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Abstract The aim of this paper is the study of a double phase problems involving su-
perlinear nonlinearities with a growth that need not satisfy the Ambrosetti-Rabinowitz
condition. Using variational tools together with suitable truncation and minimax tech-
niques with Morse theory, the authors prove the existence of one and three nontrivial weak
solutions, respectively.
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1 Introduction and Main Results

The study of differential equations and variational problems with double phase operator is a
new and interesting topic. Such problems go back to Zhikov [1-3] who introduced such classes
of operators to describe models of strongly anisotropic materials and also the monograph of
Zhikov-Kozlov-Oleinik [4]. The main idea was the introduction of the functional

U /Q(|Vu|p + a(z)|Vu|?)dz, (1.1)

where the integrand switches two different elliptic behaviors. More precisely, energies of the form
(1.1) are used in the context of homogenization and elasticity and the modulating coefficient a(-)
dictates the geometry of a composite of two different materials with distinct power hardening
exponents p and ¢ (see [4]). Significant progresses were recently achieved in the framework of
regularity results for quasi-minimizer or minimizers of such functionals, see e.g., [5-12].

The purpose of this paper is to investigate the existence and multiplicity of solutions for the
following double phase problem

(P)

—div(|Vu[P=2Vu + a(x)|Vul?=2Vu) = f(z,u) in Q,
u=0 on 0%,
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where € RY is a bounded domain with a C?-boundary 9Q, N > 2,1 <p < q< N,

1 —
St N @ Q [0, 400) is Lipschitz continuous, (1.2)
p
and f: Q2 x R+— R is a Carathéodory function satisfying the following conditions:
(f1) f(x,t) = o(|t]~2t) as t — 0 uniformly in x € Q.
(f2) There exist ¢ < r < p* and some positive constant C' such that

|fz,t)] < C(L+ ¢,

where p* = NN—_’; is the critical exponent.
(f3) | |1im F‘(tglﬁ;t) = +oo uniformly in z € Q, where F(x,t) = fot f(z, s)ds.
t|—-+o0

(fa) If F(x,t) = f(x,t)t — q¢F(x,t), then there exists g € L*(2) satisfying
F(z,t) < Flz,s)+g(x) foraa.ze, all0<t<sors<t<O.

The solution of (P) is understood in the weak sense, that is, u € Wy (Q) is a solution of
problem (P) if it satisfies

/(|Vu|p_2Vu Vo +a(z)|Vu|T?Vu - Vo)de = / fla,w)vdz, Yo e Wy " (Q),
Q Q

where W, " (Q) will be defined in Section 2.

Note that energy functional associated to (P) is denoted by

1
o(u) :/ (—|Vu|p+ @|Vu|q)dx—/F(x,u)dx.
Q \p q Q

It is a well-known consequence of (f;) and (fa) that ¢ € C* (W, (), R) and the critical points
of ¢ are weak solutions of (P).

Existence and multiplicity results for problems of type (P) have been discussed precisely
by several authors. Especially Perera et al. [13] considered a double-phase problem with the
g-superlinear reaction term, that is,

(P1)

—div(|Vul[P=2Vu + a(z)|Vul?=2Vu) = Nul|P~2u + |u|""%u + h(x, u) in Q,
u=20 on 052,

where A € R is a parameter, ¢ < r < p* and h is a Carathéodory function on 2 x R satisfying
|h(a,t)] < Ot~ + [¢]77)

for some p < 0 < p < r and C > 0. In particular, applying the Morse theory, they proved
the existence of a solution of problem (P;). Following this, Liu-Dai [14] considered the same
problems for more general reaction term, and proved existence and multiplicity results, also sign-
changing solutions. Furthermore, we refer to a recent work [15] which shows the existence of at
least three solutions of problem (P) by using strong maximum principle. A similar treatment has
been recently done by Hou-Ge-Zhang-Wang [16] via the Nehari manifold method. Eigenvalue
problems for double phase operators with Dirichlet boundary condition are also investigated in
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[17], where the authors proved the existence and properties of related variational eigenvalues.
For other existence results on elliptic equations with double phase operators we refer to the
papers of Ge-Lv-Lu [18], Ge-Chen [19], Ge-Wang-Lu [20], Papageorgiou-Radulescu-Repovs [21-
22], Radulescu [23], Cencelj-Radulescu-Repovs [24], Gasinski-Winkert [25-26], Zeng-Gasinski-
Winkert-Bai [27] and the references therein.

Motivated by the aforementioned works, in the present paper we focus our attention on the
existence and multiplicity of solutions to (P). Our approach uses minimax techniques coming
from critical point theory and Morse theory combined with truncation arguments. Precisely,
we obtain the following result.

