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Heat Transfer Problem for the Boltzmann Equation in a
Channel with Diffusive Boundary Condition*

Renjun DUAN! Shuangqian LIU? Tong YANG? Zhu ZHANG?

Abstract In this paper, the authors study the 1D steady Boltzmann flow in a channel.
The walls of the channel are assumed to have vanishing velocity and given temperatures
0o and 6;. This problem was studied by Esposito-Lebowitz-Marra (1994, 1995) where
they showed that the solution tends to a local Maxwellian with parameters satisfying the
compressible Navier-Stokes equation with no-slip boundary condition. However, a lot of
numerical experiments reveal that the fluid layer does not entirely stick to the boundary.
In the regime where the Knudsen number is reasonably small, the slip phenomenon is
significant near the boundary. Thus, they revisit this problem by taking into account the
slip boundary conditions. Following the lines of [Coron, F., Derivation of slip boundary
conditions for the Navier-Stokes system from the Boltzmann equation, J. Stat. Phys.,
54(3-4), 1989, 829-857], the authors will first give a formal asymptotic analysis to see that
the flow governed by the Boltzmann equation is accurately approximated by a superposition
of a steady CNS equation with a temperature jump condition and two Knudsen layers
located at end points. Then they will establish a uniform L> estimate on the remainder
and derive the slip boundary condition for compressible Navier-Stokes equations rigorously.

Keywords Boltzmann equation, Compressible Navier-Stokes approximation, Slip
boundary conditions, Chapman-FEnskog expansion
2000 MR Subject Classification 35Q35, 35Q20

1 Introduction
1.1 Problem settings

In this paper, we study the steady flow of a rarefied gas in a channel which is bounded by
two thermal walls located at = 0 and * = 1. The walls are assumed to have a vanishing
velocity and given temperatures 6y and 6; (6y # 1), respectively. In the kinetic setting, the
distribution function satisfies the following 1D rescaled steady Boltzmann equation:

0110, F° = 'Q(F°, F°), x€(0,1), v=(vi,v2,03) € R (1.1)
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The parameter € > 0 is the Knudsen number which is proportional to the mean free path and
is assumed to be small. The Boltzmann collision term on the right-hand side of (1.1) takes the

non-symmetric bilinear form of

Q(F, ) = /}R3 /S2 B(lv — ul|,w)[Fi (v )Fo(v") — Fy (u) Fy(v)] dwdu,

where the velocity pair (v/,u’) is defined by the velocity pair (v,u) as well as the parameter
w € S? in the relation

vV=v—[(v—u)ww, u=u+[v—-u)- ww,
according to conservation laws of momentum and energy

vVAu =v4u, [V =+ |u)?

for elastic collision. For simplicity, we consider the hard sphere model when the collision kernel

B(|’U - u|7 )

cosYy =w - |”

= |v — u|| cost)| with relative velocity v — u and interaction angle defined by
u

. Denote the outward normal vectors at each boundary point = € {0,1} by

(~1,0,0), 2=0,
n(w) = {(1,0,0), z=1.

The phase boundary {0,1} x R3 can be decomposed into three parts:
{0,1} x R® =y, Uy U,
where

v+ = {(z,v) | n(z) - v 2 0}
= ({0} x {vr s 0}) U ({1} x {v1 2 0}) (1.2)
and
v = {0,1} x {v; = 0}.

The distribution of gas particles at thermal walls satisfies the diffusive reflection boundary
condition, which is given by

ool = . | Fé(,0){n(z) - v} dv, @ =0,1, (1.3)
{n(2)-v>0}
where the wall Maxwellian pg,, is

1 _ w2
Hew(v) = We 200 (@) 9w(0) = 0, 9w(1) = 0.

Without loss of generality, we assume that 6y = 1 and 6; > 6y. Moreover, the total mass of the
solution is equal to 1 throughout the paper, i.e.,

1
/ F*(x,v) dvde = 1. (1.4)
o Jrs
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1.2 CNS approximation

We are interested in the behavior of solution F¢ in the limit ¢ — 0T that is the hydrody-
namic limit of the Boltzmann equation. In the absence of physical boundaries or shocks, it
is well-known that the distribution function converges to a local Maxwellian with parameters
satisfying the compressible Euler system, cf. [19]. The Chapman-Enskog expansion yields the
compressible Navier-Stokes system (CNS for short) as the first order correction. In this sub-
section, we give a formal derivation of CNS approximation in the setting of this paper. Before
this, we define some function spaces which will be used later. Given a local Maxwellian

p _lv—ul?
M = M u V) = 3 e 260
[p,1.61 (V) 2n0)}

with density p(z) > 0, velocity u(x) and temperature 6(x) > 0, we define a function space L3,
equipped with the following inner product in v:

<.fvg>M :/RS%d’U-

The linearized collision operator around M is given by

Lm() = =@M, ) +Q(, M)].

The following properties of £ are well-known (cf. [18]). That is, £ has a null space Ker £y
in L%\/{ that is spanned by the following functions

v; v —30

=V N

We also define the macroscopic projection operator Py as the projection onto Ker L. If f is

X1 =M, M, i=1,2,3, xa M.

orthogonal to null space of L4, the following coercive inequality holds:

(Laaf, fhrz, = colv? flus, (1.5)

for some positive constants ¢, where v(v) =1+ |v].

Without boundary, by formally passing limit e — 0 in (1.1), we see that the leading order
gives the local Maxwellian M which satisfies Q(M, M) = 0. Hence, we set the following
expansion

F& = M+eG+e’F + O(e?), (1.6)

where G and F, are some correctors to be constructed later. Inserting the expansion (1.6) into
(1.1) yields the error

E =010, M+ LyG + [v10,G + L Fy — Q(G,G)] + O(e?).
Then we can eliminate the terms of O(1) and O(e) order by choosing

G = —L[(I = Pap)v10,M], (1.7)
Fy = —L[(I - Pa)010:G — Q(G, G)] + P, (1.8)
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where ﬁg € Ker L will be determined later. Here, M satisfies
}P’le@z./\/l + EPleﬁzG =0. (19)

It is straightforward to check that (1.9) is equivalent to the following 1-D steady compressible
Navier-Stokes system for x € (0, 1):

r(pul)
D (put + p0) = 0, (%L(@)@Iul),
ar<pu1uj> = 0. (U0)Dauy), G =2,3, (1.10)
By [p ( + @)} - gaw(gb(a)ularul + i;?;(a)uiamui + ﬁ(a)awa).

