function w(v) given by (1.23), it holds

that
∫

R3

|k(v, u)|w−1(u)du ≤ (1 + |v|)−1w−1(v). (2.2)
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The following lemma gives some estimates on the nonlinear collision operator Q(f, g).

Lemma 2.2 (cf. [21, 30]) Let M∗ be any Maxwellian and w(v) be the weight function

defined in (1.23). It holds that

∣∣∣
ν−1wQ(f, g)√

M∗

∣∣∣
L∞

v

≤ C
∣∣∣
wf√
M∗

∣∣∣
L∞

v

∣∣∣
wg√
M∗

∣∣∣
L∞

v

(2.3)

and

∣∣∣
ν−

1
2Q(f, g)√
M∗

∣∣∣
L2

v

≤ C
∣∣∣
ν

1
2 f√
M∗

∣∣∣
L2

v

∣∣∣
g√
M∗

∣∣∣
L2

v

+ C
∣∣∣
ν

1
2 f√
M∗

∣∣∣
L2

v

∣∣∣
g√
M∗

∣∣∣
L2

v

. (2.4)

3 Approximate Solutions

3.1 Steady Navier-Stokes equations

In this subsection, we construct the solution to the steady Navier-Stokes equations (1.10)

with slip boundary conditions (1.18) and (1.21). By (1.10)1 and boundary condition u1(0) =

u1(1) = 0, we have u1 ≡ 0. Then by (1.10)3 and boundary conditions (1.18), (1.21) for u2, u3,

we have u2, u3 ≡ 0. Thus, the original problem (1.10), (1.18) and (1.21) is reduced to





ρθ ≡ P0,

d

dx

(√
θ
dθ

dx

)
= 0, x ∈ (0, 1),

θ(0)− θ0
θ(0)

=
1

P0
cβ,2ε

dθ

dx
(0),

θ(1)− θ1
θ(1)

= − 1

P0
cβ,2ε

dθ

dx
θ(1),

(3.1)

where P0 > 0 is a given constant.

Lemma 3.1 There exists ε0 > 0, such that for any ε ∈ (0, ε0), there exist a constant P0

and a unique solution (ρNS , θNS) to (3.1) such that

∫ 1

0

ρNS(x)dx = 1 (3.2)

and

k∑

i=0

∣∣∣
dk

dxk
(ρNS − 1, θNS − θ0)

∣∣∣
L∞

x

≤ Ck|θ1 − θ0|, ∀k ∈ N. (3.3)

Proof The general solutions are

θ(x) = (D1x+D2)
2
3 , ρ(x) = P0θ

−1(x), (3.4)

where D1, D2 and P0 are constants to be determined. To satisfy the boundary conditions (3.1)3
and total mass condition (3.2), we take (D1, D2, P0) as the solution to the following algebraic

system:




F1(ε;D1, D2, P0) := D
2
3
2 − θ0 −

2cβ,2
3P0

εD1D
1
3
2 = 0,

F2(ε;D1, D2, P0) := (D1 +D2)
2
3 − θ1 +

2cβ,2
3P0

εD1(D1 +D2)
1
3 = 0,

F3(ε;D1, D2, P0) :=

∫ 1

0

ρ(x)dx − 1 =
3P0

D1
[(D1 +D2)

1
3 −D

1
3
2 ]− 1 = 0.

(3.5)
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Notice that when ε = 0,

(D1,∗, D2,∗, P0,∗)
def
=

(
θ

3
2
1 − θ

3
2
0 , θ

3
2
0 ,

(θ
3
2
1 − θ

3
2
0 )

3(θ
1
2
1 − θ

1
2
0 )

)

is the solution of (3.5). By a straightforward calculation, we obtain the Jacobian determinant

at (D1,∗, D2,∗, P0,∗) is
∣∣∣
∂(F1,F2,F3)

∂(D1, D2, P0)

∣∣∣ =
4

9
θ
− 1

2
0 θ

− 1
2

1 P−1
0,∗ +O(1)ε,

which does not vanish for any ε ∈ (0, ε0) with small ε0. Then by the implicit function theorem,

there is a unique solution [D1, D2, P0] of (3.5) for any ε ∈ (0, ε0). The estimate (3.3) follows

from the explicit formula (3.4). The proof of Lemma 3.1 is completed.

Remark 3.1 The boundary conditions (3.1)3 mean that there is a temperature gap which

is proportional to the normal derivatives of temperature, between fluid layer and the boundary.

The proportional coefficient is of the same order as the scale of Knudsen layer.

Remark 3.2 Since the pressure P0 = ρNSθNS is a positive constant, [ρNS , 0, θNS] is also

a solution to steady Euler equations.

3.2 Knudsen layers

In this subsection, we summarize some properties of Knudsen layers B0 and B1 which are

defined in (1.16) and (1.19), respectively.

Lemma 3.2 Let y = x
ε
be the stretched variable. Then B0 is a solution to the following

half-space problem:





v1∂yB0 + ρ(0)

√
2π

θ0
Lµθ0

B0 = 0, y > 0, v ∈ R
3,

B0(0, v)|v1>0 = −G0(0)−Ψ(0),∫

R3

v1B0dv ≡ 0,

lim
y→+∞

B0 = 0,

(3.6)

where Ψ0 is given by (1.17). Moreover, for any ̟ ∈ (0, 14 ) and β > 3, there exist positive

constants C > 0 and σ0 > 0, such that

∣∣∣(1 + | · |2)β
2
e

̟|·|2

θ0 B0(y, ·)√
µθ0

∣∣∣
L∞

v

≤ Ce−σ0y|θ0 − θ1|, ∀y > 0. (3.7)

Proof From the ansatz in Subsection 1.3, it is direct to check that B0 satisfies (3.6). The

estimate (3.7) follows from the explicit formula (1.16), (3.3) and (6.1) in Lemma 6.1. We omit

the details for brevity.

Similarly, for B1, we have the following lemma.
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Lemma 3.3 Let y′ = 1−x
ε
. B1 satisfies





v1∂y′B1 + ρ(1)

√
2π

θ1
Lµθ1

B1 = 0, y′ > 0, v ∈ R
3,

B1(0, v)|v1>0 = −G0(1)−Ψ(1),∫

R3

v1B1dv ≡ 0,

lim
y′→+∞

B1 = 0,

where Ψ(1) is defined in (1.20). Moreover, B1 satisfies the following estimate

∣∣∣(1 + | · |2)β
2
e

̟|·|2

θ1 B1(y
′, ·)

√
µθ1

∣∣∣
L∞

v

≤ Ce−σ1y
′ |θ0 − θ1|, ∀y > 0 (3.8)

for ̟ ∈ (0, 14 ) and β > 3.

3.3 Error terms

Recall the ansatz (1.22), for a corrector F2 with macroscopic component to be determined

later. Inserting (1.22) into (1.1) yields the following equation of remainder FR:

v1∂xFR + ε−1LMFR = −LasFR + εαQ(FR, FR) + ε−αAs, (3.9)

where

LasFR = −Q(G+B0 +B1 + εF2, FR)−Q(FR, G+B0 +B1 + εF2).