Theorem 1.1 Assume that (f1)—(fs) hold. Then problem (P) has at least one nontrivial
weak solution uy € C3(Q).

Furthermore, we establish the existence of at least three nontrivial weak solutions, by using
an additional assumption on the reaction term f(z,t). Precisely, we have the following result.

Theorem 1.2 Assume that (f1)—(fs4) hold. In addition we will assume the following con-
dition:

(f5) f(z,t)t >0 for a.a. x € Q, all t € R and the set {x € Q: f(x,t) = 0 for some ¢t # 0}
has empty interior.

Then problem (P) has at least three nontrivial weak solutions ug € N4 (N4 is defined in
Section 2), vo € —N4 and wo € C}(Q).

The outline of this paper is as follows. In Section 2, we introduce the required preliminary
knowledge on space Wol’H (Q) and recall some necessary concepts and results in Morse theory.
In Section 3, we obtain several preliminary lemmas which are needed for the proofs of our main
results. The proofs of Theorem 1.1 and Theorem 1.2 will also be presented in Section 4.

2 Preliminaries

In this section, we first recall some necessary properties on Musielak-Orlicz-Sobolev space
Wy " (€2) which will be used later, see [17, 28-31] for more details.

Denote by N(€) the set of all generalized N-function (see [29, p.82]). For 1 < p < ¢ and
0 <a(-) € L(Q), we define

H(xz,t) =t +a(x)t?, V(x,t) € Qx[0,+00).
It is clear that H € N(Q) is locally integrable and
H(x,2t) <29H(xz,t), V(z,t) € Qx][0,+00),

which is known as the (As3) (see [29, p.52]).
The Musielak-Orlicz space L (€2) is defined by

L7(Q) = {u : Q — R measurable : / H(z,|u|)dz < +oo}
Q

equipped with the Luxemburg norm

|u| g :inf{/\ >0: /QH(:Z:, }%Ddz < 1}.
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It is clear that the space L (Q) is a uniformly convex, and hence reflexive Banach space. The
related Sobolev space W1 (Q) is defined by

WHH(Q) = {u e LH(Q) : |Vu| € LH(Q)}
with the norm
lull = lula + [Vula. (2.1)

We denote by Wy " (€) the completion of C§°(Q) in W (). With these norms, the spaces
VVO1 H(Q) and WLH(Q) are uniformly convex and so, reflexive Banach spaces; see [17] for the
details.

Proposition 2.1 (see [14, Proposition 2.1]) Set pg(u) = [o(Jul? + a(x)|u|?)dz. For u €
H(Q), we have

(i) Foru #0,|ulg =\ < pu(%) =1.

(i) |ulg <1(=1;>1) < pp(u) <1(=1;>1).

(iil) If |ulg > 1, then |ul; < pu(u) < |ulf;.

(iv) If lulg < 1, then [ulf < pp(u) < fulf.

Proposition 2.2 (see [17, Proposition 2.15, Proposition 2.18]) (1) If 1 < ¢ < p*, then
the embedding from Wy (Q) to L?(Q) is continuous. In particular, if 9 € [1,p*), then the
embedding Wy (Q) — L?(Q) is compact.

(2) Assume that (1.2) holds. Then the Poincare’s inequality holds, that is, there exists a
positive constant Cy such that

luler < ColVulg, Yue Wi (Q).

(3) The embedding L™ (Q) — L?(Q) and W (Q) — Wy"(Q) are continuous for all
v € [1,p].

By the above Proposition 2.2(1), we know that there exists ¢y > 0 such that
Juls < collull,  Vu e Wy (Q),

where |u|y denotes the usual norm in L”(€2) for all 1 < ¥ < p*. Thanks to Proposition 2.2(2),
we have an equivalent norm on W, H(Q) given by |Vu|n. We will use the equivalent norm in
the following discussion and write ||u|| = |Vu|g for simplicity.

Remark 2.1 The Poincare’s inequality has been proved also in [32] under the more general
assumption

Q is quasiconvex and a € C**(Q) with Toqt % for some « € (0, 1]. (2.2)
p

Furthermore, we observe that, since p* > p(l + %), both (1.2) and (2.2) imply ¢ < p*.

In order to discuss the problem (P), we need to define a functional in VVO1 H(Q):

J(u):/ﬂ(%WuV’—i—%x)qu)dx
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We know that, J € C*(Wy" (€2), R) and double phase operator —div(|Vu[P~2Vu-+a(z)|Vu|92Vu)
is the derivative operator of .J in the weak sense (see [33]). We denote L = J' : Wy () —
(W " (Q))*, then

(L(u), v) = /Q(|Vu|p_2Vu-Vv+a(:z:)|Vu|q_2Vu~Vv)dx

for all u,v € Wy (Q). Here (W, (92))* denotes the dual space of Wy (Q) and (-,-) denotes
the pairing between Wy (Q) and (W, (Q))*. Then, we have the following result.