Here, the viscosity ¢(0) and heat conductivity x(6) are respectively given by

1(0) =120 A; (5)5;} A; (M u,pdv, i=2or 3,

RS [1,u,6]

K(0) =0 8 B(&)Lw, .y BOMpugdv, €= “\;5“,
where , -
A0 =56 o, o =12

are the Burnett functions. It is well—known (cf. [4]) that these functions satisfy the following
relations

— Loty o [AOMug] = all€],0) A (O My u g,
— Lty o [BEOMp o] = BUELO)BEMp g

M1 u,0)

with two smooth scalar functions «(|£],0) and S(|¢],0). After some scaling, one has

06, 0) A (O Mis 0y = gal€, DA
BEO)BOMp g = 556 DBER

where
1 €12

(&) = We 2
is the normalized global Maxwellian. Here, the scalar functions «(&, 1), 8(&, 1) are determined
by
a(& D)A(p =L Ai(Op,  BE B =L;,'B(§)p
and £, = —[Q(y, -) + Q(-, )] is the linearized collision operator around p. Then viscosity and
heat conductivity coefficients are given by

/ 145(€)Pale, Du(€)de) ot =mE, j=2o0r3,
= ([ 187501 vute)ac) o2 = o
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Similarly, G' can be rewritten as

G= L3ty | X A+ ZZBO] M
i=1,2,3

= —|a |§|9( S Ad€)0ews) + B¢ 0)BE)

=1,2,3

- [a@, 1) Ai()Deus) + B(E DB

i=1,2,3

[ o). (1.11)

1.3 Slip boundary condition

In order to solve compressible Navier-Stokes system (1.10) when z € (0, 1), suitable bound-
ary conditions are needed. If we consider the no-slip boundary condition

w(0) =u(1) =0, 6(0) =0, 6(1)=0,

the approximation (1.6) matches the boundary conditions (1.3) up to O(1). However, since G
contains non-Maxwellian terms, the Chapman-Enskog approximation M 4+ G in general does
not match the boundary condition (1.3) up to O(e), except for the case when

0,u(0) = O,u(l) = 0,0(0) = 0,60(1) =

However, then (1.10) is overdetermined. To obtain a more accurate approximation, Coron [9]
formally derived the slip boundary conditions for compressible Navier-Stokes equations, which
are essentially a consequence of the analysis of the Knudsen layer. In what follows, we elaborate
the derivation only in one dimensional case. We refer to [1, 33-35] for the physical investigations
in general cases.

As in [9], since Chapman-Enskog expansion is not valid near the boundary, we introduce
Knudsen layers By and *B; around boundary points x = 0 and x = 1, respectively. The
construction of Knudsen layers relies on the solutions to the following Milne problem:

Oy F + L, F =0, y>0,veR3
]:(Oav)|1)1>0 — g7

/ viFdv =0, (1.12)
R3

1i_{n F(y) = Foo exists and belongs to Ker £,,,

Y—00

where G is a given incoming distribution function. The well-posedness of (1.12) has been shown
in [3], and is summarized in Lemma 6.1 for later use.

Now we construct the Knudsen layer 8y and 2, at the boundary points x = 0 and x = 1,
respectively. Let p € {0,1} be a boundary point. We set the boundary conditions of Navier-
Stokes system as

u(p) = u(p), O(p) — 0, = =0(p), (1.13)

where 7i(p) and 6(p) are corrections to be determined later. Then we expand the boundary
values of M(z,v)|z=p and G(z,v)|z=p as:

u(p)-v  |v]* - ~
M(p) = \/%P(P)Mep + 6{ (]2) + 29239p9(p)}p(p)\/§uep +e*Mg(p)
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= \/%p(p)uep +eMi(p) +eMg(p), p=0,1 (1.14)
and
G(p) = —%{a(;};—p, 1)A(\/%)<%U(p) + ﬁ(\';);—p, 1)3(\/%) 8?/9(%) } +eGr(p)
= Go(p) +eGr(p), p=0,1. (1.15)

Now we consider B first. To compensate Gy at x = 0, we take F, ;,¢ = 1,2,3 and Fg as solu-
tions to the Milne problem (1.12) with incoming distribution functions G, ; = a(|v|,1)A;(v)p, i =
1,2,3 and Gg = B(|v|,1)B(v)u. By (1.12),, there exist positive constants cq,1,¢a,2,¢, ¢g,1 and
cg,2, such that

[v* —3
B Hy
]:oz,jpo = lim ]:0t7j(y) = CU; 4, .7 = 2737

Yy—>—+00

]:a,Loo = lim ]:(171(y) = Ca,1 M + Ca,2
Yy—+00

Fpoe = lm_ Faly) = cpuap+cpalll =2
poo = lm Fsly) = coap+ e

Then we define the Knudsen layer B, as

B, = Z []_-M(P(O)x L)_]:a,i,oo(L }arui(O)

i=1,2,3 ’ e Voo 0o 62
[ ) - ) b0

By a straightforward computation, one has

Bola—o = —Go(0) — ¥(0),

where
Ca.1V 000, u1 (O) + cp 16w6‘(0) g@wui(o)vi
¥(0) = — : Hoo + — 55 HMbo
( ) vV 27‘1’90 o i:ZZB vV 27‘1’90 Ho

+ ca72\/6‘—08wu1 (O) + Cﬂ)gawe(()) |’U|2 — 390
27T6‘0 29(2)

to, € Ker Ly, . (1.17)

Note that the Maxwellian part in (1.17) already satisfies the boundary condition (1.3) at
x = 0. Then we use M;(0) given in (1.14) to eliminate non-Maxwellian terms in ¥(0). That
is, set
~ ~ gﬁwui (O) . ~ Co 2\/%81’11,1(0) Cc3 2819(0)
u1(0) =0, w(0)=—7x—, =23, 0(0)=— ,
10 =) =) o(0)

In view of (1.13), it requires [u, 6] to satisfy the following slip boundary condition:

(1.18)

u1(0) =0, p(0)u;(0) = ecdu;(0), i=2,3,
p(0)[0(0) — 0] = eca,2v/000,u1(0) + c5,20,0(0)
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at x = 0. Similarly, at x = 1 we can construct Knudsen layer 8B, at x = 1 as follows:

B, = [Fa)l(pﬂ)(i — ) ﬁ) B fa,l,oo(ﬁ)} dpu(l)

VO, Ve /1o

CE [ (f 2 (St

T G o
where Rv = R(v1, va, v3) = (—v1, v2,v3). Then we have

Bi|p=1 = —Go(1) — ¥(1),
where
U(1) = _Ca’l\/o—lazy%jL AL W i;g ‘Lj%viuel
N —Ca,2\/9—13zu12(;)91+ ¢5,20:0(1) |“|22;%391 po, € Ker L, . (1.20)

Then we set the following boundary condition of [u, 0] at = = 1:

(1.21)

ur(1) =0, p(L)ui(1) = —ecdpui(1), i=2,3,
p(l)[91 — 9(1)] = —acmg\/aawul(l) + 603726w6‘(1).

It is straightforward to check that M + G + £9B; satisfies the boundary condition (1.3) at
x =1, up to the order ¢.

1.4 Main result

The paper aims to justify rigorously the slip boundary conditions presented in the previous
section. For this, we start with the following expansion

FE=M+eG+ By +eB1 +e2Fs 4+ e TFp, (1.22)

where o > 0 is a positive constant. Here we elaborate the approximate solutions appearing
in the expansion: The leading order term M = My, , g is a local Maxwellian where [p, u, 0]
satisfies the steady compressible Navier-Stokes equations with slip boundary conditions (1.18)
and (1.21). It will be constructed in Subsection 3.1. The function G is a corrector at order
¢ which is defined in (1.11) and it satisfies (1.7). By and B; are Knudsen layers which are
defined in (1.16) and (1.19), respectively. For technical reasons, we need a high-order corrector
F5 which will be defined in (3.12).

Define the weight function
_ 2\ 8 w\v|2
w(v) = (14 |v]%)2e (1.23)

with >3 and 0 < w < %. The main result in this paper can be stated as follows.
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Theorem 1.1 Suppose |61 — 6| < dg for small &g. For sufficiently small € > 0 and any
o € (0,3), there exists a unique solution F¢ in the form of (1.22) to the steady Boltzmann
equation (1.1) with boundary condition (1.3) and total mass condition (1.4). Moreover, there
exists constant p = p(a) € (2,00), such that the remainder term Fg satisfies the following
uniform-in-¢ estimate:

vi(I —Ppm)Fr
VM

141

+e E

1
P

|7 Gl

Here the constant C, > 0 is uniform in €.

