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Left-Invariant Minimal Unit Vector Fields on the
Solvable Lie Group*
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Abstract Bozek (1980) has introduced a class of solvable Lie groups G, with arbitrary
odd dimension to construct irreducible generalized symmetric Riemannian space such that
the identity component of its full isometry group is solvable. In this article, the authors
provide the set of all left-invariant minimal unit vector fields on the solvable Lie group Gu,
and give the relationships between the minimal unit vector fields and the geodesic vector
fields, the strongly normal unit vectors respectively.
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1 Introduction

Let (M,g) be a Riemannian manifold and (7} M, gs) be the unit tangent sphere bundle
equipped with the Sasaki metric. Every smooth unit vector field determines a mapping between
(M, g) and (T M, gs), embedding M into its tangent unit sphere bundle 77 M. Every smooth
unit vector field X on M can be viewed as a submanifold of 77 M, then if the manifold M is
compact and orientable, we can define the volume of X as the volume of the immersion.

Gluck and Ziller firstly considered the problem of determining unit vector fields which have
minimal volume in [8]. They proved that the unit vector fields of minimum volume on the unit
sphere S® are precisely the Hopf vector fields. However, this is no longer true for the higher
dimensional sphere S?"*1 n > 2 (see [10-11, 13-14]). In [7], the authors proved that a unit
vector field V' is a critical point of the volume functional restricted to the set of unit vector
fields X1 (M) if and only if V : M — Ty M is a minimal immersion. So such unit vector fields
are called minimal even though the manifold is not compact.

Some examples of Lie groups equipped with minimal unit vector fields are provided in [4, 7,

9, 15-18]. For three dimensional Lie groups, Tsukada and Vanhecke gave all the left invariant
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minimal unit vector fields in [16]. Yi in [18] obtained all the left-invariant minimal unit vector
fields on the semi-direct product R™ x p R, where P is a nonsingular diagonal matrix. But for
most of examples of Lie groups, it is difficult to determine all the left invariant minimal unit
vector fields, there are just some special minimal unit vector fields.

Bozek introduced a class of important solvable Lie groups G, with arbitrary odd dimension
to construct irreducible generalized symmetric Riemannian space such that the identity compo-
nent of its full isometry group is solvable in [5]. In rencent years, a great deal of mathematical
effort has been devoted to the study of the solvable Lie group G,. In [6], Calvaruso, Kowalski
and Marinosci studied homogeneous geodesic of solvable Lie groups G,. Aghasi and Nasehi
in [3] generalized this study to the Randers setting of Douglas type, they proved that these
homogeneous Randers spaces are locally projectively flat Finsler spaces. In [1], the authors
studied some other geometrical properties on these spaces with dimension five, and extended
those geometrical properties for an arbitrary odd dimension in both Riemannian and Lorentzian
cases in [2].

Thus, it is an interesting question to determine the left invariant minimal unit vector fields
on Lie groups G,,. The study of this problem will deepen our understanding of this kind of Lie
groups undoubtedly. In this paper, the aim is to provide the set of all left invariant minimal
unit vector fields on these Lie groups G, by Lagrange multiplier method. For an integer n > 2,

a unimodular solvable Lie group G, is defined as follows:

e 0 0 =z
0 e“ 0 x
G, = . . ,
0 0 eln 1y,
0 0 0 1
where (zo, 21, ,Tp, U1, -+ ,up) € R¥F L and ug = — Y u;. Considering the following left
i=1
invariant vector fields
0
Ua = 3 = 17 R
D e n
and
0
Xi:e“iaxi, 1=0,1,---,n.

By [2], we can equip G, with a left invariant Riemannian metric as follow

n

g= e M(dr)? + Y (dua)®.
a=1

i=0
The inner product which is induced by this metric shows that the set {Xo, X1, , X, U, ,

U,} is an orthonormal frame field for the Lie algebra g,, of G,,.

The main result can be shown as follows.



