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Abstract In this paper, the author discusses the deformations of compact complex mani-
folds with ample canonical bundles. It is known that a complex manifold has unobstructed
deformations when it has a trivial canonical bundle or an ample anti-canonical bundle.
When the complex manifold has an ample canonical bundle, the author can prove that
this manifold also has unobstructed deformations under an extra condition.
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1 Introduction

Let (X,w) be a compact Kéahler manifold with dimension dim¢ X = n, and we denote its
canonical bundle by Kx. In the last several decades, there have been a large amount of results
about the deformations of complex structures on compact complex manifolds, for example
[11, 16]. The most fundamental theorem established by Kodaira and Spencer states that on a
compact complex manifold X, an element ¢ € A% (X, TH0X), which we usually call a Beltrami
differential, determines a new complex structure once it solves the Maurer-Cartan equation

1
Op = 5[907(00]7

4 (1.1)
©(0) = 0.

They also showed that the obstruction of the deformations lies in the cohomology group
H2(X, T*9X). Consequently, when X is a Fano manifold, i.e., K;l is ample, by the Kodaira
vanishing theorem, we see that

(X, THOX) 2 H" (X, QY Kx)) =0

because of the negativity of the line bundle Kx, which yields that all Fano manifolds have
unobstructed deformations.

When the manifold X is Calabi-Yau, i.e., the canonical bundle K x is trivial, the deforma-
tions are also unobstructed according to Bogomolov, Tian and Todorov, which is now widely

known as the Bogomolov-Tian-Todorov theorem (see [2, 24-25]). Besides, there are also many
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noteworthy results concerning the deformations of logarithmic Calabi-Yau pairs, for example,
[9, 13]. Tt is worth pointing out that the research concerning the deformations of other interest-
ing structures in complex geometry also have a lot of breakthrough in recent years, for example
[19-21]. Note that in [15] there is a more global method to deal with the deformation theory.

When Ky is ample, it is much more complicated. There are examples that the deformations
may be obstructed. For example, Horikawa [8, Section 10] constructed an example as follows.
First, by studying the deformations of holomorphic maps, he got that the monoidal transforma-
tion Y of the complex projective space CP? has obstructed deformations, where the center C' is
a curve of degree 14 and of genus 24 in CP® which was constructed by Mumford [17]. Horikawa
then showed that if X is a general element of a sufficiently ample linear system on Y, then X is
non-singular, irreducible, and has an ample canonical bundle, and then he showed that X has
obstructed deformations by showing that its Kodaira-Spencer map is not surjective.

However, there are also examples that some certain compact complex manifolds with ample
canonical bundles have unobstructed deformations, such as ample hypersurfaces in an Abelian
variety (see [4]) and surfaces of type IIb, which are birational to the quintic hypersurface in
CP? (see [7]).

Thus, it is natural to ask what the obstruction of the deformations is and whether it has a
Hodge theoretic characterization when the canonical bundle is ample.

In this paper, we use the Hodge theory and the iteration method to explore the obstruction.
We will solve (1.1) and express the solution as a formal power series

o0
p(t) = it
=1

when Kx is ample.

Explicitly speaking, we begin with an arbitrary harmonic initial value ¢; € H% (X, T+0X)
and solve the reduced equations (2.8) by induction with an extra condition that the essential
obstruction vanishes:

H(V' 0y, 0i,800) = 0. (1.2)
The solution at step 2 (which means the coefficient of t? in ¢(t)) is expressed as
— 1
2= 06 ( - SV 0y, ©ip ).

Here H is the orthogonal projection of differential forms to their harmonic parts, G is the Green
operator of 9, V' is the (1,0)-component of the Chern connection on the anticanonical bundle
and € is a globally defined and nowhere vanishing element in A™°(X, K '), which can be

written as
0 0 0
Q=dz® = =dz' A Ad2"®@ == A--- A =— 1.3
0=dxe 0z : e 0z1 oz" (13)
under a local coordinate (z1,---,2™).

The notion e_{)y denotes the contraction between elements in A% (X, T1°X) and Q, which

induces an isomorphism

0. A%(X, THOX) — A" H(X, K1),
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And we denote the inverse by e .

By running induction, the solution we obtain at the N-th step can be expressed as
. [=* 1 ;. )
N = Qpu [8 G( ~3 Z V'oig,, oz@on)}
i+j=N

for any positive integer N.