H +e
Loc

L HLz < Calbr = - (1.24)

Remark 1.1 Esposito et al. in [13-14] studied the hydrodynamic limit of (1.1) with (1.4),
in the presence of a small external force. They proved that the solution converges to the steady
CNS with no-slip boundary condition. In this paper, we aim to justify the more accurate CNS
approximation by taking account into the slip boundary conditions. Thanks to this choice, we
can avoid the higher order expansions used in [13-14].

The hydrodynamic limit is one of the most fundamental problems in kinetic theory. There
are extensive studies on the mathematical description of relations between Boltzmann equation
and various of hydrodynamic models. Now we review some of them which are most related to
the topic of this paper. For more detailed references, we refer to the book by Cercignani [8]
and the survey book by Saint-Raymond [32].

Let us first focus on the Euler scaling. The first mathematical proof of the compressible
Euler limit was given by Nishida [31] in the analytic framework. An extension of this result has
been made in [36] for the case when the solution contains initial layers. By using a truncated
Hilbert expansion, Caflisch [7] justified the Euler limit for any given smooth Euler solutions;
see also [24] for the result in L2-L>° framework. In the same spirit as [7], Lachowicz [28]
justified the CNS approximation over the short time interval. Recently, the global-in-time
CNS approximation was justified by the second and third authors in a paper with Zhao [29]
for the case when the data are close to the global equilibrium. This result was extended to
case of a general bounded domain in [10]. On the other hand, the hydrodynamic limit to the
compressible Navier-Stokes equations for the steady Boltzmann equation in a slab was studied
by Esposito-Lebowitz-Marra [13—14]; see also a recent survey [15]. We also refer to [25, 38-39]
for hydrodynamic limits to some wave patterns. Very recently, the compressible Euler limit in
the half-space was studied in [22] with the specular reflection boundary condition.

In diffusive scaling, there are many interesting results on the hydrodynamic limits to the
incompressible fluid systems in different settings, cf. [2, 5-6, 12, 18, 20, 26-27, 37] and the
references therein.

The rest of the paper is organized as follows. In Section 2 we will present some basic
estimates on linear and nonlinear collision terms. In Section 3, the construction of approximate
solutions is given. Precisely, in Subsection 3.1, we solve the steady Navier-Stokes equation with
slip boundary conditions. Some properties of Knudsen layer By and B, are given in Subsection
3.2. We construct the higher order corrector Fs» and give some error bounds in Subsection 3.3.
In Section 4, we will study the linearized steady Boltzmann equation. In Section 5, we further
construct the remainder Fg and give the proof of Theorem 1.1. In Appendix, we summarize
some properties of the solution to the Milne problem.
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Notations. Throughout the paper, we denote by C' a generic positive constant and by C,
a constant depending on a. These constants may vary from line to line. Let 1 < p < oo, we
denote by || - [|z» the LP(Q x R3) norm. We use |- |p» and |- |p» respectively to denote the
LP(R3)-norm in the velocity variable and L?([0, 1])-norm in the space variable. For the phase
boundary 4 in (1.2), we set measures dy. on vy as

fae= [ olulavt [ fonde
Y4 v1<0 v1>0
and
fdy_ = f(O,v)vldv—i—/ F(1,0)|vr|dw.
y— v1>0 v1<0

For any 1 < p < oo, we denote by |- |z the LP-norm on 4. For p = 2, we denote by (-, ),
the inner product on 4, that is,

(fs 9)ye ::/ Jgdy+.
Y+

2 Estimates on Collision Operators

Let pu(v) =

- ) -e~31YI". The linearized collision operator is defined by
T 2

1
Lf:= —ﬁ[Q(u, ViLf) + Q/uf, w).

As in [18], we have the decomposition L = v — K, where
v) z/ B(v — u,w)p(u) dwdu ~ 1+ |v],
R3S Jg2
and K = K; — K5 are defined by
(Ki1f)(v / B(v—u,w)\/ i u) f(u) dwdu,
RS Js2
(Ka2f)(v / B(v—u,w)\/ i ) f(v") dwdu
RrS Js2
+ / B(v —u,w)y/pu(u)p(v') f(u') dwdu.
RrS Js2

Lemma 2.1 (cf. [18, 21]) K is an integral operator given by
Kf:= k(v,u) du,
R3
where

Jv—u|? [lv]?—|u|?)?

k(v w)] < C{lv —u| + v —u| " }e™ = Te sl (2.1)

for any v,u € R with v # u. Moreover, for the weight function w(v) given by (1.23), it holds
that

/}R3 |E(v, u)|wt (u)du < (1 + o)) w™t(v). (2.2)
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The following lemma gives some estimates on the nonlinear collision operator Q(f, g).

Lemma 2.2 (cf. [21, 30]) Let M, be any Mazwellian and w(v) be the weight function
defined in (1.23). It holds that

v wQ(f, g) wf wg
‘ VM., ‘LgQ < C‘\/M* Lol /M, L (2.3)
and
v=2Q(/,9) vif ||y v: g
— 7 <C C 2.4
‘ VM, T2 T ‘\/M* L2/ M, L2 N ‘\/M* L2/ M, L2 24)

3 Approximate Solutions

3.1 Steady Navier-Stokes equations

In this subsection, we construct the solution to the steady Navier-Stokes equations (1.10)
with slip boundary conditions (1.18) and (1.21). By (1.10), and boundary condition u;(0) =
u1(1) = 0, we have u; = 0. Then by (1.10), and boundary conditions (1.18), (1.21) for us, us,
we have ug, ug = 0. Thus, the original problem (1.10), (1.18) and (1.21) is reduced to

p9 = Po,
d [ ~do
a(ﬁa) =0, ze(0.1), (3.1)
00)—0y 1 do o) -6, 1 do
00 RO Tem T TRt

where Py > 0 is a given constant.

Lemma 3.1 There exists g > 0, such that for any € € (0,&¢), there exist a constant Py
and a unique solution (pns,Ons) to (3.1) such that

1
/ pns(x)de =1 (3.2)
0
and
i’dk(p 1,0 9)‘ < Chl6r — 00|, VkeN (3.3)
Tk NS — L, UNS — Vo o — kY1 — Vol, . .
pare dz Lo
Proof The general solutions are

0(x) = (Dyz + D2)5,  p(x) = Pob (), (3.4)

where D1, Dy and Py are constants to be determined. To satisfy the boundary conditions (3.1)3
and total mass condition (3.2), we take (D1, D2, Py) as the solution to the following algebraic

system:
2 2cg,2 1
]:]_(E;D]_,DQ,PQ) = D; —90— . 6D1D23 :0,
3P
2 2cp.2 1
.FQ(E;D]_,DQ,PO) = (Dl + D2)3 — 01 + 3—P05D1(D1 + D2)3 =0, (35)

1
3P 1
Fs(e; D1, Do, Py) ::/ plr)der — 1 = D—O[(Dl —|—D2)% — Dé] —1=0.
0 1
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Notice that when € = 0,

(Dl.,*vDQ,*aPO-,*) = (91% _90%’ 90%’ M)
307 —65)

is the solution of (3.5). By a straightforward calculation, we obtain the Jacobian determinant
at (D1,x, Do, Poy) is
8(]:1,]:2,]:3) ‘ 4

OV, 72, 8) | 2g=3p-3 p-l
2Dy Dy By~ 900 0 " Fow + O,

which does not vanish for any € € (0,e0) with small 9. Then by the implicit function theorem,
there is a unique solution [D1, Do, Py] of (3.5) for any € € (0,£0). The estimate (3.3) follows
from the explicit formula (3.4). The proof of Lemma 3.1 is completed.