As is related to the error term due to the fact that the solution considered here is an approxi-

mation. Moreover, it follows that

As = −ε−1
[(

LM − ρ(0)

√
2π

θ0
Lµθ0

)
B0 +

(
LM − ρ(1)

√
2π

θ1
Lµθ1

)
B1

]

+Q(B0 +B1, G+B0 +B1 + εF2) +Q(G+ εF2,B0 +B1)− εv1∂xF2. (3.10)

Recall (1.8) for F2. We need to carefully choose the macroscopic component of F2, i.e., F̃2. The

motivation is twofold. On one hand, notice that there is a possible non-vanishing total mass of

the Knudsen layers:

m(ε) =

∫ 1

0

∫

R3

B0

(x
ε
, v
)
+B1

(1− x

ε
, v
)
dvdx

that is of order ε by (3.7)–(3.8). F̃2 is used to eliminate the extra mass. On the other hand, F̃2

is chosen so that the residual As is purely microscopic. This leads to require

∫ 1

0

∫

R3

F2(x, v)dvdx = −ε−1m(ε), PMv1∂xF2 = 0. (3.11)

Fortunately, the above requirements can be achieved by choosing

F̃2 =
−ε−1m(ε)

ρNS(x)
M + χ(x)

|v|2 − 3θNS

2θNS

M,
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where

χ(x) =
1

P0

{
ε−1m(ε)θNS(x)−

∫

R3

v21L−1
M [−(I − PM)v1∂xG+Q(G,G)]dv

}
.

Then F2 is given by

F2 = F̃2 + L−1
M [−(I − PM)v1∂xG+Q(G,G)]. (3.12)

It is straightforward to check that
∫
R3 v1F2dv =

∫
R3 v

2
1F2dv ≡ 0 and

∫
R3 v1|v|2F2dv ≡ 0 since

G is odd in v1. Therefore, (3.11) holds.

The boundary condition of FR is given by

FR|γ− = µw

∫

{n(x)·v>0}
FR{n(x) · v}dv + ε1−αr. (3.13)

Here

r(0, v) = ε−α
(
B1|x=0 − µθ0

∫

{v1<0}
B1|x=0|v1|dv

)

+MR(0) +GR(0) + F2(0)− µθ0

∫

{v1<0}
[MR(0) +GR(0) + F2(0)]v1dv

and

r(1, v) = ε−α
(
B0|x=1 − µθ1

∫

{v1>0}
B0|x=1|v1|dv

)

+MR(1) +GR(1) + F2(1)− µθ1

∫

{v1>0}
[MR(1) +GR(1) + F2(1)]v1dv,

where MR and GR are defined in (1.14) and (1.15), respectively.

We conclude this section by summarizing some estimates on approximate solutions and

errors for later use.

Lemma 3.4 Let w be the weight function defined in (1.23). We have

|G(x, v)| ≤ C(1 + |v|)4M|∂xθNS(x)|,
∥∥∥
wF2√
µ

∥∥∥
L∞

+
∥∥∥
w∂xF2√

µ

∥∥∥
L∞

≤ C, (3.14)

∣∣∣
wB0√
µ

∣∣∣
L∞

v

≤ Ce−σ1
x
ε |∂xθNS |L∞

x
,

∣∣∣
wB1√
µ

∣∣∣
L∞

v

≤ Ce−σ1
1−x
ε |∂xθNS |L∞

x
, (3.15)

∥∥∥
ν−1wAs√

µ

∥∥∥
L∞

≤ C|∂xθNS |L∞
x
,

∥∥∥
ν−

1
2As√
M

∥∥∥
L2

≤ C
√
ε|∂xθNS |L∞

x
, (3.16)

∣∣∣
wr√
µ

∣∣∣
L∞

−

+
∣∣∣
r√
M

∣∣∣
L2

−

≤ C|∂xθNS |L∞
x
. (3.17)

Proof The estimates (3.14)–(3.17) are straightforward by using the explicit formula and

bounds (3.7)–(3.8). Recall As defined in (3.10). Consider the highest singular term Q =

ε−1
(
LM − ρ(0)

√
2π
θ0
Lµθ0

)
B0. By mean value theorem, one has

∣∣∣M− ρ(0)

√
2π

θ0
µθ0

∣∣∣ ≤ |M(x)−M(0)|+
∣∣∣M(0)− ρ(0)

√
2π

θ0
µθ0

∣∣∣
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≤ C(|∂xθNS |L∞
x
|x|+ |θNS(0)− θ0|)(1 + |v|)2µθ0 ,

≤ C|∂xθNS |L∞
x
(|x|+ ε)(1 + |v|)2µθ0 ,

where we have used the boundary condition (3.1) for θNS(0) in the last inequality. Then by

(2.4) and (3.7), it holds that

∣∣∣
ν−

1
2Q√
M

∣∣∣
L2

v

≤ Cε−1
∣∣∣
ν

1
2

(
M− ρ(0)

√
2π
θ0
µθ0

)

√
M

∣∣∣
L2

v

∣∣∣
B0√
M

∣∣∣
L2

v

+ Cε−1
∣∣∣
M− ρ(0)

√
2π
θ0
µθ0

√
M

∣∣∣
L2

v

∣∣∣
ν

1
2B0√
M

∣∣∣
L2

v

≤ C|∂xθNS|L∞
x

(∣∣∣
x

ε

∣∣∣+ 1
)
e−σ0

∣∣ x
ε

∣∣
.

This implies that
∥∥∥
ν−

1
2Q√
M

∥∥∥
L2

≤ C
√
ε|∂xθNS |L∞

x
.

Other terms can be estimated similarly and we omit the details for brevity. The proof of Lemma

3.4 is completed.

4 Linear Problem

In this section, we will study the following linear stationary problem:

{
εv1∂xFR + LMFR = g, x ∈ (0, 1), v ∈ R3,

FR|γ− = PγFR + r,
(4.1)

where

(Pγf)(x, v) =
1

2πθ2NS(x)
e
− |v|2

2θNS(x)

∫

n(x)·u>0

f(x, u){n(x) · u}du,

and both g and r are inhomogeneous source terms. The following is the main result in this

section.

Proposition 4.1 Assume that

∫

R3

g(x, v)dv = 0, ∀x ∈ (0, 1) (4.2)

and
∫

{v1>0}
r(0, v)v1dv =

∫

{v1<0}
r(1, v)v1dv = 0. (4.3)

There exists a positive constant δ0 > 0, such that if |θ1−θ0| ≤ δ0, then for any sufficiently small

ε > 0 and for any p ∈ (2,∞), the linear problem (4.1) admits a unique solution FR satisfying

∫ 1

0

∫

R3

FR(x, v)dxdv = 0 (4.4)
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and

∥∥∥
wFR√
µ

∥∥∥
L∞

+ ε−
1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ ε−1− 1
p

∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
L2

≤ Cpε
−2− 1

p

∥∥∥
PMg√
M

∥∥∥
L2

+ Cpε
−1− 1

p

∥∥∥
ν−

1
2 (I − PM)g√

M

∥∥∥
L2

+ Cpε
− 1

2− 1
p

∣∣∣
r√
M

∣∣∣
L2

−

+ Cp

∥∥∥
ν−1wg√

µ

∥∥∥
L∞

+ Cp

∣∣∣
wr√
µ

∣∣∣
L∞

−

. (4.5)

Here, the positive constant Cp > 0 does not depend on ε.

4.1 L
2-estimate

Lemma 4.1 Let FR be a solution to the linearized problem (4.1). Assume that g and r

satisfy (4.2) and (4.3), respectively. There exists τ0 > 0, such that for sufficiently small ε ≪ 1

and for any η ∈ (0, 1), it holds

∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
L2

+ ε
1
2

∣∣∣
(I − Pγ)FR√

M

∣∣∣
L2

+

≤ ε(η + |∂xθNS |L∞
x
)
∥∥∥
PMFR√

M

∥∥∥
L2

+ Cηe
− τ0

ε

∥∥∥
wFR√
µ

∥∥∥
L∞

+ Cη

(
ε−1

∥∥∥
PMg√
M

∥∥∥
L2

+
∥∥∥
ν−

1
2 (I − PM)g√

M

∥∥∥
L2

+ ε
1
2

∣∣∣
r√
M

∣∣∣
L2

−

)
. (4.6)

Here, the constant Cη does not depend on ε.