The solutions we have obtained till the N-th step can be put together and written as

o — 8J{5*G(_% Z Z V’oi%oi%.Qo)titj—f—(ig,lQo)tl}a

2<K<N i+j=K

where ¢; is the solution at step i (which means the coefficient of ' in ¢(t)), 1 <i < N — 1.
Here oV = o1t + - + ont.

By doing so, the solution ¢(t) can eventually be expressed as

= 1
0= 934{8 G( - EV/ 0ig,0 Z@Qo) + ion},

O B
ot |, *h

©(0) =0,

which is uniquely determined by the harmonic initial value ;.

Note that at each step the condition (1.2) means H(V’oi,, 0iy, Qo) = 0 for the corresponding
i,].

In conclusion, we obtain the following theorem.

Theorem 1.1 Let X be a compact complex manifold with an ample canonical bundle Kx .

IfH(V' 0 iy, 0i,Q0) = 0, where ¢ is defined by (1.4), then X has unobstructed deformations.
Here Qq is a nowhere vanishing element in A™°(X, K') defined in (1.3).

Remark 1.1 There are examples satisfying our condition H(V' 0, 0i,Q0) = 0, e.g.

(1) Compact Riemann surfaces with genus at least 2.

(2) The manifolds like X = X x - - - x X,,, for any integer m > 2 where each X; is a compact
Riemann surface with genus at least 2, i =1,--- ,m.

Both of them have ample canonical bundles and thus by Theorem 1.1 they have unobstructed
deformations.

In addition, we need to point out that our method also works when ¢;(X) = 0, i.e., when
K x is a torsion line bundle.

Corollary 1.1 (see [24-25]) If ¢1(X) =0, i.e., Kx is a torsion line bundle, then X has
unobstructed deformations.

This paper is organized as follows. In Section 2, we present some basic notions and reduce
the Maurer-Cartan equation (1.1) into two equations (2.8). In Section 3, we solve the reduced
equations when the canonical bundle is ample and discuss some examples about the obstruction.
Besides, we also show that our method still works when Kx is a torsion line bundle.
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2 Reduction of the Equation

Inspired by the work of Liu, Rao and Wan [13], we first reduce the Maurer-Cartan equation
(1.1) into two equations.
Let (X,w) be a compact Kahler manifold. In terms of a local coordinate,

w = \/—1gi3dzi AdzF .

Selecting a nowhere vanishing section Q of A™%(X, K ;{1), we have an isomorphism obtained by

contraction:
. Q: AT (X, THOX) —» AP BY(X, K.

And we denote the inverse by
Q e AMH (X K — A%Y(X, THOX).

Here the notion p(e) denotes the contraction between tangent vectors and differential forms
that dual to each other. Sometimes we also use the notion i,(e) to denote the same operation.

Throughout this paper, we need the following technical lemma.

Lemma 2.1 For any ¢, € A%Y(X,TH°X) and Q € A™(X), we have

[(p, ’t/J]_nQ = —8(1#_130_19) + wJB(ngQ) + @J@Oﬁ_nQ).

For the proof, the generalizations and further applications of this lemma, one can refer to
12, 14].

There is a unique Chern connection V = V’+9 on the Hermitian line bundle (K, det(g;7))-
Therefore, similar to Lemma 2.1, we have the following Tian-Todorov lemma (e.g. in [12,
Theorem 3.4])

[p, ¥]2Q = —V/(du(p_tQ) + 1/)JV/((,OJQ) + @JV’(MMQ). (2.1)

Before reducing the Maurer-Cartan equation, we need some preparations.