Remark 3.1 The boundary conditions (3.1), mean that there is a temperature gap which
is proportional to the normal derivatives of temperature, between fluid layer and the boundary.
The proportional coefficient is of the same order as the scale of Knudsen layer.

Remark 3.2 Since the pressure Py = pysOns is a positive constant, [pyg,0,0n5] is also
a solution to steady Euler equations.

3.2 Knudsen layers

In this subsection, we summarize some properties of Knudsen layers By and 267 which are
defined in (1.16) and (1.19), respectively.

Lemma 3.2 Let y = Z be the stretched variable. Then Bg is a solution to the following
half-space problem:

2
v10yBo + p(0)4/ e—ﬂ-EMOBO =0, y>0,veR?
o
%0(07U)|U1>0 = —Go(0) — \I}(O)v

/ v1Bodv =0,
]RS
lim %0 = 0,

Yy—r—+oo

1

where Vo is given by (1.17). Moreover, for any w € (0,7) and > 3, there exist positive

constants C > 0 and og > 0, such that
o Boly. )
58 2 20U < om0y — 64], Wy > 0. (3.7)

1+ 7
a+1F fig, L

Proof From the ansatz in Subsection 1.3, it is direct to check that 9B satisfies (3.6). The
estimate (3.7) follows from the explicit formula (1.16), (3.3) and (6.1) in Lemma 6.1. We omit
the details for brevity.

Similarly, for B, we have the following lemma.
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_ 1= ;
Lemma 3.3 Lety = 2%, By satisfies

2
010y By + p(1)4/ e_ﬂ-[’uelBl =0, 3 >0, veR’
1
B1(0,0)|v,>0 = —Go(1) — ¥(1),

/ v1B1dv =0,
R3
lim %1 = 0,

y'——+o0

where W(1) is defined in (1.20). Moreover, 81 satisfies the following estimate

=2
0 /o, ,
(L] Py 220 q;l(y’)L <Ce W |0y —61], Yy>0 (3.8)
01 >

for @ € (0,%) and B > 3.

3.3 Error terms
Recall the ansatz (1.22), for a corrector F» with macroscopic component to be determined
later. Inserting (1.22) into (1.1) yields the following equation of remainder Fg:
'UlamFR + 5_1£MFR = _EasFR + 5QQ(FR7 FR) + E_aAsv (39)
where
Eu,sFR = —Q(G + %0 + %1 + EFQ, FR) — Q(FR, G + %0 + %1 + EFQ).

A, is related to the error term due to the fact that the solution considered here is an approxi-
mation. Moreover, it follows that

_ 2w 2
A, = ! KgM — p(0) G—OLMD)%O n (L‘M — (1) 9—15#91)%1]
+ Q(%o + %1, G + %0 + %1 + EFQ) + Q(G + EFQ, %0 + %1) — E’Ul(?ng. (310)

Recall (1.8) for Fs. We need to carefully choose the macroscopic component of Fb, i.e., ﬁg. The
motivation is twofold. On one hand, notice that there is a possible non-vanishing total mass of

m(e) = /01 /RS %0(;1}) +%1(1;x,v)dvdx

that is of order & by (3.7)~(3.8). F} is used to eliminate the extra mass. On the other hand, F;
is chosen so that the residual A is purely microscopic. This leads to require

the Knudsen layers:

1
/ / Fy(z,v)dvde = —e'm(e), Pyu10,F> = 0. (3.11)
0o Jr3

Fortunately, the above requirements can be achieved by choosing

~  —e 'm(e) .
F2= pns () Mt x(@)

|’U|2 — 39]\]5

20ns M,
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where

%0{6_17%(8)9]\]5(1') - /}R3 VL [=(I = Pm)v10:G + Q(G, G)]dv}.

x(@) =
Then F; is given by
Fy = Fy + L[~ (I — Prm)u10,G + Q(G, Q). (3.12)

It is straightforward to check that [p, v1Fadv = [ viFodv = 0 and [g, v1|v]* Fadv = 0 since
G is odd in vy. Therefore, (3.11) holds.
The boundary condition of Fg is given by

Pl = o [ Fr{n(x) -v}dv + &' =r. (3.13)
n(x)-v>0}
Here
r(0,v) == (%l|w:0 — [, / %1|m:0|01|dv)
{v1<0}
+ Ma(0) + Gr(0) + Fa(0) o, [ [M(0) + Ga(0) + Fa(0)Jurdy
{v1<0}
and

r(lv) = ¢ (%O|m:1 — [, / %o|m:1|v1|dv)
{v1>0}
+ M(1) + Gr(1) + F(1) — po, /{ [Ma() + Gr() + B(Dfurde:
v1>0

where Mp and Gp are defined in (1.14) and (1.15), respectively.
We conclude this section by summarizing some estimates on approximate solutions and
errors for later use.

Lemma 3.4 Let w be the weight function defined in (1.23). We have

wkF: wo, F
G, v)] < C(1+ [o])* M|2:0xs(x)], ‘ 2 HLOO =22 o<e e
w%o _ w%l P
< 015 [=S] < 717 T oo, 1
\/ﬁ Lo =~ Ce |8 9NS|L ‘L"O Ce |8 0NS|L1- (3 5)
viwA, v 2AS
< - < - :
’ Vi e = Clutwsluzs ||, < OvERRowsles (3.16)
< (|00 . 3.17
Tl 7l = Cloutsli: (3.17)

Proof The estimates (3.14)—(3.17) are straightforward by using the explicit formula and
bounds (3.7)—(3.8). Recall A, defined in (3.10). Consider the highest singular term Q =

e (Lm — p(0)y/ 3Ly, )Bo. By mean value theorem, one has

2
M — p(0)/ Grbay

< [M(z) — M(0)] + | M(0) - p(0) Z—”u
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< C(10:0ns|L|x] 4 10n5(0) — o)) (1 + [v])? g,
< Cl0x0ns|Le (2] + &) (1 + |v])? pig,,

where we have used the boundary condition (3.1) for 6s(0) in the last inequality. Then by
(2.4) and (3.7), it holds that

vz (M = p(0)\/ 2= 1o, )

‘v‘éQ _ Cs_l‘ B
vM Lz VM LIV MILR
M — p(O) 2‘9_7(:#90 V%%O
+ E_l’
VM L3 VM Lz

< C|819N5|L;o (‘g‘ + 1)6_00 B .
This implies that
1
1“5
M

Other terms can be estimated similarly and we omit the details for brevity. The proof of Lemma

HL2 < OVe|0:0ns| L.

3.4 is completed.

4 Linear Problem

In this section, we will study the following linear stationary problem:

ev10.Fp + LmFr =g, x€(0,1), veR3, (4.1)
FR|77 :P,YFR—FT‘, '
where
(P f) (@, ) e / f(@,u){n(x) - u}d
T,0) = — 55— @ r,u){n(zx) - uldu,
! 2779]2\75(1') n(z) u>0

and both g and r are inhomogeneous source terms. The following is the main result in this

section.