Proposition 2.3 (see [14, Proposition 3.1]) Set E = W, " (), L is as above, then
(1) L is a continuous, bounded and strictly monotone operator.
(2) L is a mapping of type (S)+, i.e., if u, = w in E and limsup(L(u,) — L(u), u, —u) <0,

n—-+oo
implies u, — u in F.

(3) L is a homeomorphism.

The Banach space C3 (Q) is an ordered Banach space with positive (order) cone given by
Cy={uecCjQ):u(x)>0foralazcQ}.
It has nonempty interior given by
N+:int0+={uéC&(ﬁ):u(x)>0foralla:€(2, @‘ <O}.
onlog

Now, we introduce some elements of critical point and Morse theories needed in the sequel.
Let X be a Banach space and X* be its topological dual. Let ¢ € C'(X,R). We set K, =
{ue X :¢'(u) =0}, K ={u e K, : p(u) = c} and, for every ¢ € R, denote ¢° = {u € X :
o(u) < c}. Let (X1, X3) be a topological pair with Xo C X; C X, then for every integer k > 0,
we denote by Hy (X1, Xso) the kth-relative singular homology group with integer coefficients.
Let ug € K¢ be isolated. Then the critical groups of ¢ at ug with ¢(ug) = ¢ are defined by

Cr(p,up) = Hp(¢° NU, p°NU \ {uo}), Vk=>0,

where U is a neighborhood of ug such that K,Np“NU = {ug} (see [34]). The excision property
of singular homology implies that above definition is independent of the particular neighborhood
U. Assume that the ¢ € C'(X,R) satisfies the (C,)-condition and inf p(K,) > —oo. Choosing
¢ < inf o(K,), the critical groups of ¢ at infinity are defined by

Cr(p,0) = Hp(X, %), Vk>0

see [35] for details.
Let us recall the definition of Cerami condition [36].

Definition 2.1 Let X be a Banach space. ¢ € C1(X,R) is said to satisfy condition (C).
at the level ¢ € R, if the following fact is true: For any sequence {ur} C X such that

p(ur) —c and  (1+ [Jugl " (ur)lx-, ask — oo,

{ur} possesses a convergent subsequence.
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The following mountain pass theorem obtained by Motreanu-Motreanu-Papageorgiou [37]
will be used to seek the existence of solutions.

Theorem 2.1 Let X be a Banach space, o € C'(X,R), and assume that ¢ satisfies the
(C)c-condition. Let ug,uy € X, ug # u1, satisfy ||ur — upl| > p > 0, and assume that

max{p(uo). ()} < inf{p(u) : 1w = uo|| = p} = mp, e = inf max p(1(t)),

where I' = {r € C([0,1], X) : v(0) = ug,y(1) = u1 }.
Then ¢ > m, and ¢ is a critical value of ¢, that is, there exists © € X such that ¢'(u) =0

and p(u) = c.

3 Some Preliminary Lemmas

In this section, we give some preliminary lemmas which are crucial for proving our results.
Firstly, we show that Cerami condition holds.

Lemma 3.1 If assumption (f2)—(f4) hold, then the functional ¢ satisfies the (C').-condition
for each ¢ > 0.

Proof Let {u,} C WolH(Q) be a (C). sequence, that is,
c=puy) +cn, (¢ (un),un) =0 asn — +oo, (3.1)

where ¢,, — 0 as n — +oo0.

First of all, we claim that the sequence {u,} is bounded in W, (Q). Indeed, arguing by
contradiction, we suppose that ||u,| — +00 as n — +o0. Define v,, = Ty, forany n e N. It
is clear that {v,} C E and |lv,|| =1 for any n € N. Thus, going if necessary to a subsequence,
we may assume that

v, = v in Wy (Q),
v, v inL%(Q), 1<s<p",

vp(z) = v(z) a.e.on Q. (3.2)

Set Q= {z € Q:v(x) #0}. If x € Q, then it follows from (3.2) that

: . up(T)
lim v,(z) = lim —— = v(x) # 0,
n—00 ( ) n—oo |luy,| ( )

which yields
|un ()| = |vn(@)|||un]] = +00 a.e.in Qi as n — +oo.