Definition 2.1 For an element ¢ € A%Y(X,T1°X), the divergence operator is defined by
div=troV: A" (X, 7"0X) — A% (X).
In terms of a local coordinate (2%,--- ,2") , we write ¢ = (p%.dfj ® a% Thus
div(p) = (81«,0;—. + w;—.& log det(g))dz’.
Since div(yp) is a (0,1)-form, it is obvious that
wa(div(p) A Q) = div(e) A (9a9). (2.2)

Proposition 2.1 Let ¢ be an element in A»Y (X, T10X) and Q be a nowhere vanishing
element in A™°(X, Ky').
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If
a 1 ’ . . .
0+ -V'oi,+ dlv(gp))zg,ﬂ =0,

2
0+ V' oi, +div(p))Q =0,

—~

then

1
dp = 5[%@]-

Proof We assume that the equations in (2.3) hold. Note that
g(thQ) = gthQ + (,O_IEQ.

By the assumption, the left-hand side of (2.4) is
1
LHS = —§V/ 01y 01,0 — div(p) Ai,Q

1
[, 0] — iy, 0 V' 00,0 — @u(div(p) A Q),

2

and the right-hand side of (2.4) is
RHS = 9 — ¢,(V' 0i,Q + div(p) A Q)
= 0p Q) —i, 0V 0i,Q — pu(div(e) A Q).

Comparing the two sides of (2.4) we have

(Eso - %[% w])ﬁ =0,

and we get
1

since the operation e_f) is an isomorphism.

In order to simplify the subsequent calculations, we need the following lemma.

Lemma 2.2 Denote

where ®(z) € A®1(X) and
0
Q=0 —
(e o

where Q(z) is a smooth function on X. Then we have

D(z) = 1,00(2).

Here the notions dz and % can be locally written as

0
A A ——.

dz=dz' A Ad2", =— =
i i 02T o Oz

(2.3)
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Proof On one hand, we know that

V'oi,N=V oi, (Q(z)dz ® 32)
2

= V'(¢h)dz? AQ(2)(=1)""dz" A A dzi A Ad2" ® 32
z

- : d
= —Vi(cp;—,ﬂ(z))dfj Ndz® %

On the other hand,

div(p) AQ = (Vl-go;—.)Q(z)dij ANdz ® %

Hence

—V' 0i, 0 —div(p) AQ = cpj—@iQ(z)dEj ANdz ® 82
z

= (pa0Q(2))Ndz® %,

which implies the conclusion.

From now on, our aim is to solve equations (2.3) by using the Hodge theory and the iteration
method. To do this, following the approach of Kodaira and Spencer [11, 16], we expand the
terms ¢ and €2 into power series

p(t) =Y @it', Q) =Q+ > Q.
=1 i=1

Thus the terms ®(z) and (2) defined in Lemma 2.2 can also be expanded into power series in
t.

Throughout this paper, we usually choose a harmonic ¢; as the initial value, i.e., dp; = 0
and 5*@1 =0.

The following proposition reveals the legality of the iteration method in the study of defor-

mation theory.

Proposition 2.2 If for any k < N — 1 we have

~ 1, : _
{(_8 + §V 0y, + le(QO))ZsaQ kel 0, (2.5)
[(0+ V' oy + div(e))Q]k =0,

we then derive that

OV 0i, 4+ div(e))Qn =0,

5{(%V' 0iy+ div(gp))i@Q} T 0.

(2.6)

Here the subscript [];, denotes the coefficient of t* once we expand both equations in (2.3)

into power series of the variant t.

Proof According to Proposition 2.1, the condition implies that

=0

_ 1
D — 5[%@]Lk+l =
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for any k < N — 1.

Note that the first equation in (2.6) to be proved is equivalent to d®(z)y = 0 while the
second one in (2.5) that we assumed is equivalent to (9Q(z) — ®(z))ny_1 = 0. Then by explicit
calculations we have

9%(2)n = 0li,002)ln

=0
[ [, ] 200(2) — @J@gﬁ(z)hf
=y
0,

10(p100(2)) — pa0(p0Q(2))] v

where in the third equality we used the Tian-Todorov lemma.
Meanwhile, we have

1 . . . ) . .
[(§V/ 0y, + dlv(go))zg,ﬂ} N [p(V' 0i,Q +div(e) AQ) — 5, N +1,

and then

rle, ‘ ‘ . -
] [(§v/ oy + dw(@)) zg,gz} oy = P0a(V 0000+ div(p) A Q) + 5,0

= [0 (V' 00,02+ div(p) A Q+ Q) N+1

=

where in the first equality we used the Tian-Todorov lemma and in the third equality we used
the assumption that the equations in (2.5) hold in lower degrees and the fact that the initial

value ¢, is harmonic so that dp; = 0.