Proof For simplicity, we denote

Mω =
1

2πθ2NS

e
− |v|2

2θNS .

By taking inner product of (4.1) with FR/Mω over (0, 1)× R3 and then integrating by parts,

we have

ε

2

∫

γ+

F 2
R

Mω

dγ+ − ε

2

∫

γ−

F 2
R

Mω

dγ− +

∫ 1

0

∫

R3

FRLMFR

Mω

dxdv

+

∫ 1

0

∫

R3

v1∂xMω

2M2
ω

|FR|2dxdv =

∫ 1

0

∫

R3

gFR

Mω

dxdv. (4.7)

By (4.3), we have

∫

γ−

r · PγFR

Mω

dγ− =
(∫

{v1>0}
r(0, v)v1dv

)
×
(∫

{v1<0}
FR(0, v)|v1|dv

)

+
( ∫

{v1<0}
r(1, v)|v1|dv

)
×
(∫

{v1<0}
FR(1, v)v1dv

)
= 0.

Thus, by boundary condition (4.1)2, we can obtain

1

2

∫

γ−

F 2
R

Mω

dγ− =
1

2

∫

γ−

|PγFR|2
Mω

dγ− +

∫

γ−

r · PγFR

Mω

dγ− +
1

2

∫

γ−

|r|2
Mω

dγ−
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=
1

2

∫

γ−

|PγFR|2
Mω

dγ+ +
1

2

∫

γ−

|r|2
Mω

dγ−

=
1

2

∫

γ+

|PγFR|2
Mω

dγ+ +
1

2

∫

γ−

|r|2
Mω

dγ−.

Hence, it holds that

ε

2

∫

γ+

F 2
R

Mω

dγ+ − ε

2

∫

γ−

F 2
R

Mω

dγ− =
ε

2

∫

γ+

|FR|2 − |PγFR|2
Mω

dγ+ − ε

2

∫

γ−

|r|2
Mω

dγ−.

=
ε

2

∫

γ+

|(I − Pγ)FR|2
Mω

dγ+ − ε

2

∫

γ−

|r|2
Mω

dγ−. (4.8)

Note that Mω = M
ρNSθ

1
2
NS

. Then by coercivity estimate (1.5), we have

∫ 1

0

∫

R3

FRLMFR

Mω

dxdv ≥ inf{ρNSθ
1
2

NS}
∫ 1

0

∫

R3

FRLMFR

M dxdv

≥ c1

∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
2

L2
(4.9)

for some positive constant c1 > 0 independent of ε. By Cauchy-Schwarz and Young’s inequali-

ties, it holds for any η ∈ (0, 1) and any κ ∈ (0, 1),

∣∣∣
∫ 1

0

∫

R3

gFR

Mω

dxdv
∣∣∣ ≤ κ

∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
2

L2
+ Cκ

∥∥∥
ν−

1
2 (I − PM)g√

M

∥∥∥
2

L2

+ ηε2
∥∥∥
PMFR√

M

∥∥∥
2

L2
+ Cηε

−2
∥∥∥
PMg√
M

∥∥∥
2

L2
. (4.10)

For the last term on the left hand side of (4.7), we divide it into the following three parts:

ε

∫ 1

0

∫

R3

v1∂xMω

2M2
ω

|FR|2dxdv

= ε

∫ 1

0

∫

R3

v1∂xMω

2M2
ω

|PMFR|2dxdv + 2ε

∫ 1

0

∫

R3

v1∂xMω

2Mω

PMFR(I − PM)fRdxdv

+ ε

∫ 1

0

∫

R3

v1∂xMω

2M2
ω

|(I − PM)FR|2dxdv

:= I1 + I2 + I3. (4.11)

For I1, by integrating (4.1) over R3 and using (4.2), we have

d

dx

∫

R3

v1FR(x, v)dv = ε−1

∫

R3

g(x, v)dv = 0.

Then by (4.3), we deduce that

∫

R3

v1FR(x, v)dv ≡
∫

R3

v1FR(0, v)dv =

∫

{v1>0}
r(0, v)v1dv = 0,

which implies PMFR is even in v1. Then it holds

I1 = 0. (4.12)
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Now we fix κ ∈ (0, 1). For I2, by Cauchy-Schwarz and Young’s inequalities, we deduce that

|I2| ≤ κ
∥∥∥
ν

1
2 (I − PM)fR√

M

∥∥∥
2

L2
+ Cκε

2|∂xθNS |2L∞
x

∥∥∥
PMFR√

M

∥∥∥
2

L2
. (4.13)

For I3, as in [23], we write it as

I3 ≤ Cε|∂xθNS|L∞
x

∫ 1

0

∫

R3

(1 + |v|)3|(I − PM)FR|2
M dxdv

= Cε|∂xθNS|L∞
x

∫ 1

0

∫

{|v|≤κε
− 1

2 }

(1 + |v|)3|(I − PM)FR|2
M dvdx

+ Cε|∂xθNS |L∞
x

∫ 1

0

∫

{|v|>κε
− 1

2 }

(1 + |v|)3|(I − PM)FR|2
M dvdx.

For |v| ≤ κε−
1
2 , we have

(1 + |v|)2 ≤ C(1 + |v|2) ≤ Cε−1(ε+ κ2).

Then it holds that
∫ 1

0

∫

{|v|≤κε
− 1

2 }

(1 + |v|)3|(I − PM)FR|2
M dvdx ≤ Cε−1(ε+ κ2)

∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
2

L2
.

Recall the weight function w defined in (1.23). For |v| > κε−
1
2 , by noticing that

θNS(x) ≥ θNS(0) = 1 +O(1)ε,

we have

w−1(1 + |v|)4
√

µ

M ≤ e−(̟−Cε)|v|2(1 + |v|)−(β−4)

≤ Ce−
̟
2 |v|2 ≤ Ce−

κ2̟
2ε .

Then we can obtain
∫ 1

0

∫

{|v|>κε
− 1

2 }

(1 + |v|)3|(I − PM)FR|2
M dvdx ≤ Ce−

κ2̟
ε

∥∥∥
wFR√
µ

∥∥∥
2

L∞

∫

R3

(1 + |v|)−5dv

≤ Ce−
κ2̟

ε

∥∥∥
wFR√
µ

∥∥∥
2

L∞
.