By the hypothesis (f3), it follows that for each x € Q. we have

L Fau@) @l Feu@) o
Jm T Tt = A ey @I = oo (3.3)

Also by virtue of hypothesis (f3), we can find ¢y > 0 such that

F(z,1)
[t

>1, VzeQand |t > to. (3.4)
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Moreover from hypothesis (f2), we have that there exists a positive constant C such that
\F(z,)] < C1, V(z,t) € Q x [~to, to)- (3.5)

Then, by (3.4)—(3.5), there is a constant Cs € R such that

F(z,t) > Cy, V(x,t) € QA xR, (3.6)
which implies that
MZO, Vo € Q, Vn € N,
[[un @
that is,
F(z,up) Cy
———|op ()] — —— >0, Ve, VneN. (3.7)
|un ()] [[un @

Recalling ||u,|| > 1 for n large, using (3.1) we have
c=o(un) + ¢y
1 a(x)
= (—|Vun|p—|— —|Vun|q)dx— F(z,up)dz + ¢y
Q \p q Q

1
D P - / Fla,un)da + o,
q Q

v

which shows that

/ X, Up, dx>a|\un||p—c—|—cn—>—|—oo as n — +00. (3.8)
Similarly, from (3.1), we deduce that that

c= ‘P(Un) +cn
1 a(z)
= (—|Vun|p—|— —|Vun|q)dx— F(z,up)dz + cp
QP q Q
1
< unll? = [ Flaundo + e,
p Q
This combined with (3.8) yields
Junll 2 p [ Flavu)do +pe= e, >0 (39)
Q

for n large enough.
Next, we claim that [Q.| = 0. In fact, if [Qx| # 0, then from (3.3), (3.7), (3.9) and the
Fatou’s lemma, we obtain that

+oo = lim Mh)n( )|qu—/ lim &dx
o

oz oo |un ()] =00 [|up |4

B ) F(z,un(z)) . G
_/Q¢ nlgrgo (7|Un(x)| 2 )dx

(@7 Tl
. F(z,uy(z)) Cs
< 2\ Unlt)) a_
Stmin | (SR @I - )
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< liminf/Q (MW(W - i)dx

n—oo |un ()] [[unl|®
F(x,u, C
= lim inf Mh)n(xﬂqu —lim sup/ 2
n—oo Jo o fun ()] n—oo Jo llunll®
= liminf de
noo Jo o fluall®

F n
< hmlnf/ (2, un(2))
n—oo Jop [o F(x,un)dz + pe—c,

Therefore, by (3.8) and (3.10), we conclude

dz. (3.10)

1
+oo < —
p’
which is a contradiction. Therefore, [2| = 0 and v(z) =0 a.e. in .
Since ¢(tuy,) is continuous in ¢ € [0, 1], for each n there exists ¢, € [0,1], n =1,2,---, such
that
tpun) = Ly, 3.11
P(tnun) : tgl[g)g]so(w (3.11)

It is clear that ¢, > 0 and @(t,u,) > ¢ > 0 = ¢(0) = »(0 - uy,). If t, < 1, then by using
%@(tun)h:tn = 0, we deduce that

(' (tnun), tnun) = 0. (3.12)
If ¢, = 1, then it follows from (3.1) that
(' (un), tn) = cn. (3.13)
Hence, from (3.12)—(3.13), we obtain
(' (tntin), tntin) = cn. (3.14)
On one hand, by (f4), (3.1) and (3.11), for any ¢ € [0, 1], we achieve that

q<p(tun) < q<)0(tnun)
= (gp(tnun) — @' (tntin), tnun) + cn

/ (— —1)|Vt, un|pdx—/ qF (z,t,up, dx—l—/f (2, tpun ) tpupde + ¢,

)
/( 1)|thun|pdx—l—/Q]:(x,tnun)dx—i-cn
/ G 1)

—qc+gli asn — +oo. (3.15)

Yy Pda + / (Fl@,un) + g(@))de + e
Q

Let {Ry}ren be a positive sequence of real numbers such that Ry > 1 for any k and
Ry — 400 as k — 400. Then

|Rivn|| = Ry > 1, Vk,n e N.
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Moreover, due to the fact that v, — 0in L"(Q) and v,(z) — 0 a.e. x € Q as n — +oo, by (f1)
and the Lebesgue dominated convergence theorem, we have that for fixed k € N that

/ F(z, Ryvy)dz — 0 asn — +oc. (3.16)
Q

Recall that ||uy,|| — +o0 as n — +00. So, we have either ||u,| > Ry or Hu o € (0,1) for n large
enough. Consequently, by (3.11) and (3.16), we deduce for fix k € N that

Ry,
olintn) 2 ([

for any n large enough. From (3.17), letting n, k — 400 we have

1 1
un) = ¢(Ryvn) > —R} — / F(z, Ryv,)dz > —RY, (3.17)
q 0 2q

o(tpuy) = +00  asn — +oo. (3.18)

From (3.15) and (3.18) we obtain a contradiction. Therefore we infer that the sequence {u,}
is bounded in WolH(Q)

Finally, we turn to proving that any (C'). sequence has a convergent subsequence. Indeed,
by the boundedness of {u,}, passing to a subsequence if necessary, still denoted by {u,}, we

may assume that
w, — ug  in Wy(Q).