Although Proposition 2.2 enables us to solve the equations (2.3) by induction and then solve
the Maurer-Cartan equation

— 1
dp = 5[%@],

there is a straightforward way to deal with the problem. Indeed, as we pointed out in the proof
of Proposition 2.2, the second equation in (2.3) is equivalent to

00(z) = ®(z) = i,09(z),
which has a trivial solution. Then the original equation also has a trivial solution

0
Q(t) = Qg = —
*) 0 dz@ﬁz’

where dz and % are defined in Lemma 2.2.
Then it suffices to solve the equation

= 1
(8 + §V/ 0y + div(tp))ino =0.
By direct calculations, we have

- — B
! = (— ? / *dz 1 (3 n -
V(02) = (~1)'V' (@hdz? @ dz Ave A A A2 ®8z)
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. 0
— .l il
= Vchjdz ANdz @ s
= —div(p) A Qo. (2.7)
Then by (2.2) we have
le((p) A iwgg = Zw(dlv((p) A QQ) = _iﬁf’ @) v/(iapQO)-
In conclusion, the equations that we need to solve can be reduced to the following equations
= 1

o+ Vo i )ip$0 = 0,

V' (i,80) = 0.

(2.8)

3 Solving the Equations

In this section, we solve the equations (2.8) on a compact Kéhler manifold (X,w) when the
canonical bundle Kx is ample or a torsion line bundle separately.

First, we state a technical lemma about the divergence of the Beltrami differential div(y)
which is known to experts in this area (see [22-23, 28]). For the readers’ convenience, we present

the proof here.

Lemma 3.1 (see [22, 28]) Let (X,w) be a compact Kdhler manifold. Let o € A% (X, TH0X)
and A" be the Laplacian operator of 0. Then we have
(1) If 0" =0, then 8 (paw) = v/—1div(p).
(2) If (p_w) =0 and 0 ¢ = 0, then
A" (paw) = V/—1div(d¢) + poRic(w).

Proof Locally we write ¢ = <p;__d2j ® 8‘21. and w = \/—1g,7d2* A dz!. The lemma can be

proved by direct calculations.
(1) For the first term, we have

5*(9040.2) = \/—_181[(902”‘97”3 _ ‘ijgmﬁ)gkﬁ]gljgk;d?
= V10U G5 — 997 + (5 G5 — O Gnp) D197 g 5] A7
- \/Tl[al(@%ngm;)gl; - 3;(@;’.”9"1;)913 + 05 Omg" gy + ‘ijalgmﬁgkﬁgﬁgkz]d?
~ V=Tdiv(y),

where in the last equality we used the condition & ¢ = 0, i.e., ak(npiigﬁ)gkz =0.
(2) For the second term, we have

(vV=Tdiv(p))
= V=10[(0i + ¢L0; log g)d=']

= 4/ —1[5k (8“,0;—) + (5(,03)81 log g+ wz—gkﬁz 10g g]dfk A dz?
= V/—1div(d¢) + piRic(w).
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3.1 When Kx is ample

Let X be a compact Kéhler manifold with an ample canonical bundle Kx. Since Kx is
ample, there is a Hermitian metric A on K x such that its curvature form gives rise to a Kahler
metric

w=+—100log h

on X. For any harmonic initial value ¢; € H%!(X, T+°X), we try to construct a power series
o(t) = o1t + ot + -+ € AP(X, THOX)

satisfying the Maurer-Cartan equation

As we did in the last section, we denote
9 n,0 —1
Qy:=dz® P e A" (X, Ky),

which gives rise to an isomorphism between A%¢(X,T1°X) and A"~ 14(X, K)_(l) through con-
traction @ 1Q2y. The inverse is denoted by Q3 se. Clearly, for any elements o, 3 € A%9(X, TH0X),

we have the following equalities
Aas) = (Fa) o, I (ax) = (3 a)sQ0, (a0, B200) = (@, ),

where (-, ) denotes the inner product on the space of (bundle-valued) differential forms. Then
the operation e_.{)y preserves the inner product and the Hodge decomposition