Combining these two estimates, we get

I3 ≤ C(ε+ κ2)
∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
2

L2
+ Ce−

κ2̟
ε

∥∥∥
wFR√
µ

∥∥∥
2

L∞
. (4.14)

Putting estimates (4.7)–(4.14) together gives

∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
2

L2
+ ε

∣∣∣
(I − Pγ)FR√

M

∣∣∣
2

L2
+

≤ C(ε+ κ)
∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
2

L2
+ Cε2(η + |∂xθNS |2L∞

x
)
∥∥∥
PMFR√

M

∥∥∥
2

L2
+ Ce−

κ2̟
ε

∥∥∥
wFR√
µ

∥∥∥
2

L∞

+ Cηε
−2

∥∥∥
PMg√
M

∥∥∥
2

L2
+ Cκ

∥∥∥
ν−

1
2 (I − PM)g√

M

∥∥∥
2

L2
+ Cε

∣∣∣
r√
M

∣∣∣
2

L2
−

. (4.15)

Here, κ ∈ (0, 1) and η ∈ (0, 1) are two arbitrary constants. By taking κ suitably small in (4.15),

we obtain (4.6). The proof of Lemma 4.1 is completed.
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4.2 L
p-estimates on PMFR

Lemma 4.2 For any p ∈ [2,∞), there exists a positive constant C, such that

ε
∥∥∥
PMFR√

M

∥∥∥
Lp

≤ Cε|∂xθNS |L∞
x

∥∥∥
PMFR√

M

∥∥∥
Lp

+ Cε
p

p−2

∥∥∥
wFR√
µ

∥∥∥
L∞

+ Cε
∣∣∣
(I − Pγ)FR√

M

∣∣∣
L2

+

+ C
∥∥∥
(I − PM)FR√

M

∥∥∥
L2

+ C
∥∥∥
ν−

1
2 g√
M

∥∥∥
L2

+ Cε
∣∣∣
r√
M

∣∣∣
L2

−

. (4.16)

Proof The proof is based on the dual argument developed in [11–12]. We need to slightly

modify their method here since the reference Maxwellian M depends on x. We decompose FR

as

FR = PMFR + (I − PM)FR

=
a(x)

ρNS

M+
b(x) · v
ρNSθNS

M+
c(x)

2ρNSθNS

( |v|2
θNS

− 3
)
M+ (I − PM)FR.

Thus, it suffices to obtain Lp-estimate of (a, b, c). For simplicity, we only estimate a because

the estimates for b and c are similar. Let φ(x, v) be any smooth test function. Then taking

inner product of (4.1)1 with φ, we obtain

ε
[ ∫

R3

v1FRφ(1, v)−
∫

R3

v1FRφ(0, v)dv
]
− ε

∫ 1

0

∫

R3

v1FR∂xφ(x, v)dvdx

+

∫ 1

0

∫

R3

(LMFR − g)(x, v)φdvdx = 0. (4.17)

We take the test function φa = ∂xψa
v1(|v|2−10θNS)

θ2
NS

, where ψa solves





−∂xxψa = ap−1 −

∫ 1

0

ap−1(τ)dτ,

∂xψa(0) = ∂xψa(1) = 0.

(4.18)

One can check that

ψa = −
∫ x

0

[
ap−1(s)−

∫ 1

0

ap−1(τ)dτ
]
(x − s)ds

is a solution to (4.18) and it satisfies the following estimate

|ψa|C1([0,1]) + |∂xxψa|
L

p
p−1
x

≤ C|a|p−1
L

p
x
. (4.19)

Now we insert φa into (4.17). Noting that

∫

R3

v21(|v|2 − 10θNS)(|v|2 − 3θNS)Mdv =

∫

R3

v31(|v|2 − 10θNS)Mdv = 0,

we have

ε

∫ 1

0

∫

R3

v1PMFR∂xφadvdx
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= ε

∫ 1

0

∂2xψaPMFR

|v|2 − 10θNS

θ2NS

v21dvdx + ε

∫ 1

0

∫

R3

v21PMFR∂xψa∂x

( |v|2 − 10θNS

θ2NS

)
dvdx

= 5ε

∫ 1

0

a
(
ap−1 −

∫ 1

0

ap−1(τ)dτ
)
dx+ ε

∫ 1

0

∫

R3

v21PMFR∂xψa∂x

( |v|2 − 10θNS

θ2NS

)
dvdx

≥ 5ε|a|p
L

p
x
− Cε|∂xθNS|L∞

x
|[a, b, c]|Lp

x
|∂xψa|L∞

x

≥ 5ε|a|p
L

p
x
− Cε|∂xθNS|L∞

x
|[a, b, c]|p

L
p
x
. (4.20)

Here, we have used (4.19) and (4.4) so that

∫ 1

0

adx ·
∫ 1

0

ap−1(τ)dτ =

∫ 1

0

∫

R3

FRdxdv ·
∫ 1

0

ap−1(τ)dτ = 0.

Thanks to the Neumann boundary condition (4.18)2, the boundary contribution in (4.17) van-

ishes, that is,
∫

R3

v1fRφa(1, v)dv =

∫

R3

v1fRφa(0, v)dv = 0. (4.21)

By Hölder’s inequality, the rest terms in (4.17) are bounded as follows:

ε
∣∣∣
∫ 1

0

∫

R3

v1(I − PM)FR∂xφadvdx
∣∣∣ ≤ Cε

∥∥∥
(I − PM)FR√

M

∥∥∥
Lp

(|∂xxψa|
L

p
p−1
x

+ |∂xψa|L∞
x
)

≤ Cε
∥∥∥
(I − PM)FR√

M

∥∥∥
Lp

|a|p−1
L

p
x

(4.22)

and

∣∣∣
∫ 1

0

∫

R3

[LMFR − g]φadvdx
∣∣∣ ≤ C

[∥∥∥
(I − PM)FR√

M

∥∥∥
L2

+
∥∥∥
ν−

1
2 g√
M

∥∥∥
L2

]
|∂xψa|L∞

x

≤ C
[∥∥∥

(I − PM)FR√
M

∥∥∥
L2

+
∥∥∥
ν−

1
2 g√
M

∥∥∥
L2

]
|a|p−1

L
p
x
. (4.23)

Substituting (4.20)–(4.23) into (4.17), we deduce that

ε|a|Lp
x
≤ Cε|∂xθNS |L∞

x
|[a, b, c]|Lp

x

+ Cε
∥∥∥
(I − PM)FR√

M

∥∥∥
Lp

+ C
∥∥∥
(I − PM)FR√

M

∥∥∥
L2

+ C
∥∥∥
ν−

1
2 g√
M

∥∥∥
L2
.

The Lp-estimates for b and c can be obtained in the same way. To summarize, we have

ε
∥∥∥
PMFR√

M

∥∥∥
Lp

≤ Cε|∂xθNS |L∞
x

∥∥∥
PMFR√

M

∥∥∥
Lp

+ Cε
∥∥∥
(I − PM)FR√

M

∥∥∥
Lp

+ C
∥∥∥
(I − PM)FR√

M

∥∥∥
L2

+ C
∥∥∥
ν−

1
2 g√
M

∥∥∥
L2
. (4.24)

Combining (4.24) with an interpolation inequality

ε
∥∥∥
(I − PM)FR√

M

∥∥∥
Lp

≤ C
∥∥∥
(I − PM)FR√

M

∥∥∥
L2

+ Cε
p

p−2

∥∥∥
wFR√
µ

∥∥∥
L∞

yields (4.16). Therefore, the proof of Lemma 4.2 is completed.
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4.3 Weighted L
∞ estimate

Recall the normalized global Maxwellian µ(v) = 1

(2π)
3
2
e−

|v|2

2 and associated linearized col-

lision operator L = ν −K. Define h = wFR√
µ
. Then the equation of h reads






v1∂xh+ ε−1ν(v)h− ε−1Kwh = ε−1J, x ∈ (0, 1), v ∈ R3,

h|γ− =
1

w̃(v)

∫

{n(x)·v>0}
h(x, u)w̃(u)dσ + q,

(4.25)

where we have used the notations:

w̃(v) =
1

w(v)
√

2πµ(v)
, dσ =

√
2πµ(v){n(x) · v}dv, Kwh = wK

( h
w

)
.