Using Proposition 2.2(1), we have
un, = ug in L¥(Q), s € [1,p").
It is easy to compute directly that
[ 1) = ), = wolda
< [0 + 1@ o) Dl ol
< [0+ fualr ™) + €1+ ol ™,

< 20/ i — o|dz + c/ ", — o]z +/ o™ [t — wo|dz

<2C/ |ty — upldz + C /|un| r=1r'q /|un—u0| dx)%
+c(/ﬂ|u0|<r—1>r’dx)71’(/ﬂ|un—u0| dx)

:20/Q|un —u0|d;v+C(/Q|un|de) - (/Q|un—uo|rdgc)i
—|—C’(/Q|u0|Tda:)TTl(/Q|un—u0|rdx)%

= 2Cup, — uol1 + Clun|" " wn — uolr + Cluolm ™ [t — g,

—0 asn— oo, (3.19)

1 1 _
Where;—kp—l.
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Note that
<L(un) - L(”O)a Up — U0>

= (¢ (un) — @' (u0), un — uo) + / (f (&, un) = f (2, u0)) (un — uo)da. (3.20)

Q

Moreover, by (3.1), it is easy to see that

lim (¢ (un) — @' (ug), un — ug) = 0. (3.21)

n—oo

Therefore, the combination of (3.19)—(3.21) implies

lim (L(u,) — L(ug), uy, — up) = 0. (3.22)

n—00

Therefore, it follows that u, — ug in Wy (Q) because L is a mapping of type (S); (see
Proposition 2.3). This ends the proof of lemma.

Our second result is the following lemma.

Lemma 3.2 Assume that (f1)—(f3) hold. Then the following assertions hold:
(a) there exist p >0 and 6 > 0 such that o(u) > 0 for each u € WolH(Q) with ||ul| = p;
(b) there exists v € WolH(Q) such that p(v) <0 and ||v]| > p.

Proof Verification of (a). Since 1 < p < ¢ < r < p*, by Proposition 2.2, we conclude that
the embeddings WolH(Q) — L(Q)) and WolH(Q) — L"(Q)) are continuous and so there exists
a constant C7 > 0 such that

lulg < Ciflul| and |ul, < Cillul. (3.23)

Using assumptions (f1) and (f2), we deduce that for any € > 0, there is a C. > 0 such that
[f(z, O et + Celt]™™, [F(,t)] < elt] + Celt]” (3.24)

for all (z,t) € Q@ x R, where r € [1, p*) was given in (f2).
Thus, for u € Wy (Q) with |lu]| < 1 sufficiently small. By (3.24) and Proposition 2.2(2),
1 a(x)
olu) = (—|Vu|p + —|Vu|q)dx — | F(z,u)dz
QP Q

q
1
5/(|Vu|p+a(x)|Vu|q)dx—/(£|u|q+Ca|u|T)dx
Q Q

Y

Y

1 T T
al\ul\q—achIUIlq—0501IIUI| ) (3.25)

and so there exist p > 0 and § > 0 such that o(u) > 8 for any u € Wy () with [ju]| = p.
Verification of (b). By the assumption (f3), for any M > 0, there exists a constant dp; > 0
such that
F(x,t) > M|t]

for [t| > dpr and for almost all = € Q. Also, by (f2), for all x € Q and [t| < dpr, we have

|F(, )] < O+ |om ™).
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The above two inequalities imply that there exists a constant Cp; > 0 such that
F(x,t) > MJt|T— Cp, Ve e, VEeR. (3.26)
Take ¢ € W™ (Q) with ¢ > 0 on Q and ¢ > 1. Then, the relation (3.26) implies that
o(t0) = [ (2evop+ “evolr)ao - [ Flaoys
Q Q
14
< / (IVoI? + a(z)|Vé|")dz — th/ 16/9dz + Chymeas(€2). (3.27)
Q Q
If M is large enough that
1
1 / (VPP + a(x)|Ve[?)dz M/ 6Jtdz < 0.
P Ja Q
This means that
Jim o(tg) = —oo.
Hence, there exists v = tg¢ € WolH(Q) such that p(v) < 0 and [|ul| > p.
Next we compute the critical groups of the energy functional ¢ at infinity.
Lemma 3.3 Assume that (f1) — (f4) hold. Then Ci(p,00) =0 for all k > 0.