I=H+A"G,

where H is the orthogonal projection of a (bundle valued) differential form to its harmonic part,
A" is the Laplacian operator of @ and G is the Green operator of A”.
In other words, we have an isomorphism between two spaces of harmonic forms

e H*(X, T0X) — H" H9(X, K.
The following lemma wonderfully reflects the spirit of the iteration method and is of signif-
icant importance in the proof of the main theorem.
Lemma 3.2 Assume that for p, € A%Y(X, T"°X), v=2,--- | K,

_ 1 _
Bov =5 ) lpa sl Dpr=0.
a+B=v

5( Z [tpl,,tp.y])z().

v+y=K+1

Then one has

The readers who are interested in the proof can refer to [14, Lemma 4.2].
Now we are ready to solve the reduced equations (2.8) when Kx is ample with an extra
condition which is an essential obstruction in this case.
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Theorem 3.1 Let X be a compact complex manifold with an ample canonical bundle. If
H(V' 0y 0i,Q0) = 0 for any ¢ € H*N(X,TH0X), where ¢ is defined by (1.4), then there

exists a power series solving (2.8). Therefore, X has unobstructed deformations.

Proof As we are going to solve the equations (2.8) upward from ¢; with respect to the
degree of the formal variant ¢, the condition H(V’ 0 i, 0i,Q0) = 0 means

H(V' 0y, 0i,,00) =0

for any positive integers ¢ and j, where ¢; is what we get at the i-th step of the iteration process
as the coefficient of t'.
For any a € AP9(X, K)_(l), the Bochner-Kodaira identity states that

A" = A+ [y=IR®x" Al
= A/ - [LvA]
=A'—(p+q—n)d, (3.1)

where A’ is the Laplacian operator of V.
Since ¢ € HOY(X, TH0X), so 01,00 € H*L1(X, Ky'). By (3.1), we have

w1290 € Ker AI,

e, V'(01.00) =0 and V™*(p1.00) = 0. Then by the Tian-Todorov lemma, we have

1 1
§v/(‘P1J<PlJQO) = —=[p1,¢1]9Q0 + ©12V'(p120)

2
1
= — 51, 91]0.
Thus
g(lvl((le(pl_tQQ)) = 5( — l[gol, @1]490)
2 2
= —[0¢p1, ¥1]2Q
= 0. (3.2)

According to the Hodge theorem [6, p. 84], the condition H(V’ 0 i, 0i,,€) = 0 implies
that we can take the solution @9 as
—x 1
i =3 G 5V 0, 010 )
—x 1
-G (- SV 0ig, o i1 ). (3.3)
This is the solution of the first equation in (2.8) at the second step.
Note that 5*(— 3V 0y, 0y, Q) € APTHI(X, K'), then the Bochner-Kodaira identity
(3.1) implies that when acting on it, the two Laplacian operators A’ and A" coincide, so do

the two Green operators, i.e., G = G'.
As a consequence, we have

—x 1
V(i) = VGT' (= 5V 01, 0, %)
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Ve (= LiVei,, 0,0

- T 5V Ol Oleitio

=% 1 ) .
=G'V'0 (— §V’ 0 g, © zleo)
— 1

=G'D v’(§v' iy 0, o)

=0, (3.4)
where in the fourth equality we used the fact that [0, V'] = 0. This is the second equation of
(2.8) at the second step.

By running induction, we assume that we have obtained the solutions up to the N-th step,

i.e., we have already constructed ¢, 1 < k < N. The proof will be accomplished as soon as we
construct the solution ¢y 4.

As the ¢} s are assumed to be constructed (k < N), by the Tian-Todorov lemma again we
have

1 1
§V/(<pi4tijQo) = —5[%, (pj]JQ() + ﬁpiJVI(ijJQO)

1
—5leis @12 (3.5)

for any positive integers ¢, j such that i +j = N + 1.