J and q are inhomogeneous source which are given by

J =
w√
µ

[
Q
(
M− µ,

√
µh

w

)
+Q

(√µh
w

,M− µ
)]

+
wg√
µ
, (4.26)

q =
w√
µ

( 1

2πθ2NS

e
− |v|2

2θNS − 1

2π
e−

|v|2

2π

)(∫

{n(x)·v>0}
h(x, u)w̃(u)dσ

)
+
wr√
µ
. (4.27)

Fix t > 0 as a parameter. Given any (x, v) ∈ (0, 1) × R3, let [X(s), V (s)] be the backward

bi-characteristics, which is determined by




dX(s)

ds
= V 1(s),

dV (s)

ds
= 0,

[X(t), V (t)] = [x, v].

The solution is then given by

[X(s), V (s)] = [X(s; t, x, v), V (s; t, x, v)] = [x− (t− s)v1, v].

We then define the backward exit time tb(x, v) to be the last moment at which the backward

characteristic line X(−τ ; 0, x, v) remains in (0, 1), that is:

tb(x, v) = sup{τ ≥ 0 : x− τv1 ∈ (0, 1)}.

We also define xb(x, v) = x− tbv
1 ∈ {0, 1}. Clearly, v · n(xb(x, v)) ≤ 0.

Let (x, v) /∈ γ0∪γ−. We set (t0, x0, v0) = (t, x, v). For any vk+1 ∈ Vk+1 := {vk+1 ·n(xk) < 0},
the back-time cycle is defined by






Xcl(s; t, x, v) =
∑

k

1[tk+1,tk)(s)(xk − v1k(tk − s)),

Vcl(s; t, x, v) =
∑

k

1[tk+1,tk)(s)vk
(4.28)

with

(tk+1, xk+1, vk+1) = (tk − tb(xk, vk), xb(xk, vk), vk+1).

We also define the iterated integral
∫

Πk−1
j=1

Πk−1
j=1dσj :=

∫

V1

· · ·
{∫

Vk−1

dσk−1

}
· · ·dσ1,
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where dσj :=
√
2πµ(vj)|vj,1|dvj are the probability measures.

Along the back-cycle (4.28), we can represent the solution h to the linear equation (4.25) in

a mild formulation for the L∞ estimate. Precisely, we have the following lemma. The proof is

omitted for brevity as it is similar to that in [11].

Lemma 4.3 (Mild formulation for h) For any t > 0 and (x, v) ∈ (0, 1)× R3 \ (γ0 ∪ γ−),

h =
∑

i=1,2,3

Ji + 1{t1>0}

11∑

i=4

Ji (4.29)

with

J1 = 1{t1≤0}e
−ε−1ν(v)th(x− v1t, v),

J2 + J3 = ε−1

∫ t

max{t1,0}
e−ε−1ν(v)(t−s)(Kwh+ J)(x − (t− s)v1, v)ds,

J4 = e−ε−1ν(v)(t−t1)q(x1, v),

J5 =
e−ε−1ν(v)(t−t1)

w̃(v)

∫

Πk−1
j=1Vj

k−2∑

l=1

1{tl+1>0}q(xl+1, vl)dΣl(tl+1),

J6 =
e−ε−1ν(v)(t−t1)

w̃(v)

∫

Πk−1
j=1Vj

k−1∑

l=1

1{tl+1≤0<tl}h(xl − v1l tl, vl)dΣl(0),

J7 + J8 =
e−ε−1ν(v)(t−t1)

εw̃(v)

∫

Πk−1
j=1Vj

k−1∑

l=1

∫ tl

0

1{tl+1≤0<tl}[Kwh+ J ](s, xl − v1l (tl − s), vl)dΣl(s)ds,

J9 + J10 =
e−ε−1ν(v)(t−t1)

εw̃(v)

∫

Πk−1
j=1Vj

k−1∑

l=1

∫ tl

tl+1

1{tl+1>0}[Kwh+ J ](s, xl − v1l (tl − s), vl)dΣl(σ)ds,

J11 =
e−ε−1ν(v)(t−t1)

w̃(v)

∫

Πk−1
j=1Vj

1{tk>0}h(xk, vk−1)dΣk−1(tk),

where we have denoted

dΣl(s) = {Πk−1
j=l+1dσj} · {w̃(vl)e−ε−1ν(vl)(tl−s)dσl} · {Πl−1

j=1e
−ε−1ν(vj)(tj−tj+1)dσj}.

Lemma 4.4 (cf. [11]) For T0 sufficiently large, there exist constants C1 and C2 independent

of T0, such that for k = C1T
5
4
0 and (x, v) ∈ (0, 1)× R3, it holds that

∫

Πk−1
j=1 Vj

1{tk>0}Π
k−1
j=1dΣk−1(tk) ≤

(1
2

)C2T
5
4
0

. (4.30)

Lemma 4.5 (Weighted L∞ estimate) For any p ∈ [2,∞), it holds that

‖h‖L∞ ≤ Cε−
1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ Cε−
1
2

∥∥∥
(I − PM)FR√

M

∥∥∥
L2

+ C|∂xθNS |L∞
x
‖h‖L∞

+ C
∥∥∥
ν−1wg√

µ

∥∥∥
L∞

+ C
∣∣∣
wr√
µ

∣∣∣
L∞

−

. (4.31)

Here, the constant C is independent of ε.
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Proof Take k = C1T
5
4
0 so that (4.30) holds. Recall the mild formulation (4.29). We

estimate J1 − J11 term by term. Firstly, we have

|J1| ≤ Ce−ε−1ν0t‖h‖L∞. (4.32)

For those terms involving J and r, notice that

1

w̃(v)
≤ Cw(v)e−

|v|2

4 ≤ Ce−
|v|2

8 . (4.33)

Thus, it holds that

∫

Πk−1
j=1 Vj

1{tl+1>0}w̃(vl)Π
k−1
j=1dσj ≤ C for 1 ≤ l ≤ k − 1, (4.34)

∫

Πk−1
j=1 Vj

k−1∑

l=1

1{tl+1≤0<tl}w̃(vl)Π
k−1
j=1dσj ≤ Ck. (4.35)

Then by using

ε−1

∫ s2

s1

e−ε−1ν(v)(s2−s)ν(v)ds ≤ 1 for any s1 < s2,

we can deduce from (4.34)–(4.35) that

|J3|+ |J8|+ |J10| ≤ Ck‖ν−1J‖L∞ , (4.36)

|J4|+ |J5| ≤ Ck|q|L∞
−
. (4.37)

By (4.33) and (4.35), we obtain

|J6| ≤ Cke−ε−1ν0t‖h‖L∞. (4.38)

For J11, it follows from (4.30) and (4.33) that

|J11| ≤ C
(1
2

)C2T
5
4
0 ‖h‖L∞. (4.39)

For J7, it holds that

|J7| ≤ Cε−1
k−1∑

l=1

∫

Πl−1
j=1Vj

dσj−1 · · · dσ1
∫ tl

0

e−ε−1ν0(t−s)ds

×
∫

Vl

∫

R3

1{tl+1≤0<tl}w̃(vl)|kw(vl, v′)|h(xl − v1l (tl − s), v′)|dv′dσl.