Proposition 4.1 Assume that

/ g(xz,v)dv =0, Vze(0,1) (4.2)
R3
and
/ (0, v)v1dv = / r(1,v)vidv = 0. (4.3)
{v1>0} {v1<0}

There exists a positive constant §o > 0, such that if |01 —6p| < 0o, then for any sufficiently small
e >0 and for any p € (2,00), the linear problem (4.1) admits a unique solution Fr satisfying

/01 /Rs Fr(z,v)dzdv =0 (4.4)
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and
[ R e B
e T || ————=—4
L°° M L2
1
—o—1||Pmy o ||v2(
Scpa 4 L2+Cp€ p T 1o
11 r y_lwg wr
+Cpe2r +C H—H wr 45
P i PITm e il (4.5)

Here, the positive constant C, > 0 does not depend on ¢.

4.1 LZ2-estimate

Lemma 4.1 Let Fr be a solution to the linearized problem (4.1). Assume that g and r
satisfy (4.2) and (4.3), respectively. There exists 7o > 0, such that for sufficiently small ¢ < 1
and for any n € (0,1), it holds
- P’Y)FR

N

+ C,,e

N|=

+e
L2

P Fr

H vi(I - PM)FR‘
VM

<e(n+10:0ns|L) H

L

L2

L2 HLOQ

+H—”‘“¢;—4 :

1
2

L%). (4.6)

r
L2 VM
Here, the constant C,, does not depend on ¢.

Proof For simplicity, we denote

1 _ 1v?

e 20Ns .

My =

27r6‘?v g

By taking inner product of (4.1) with Fr/M,, over (0,1) x R? and then integrating by parts,

we have
a/ F2d s/ ng /1 FR,CMFRdd
_ —axdv
M) My M.,

vlﬁz./\/l gFR
—|—/ / F dxdv—/ / = —dzdv. 4.7
By (4.3), we have
r-P,Fr / /
———dy_ = r(0,v)vidv ) X Fr(0,v)|vy|dv
M, ( {v1>0} ( ) ' ) ( {v1<0} R( )| 1| )

+ (/{v1<0} T(l,v)|111|dv) X (/{v1<0} FR(l,U)Uldv) -0

Thus, by boundary condition (4.1),, we can obtain

L[ PR =y [P, Frl?
vy Mw

v—

r-P FR

v 1 |r|?
dy— + v dy— + B v ——dy_
w o w

y—

2 ) M, 2

Y
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1 P, Fr|? 1/ |r|?
_2/7 M, T3 7,de%
1/ [Py Fr|? 1/ ||
= — d’}/+ + = —dy_
2/, My 2/, My

Hence, it holds that
€ F2 € F? € |Fr|? — |P, Fr|? € |2
5 —d7+——/ —Rd”Y—:—/ —’Yd%t——/ o dr--
2 Jy, My 2/, My 2/, M, 2/, My

e [ | -Py)Fg[? 6/ r[?
_ £ S L 4.
2/7+ e dys — 3 vt (4.8)

. Then by coercivity estimate (1.5), we have

Note that M, =

PNsGNS
1 1
FrLMmER . 1 FrLm PR
/O s dexdv Z 1nf{pN59NS}/ / Td:zrdv
vE(I = Pp)Fr |2
> )
> ol M .. (4.9)

for some positive constant ¢; > 0 independent of . By Cauchy-Schwarz and Young’s inequali-
ties, it holds for any n € (0,1) and any € (0, 1),

va(I —Pr)Fg v
v < H—\ T
‘/ /R M, =" VM % \/M L
Py, F P
+ e H MIR L+ Ce 2H MY . (4.10)

For the last term on the left hand side of (4.7), we divide it into the following three parts:

1
’Ulam./\/lw 2
hehciad Ny
| L g e

1
26/ / 0. M., |]P)MFR| da?d’U—l—2E/ / 10 Me PMFR(I—PM)fRdJZd’U
R3 R3

2MZ
’Ula M 2
/ /Rs IME [(I = Paq)Fr|*dzdv
=1 + Is + Is. (4.11)

For I, by integrating (4.1) over R and using (4.2), we have

d

— | v Fr(x,v)dv = 6_1/ g(z,v)dv = 0.
dx R3 R3

Then by (4.3), we deduce that

/ v1 Fr(z,v)dv E/ v1 Fr(0,v)dv 2/ r(0,v)vidv =0,
R3 R3 {v1>0}

which implies Py Fr is even in vy. Then it holds

L =0. (4.12)
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Now we fix k € (0,1). For I, by Cauchy-Schwarz and Young’s inequalities, we deduce that

ve(I —Pp)fr PMFR‘
VM

2
1] < |, +Cecioutnsl

R (4.13)

For I3, as in [23], we write it as

1 31T _ 2
I3 < CE|6m6‘NS|L§°/ / Caall) |(.{\/l Par) e dxdv
o Jrs

L 1 3(I = Py Frl?
:OE|8IGNS|L;°/ / , (1+[v) |(M M) FR| dvdzx
0 J{|v|<re 2}

! 1 3(I = Ppyg) Fgl?
+C€|319NS|L§§°/ / ChaL) |(M ) Frl dvdz.
0 J{v|>ke"2}

1

For |v| < ke~ 2, we have
(14 v))2 < CA+|v]?) < Ce e+ k).
Then it holds that

1 31(T _ 2 07 _ 2
/ / 1 (1+|v])3 (I —Pap) FR| ddeSCE_l(E+/€2)HV (1 ]P’M)FR‘ .
{lo]<re™ 3} M VM L2

Recall the weight function w defined in (1.23). For |v| > ke~ 2, by noticing that
Ons(x) > Ons(0) =14 O(1)e,

Ty < e EOIE g o))

2
< (Ce™ Fvl? < Ce 5.,

we have

Then we can obtain

2
/ / (L4 [’ — Pan) Fr| dvdx < Ce™ sz‘ whr H / (14 |v])~°dv
{Jo|>re™ 3} Lo Jgs

M
o |
LOO
Combining these two estimates, we get
1
2([ —P )FR 2 wFR
Iy < Cle + K2 H’”(—M‘ ‘ H 4.14
3 = (E+ ot ) \/./\_/l L2 Loo ( )
Putting estimates (4.7)—(4.14) together gives
H vz (I — Py )Fr ‘ 2 6‘ (I —P,)Fg |2
vV M L2 vV M L3
vi(I —Pr)Fg P FR |12 22w |wFR
O - S LA o i o
—o||Pmyg 2 3
O o e et 4 s
+ p v (415)

Here, k € (0,1) and 1 € (0,1) are two arbitrary constants. By taking x suitably small in (4.15),
we obtain (4.6). The proof of Lemma 4.1 is completed.
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4.2 LP-estimates on PaqFr
Lemma 4.2 For any p € [2,00), there exists a positive constant C, such that

PMFR

P

v

‘(I_]P)’Y)FR
VM

< Ce|0x 9NS|L°°

HLO"

2
L

(- PMFR‘ (4.16)

+CH

ol

Proof The proof is based on the dual argument developed in [11-12]. We need to slightly
modify their method here since the reference Maxwellian M depends on x. We decompose Fr
as

FRZPMFR-F(I—PM)FR

a(z) b(x) v c() |v[?
= M+ M+ — —3)\M+ (I —Pp)Fk.
PNS pnsOns 2pnsOns (9NS ) ( mFr

Thus, it suffices to obtain LP-estimate of (a,b,c). For simplicity, we only estimate a because
the estimates for b and ¢ are similar. Let ¢(x,v) be any smooth test function. Then taking
inner product of (4.1), with ¢, we obtain

5[/RS v Fro(l,v) — /]RS vlFqu(O,v)dv] - 5/01 /RS v1 FrO, ¢(x, v)dvda

1
+/ (LmFr — g)(z,v)¢dvdx = 0. (4.17)
0 Jr3

2_100ns)