Then combining Lemma 3.2 with the calculations above, one has

= 1
a( D> §V/((piJ(pj_nQo)) ~0. (3.6)
i+j=N+1
Since H(V' 0 iy, 0iy,,€Q0) = 0, we can take pn41 as
— 1
iy Q0 =0 G(— 5 > Vi, oi@on). (3.7)
i+j=N+1

Then, similar to (3.4), it holds that
V' (ipn,1€0) = 0. (3.8)

Remark that in the view point of iteration one has

. 1 o
i Q=0G(=5 DD Veiy 0, Qtt) +ipQt", (3.9)
2<K<N+1it+j=K
where ¥ = p1t! + .- + NtV can be treated as the truncation of ¢(t) at the N-th step.
Therefore, we eventually obtain a solution given by

1
i =0 G (- 5V 00 i00) + i,

oo _ (3.10)
8t o = ¥1,

¢(0) =0,

which is uniquely determined by the chosen harmonic initial value ;.
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Remark 3.1 Due to (3.3) and (3.7), we have ¢ € Imd for k > 2.

Example 3.1 It is clear that on a compact Riemann surface, the condition H(V’ o i, o
i,€0) = 0 holds due to the dimension.

Let X = X; x X9, where each X, is a compact Riemann surface of genus ¢g; > 2,7 =1, 2.
Then Kx is clearly ample.

We take a local coordinate {z', 22} on X such that each z* is the local coordinate of X;,

i =1,2. Then we have
Q=0 AQy € A2O(X, K1Y,

where Q; = dz' @ 2% € AMO(X, K1), i=1,2.
From the last example, we know that there is a Beltrami differential ; € A%1(X;, T*9X;) on

each X; determining the unobstructed deformations of X;,7=1,2. Under the local coordinate

we can write them as ¢; = Lp—d? ® where <p— is a smooth function only in 2% (i = 1,2).

a 7
Then we have iz Qs = i5;0; = 0.

Repeating the calculations in Section 2 we have

(9+ %v’ i, )iz i =0,
V/(iz,2) = 0

(3.11)

on each X;, i =1,2.
We take ¢ = @1 + @2 which lies in A%}(X, T%°X) and by elementary calculations, we have

ip 0 il = (i, +ig,) o (ig, +15,)
= (ig, +13,)[(1g, 1) A Q2 + QA (i3,82)]
= (ig, 01z, ) A Q2+ 2(iz, Q1) A (i5,22)
A (i, 0is,0). (3.12)

Then

V'(ip 0ip$2) = Vi (i, 0 iz, Q1) A Q2 + 2V (ig, ) A (i5,Q2)
2(iz, ) A Vo(ig, A Qo) + Q1 A Vi (ig, 0i5,02)
10z, 015, Q1) A Qo + Q1 A Vi (ig, 0ig,80)
= —23(z 5.01) A Qo — 2071 A20(iz,Q2)
—20[(iz, 1) A Q2 + Q1 A (i5,922)]
) (3.13)

<]+

S

€ Im

which implies that H(V’ 04, 04,€) = 0. Then X = X; x X, has unobstructed deformations.
Throughout the calculations above, the notion V’ denotes the covariant derivative in 2%, i = 1, 2.

By the same arguments, one easily knows that the manifolds of the form X = X; x---x X,,
also have ample canonical bundles and satisfy the condition H(V’ o iy, 0i,8) = 0, where each
X, is a compact Riemann surface with genus ¢; > 2 (i = 1,---,m). Therefore they have
unobstructed deformations.
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Remark 3.2 The condition H(V’ o i, 0i,00) = 0 is essential in the proof of our main
theorem. It may look a little complicated at first, but it can be improved into a somewhat more

geometric form.

First, we claim that

* —

D" (i,0) = (0 ) 8. (3.14)

Indeed, for any o € A"~ 10(X, K)_(l), one has

which implies the claim. Here V' is some vector field of (1, 0)-type.

Proposition 3.1 If Kx is ample, and X satisfies H"~12(X, K") C Ker(V"*), then X has
unobstructed deformations.

Proof If H" 12(X, Ky') C Ker(V’*), for any harmonic element v € H"%2(X, K '), we
have

(V' 01y 00,Q00,7) = (iy 0,0, V*y) =0,
which implies H(V’ 0, 0i,8) = 0. By Theorem 3.1, the deformations are unobstructed.