= Cε−1
k−1∑

l=1

∫

Πl−1
j=1Vj

dσj−1 · · · dσ1
∫ tl

tl− ε
N

ds

∫

Vl

∫

R3

(· · · )dv′dσl

+ Cε−1
k−1∑

l=1

∫

Πl−1
j=1Vj

dσj−1 · · · dσ1
∫ tl− ε

N

0

ds

∫

Vl∩{|vl|≥N}

∫

R3

(· · · )dv′dσl

+ Cε−1
k−1∑

l=1

∫

Πl−1
j=1Vj

dσj−1 · · · dσ1
∫ tl− ε

N

0

ds

∫

Vl∩{|vl|≤N}

∫

{|v′|≥2N}
(· · · )dv′dσl
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+ Cε−1
k−1∑

l=1

∫

Πl−1
j=1Vj

dσj−1 · · · dσ1
∫ tl− ε

N

0

ds

∫

Vl∩{|vl|≤N}

∫

{|v′|≤2N}
(· · · )dv′dσl

:=

k−1∑

l=1

J71l + J72l + J73l + J74l. (4.40)

For each term J71l, we have

|J71l| ≤
C

N
‖h‖L∞. (4.41)

For J72l, one can deduce the following bound

|J72l| ≤
C

N
ε−1‖h‖L∞

∫

Πl−1
j=1Vj

dσj−1 · · · dσ1

×
∫ tl− ε

N

0

e−ε−1ν0(t−s)ds

∫

Vl∩{|vl|≥N}
e−

1
8 |vl|

2

dvl

≤ Ce−
N2

16 ‖h‖L∞ . (4.42)

For J73l, we have |v′ − vl| ≥ N . Then by (2.2), we can obtain

|J73l| ≤ Cε−1‖h‖L∞

∫

Πl−1
j=1Vj

dσj−1 · · · dσ1

×
∫ tl− ε

N

0

e−ε−1ν0(t−s)ds

∫

Vl∩{|vl|≤N}
e−

1
8 |vl|

2

dvl

∫

R3

|kw(vl, v′)|e
|v−v′ |2

64 e−
N2

64 dv′

≤ Ce−
N2

64 ‖h‖L∞ . (4.43)

To estimate J74l, we introduce the smooth approximate kernel kN (vl, v
′) which has a compact

support such that

sup
|vl|≤N

∫

{|v′|≤2N}
|kw(vl, v′)− kN (vl, v

′)|dv′ ≤ C

N
.

Then it holds that

|J74l| ≤ Cε−1
k−1∑

l=1

∫

Πl−1
j=1Vj

dσj−1 · · ·dσ1
∫ tl− ε

N

0

e−ε−1ν0(t−s)ds

×
∫

Vl∩{|vl|≤N}

∫

{|v′|≤2N}
1{tl+1≤0<tl}|kN (vl, v

′)h(xl − v1l (tl − s), v′)|dv′dvl +
C

N
‖h‖L∞

≤ Cε−1
k−1∑

l=1

∫

Πl−1
j=1Vj

dσj−1 · · ·dσ1
∫ tl− ε

N

0

e−ε−1ν0(t−s)ds

×
∫

Vl∩{|vl|≤N}

∫

{|v′|≤2N}
1{tl+1≤0<tl}

∣∣∣
FR√
M

(xl − v1l (tl − s), v′)
∣∣∣dv′dvl

+
C

N
‖h‖L∞ , (4.44)

where we have used |kN (vl, v
′)| ≤ CN . To estimate the first term on the right hand side of

(4.44), we decompose FR = PMFR + (I − PM)FR. It then follows from Hölder inequality that
∫

Vl∩{|vl|≤N}

∫

{|v′|≤2N}
1{tl+1≤0<tl}

∣∣∣
FR√
M

(xl − v1l (tl − s), v′)
∣∣∣dv′dvl
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≤
(∫

Vl∩{|vl|≤N}

∫

{|v′|≤2N}
1{tl+1≤0<tl}

∣∣∣
PMFR√

M
(xl − v1l (tl − s), v′)

∣∣∣
p

dv′dvl
) 1

p

+
( ∫

Vl∩{|vl|≤N}

∫

{|v′|≤2N}
1{tl+1≤0<tl}

∣∣∣
(I − PM)FR√

M
(xl − v1l (tl − s), v′)

∣∣∣
2

dv′dvl
) 1

2

. (4.45)

Set yl := xl − v1l (tl − s) ∈ (0, 1) for s ∈ [0, tl − ε
N
]. By making change of variable v1l → yl in the

two terms on the right hand side of (4.45) and by noting that the Jacobian

∣∣∣
∂yl
∂v1l

∣∣∣ = (tl − s) ≥ ε

N
,

we deduce that
∫

Vl∩{|vl|≤N}

∫

{|v′|≤2N}
1{tl+1≤0<tl}

∣∣∣
FR√
M

(xl − v1l (tl − s), v′)
∣∣∣dv′dvl

≤ CNε
− 1

p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ CNε
− 1

2

∥∥∥
(I − PM)FR√

M

∥∥∥
L2
. (4.46)

By substituting this into (4.44) and combining with (4.40)–(4.43), we obtain

|J7| ≤
Ck

N
‖h‖L∞ + CNkε

− 1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ CNkε
− 1

2

∥∥∥
(I − PM)FR√

M

∥∥∥
L2
. (4.47)

By using the same argument, we have

|J9| ≤
Ck

N
‖h‖L∞ + CNkε

− 1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ CNkε
− 1

2

∥∥∥
(I − PM)FR√

M

∥∥∥
L2
. (4.48)

Putting (4.32), (4.36)–(4.39) and (4.47)–(4.48) together yields the following pointwise estimate

|h(x, v)| ≤ ε−1

∫ t

max{t1,0}
e−ε−1ν0(t−s)

∫

R3

|kw(v, u)h(x− (t− s)v1, u)|duds+A(t), (4.49)

where

A(t) = CT
5
4
0

{
e−ε−1ν0t +

(1
2

)C2T
5
4
0

+
1

N

}
‖h‖L∞ + CT

5
4
0 {‖ν−1J‖L∞ + |q|L∞

−
}

+ CNT
5
4
0

{
ε−

1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ ε−
1
2

∥∥∥
(I − PM)FR√

M

∥∥∥
L2

}
. (4.50)

Now we denote y = x − (t − s)v1 ∈ (0, 1) and t′1 = t1(s, y, u) for any s ∈ (max{t1, 0}, t). Then
iterating (4.49) once gives

|h(x, v)| ≤ A(t) + ε−1

∫ t

max{t1,0}
e−ε−1ν0(t−s)A(s)ds

∫

R3

|kw(v, u)|du+B

≤ B + CT
5
4
0

{
e−ε−1ν0t(1 + t) +

(1
2

)C2T
5
4
0

+
1

N

}
‖h‖L∞ + CT

5
4
0 {‖ν−1J‖L∞ + |q|L∞

−
}

+ CNT
5
4
0

{
ε−

1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ ε−
1
2

∥∥∥
(I − PM)FR√

M

∥∥∥
L2

}
, (4.51)

where

B := ε−2

∫ t

0

ds

∫ s

0

e−ε−1ν0(t−τ)dτ

∫

R3

∫

R3

|kw(v, u)kw(u, u′)|
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× 1{max{t1,0}<s<t}1{max{t′1,0}<τ<s}|h(y − (s− τ)u1, u′)|dudu′.

We estimate B by considering the following cases.