Proof Let dB; = {u € Wy () : |u]| = 1}. From (f;) and (fa), for any M > 0, there
exists Cpy > 0, such that

F(x,t)) > MJt|T— Cp|Q, V(x,t) € Q xR.
Thus, for any v € 0By and t > 1, we get
ot <o [ (i + S wup)as - [ jupias] + Curlo,
By the arbitrariness of M, we have
o(tu) — —o0, ast — +oo.

Moreover, for u € 9By and ¢t > 1, by (f4), one yields

C (i) = (¢!(tu), ) = (1), )

dt
[/(|Vtu|p+a( )| Viu|?)dz —/f (x,tu) tudx}

1
t
H /( |Vtu[P + (q)|Vtu|q)dx—q/QF(x,tu)dx—/Q]-‘(x,u)dx_i_|g|1}
1
t

—[qw(tu)—/ﬂf(z,U)dwﬂngll]

— —o00, ast— +oo.

IN

This shows that %g@(tu) < 0 for all £ > 1 big. Using the implicit function theorem, there exists
at € C(0By) such that ¢ > 0 and ¢(t(u)u) = po, where

qpo—/F(a:,u)dx+|g|1<O.
Q
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We extend ¢(-) on W " (Q)\{0} by

to(u) = it(i)

I

for all u € Wy ™ ()\{0}. Tt is clear that to € Wy (2)\{0} and o (to(u)u) = po. Therefore, we
have

o(u) = po = to(u) = 1. (3.28)

Denoting by
17 if QO(U’) S L0,

o) = {to(u), if p(u) > po,

then we have £ € C(W(}H(Q)\{O}) Now, we introduce the deformation A : [0, 1] x W(}H(Q)\{O}
— Wy (Q)\{0} defined by
h(\u) = (1 — Nu + Mo (u)u

for all A € [0,1] and all u € W, (Q).
Due to the definition of o and to (3.28), we necessarily have

(1) h(0,u) = u, Vu e Wy (@)\{0},
h(1,u) = fo(u)u + @™,
(3) A(t;)lpro = id|pro.
The above facts imply that
"0 is a strong deformation retractor of WolH(Q)\{O} (3.29)
Next, we consider the radial retraction r : Wy (Q)\{0} — 0B, defined by
u

) = o e Wit @)\(0)

and the deformation % : [0,1] x W& ()\{0} — W (2)\{0} defined by
R\ u) = (1= Nu+ Ar(u), Yue WET(Q)\{0}.
On one hand, using this deformation we deduce that
Wy H (2)\{0} is deformable into dB;. (3.30)
On the other hand, using radial retraction r(-), we see that
OB is a retractor of W™ (Q)\{0}. (3.31)

Hence, by (3.30)—(3.31) and [38, Theorem 6.5], we conclude that

OBy is a deformation retractor of Wy (2)\{0}. (3.32)
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Again from (3.29) and (3.32), we conclude that ¢ and dB; are homotopy equivalent. In view
of [37, Proposition 6.11]

H, (W (), ) = Hi, (W7 (),0B1), Vk > 0. (3.33)

Invoking Problems (4.154), (4.159) of Gasinski-Papageorgiou [39], we infer that 0B is
contractible. Again from [37, P.147], we have Hk(Wol"H(Q),@Bl) = 0 for all £ > 0. This,
together with (3.33), shows Hk(Wol’H(Q), ") =0 for all £ > 0. As usual we assume that K,
is finite (or otherwise we already have an infinity of nontrivial solutions). Hence, if we choose
po such that gpo — [, F(a,u)dz + |g; < 0, then we have C(p, 00) = Hp(Wy'" (Q),97) = 0
for all k£ > 0.

4 The Proof of Main Theorems

Proof of Theorem 1.1 Let X = W, (Q) and ug = 0. We know that ¢ satisfies the
(C)c-condition from Lemma 3.1 and ¢(0) = 0. In view of Lemma 3.2(b), we get trivially that
u = 0 is a local minimizer of ¢. Thus, it follows from Lemmas 3.1-3.2 that all conditions of
Theorem 2.1 are satisfied. Hence, problem (P) has at least one nontrivial weak solution wuyg.
Again using [40, Lemma 4.1], the solution ug is in C3(€). Then the proof is completed.

Now, we are ready to prove Theorem 1.2.

Proof of Theorem 1.2 Firstly, we consider the functions Fiy : 2 x R — R given as
t t
Fi(z,t) = / f(z,sT)ds, F_(z,t) = / flz,—s7)ds, V(x,t) e QxR
0 0

and the functionals ¢4 : Wol H(Q) = R given as

a(z)

1
u) = —Vup+—qudx—/F z,u)dz.
ex) = [ (SIvulr+ S vul)ao — [ Peaw

Due to hypotheses (f1) — (f1), we deduce that ps € CH(Wo " (Q),R) and
(¢, (u),v) :/(|Vu|p_2VuVU+a(x)|Vu|q_2Vqu)dx —/ f(z,ut)vda,
Q Q
(" (u),v) = /(|Vu|p_2Vqu + a(z)|Vu|T 2 VuVo)de —/ f(z,—u™)vdz
Q Q

for all v € Wy ().