We take the test function ¢q = 9,1, vl(lv‘92 , where 1), solves
NS

1
~Osatfe =07 - /0 @ r)dr (4.18)
aﬂcwa(o) = az%(l) =0

One can check that

Vg = — /036 [ap_l(s) - /01 ap_l(r)dT} (z — s)ds

is a solution to (4.18) and it satisfies the following estimate
[Yalcr (o)) + |8rm1/)a|L;§—1 < Clalf;". (4.19)
Now we insert ¢, into (4.17). Noting that

/ v (Jv]? = 100n5)(|v|*> — 308 5) Mdv = / v (|v]? — 100xs)Mdv = 0,
R3

R3

we have

1
5/ / 1P FRrO:0,dvdx
0o Jrs
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— 1060 2_100
—s/ 020y Pl 1OONS o, dx+5/ / PMFRamwaam(MQiNs)dvdx
Oxs RS Oxs
1 2
—1
255/ a(ap_l —/ ap_l(T)dT dx—|—6/ / vf]P)MFR@szaﬁz (|U|2709N5)dvdx
0 0 o Jrs Ons

> 5elal, — Cel0ubns|Leella, b, ]| Lp0ntpal Lo
> 5elal? , — Cel0uOns|Lee|la, b, c][F . (4.20)

Here, we have used (4.19) and (4.4) so that

/ada: /ap L dT—/ / Frdzdv - / a?~(r)dr = 0.
R3

Thanks to the Neumann boundary condition (4.18),, the boundary contribution in (4.17) van-
ishes, that is,

/ v1 frRPa(1,v)dv = / v1 fRrPa(0,v)dv = 0. (4.21)
R3 R3
By Holder’s inequality, the rest terms in (4.17) are bounded as follows:
1
(I —Pm)Fr
6‘/0 /}R3 Ul(I_]P)M)FRam¢adUd$‘ < CEHTHLP(mealLf%1 + [02%a| L)
I—Pum)F
< CEHW‘ ja?5! (4.22)
VM Lr e
and
1
(I —Pm)F v
[ [ ewt- ot < cf|E=20] |28, i
0 Jrs
(I - ]P’ )F
[H ) R\ H” 9 [larpzt a23)
4 / L2
Substituting (4.20)—(4.23) into (4.17), we deduce that
glalpr < Cel0,0ns|pexla, b,c]lre
(I —Pm)Fr (I —Pm)Fr
+oe| = el =
M Lr M
The LP-estimates for b and ¢ can be obtained in the same way. To summarize, we have
]PMFRH ]PMFR (I—]P)M)FR
< C=|0,0 OOH Hi‘
EH VM lire £l0:0ns]e L © VM Lr
+CH 0= Bm FR’ H” 9 (4.24)
Combining (4.24) with an interpolation inequality
0], < o] =Rt o)
M Lr M L2 Vi L

yields (4.16). Therefore, the proof of Lemma 4.2 is completed.
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4.3 Weighted L*° estimate

lv]? . . .
( )3 e~ 2 and associated linearized col-
P

Recall the normalized global Maxwellian p(v) =

lision operator L = v — K. Define h = w—fﬁ Then the equation of h reads
v10,h+ e tw(w)h — et Kyh =7, x€(0,1), v €R3,
1 (4.25)
h|7:~—/ h(:z:u) ()dcr—|—q,
K w(v) {n(z)-v>0}
where we have used the notations:
1 h
ww) = ———— =, do =V2mu){n(z)-vidv, K, h=wK|(—).
0) = o T V(o) {n(z) -} (w)
J and ¢ are inhomogeneous source which are given by
_w Vih ViR wy
7= le(M-n )+ (Y M)+ (4.26)
w 1 _ i 1 e wr
qQ=— e 2Ns — —e” 2x / h(z,v)w(u)do ) + —. 4.27
\//7(277912\75 2 )( n(z)w>0} (& w)i(w) ) Vi (4.27)

Fix t > 0 as a parameter. Given any (z,v) € (0,1) x R3, let [X(s),V(s)] be the backward
bi-characteristics, which is determined by

dX(s) dV(s)
s V6 T =0
[X(t), V(t)] = [;C, ’U].

The solution is then given by
[X(s),V(s)] = [X(s;t,x,v), V(s;t,z,0)] =[x — (t — s)vl,v].

We then define the backward exit time ¢, (x,v) to be the last moment at which the backward
characteristic line X (—7;0,2,v) remains in (0, 1), that is:

tp(z,v) =sup{r > 0: 2 — 10! € (0,1)}.

We also define ap,(z,v) = x — tpv! € {0,1}. Clearly, v - n(zp(z,v)) < 0.
Let (z,v) ¢ voUy—. Weset (to, x0,v0) = (¢, x,v). For any vg+1 € Vi1 := {vk+1-n(zx) < 0},
the back-time cycle is defined by

cl S,t,ZE U Z]‘tk+1,tk) Tk _Uk( k — S))a

(4.28)
Va(s;t,z,v) = thk+1tk)

with
(tht1, Tt 1, Vig1) = (e — to(Th, Vi), Tb (T, Vi), Vg1)-

We also define the iterated integral

/ Hk 1d0] ::/ {/ dUk—l}"'dUla
H? ! Vi Vi1
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where do; := v/27p(v;)|v;1|dv; are the probability measures.

Along the back-cycle (4.28), we can represent the solution h to the linear equation (4.25) in
a mild formulation for the L*° estimate. Precisely, we have the following lemma. The proof is
omitted for brevity as it is similar to that in [11].

Lemma 4.3 (Mild formulation for h) For any t > 0 and (z,v) € (0,1) x R®\ (70 U~-),

= > Ji+ 1{t1>0}ZJ (4.29)

1=1,2,3

with

J = 1{t1§0}e_€71”(”)th(x — 1t v),

¢
Jo+ Jg =" / e V(W)(t=9) (Kwh+ J)(z — (t — s)vt,v)ds,
max{t1,0}
Jy= e YOtz y),
e T (v)(t—t1) k-2
Js = T /H;?_fvj ; 1{tl+1>0}q(xl+17vl)dzl(tl"l‘l)’

o= () (t—t1) k-l .
JG = T /Hl?lvj ; 1{tl+150<tl}h(xl — Ul tl, ’l}l)dzl(O),

T+ Js = va)(t " /H . ZZ;/ Liorss <oceny [Kuh 4+ J)(s,21 — o} (t — ), 0)dSi(s)ds,
e W) (t=t1) e )
Jo + Jio = R /H’“vj ;/tm 1 >0y [ Ewh + J](s, 20 — vy (6 — 5),v1)dE; (0)ds,
e—sflu(u)(t—tl)
Ji1 = T /H;?_llvj 1{tk>0}h(xkaUk—l)dzk—l(tk)v

where we have denoted
A%y(s) = {Hg l+1dUJ} {@(v))e* lu(vz)(tz—S)dol} . {Hél—zlle—aflu(vj)(tj—tjﬂ)doj}

Lemma 4.4 (cf. [11]) For Ty sufficiently large, there exist constants Cy and Cy independent
5
of Ty, such that for k = CiTy and (x,v) € (0,1) x Rs, it holds that

o

k—1 1y @2To
/ 1{tk>O}Hj:1 dzk—l(tk) < (5) (4'30)
525
Lemma 4.5 (Weighted L estimate) For any p € [2,00), it holds that
_1 PMFR 1| =Pm)FR

hl|pe < Ce™ v C 7“ C0,0 oo ||| Lo
bl < Ce PR e I

V‘lwg

+ |+ ‘ . 4.31

Here, the constant C' is independent of €.
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Proof Take k = ClTO% so that (4.30) holds. Recall the mild formulation (4.29)
estimate J; — Jy1 term by term. Firstly, we have

| J1] < Ce™= 0| | .