Case 1 For |v| ≥ N , by (2.1), we have

B ≤ C(1 + |v|)−2‖h‖L∞ ≤ C

N2
‖h‖L∞. (4.52)

Case 2 For |v| ≤ N, |u| ≥ 2N or |v| ≤ N, |u| ≤ 2N, |u′| ≥ 3N , by using (2.2), we deduce

ε−2

∫ t

0

ds

∫ s

0

e−ε−1ν0(t−τ)dτ
{∫

{|u|≥2N}
+

∫

{|u|≤2N,|u′|≥3N}

}
(· · · )dudu′

≤ e−
N2

32 ‖h‖L∞

{∫

{|u|≥2N}
|kw(v, u)|e

|v−u|2

32 du+

∫

{|u|≤2N,|u′|≥3N}
|kw(v, u)kw(u, u′)|e

|u′−u|2

32 du
}

≤ e−
N2

32 ‖h‖L∞. (4.53)

Case 3 For |v| ≤ N, |u| ≤ 2N, |u′| ≤ 3N , we have

ε−2

∫ t

0

ds

∫ s

0

e−ε−1ν0(t−τ)dτ

∫

{|u|≤2N,|u′|≤3N}
(· · · )dudu′

≤ C

N
‖h‖L∞ + ε−2

∫ t

0

ds

∫ s− ε
N

0

e−ε−1ν0(t−τ)dτ

∫

{|u|≤2N,|u′|≤3N}
|kN (v, u)kN (u, u′)|

× 1{max{t1,0}<s<t}1{max{t′1,0}<τ<s}|h(y − (s− τ)u1, u′)|dudu′.

≤ C

N
‖h‖L∞ + CNε

−2

∫ t

0

1{max{t1,0}<s<t}ds

∫ s− ε
N

0

e−ε−1ν0(t−τ)dτ

×
∫

{|u|≤2N,|u′|≤3N}
1{max{t′1,0}<τ<s}

∣∣∣
FR√
M

(y − (s− τ)u1, u′)
∣∣∣dudu′, (4.54)

where we have used the boundedness of smooth approximate kernel kN (v, u). For the last term

on the right hand side of (4.54), we decompose FR = PMFR + (I − PM)FR. Then similar to

(4.46), we obtain

∫

{|u|≤2N,|u′|≤3N}
1{max{t′1,0}<τ<s}

∣∣∣
FR√
M

(y − (s− τ)u1, u′)
∣∣∣dudu′

≤ Cε−
1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ ε−
1
2

∥∥∥
(I − PM)FR√

M

∥∥∥
L2
. (4.55)

By combining (4.52)–(4.55), we have

B ≤ C

N
‖h‖L∞+ ≤ Cε−

1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ ε−
1
2

∥∥∥
(I − PM)FR√

M

∥∥∥
L2
. (4.56)

By putting (4.56) into (4.51), we get

‖h‖L∞ ≤ CT
5
4
0

{
e−ε−1ν0t(1 + t) +

(1
2

)C2T
5
4
0

+
1

N

}
‖h‖L∞ + CT

5
4
0 {‖ν−1J‖L∞ + |q|L∞

−
}

+ CNT
5
4
0

{
ε−

1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ ε−
1
2

∥∥∥
(I − PM)FR√

M

∥∥∥
L2

}
. (4.57)
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Now we choose N = 2CT
5
4
0 and fix t = T0 large enough such that

CT
5
4
0

{
e−ε−1ν0t(1 + t) +

(1
2

)C2T
5
4
0

+
1

N

}
≤ 3

4
.

Then it follows from (4.57) that

‖h‖L∞ ≤ Cε−
1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ Cε−
1
2

∥∥∥
(I − PM)FR√

M

∥∥∥
L2

+ C‖ν−1J‖L∞ + |q|L∞
−
. (4.58)

As for the last two terms in (4.58), by (2.3) and (4.26)–(4.27), we have

‖ν−1J‖L∞ ≤ C
∥∥∥
w(M− µ)√

µ

∥∥∥
L∞

‖h‖L∞ + C
∥∥∥
ν−1wg√

µ

∥∥∥
L∞

≤ C|∂xθNS |L∞
x
‖h‖L∞ + C

∥∥∥
ν−1wg√

µ

∥∥∥
L∞

and

|q|L∞
−

≤ C|∂xθNS |L∞‖h‖L∞ + C
∣∣∣
wr√
µ

∣∣∣
L∞

−

.

Combining these two estimates with (4.58) yields (4.31). The proof of Lemma 4.5 is completed.

We are now ready to prove the main result in this section.

Proof of Proposition 4.1 The existence part can be established by the same iteration

procedure as in [11–12] and we omit it for brevity. Here, we only show the a priori estimate

(4.5). A suitable combination of (4.6), (4.16) and (4.31) yields

∥∥∥
wFR√
µ

∥∥∥
L∞

+ ε−
1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ ε−1− 1
p

∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
L2

+ ε−
1
2− 1

p

∣∣∣
ν

1
2 (I − Pγ)FR√

M

∣∣∣
L2

+

≤ C|∂xθNS |L∞

(∥∥∥
wFR√
µ

∥∥∥
L∞

+ ε−
1
p

∥∥∥
PMFR√

M

∥∥∥
Lp

+ ε−1− 1
p

∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
L2

)

+ Cε−
1
2

∥∥∥
ν

1
2 (I − PM)FR√

M

∥∥∥
L2

+ C(ε
p+2

p(p−2) + ε−1−pe−
τ0
ε )

∥∥∥
wFR√
µ

∥∥∥
L∞

+ Cε−
1
p

∣∣∣
ν

1
2 (I − Pγ)FR√

M

∣∣∣
L2

+

+ Cε−2− 1
p

∥∥∥
PMg√
M

∥∥∥
L2

+ Cε−1− 1
p

∥∥∥
ν−

1
2 (I − PM)g√

M

∥∥∥
L2

+ Cε−
1
2− 1

p

∣∣∣
r√
M

∣∣∣
L2

−

+ C
∥∥∥
ν−1wg√

µ

∥∥∥
L∞

+ C
∣∣∣
wr√
µ

∣∣∣
L∞

−

. (4.59)

Taking both |θ0 − θ1| and ε suitably small such that

C|∂xθNS |L∞ ≤ 1

4
, C(ε

p+2
p(p−2) + ε−1−pe−

τ0
ε ) ≤ 1

4
,

we can absorb all of the FR terms on the right hand side of (4.59) by the left hand side. Thus,

the a priori estimate (4.5) follows and the proof of Proposition 4.1 is completed.
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5 Justification of the Expansion

In this section, we will solve the remainder system (3.9) with boundary condition (3.13) and

then give the proof of Theorem 1.1.

Lemma 5.1 Let w be the weight function defined in (1.23). Then it holds

∥∥∥
ν−

1
2LasFR√
M

∥∥∥
L2

≤ C|∂xθNS |L∞
x
·
∥∥∥
ν

1
2FR√
M

∥∥∥
L2
, (5.1)

∥∥∥
wν−1LasFR√

µ

∥∥∥
L∞

≤ C|∂xθNS |L∞
x
·
∥∥∥
wFR√
µ

∥∥∥
L∞

, (5.2)

∥∥∥
ν−

1
2Q(FR, FR)√

M

∥∥∥
L2

+
∥∥∥
wν−1Q(FR, FR)√

µ

∥∥∥
L∞

≤ C
∥∥∥
wFR√
µ

∥∥∥
2

L∞
. (5.3)

Proof By (2.3) and (3.14)–(3.15), we have

∥∥∥
ν−

1
2LasFR√
M

∥∥∥
L2

≤ C
∥∥∥
ν

1
2FR√
M

∥∥∥
L2

·
(∥∥∥
ν

1
2 (G, εF2)

M
∥∥∥
L2

+
∥∥∥
ν

1
2 (B0,B1)√

M

∥∥∥
L2

)

≤ C|∂xθNS |L∞
x

∥∥∥
ν

1
2FR√
M

∥∥∥
L2
,

which is (5.1). (5.2) can be obtained similarly. Finally, by (2.4) and the fact that

∣∣∣
ν−

1
2Q(FR, FR)√

M

∣∣∣
L2

v

≤
∣∣∣w−1

√
µ

M
∣∣∣
L2

v

∣∣∣
ν−1wQ(FR, FR)√

µ

∣∣∣
L∞

v

≤ C
∣∣∣
ν−1wQ(FR, FR)√

µ

∣∣∣
L∞

v

,

we can deduce (5.3). Therefore, the proof of Lemma 5.1 is completed.