Left-Invariant Minimal Unit Vector Fields on the Solvable Lie Group 69

Theorem 1.1 For Lie group Gy, n > 2, the set of left invariant minimal unit vector fields

18

=X} Jtexa} Utxu)
l

lU{ Zl(kiaXia +knyin Ui,) | kn+ia2 + kia2 = %, ,szn+ﬂ — 0}
=2 a= 1

AX oo {70

This paper is organized as follows. We recall some basic notions and facts about minimal
unit vector fields in Section 2. In Section 3, we give all left invariant minimal unit vector fields
on Gy, i.e., Theorem 1.1. Finally we devote Section 4 to discuss the relationships between the
minimal unit vector and the geodesic vector, the strongly normal vector in Theorems 4.1 and

4.2, respectively.

2 Preliminaries

Let (M,g) be a n-dimensional smooth Riemannian manifold and X(M) be the set of all
vector fields on M. Furthermore, V denotes the Levi-Civita connection.
Assume that X'(M) is the non-empty set of unit vector fields. For V € X'(M), we define

a positive definite symmetric tensor field Ly by
Ly =1+ (VV)"'VV, (2.1)

where I, (VV)* denote the identity map and the adjoint operator of (VV'), respectively. And
let f(V) = (det Ly/)2, then for a compact closed oriented manifold M, the volume functional
of vector fields Vol : X1(M) — R is given by

Vol(V) = /M F(V)dw,

where dv is the volume form on (M, g).

Now we give a (1,1)-tensor field Ky and a 1-form wy associated to V. They are defined as
Ky = f(V)Ly Y(vV)", wy =CLVKYy).
We can easily get
wy(X) =tr(Z — (VzKy)(X)).

Let H" denote the distribution consisting of the tangent vectors orthogonal to V. In [7] it
is proved that V is a critical point for the volume functional Vol on X!(M) if and only if wy

vanishes on H"'.
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For an orthonormal basis {Ey, Fa, -+, E,} of the tangent space, wy (X) can be written as

n

wr(X) =Y 9((Ve Ev)(X), ).

i=1
Besides, it is shown that V' is critical if and only if the submanifold of (T1 M, gs) determined by

V is minimal (see [7]), where g5 is the Sasaki metric.

Definition 2.1 (see [18]) A unit vector field V on a Riemannian manifold (M, g) is called
minimal if wy (X) =0 for all X € HV .

Now we consider left invariant unit vector fields on Lie groups. Let G be a n-dimensional
connected Lie group equipped with a left invariant metric, and g be the Lie algebra of G. Then
the left invariant metric on G determines the inner product (-,-) on g. Furthermore, let S be
the unit sphere of g. By the left invariance, the function f can be considered as a function on
S. The distribution H" is invariant with respect to the left translation and can be equal to
orthogonal complement V- of V in g. So V* is identified with the tangent space TS of the

unit sphere S at V. Therefore we have the following lemma.

Lemma 2.1 (see [16]) A left invariant unit vector field V on a Lie group G is minimal if

and only if the linear map wy on g vanishes on V- = Ty S.

Now we compute the differential df of the function f on S at V. And we have the following

proposition:
Proposition 2.1 (see [17]) For X € TyS, we have
wy (X) = —dfy(X) — tradg, x
and V' is minimal if and only if
dfy(X) = —tradg, x
for all X € Ty S.

If the Lie group G is a unimodular Lie group, that is tradx = 0 for all X € g (see [12]), we

can easily get the following corollary.

Corollary 2.1 A left invariant unit vector field V' on a unimodular Lie group G is minimal

if and only if V is a critical point of the function f on S.

3 Left-Invariant Minimal Unit Vector Fields on G,

For any n > 1, the unimodular solvable Lie group Gy, is as follows:

elo 0 . 0 o
0 el1 . 0 T

Gn = - ,
0 0 el x,
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n

where (zo, 21, ,Xp, U1, -+ ,up) € R¥"Fand ug = — > u;. Considering the following left
i=1

invariant vector fields

U, . a=1, N
and
0
i = i ) = 07 17 : )
X e 8,{1;1 (3 n

By [2], we can equip G, with a left invariant Riemannian metric as following

g= i —2u; dZIJ i dua
=0 a=1

The inner product which is induced by this metric shows that the set {Xo, X1,---, X, U1, ,
U, } is an orthonormal frame field for the Lie algebra g,, of G, and the Lie bracket is introduced