For those terms involving J and 7, notice that

Thus, it holds that

Ly, sop@()IiZldo; <C for1<1<k-—1,

—1

[ S lcocn @@L ido; < Ch
mkZly;
=177 =1
Then by using
S2 -~
et e * 1V(U)(82_S)V(’U)d8 <1 for any s; < s2,

51

we can deduce from (4.34)—(4.35) that

|J3] + |Js| + |Jiol < Ckllv=" Lo,
|Ja] + | J5| < Cklg| .

By (4.33) and (4.35), we obtain
| Js| < Che™ 0| h| poe.

For Jy1, it follows from (4.30) and (4.33) that

5
1 C2T4
il <c(3) " Il

For Jz, it holds that

k—1 t
-1
|J7] < 05_12/ da'j_l...da-l/ e Tn(t=s) s
=1 Y21V 0

< S cocn @@k o )l of (6 - 5),0)dv'don,
v, JRs
k—1 t
=(Ce ! / dcr-_l---dcrl/ ds/ / (- )dv'doy
; nlZiv; ! -5 v, JR3
k—1 t—%
+Ca_12/ da'j_1~-~da'1/ ds/ / (~-~)dv’dal
= JIY; 0 vin{|v;|>N} JR3
k—1 t—<
+Ca‘12/ daj_l---d01/ ds/ / (-+-)dv'doy
=1 IV 0 Vin{|vi|[<N} J{Jo’'|>2N}

N

Zhang

. We

(4.32)

(4.33)

(4.34)

(4.35)

(4.39)
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) k—1 tl—% /
+ Ce™ Z/ dgj_l.-.dglf ds/ / (- )dv'doy
=1 YLV, 0 Vin{lu|[<N} J{|v'|<2N}

-1
=) Jru+ Jra + Jrz + Jra (4.40)
!

E

Il
-

For each term J71;, we have
C
| T | < NHhHLm. (4.41)

For J79;, one can deduce the following bound

c
| Jron| < Ns—luhan/H dos 1+ do
j=1"J

t— £
x/l Ne_afl”o(t_s)ds/ e_%‘”llzdvl
0 Vin{|vi|>N}
2
< Ce 7% ||h|| . (4.42)

For Jz3;, we have |v" — v;| > N. Then by (2.2), we can obtain

MMS&*thﬂA<m4~dm
=13

tl_% 712

_ -1 _ _1 2 [v—v"] _ NZ

></ ems wolt S)ds/ e~ slul dvl/ |k (v, v")|e 57 e~ 5T dv’
0 Vin{|v | <N} R3

< Co= 57 |h|| 1o (4.43)

To estimate Jr4;, we introduce the smooth approximate kernel &y (v, v") which has a compact

support such that
C

sup / |k (v, 0") — kn (v, 0")]|do" < —.

ot | <N J{jvr|<2ny N

Then it holds that

k—1 tu—%
—1
ral <Ce S [ dopedoy [T e s
= /ity 0

C
<[ Lo Lpnsoculh (oot = of (6= 5),0) o don + bl
Vin{lu| <N} J{|v’|<2N}

k—1 - 7
< cg—lz/ de_l...dal/ s
=1 /I 0
x/ / 1o <0<t Fr (21— vt — 5),0')|dv'du
Fr ol s),
Vil <ny Jgwi<any CEISVM
c
o 4.44
+ Il "

where we have used |ky(v;,v")| < Cn. To estimate the first term on the right hand side of
(4.44), we decompose Fr = Py(Fr + (I — Ppq)Fgr. It then follows from Holder inequality that

F
i (z1 — v} (t; — s),v")|dv'dy

1 R
/Vm“”lSN}/{v’QN} {ta=o<u}| T/
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< (/ / 1{t1+1§0<tz}
Vin{lo | <N} J{[v'[<2N}
(I —Ppm)Fr

+(/ / .
Vin{|v |<N} J{|v'|<2N} {ti41<0<t,} N

Set y; == a1 — v} (t; —s) € (0, 1) for s € [0,4; — £]. By making change of variable v} — y; in the
two terms on the right hand side of (4.45) and by noting that the Jacobian

P F p %
e = ol — ), ) o/

2 1
(z; — v} (t; — 8),0) dv’dvl) . (4.45)

8yl‘_ 3
N7

we deduce that

Fr 1 / ’
1 < —(x; — v, (t; — 5),v") |dv'dy;
Vin{ju| <N} /{v'sw} ten=ts M l
PmF I—-Pum)F
S CNE_% MR NE_% w} . (446)
v M e VM L2
By substituting this into (4.44) and combining with (4.40)—(4.43), we obtain
1| PR 1| =Pum)FR
J<—hooCk H | +onkemd| =220 4.47
|J7] |7l + Cnke L, T Onke T e (4.47)
By using the same argument, we have
1| PmFR || = Pa)FR
o] < —HhHLoo+ONke H H + Cyke? T‘L2' (4.48)
Putting (4.32), (4.36)—(4.39) and (4.47)—(4.48) together yields the following pointwise estimate
¢
|h(z,v)| <e! / ee 'volt=s) |kw (v, u)h(z — (t — s)v', u)|duds + A(t),  (4.49)
max{t1,0} R3
where

5

5 . 1\ CoTy* 1 5
Aty = CTg {e " 4 (5) " + 5 HIbllem + O {Iv ™ o + lalo}

2
P Fr 1| (I = Pag)Fr
T‘ LQ}. (4.50)

Now we denote y = z — (t — s)v! € (0,1) and ¢} = t1(s,y,u) for any s € (max{t1,0},¢). Then
iterating (4.49) once gives

ot (|2

Lp

t

Ih(z,v)| < A(t) + 5—1/
max{t1,0}

e =) A(s)ds / [k (v, w)ldu + B
R3

5

2 1 C2T04 1 5
< Tjidee vt - = . v | pee o
B+ T {1+ 0+ (5) 4 bl + CTS v o~ + lalo=}
5 1 PMFR‘ _1 (I—PM)FR‘
rovti e |S L AL (4.51)

where

t s
B := 5‘2/ ds/ e‘sfll’f’(t‘”dT/ K (v, w) ko (u, 0|
0 0 R3 JR3
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1,7 /
X l{max{t1,0}<s<t}1{max{t/1,0}<7'<s}|h(y - (S - T)u U )|dudu .