Recall that the contraction e_{2y and its inverse {1j_e give rise to an isomorphism between

harmonic spaces
H (X, K') =2 HO?(X, TH0X). (3.15)
Locally the operator A can be written as

A=—vV=1g"i o Nio . (3.16)
EEL

azk

Then we have
A:A%2(X, THOX) — A%Y(X, APTHOX). (3.17)
Thus the condition H"~12(X, K') C Ker(V"*) is equivalent to
H*?(X, TH°X) C Ker(9A). (3.18)

The characterization (3.18) seems make more sense in geometry than the original one since
the harmonic space H%?(X, T1° X) is isomorphic to the cohomology group H?(X,T%°X), which
contains the obstructions of the deformations (see [11, 16]).
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Remark 3.3 Note that a projective variety X is said to satisfy the Bott vanishing theorem,
if H/(X,Q7(L)) = 0 for all the ample line bundles over X, where i > 0, j > 0. Bott showed that
it holds for projective spaces. A good reference about it is [10, Chapter 3.4]. Later this theorem
was generalized to the toric case (the proof can be found in [1, 3, 5, 18]) and some certain Del
Pezzo surfaces and K3 surfaces (see [26]). But they are all beyond our consideration. We
remark that any smooth variety with ample canonical bundle has unobstructed deformations,

once it satisfies the Bott vanishing theorem.

Remark 3.4 If X is a nonsingular irreducible hypersurface of CP? of degree d. According
o [11, (6.49)], we have the fact that dimH"~%?(X,K3') = 1(d — 2)(d — 3)(d — 5). When
d =5, by the adjunction formula, we see that Kx = Ox (1), which is ample. In this case, the
cohomology group containing the obstruction H(V’ o i, 0 i,8) vanishes. So we see that the
quintic surface in CP? has unobstructed deformations.

3.2 When Kx is a torsion line bundle

In this subsection, we show that our method also works when the compact Kahler manifold
X has a torsion canonical bundle Kx, i.e., there is an integer m such that K}egm =~ Ox, the
trivial line bundle over X.

Corollary 3.1 If ¢1(X) = 0, i.e., Kx is a torsion line bundle, then X has unobstructed

deformations.

Proof According to Yau'’s celebrated work [27], there exists a Kdhler metric w on X such
that Ric(w) = 0. Similar to the ample case, we start with an arbitrary harmonic initial value
1 € HO1(X, T10X) and try to construct a power series

(,O(t) = <P1t + @Qtz + .. € AOJ(X,TLOX)’

which satisfies the Maurer-Cartan equation

Tolt) = 5l(0), (1)

By the arguments in Section 2, it suffices for us to solve the following equations
- 1
o+ Vo i )ip$0 = 0,
V'(i,80) =0,

where Qo =dz ® % € A"0(X,K%"). By Lemma 3.1 we have

=%

d (p1aw) = v—1div(p1)

since g1 = 8 o1 = 0 and Ric(w) = 0. Then we have div(p;) = 0 and it follows by (2.7) that
V’(ip, Q) = 0. Thus we have the solution at the second step

A" (p1w) =0,

—x 1
ia = 9°G(~ SV 0ig, 0 i1 ).
Under the Ricci-flat setting, the Bochner-Kodaira identity states that

A=A+ [VZIREx Al = A
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for any K ;{1— valued differential forms. Since the two Laplacian operators coincide, it follows
that GV’ = V'G, which, together with the fact that V' = —9 V’, implies that

1
iy Q0 = —V'D G(?% o iWQO) € Im(V").

Thus V’'(iy,) = 0. By running induction, we assume that the solutions ¢, satisfying
V(i Q0) = 0 have already been constructed for & < N — 1. By the same operation in
the last subsection, we obtain the solution ¢y given by

1
iy Q=0 G(— 5 > Vei, oi@on) (3.19)
i+j=N

such that 7, Qo € Im(V’). Hence the proof is completed.

Remark 3.5 For the convergence and the regularity of the solution ¢(¢) in both the Kx
ample case and the K x torsion case, there are many works concerning this, for example, [11, 16]
and more recently, [14, Theorem 4.3, Theorem 4.4] or [13, Proposition 4.10], etc. By repeating
the calculations therein, one can obtain the convergence and the regularity of ¢(¢) by standard

analytic theory.
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