as follows:
[Xo0,Ua] = X0, [Xa,Usl = =0apXa,  [Xi, Xj] = [Ua, U] = 0.
By Koszul’s formula in [12],
29(Vesej,er) = g[ei e5], ex) — g([ej, el €i) + g([ew €], €5),

the non-vanishing Riemannian connection components are given by

n
VxoUa = Xo, Vx,Xo=-Y U,
1=1

Vx,Ui=—-X;, Vx,X;=U,,

i

where 7, j,a,86=1,---,n
n n 2n
For V=3 kX;+ Y knyiUs;, where 3 k2 = 1, we have
i=0 i=1 i=0
S ki 0 0 0O --- 0
i=1
0 —kpyr e 0 0O --- 0
oV =
0 0 oo —koy O - 0|’
—ko ky 0 0O --- 0
—kyo 0 ek 0O --- 0
and by (2.1), we can get
+ ( Z kn+i)2 + le02 —kokl s —kokn 0 ce 0
i=1
—kok 1+kn+12+]€12 0 0 0
v —kokn 0 s 14k k2 0 0
0 0 0 1 - 0

0 0 0 0o --- 1
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So we can easily get

_ - 2 2 - ) ’ 2 - ﬂ
det Ly = JT(0+ kuss® + 12 14 (X have) 4 ko _;1+kn+i2+kﬁ}

=1 i=1

(3.1)

Proof of Theorem 1.1 By Corollary 2.1, for a unimodular Lie group G, a left invariant
unit vector field V' is minimal if and only if V' is a critical point of the function f on S.

Let H(ko, ki, ,kon) = det Ly, we will find the set of critical points of the function
H(ko, ki, -+, kopn) with the constraint

g(k07k17"' 7k2n):Zki2_1:O' (32)

Using the Lagrange multiplier method, we need to solve the following system of equations:

VH = \Vg,
g=0.
Let Q= [[ (1+kns;® +k;7). From the first equation above, we have the following:
jig=1
2k0( —)Q 14 Epai? + ki2) = 22k, 33
; P ( + ) (3.3)

Qkiﬂ(l—i—(iknﬂ) (n — 1)ko? — Zn: %):2)\1@, (3.4)

i= iiger L Ents” £k

—

[(iknﬂ) (14 bngi® + ki )+kn+i(1+(ikn+1’)2+nk02

j=1 j=1
mn k' 2]{: 2
Z O—)] = 2Xkn44, (3.5)
J#i,j=1 L+ knﬂ + k
where i =1,2,--- ,n.

For the case n = 1, the result is already known in [16] by Tsukada and Vanhecke. So we

will restrict ourselves to n > 2. Firstly, we have the following assertion.
Claim 3.1 )\ #0.
Proof It is easy to find that

( -3 ﬁ) T1+ Fnss® + 5% > 0
i=1 " J j=1

J
- 24 )2 - ? 2 - kok;”
[T Qthne®+ 821+ (D bnrs) +- Dk’ = > —=F—=) >0,
J#4,5=1 j=1 j#i,j=1 L+ Fnyj” + k5

If A =0, by (3.3)—(3.4) we have
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Then we can simplify (3.5) to

n n 2
(D tond ) (14 Bsi®) + ks [ 14 (D bonss) | =0, (3.6)
j=1 j=1

if k,4; = 0, we obtain ) knt+j = 0, then we get k41 = --- = kg, = 0. This contradicts to

j=1
(3.2).