We estimate B by considering the following cases.
Case 1 For |v| > N, by (2.1), we have

_ c
B < C+ o)) ?llhllze < 51l (4.52)

Case 2 For |v| < N,|u| > 2N or |v] < N,|u| <2N,|u’'| > 3N, by using (2.2), we deduce

—2/ ds/ —e o= TdT{/ +/ }(---)dudu'
{\u|>2N} {lu|<2N,|uw’|>3N}

! — )2
ge_%HhHLm{/ |k (v, u)|e 57 du+/ |kw(v,u)kw(u,u')|e‘ 5" du}
{lu|>2N} {|u|<2N,|u/[>3N}

< e 5 ||| e (4.53)

Case 3 For |v] < N, |u| <2N,|u'| <3N, we have

t s
8_2/ ds/ e_afl”o(t”)dr/ (- )dudu’
0 0 {lul<2N,|w|<3N}

C t S=N _
< <lhllz= +6‘2/ ds/ e 1”O(t‘T)dT/ lkn (v, u)kn (u,u')|
N 0 0 {lu|<2N,|u/|<3N}

X 1{max{t1,0}<s<t}1{max{t'1.,0}<r<s}|h(y - (5 - T)Ula U/)|dUdU/-

: g " ¢ - t d o —5’1V0(t—r)d
>~ NH HL“’"’ NE 1{max{t1,0}<s<t} S e -
0 0
x/ 1 Fr (y—( Yul,u')|dud (454)
max{t] 0} <r<s}| 7= (Y — (s = T)u’, ') |dudu/, )
{|u|<2N,|u|<3N} { {t1,0}<7<s} e

where we have used the boundedness of smooth approximate kernel kx (v, u). For the last term
on the right hand side of (4.54), we decompose Fr = PypFr + (I — Ppq)Fr. Then similar to
(4.46), we obtain

Fr
1 maxie rest|l—=(y — (s — T)ul, v |dudu’
/{u|<2N |[u/|<3N} { {r Op<r<s) \/M( ( ) )
P F) I —Px)F
< Cemv || MR 3 w‘ . (4.55)
VM L2
By combining (4.52)—(4.55), we have
P F I —Px)F
B < —HhHLoo+ < C’s_’H MR 3| U =Pr) PR R‘ . (4.56)
Lp v M L2
By putting (4.56) into (4.51), we get
5
T

1 5 _
+ 3 Il + CTE 0™ T = + gl }

4 %’ b (4.57)

bl < OTg {0t 14 1) + (%)

P Fr

.
+CNT0 {E \//\_/l
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Now we choose N = QCTO% and fix t = T large enough such that

5

5 - 1\C2Tg' 1 3

1 —€ 1l/())f _ _ < —

o1 {e a+n+(3) "+t

Then it follows from (4.57) that

1| PR 1 (I_PM)FR‘ 1
o < C J|| L= o, 4.58
||h||L Ce H m ‘LP+C€ 2 \/./\_/1 L2+ ”V HL +|q|L7 ( )

As for the last two terms in (4.58), by (2.3) and (4.26)—(4.27), we have

O R I

< C10:0ns|ree[|h]| L= + CH

y‘lng

and

lglzoe < C|0:0Ns|Loo P

S
O
Combining these two estimates with (4.58) yields (4.31). The proof of Lemma 4.5 is completed.

We are now ready to prove the main result in this section.

Proof of Proposition 4.1 The existence part can be established by the same iteration
procedure as in [11-12] and we omit it for brevity. Here, we only show the a priori estimate
(4.5). A suitable combination of (4.6), (4.16) and (4.31) yields

I e e I =S o
e VM L2 VM L2
R e B R

+Ce™2 vi(l \_/%M)FR‘ L + C(E% 4+ e lmPe ) whp HLN

+Ce v V%(I\;%D'Y)FR : —2-3||Pmg L2+Cs_1_% v 2(\//\_/1

o P v e el -

Taking both |0y — 61| and & suitably small such that
1 ™ 1
Cl0:0ns|r>~ < T C(&:P&tzm +e PP < T

we can absorb all of the Fp terms on the right hand side of (4.59) by the left hand side. Thus,
the a priori estimate (4.5) follows and the proof of Proposition 4.1 is completed.
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5 Justification of the Expansion

In this section, we will solve the remainder system (3.9) with boundary condition (3.13) and
then give the proof of Theorem 1.1.

Lemma 5.1 Let w be the weight function defined in (1.23). Then it holds

] <ot |22 o
WLl < conslz [ 2] o
TG [ oS o
Proof By (2.3) and (3.14)—(3.15), we have
[t <o 22, (G2, 22 )
e i o

which is (5.1). (5.2) can be obtained similarly. Finally, by (2.4) and the fact that

v=2Q(Fr, Fr) oy [ v 'wQ(Fa, Fr)

VM L%S}w ML%T}L;:O‘

we can deduce (5.3). Therefore, the proof of Lemma 5.1 is completed.

C} v 'wQ(Fr, FR)
Vi Ly’

Proof of Theorem 1.1 We construct the solution to the remainder system (3.9) with

boundary condition (3.13) via the following iteration scheme:

10 Fp T+ LAMF R = =L FR 4+ 1T OQ(FR, FR) 4 e A,
Fptl, =P, Fpt! +1,FR + el (5.4)
Fp =0,

where ,
1 ||

I, Ffy = (py — =—5—€ 2%ns / Fi{n(x) - v}dv.
T ( 277912\/5 ) {n(z)-v>0} f

Direct computation yields that

1 1
/ LosFrdzdv = / Q(Fg, Fp)dadv = / Agdzdv = 0,
o Jrs o Jre

/ I,Fr(0,v)vidv = / 7(0,v)v1dv = 0,
{v1>0}

{v1>0}

/ I,Fr(1,v)vide = / r(1,v)vidv =0
{v1<0}

{v1<0}
and
L, Fg why

Vi Ly

‘ wll, Fp ‘

[0 S CmaX{sz(O) — 90|7 |9NS(1) — 6‘1|} .
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n
wk'y

< Cel0:0ns|Le -

Ly

Therefore, the existence of sequence of solutions F; to system (5.4) follows from Proposition
4.1. Then applying the estimate (4.5) to F™", we have

—1-1
lp

n+1 n+1
oI, oo et
Ve lizee M
1
2L, FR
S 5_1_%{suiy " as R‘
! VM
r

i

%(I ]P)M)Fn-i-l ‘
vM

11—

Lr L2
_1
VT2 A,

VM

1+a u‘éQ(F}%,F}%)‘

VM
e |020Ns|Loe -

0

L2 L2

n
+e? %_0‘{ ‘—wFR‘

L2 ‘ VI L‘”}
H wr T Lo PR wrQ(FR, FR) LA, }
Vi Vi Vi i
Here, we have used the fact that PpqAs = 0. By using bounds (3.16)—(3.17) in Lemma 3.4 and
(5.1)-(5.3) in Lemma 5.1, we can further obtain

14+« 11—«

Lee ‘L“’

R R
R 5 S e p||————o & P
Vi e VM e VM L2
P F v (I —Ppr)FR
< e 510,0 M[H MR ‘—M }
St v v VM L2
F’ﬂ
4% Loy ||MER +Op€%_%_a|8moNS|Lf’°'
fu iz pllnes :

We now fix 0 < o < % Taking p > 2 suitably large and |0; — 6| suitably small, we have the
following estimate

wEH P FH o ||vE (I = Ppg) R
I PR

where the constant C' > 0 is independent of n. Moreover, it is straightforward to show Fg“ is
a Cauchy sequence. Hence the solution to the remainder system (3.9) with boundary condition
(3.13) is constructed by taking n — oo and the estimate (1.24) follows immediately. Therefore,
the proof of Theorem 1.1 is completed.

6 Appendix

The following lemma summarizes the well-posedness of Milne problem in L°° space that was
proved in [3, 37].

Lemma 6.1 Let 0 < w < % and B > 3. Suppose that
8 2 g
sup ‘(1 + |v)?)ze=I! —‘ < 0.
v1>0 \/ﬁ
Then there exist a positive constant oy > 0 and a smooth function Fo, € KerL,, such that

(1.12) admits a unique solution F satisfying

2 F(y) — Foo ) 5 ol
1+ |2)§ew|'| FW) = Foo < Ce™ 7Y sup ‘(1 + |U|2)§ew‘”| % . (6.1)

\/ﬁ L® N v1>0
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