Proof of Theorem 1.1 We construct the solution to the remainder system (3.9) with

boundary condition (3.13) via the following iteration scheme:





εv1∂xF
n+1
R + LMFn+1

R = −εLasF
n
R + ε1+αQ(Fn

R , F
n
R) + ε1−αAs,

Fn+1
R |γ− = PγF

n+1
R + IγF

n
R + ε1−αr,

F 0
R ≡ 0,

(5.4)

where

IγF
n
R =

(
µw − 1

2πθ2NS

e
− |v|2

2θNS

)∫

{n(x)·v>0}
Fn
R{n(x) · v}dv.

Direct computation yields that

∫ 1

0

∫

R3

LasF
n
Rdxdv =

∫ 1

0

∫

R3

Q(Fn
R , F

n
R)dxdv =

∫ 1

0

∫

R3

Asdxdv = 0,

∫

{v1>0}
IγF

n
R(0, v)v1dv =

∫

{v1>0}
r(0, v)v1dv = 0,

∫

{v1<0}
IγF

n
R(1, v)v1dv =

∫

{v1<0}
r(1, v)v1dv = 0

and
∣∣∣
IγF

n
R√

M

∣∣∣
L2

−

+
∣∣∣
wIγF

n
R√

µ

∣∣∣
L∞

−

≤ Cmax{|θNS(0)− θ0|, |θNS(1)− θ1|} ·
∣∣∣
wFn

R√
µ

∣∣∣
L∞

+
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≤ Cε|∂xθNS |L∞
x
·
∣∣∣
wFn

R√
µ

∣∣∣
L∞

+

.

Therefore, the existence of sequence of solutions Fn
R to system (5.4) follows from Proposition

4.1. Then applying the estimate (4.5) to Fn+1
R , we have

∥∥∥
wFn+1

R√
µ

∥∥∥
L∞

+ ε−
1
p

∥∥∥
PMFn+1

R√
M

∥∥∥
Lp

+ ε−1− 1
p

∥∥∥
ν

1
2 (I − PM)Fn+1

R√
M

∥∥∥
L2

.p ε
−1− 1

p

[
ε
∥∥∥
ν−

1
2LasF

n
R√

M

∥∥∥
L2

+ ε1+α
∥∥∥
ν−

1
2Q(Fn

R , F
n
R)√

M

∥∥∥
L2

+ ε1−α
∥∥∥
ν−

1
2As√
M

∥∥∥
L2

]

+ ε
1
2− 1

p
−α

[∣∣∣
r√
M

∣∣∣
L2

−

+
∣∣∣
wr√
µ

∣∣∣
L∞

−

]
+ ε

1
2− 1

p |∂xθNS |L∞
x
·
∣∣∣
wFn

R√
µ

∣∣∣
L∞

+

+
[
ε
∥∥∥
wν−1LasF

n
R√

µ

∥∥∥
L∞

+ ε1+α
∥∥∥
wν−1Q(Fn

R , F
n
R)√

µ

∥∥∥
L∞

+ ε1−α
∥∥∥
wν−1As√

µ

∥∥∥
L∞

]
.

Here, we have used the fact that PMAs = 0. By using bounds (3.16)–(3.17) in Lemma 3.4 and

(5.1)–(5.3) in Lemma 5.1, we can further obtain

∥∥∥
wFn+1

R√
µ

∥∥∥
L∞

+ ε−
1
p

∥∥∥
PMFn+1

R√
M

∥∥∥
Lp

+ ε−1− 1
p

∥∥∥
ν

1
2 (I − PM)Fn+1

R√
M

∥∥∥
L2

.p ε
− 1

p |∂xθNS |L∞

[∥∥∥
PMFn

R√
M

∥∥∥
Lp

+
∥∥∥
ν

1
2 (I − PM)Fn

R√
M

∥∥∥
L2

]

+ εα−
1
p

∥∥∥
wFn

R√
µ

∥∥∥
2

L∞
+ ε

1
2− 1

p

∥∥∥
wFn

R√
µ

∥∥∥
L∞

+ Cpε
1
2− 1

p
−α|∂xθNS |L∞

x
.

We now fix 0 < α < 1
2 . Taking p > 2 suitably large and |θ1 − θ0| suitably small, we have the

following estimate

∥∥∥
wFn+1

R√
µ

∥∥∥
L∞

+ ε−
1
p

∥∥∥
PMFn+1

R√
M

∥∥∥
Lp

+ ε−1− 1
p

∥∥∥
ν

1
2 (I − PM)Fn+1

R√
M

∥∥∥
L2

≤ C|∂xθNS |L∞
x
,

where the constant C > 0 is independent of n. Moreover, it is straightforward to show Fn+1
R is

a Cauchy sequence. Hence the solution to the remainder system (3.9) with boundary condition

(3.13) is constructed by taking n→ ∞ and the estimate (1.24) follows immediately. Therefore,

the proof of Theorem 1.1 is completed.

6 Appendix

The following lemma summarizes the well-posedness of Milne problem in L∞ space that was

proved in [3, 37].

Lemma 6.1 Let 0 ≤ ̟ < 1
4 and β > 3. Suppose that

sup
v1>0

∣∣∣(1 + |v|2)β
2 e̟|v|2 G√

µ

∣∣∣ <∞.

Then there exist a positive constant σ0 > 0 and a smooth function F∞ ∈ KerLµ, such that

(1.12) admits a unique solution F satisfying

∣∣∣(1 + | · |2)β
2 e̟|·|2 F(y)−F∞√

µ

∣∣∣
L∞

v

≤ Ce−σ0y sup
v1>0

∣∣∣(1 + |v|2)β
2 e̟|v|2 G√

µ

∣∣∣. (6.1)
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[34] Sone, Y., Molecular Gas Dynamics: Theory, Techniques and Applications, Birkhäuser Boston Inc., Boston,
2007.

[35] Sone, Y., Bardos, C., Golse, F. and Sugimoto, H., Asymptotic theory of the Boltzmann system, for a
steady flow of a slightly rarefied gas with a finite Mach number: General theory, Eur J. Mech. B Fluids,
19(3), 2000, 325–360.

[36] Ukai, S. and Asano, K., The Euler limit and the initial layer of the nonlinear Boltzmann equation, Hokkaido

Math. J., 12, 1983, 303–324.

[37] Wu, L., Hydrodynamic limit with geometric correction of stationary Boltzmann equation, J. Differential

Equations, 260(10), 2016, 7152–7249.

[38] Xin, Z. P. and Zeng, H. H., Convergence to the rarefaction waves for the nonlinear Boltzmann equation,
J. Differential Equations, 249, 2010, 827–871.

[39] Yu, S.-H., Hydrodynamic limits with shock waves of the Boltzmann equations, Comm. Pure Appl. Math.,
58, 2005, 409–443.