So all kp4j (j =1,---,n) are not equal to 0, by (3.6), we have
1 1
kn == T k ns
kn+l + 1 an + 2

by (3.2), we obtain ky41 = -+ = kg, = :I:\/ir—l. This contradicts to (3.6). Therefore, we have

the conclusion: A # 0.
Case 3.1 kg # 0.
Now, by (3.3) we can get

( Z—) [T+ kns® + 552, (3.7)
j=1 Kntj +k j=1
If k1 # 0, according to (3.4), we have
n ) ) n 2 n kozk 2
=TI+ ks + 2 (14 (D knss) + (0= Dk Z—) (3.8)
- — 1+ kp 4 k2
Jj=2 Jj=1 J=
Then with the help of Mathematica, we solve the system of (3.2), (3.7)—(3.8), the solution set
is empty. So we have k1 = 0. In the same way, we can get ko = --- =k, =

If kpy1 # 0, from (3.5) we obtain

() S (S ) o

Jj=1

Since k1 = --- =k, =0, (3.7) can be reduced to
j=1
So we have

(1 + knsr?) (anﬂ)lzknu +(1+ (anﬂ) + nko?). (3.10)

Solving the system of (3.2), (3.10) by Mathematica, the solution set is empty. We have k,, 11 = 0.
Similarly, k,42 = -+ = ko, = 0.

In conciusion, we have kg = 1, so £X are minimal unit vector fields.

Case 3.2 kg = 0.
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Case 3.2.1 3 (1 <[ < n) such that k;;, # 0,--- ,k;; # 0, ki1 = -+ = ko, = 0, where
1<i; <--- < <n. In this case, for k; (1 < o <), from (3.4), we have

n

H (1+/€j2)=/\

JFia,j=1

according to (3.2), we have k; = :|:7, 1<a<l

Thus, the set of left invariant minimal vector fields is

V[paets

Case 3.2.2 3] (1 <1 < n) such that k;; #0, -+ ,k; #0, where 1 <¢; <--- <i; <n, and

kn+j (1 <j < n) are not equal to 0 simultaneously.

1<ip<--<ig < n} (3.11)

Assume k; # 0, (3.4) can be written as

n

r= 11 (1+kn+j2+kj2)(1+(Zn:knﬂ-)z), (3.12)

jAij=1
so if 38 # u, kg # 0,k, # 0, we have

14 kpap? 4+ kg? =1+ Ky )2 4+ k2 (3.13)

Then for ki, according to (3.5), we have

n

(zkw)n Ut #0574 [T Gtk 53[0 (o) ]
j=1

J#ij=1

If kpti = 0, we can obtain ) knq; = 0, if kpq; # 0, we also have ) k,4; = 0. Then we can
=1 =1
easily get at least two ky4; # 0.

Thus for Vk,1a (1 < a <n), (3.5) can be reduced to

n

Fnto=lbnia [ (U4 knss” + 5. (3.14)
JAoj=1

If kpyo # 0, solving the system of (3.12), (3.14), we can get
14 knga” + ka® = 14 kngi® + k2. (3.15)

According to (3.15), (3.2) and Y k,+; = 0, we obtain

Jj=1

n

Fontiy” +kiy” = Z i = 0, (3.16)

where ki, #0or k;j, #0, 8=1,--- L.
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Thus, the set of left invariant minimal vector field is

l n
1
{ Z Xia + kn-i-iana) kn+ia2 + kioc2 = 77 Hkn-riﬂ 7é 0, Z k”+6 = O}' (3'17)

HC:

B=1
Case 323k =---=k, =
In this case, (3.5) can be reduced to
n n n n 2
(Z kn-i—]) H(l + kn-‘r] ) + kn-H’ H (1 + kn+j2) [1 + (Z kn-i-j) } = )‘kn-ﬂ" (3'18)
i=1 =1 #ij=1 =1

If ko # 0, the equation above can be written as

ﬁ (1 + knsys?) [(an+J)w+1+(ka)2}zA. (3.19)

k
jAaj=1 nta j=1

o If 3k, ; = 0, by (3.18), we have > k,4; = 0. Then we can simplify the equation above
j=1
to