Claim 1 The functional ¢ satisfies the (C.)-condition if and only if it satisfies the (C.)-
condition with respect to all the sequences {u,} C Wy " (€) such that w,(x) > 0 for all z € Q
and alln € N.

In fact, if {u,} € Wy () and (1 + |Jun|)¢s (un) — 0 as n — +oco. Then, there exists a
sequence {e,} of nonnegative real numbers such that e, — 0 as n — 400 and

< 0 vne N, vue WhE ().
u
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Moreover, by (fs), one yields
f(z,uf(x))v,(z) =0 fora.a. .z e Q. (4.1)

Take v,, = min{0, u,}. Then, the relation (4.1) and Proposition 2.1 imply that

mmm%wm%W}s/av%w+wwwWVMx<ﬁﬂ@i VneN.  (42)
Q

T 1l
This shows ||v,|| — 0 as n — +00. The proof of Claim is complete.

Now, for all u € W, " (€2) such that u(x) > 0 for all z € Q, one easily deduces

oir(u) = /Q (%|Vu|p—|— %|Vu|q)dx—/ﬂF+(x,u(x))dx
= /Q (%|Vu|p + %|Vu|q)dx - /Q F(z,u(z))dz = o(u),

because Fy (z,u(z)) = fou(m) flx,th)dt = fou(m) f(z,t)dt = F(z,u(zx)) for all x € Q.

Therefore, by Lemma 3.1, we deduce that the functional ¢ satisfies the (C.)-condition for
all the sequences {u,} € W,'"(Q) such that u,(z) > 0 for all z € Q, all n € N. Clearly,
Lemma 3.2 also holds for the functional ¢y. The above facts (by Theorem 2.1) imply that
there exists a function ug € W, H(Q) such that

/(|Vu0|p_2Vu0Vv + a(z)|Vug |72 Vug Vo)dz = / f(z,ud (2))v(z)dx
Q Q

for all v € Wy ().
Choosing v = min{0, ug}, we get that v = 0, because f(z,ud (z))v(z) =0 for a.a. x € Q. It
is obviously that ug(z) > 0 for all z € Q. Thus, f(z,ug (z)) = f(x,ue(x)) for all z € . Hence,

/(|Vu0|p_2Vu0Vv + a(x)|Vuo| 1 VueVo)de = / f(z,uo(x))v(x)de
Q Q
for all v € W, H(Q)). This shows that ug is a nonnegative nontrivial weak solution of problem
(P). By again using [40, Lemma 3.5], we deduce that ug € Ny.
Claim 2 Cy(¢4,u0) = 0x1Z for all k > 0, where i, = 1 if k = m and 0y, = 0 if &k # m.

Without loss of generality, we may assume that K, = {0,uo}. Recall that u = 0 is a local
minimizer of ¢4 and wug is a critical point of ¢ of mountain pass type. So, by the similar proof
of Lemma 3.2(1), we can show that there exists > 0 such that

0= 2(0) < 6 < ¢ (uo).

Let v < 0 < v < & and consider the inclusions ¢’ C " C Wol’H(Q). Consider the
following corresponding long exact sequence of singular homology groups (see [38, p.143]):

e — Hk(WOLH(Q)WOii) l Hk(W()LH(Q)7<)O:+) ﬂ Hk—l((piia(prr) o, (43)

where 44, jy are induced by inclusions. It follows that ¢4y and iy are isomorphisms. Thus, due to
the fact that K, = {0,uo} and v_ < 0 = ¢ (0), by using Lemma 3.3, we deduce that

Hy(Wy ™ (), ¢'7) = Cr(p4,00) =0, Yk > 0. (4.4)
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Moreover, it follows from 0 = ¢4 (0) < vy that
Hy(Wy™ (), ") = Cr(p4,u0), Yk >0. (4.5)
Similarly, we also deduce that
Hi1 (97,05 ) = Cr1(94,0) = 8j—1,0Z = 81 Z, Yk > 0. (4.6)

As a consequence of (4.4)—(4.6) and taking into account (4.3), we infer that only the tail of
that chain (i.e., k = 1) is nontrivial. Consequently, by using the rank theorem, (4.3)—(4.4) and
(4.6), we obtain that

RankH, (W™ (), ¢"") = Rank kerjy + Rank imj; = Rank imiy + Rank imjy < 1. (4.7)
Using the fact that ug is a critical point of ¢4 of mountain pass type, we get that

C1(e4,u0) # 0. (4.8)

Finally, due to the fact that only for £ = 1 the chain (4.3) is nontrivial and using again (4.5)—
(4.8), we observe that
Ck(cp+,u0) =0r1Z, Vk=>0.

Claim 3 Ck(p,ug) = Cr(p4,ug) for all k > 0.

First of all, we introduce the homotopy function h : [0,1] x W, H(Q) - R defined as
h(Xu) = (1= Aep(u) + Ap (u).
Assume that there exist {\,} C [0,1] and {u,} C WolH(Q) such that
A = Ao, U = ug  in Wy () and B!, (An,un) =0, Vn e N, (4.9)
which yields that
/ (|Vtn|P~2Vu, Vo + a(2)|Vu, |72 Vu, Vo)de
Q
=(1- /\n)/ [z, up)vde + )\n/ f(z,u)vd
Q Q
= / fz,ub)vde + (1 — )\n)/ f(z, —u, )vdz
Q Q

for all v € Wol’H(Q). Then wu, is a weak solution to

—div(|Vun, [P72Vu, + a(x)|[Vu, |7 2Vu,) = fol(z, un) in Q,
Uy =0 on 0,

where we have set f,,(z,t) = f(z,tT) + (1 — \p) f(z, —t7).
By the assumption (f1), for any £ > 0, there exists a constant . € (0,1) such that

|f (@, )] < elt]?™ <eltfr™!
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for |t| < 4. and for almost all = € Q. Also, by (f2), for all z € Q and || > d., we have

fla, )] < C(L+[eY) < c(}ai} 1)

t —

5 = |t|T‘1) = O(L + 1)|t|’”—1.

<o o

The above two inequalities imply that there exists a constant C. > 0 such that
|fn(2, )] < 2etP~1 + 20|77, Vo eQ, VteR. (4.10)

Then u,, € L>=() (see [17, Sec. 3.2]) with L>°-bounded independent of n. This implies that
there exists a constant d > 0, such that

[tnloo < d, Vn € N. (4.11)

Let hy,(z) :== f(z,uf(x) + (1 = \p) f(z, —uy, (2)), n € N,z € Q. Then from (4.10)—(4.11), we
get
|hnloo < 26|un B0t + 20 un |0t < 26dP™t +2C.d" ™! < +00, Vn € N.

Again from Lemma 3.3 of Fukagai-Narukawa [40, p.545], we conclude that there exist a € (0, 1)
and M > 0 such that

u, € CH*(Q) and unlcrag <M, VneN.

Using the compactness of the embedding C1*(Q) — C*(Q) together with (4.9), it follows that
un — up in C1(9Q).

Recall that ug € Ny (see Claim 1). Therefore, u,, € N4 for n > 1 large, which implies that
there exists a ng € N such that w, € Ny for all n > ng. Then {u, : n > ng} are distinct
positive solutions of (P), which leads to contradiction as K, must be finite. Consequently,
(4.9) can not happen and hence we obtain that Ci(p,ug) = Ck(p4,uo) for all & > 0 (it is a
direct consequence of the homotopy invariance of critical groups, see [41, Theorem 5.2]). This
proves Claim 3.

By reasoning in a similar way as above, Lemma 3.2 also holds for the functional ¢_. Thus,
there is another function vy € WO1 M (€2) that is a nonpositive nontrivial weak solution of problem
(P). Similar to the proof of Claims 1-3, we can obtain that

vg € =N and Ci(p,v9) = Cr(p—,v9) forall k> 0.

Hence, we retrieve the two constant sign solutions ug € Ny and vy € —N,. If we assume
K, = {0,u0,v0} which means that u and vy are the only nontrivial solutions of (P), then by
Claim 2 we have

Cr(p,uo) = Cr(p,v0) = 0k1Z, Vk > 0. (4.12)
Moreover, we recall that v = 0 is local minimizer of ¢. So that

Cr(p,0) = 6,0Z, Yk =>0. (4.13)
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Then from (4.12)—(4.13), Lemma 3.3 and the Morse relation, we may write

Z Z rankCy (¢, u)th = Z rankC, (i, 00)tF + (1 +t) Z Bith, VteR,

ueK, k>0 k>0 k>0

where B € N. Assume that 0, ug and vy are the only critical points of ¢. Then the Morse
inequality becomes 2(—1)* + (—1)° 4 (—1)* = (—=1)*. This is impossible. Thus ¢ must have at
least one more critical point wgy. So (P) has at least third nontrivial solution. This completes
the proof of Theorem 1.1.
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