A= ] (4 kais?). (3.20)
j#a, =1

Therefore if ko, knypg #0, 0, 8 =1,--- ,n, we have kn+a2 = kn+32.
According to

kn+a2 = kn+B2

> knei =0,
j=1

we obtain that the set of minimal unit vector fields is
n—1 l
U{S bt
=1 a=1

o If kyp1 #£0,-- -, ko, # 0, according to (3.1), we have

1 n
Knsin :i%,anHa :O,1§i1<~-~<il§n}. (3.21)
=1

n

H =TT+ ka1 + (zn: kw)Q]
=1

i=1

Then taking natural logarithm, we have H' = InH = 3. In (1 4 kpy°) + In [1 + ( > n_H) ]
i=1 i=1
Applying Lagrange multiplier method, we get

-

kn+i
! - , Vi=1,---,n. (3.22)
i) | kni

[t
©
Il

= 2—|—

-

1=1
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For a # 3, we can obtain

3 n-+1uv kn a_kn
_(kn+a+kn+ﬁ)(kn+a—kn+ﬁ) - (Z +)( + +8)

- = = : (3.23)
(14 knta”) (1 + knsp?) [1+ (Z nﬂ) Vinsakins
If kpyo — kntg # 0, we have
kn 7

- 2 2y n :
(1 + kn+0¢ )(1 + kn+ﬁ ) [1 + ( Z:l kn+i)2} kn+o¢]€n+6

With the help of Mathematica, when ky4q + kntp # 0 and Y kn4i # 0, there are no solutions.
i=1
Therefore, we have

(kn+a + kn-‘rﬂ)(kn-i-oz - n+,6’ (Z kn-H) nta kn+6) =0. (3'25)

n
According to the constraint condition g = 3 kpis> — 1 = 0, we can get the following results.
i=1

When n is odd, kp11 :"':kgn:ﬂ:ﬁ.
When n is even, k1 = - =kopy =Ft—=or ks =+—, > kyyi=0,i=1,--- ., n
+ NG + \/ﬁz; +

So we obtain the set of minimal vector fields is

(S oo {y-Gu} nmmen men,
IETAT {i U O Dl s = £ 7 S b =0}

In conclusion, combining with (3.11), (3.17), (3.21), (3.26) and case 3.1, we obtain all left

invariant minimal unit vector fields on the solvable Lie group G, (n > 2) as follows:

(3.26)

(X0} U{ix YU
=1
n ! n
I_UQ{ ;(kmxia FhnsisUs) | ki 2+ ki 2 = %,ﬁ;knw - 0}

A% oo {270}

i=1

This completes the proof of Theorem 1.1.

4 Geodesic Vector Fields and Strongly Normal Unit Vectors on G,

In this section, firstly we determine all geodesic vector fields on G, and obtain the relation-
ship between geodesic vector fields and minimal unit vector fields. Then we study the strongly

normal unit vectors on Gy,.
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Definition 4.1 A unit vector field V' on a Riemannian manifold (M, g) is called a geodesic
vector field if VvV = 0.

The set of all geodesic vector fields on G,, is given as follows.

Theorem 4.1 Forn > 2, the set of all left invariant geodesic vector fields on the solvable
Lie group G, is kniU; kel =1%U X |k = = .
{ 1; * | z; * } { 1220 | \/n_—H}

Proof Let V = > k;X; + > kn4:Ui, since the Lie brackets of g,, are as follows:

=0 i=1

[XQ, Ua] = X07 [Xou U,B] = _6ozBXou [Xzan] = [Uou UB] = 07

and the non-vanishing Riemannian connection components are given by

n
VxoUa = Xo, Vx,Xo=— ZUi,
i=1

where 7, j,a,86=1,---,n

Then we have

> knyi 0 0 0 0
0 ke 0 0 0
— 5

0 0 k0 0

ko kg 0 0 0

k0 ke 0 0

So
VoV = kol ( > i) Xo — Z kUi + Z i (— ki X + kaUs)

1

Mﬁﬂ

_k(
If V is a geodesic vector field, by ViV = 0, we have

kO(ZkW) —0,

kmﬂ_o
ki? —ko>=0, i=1,---,n.

n-H)XO - Z k kn-l—zX + Z i~

N
Il
-

If ko = 0, then k; = 0,4 = 1,--- ,n, so the geodesic vector field V' = > k,;U;, where

=1

> kn+i2 = 1; If kg # 0, then k; # 0 and k,y; = 0,47 =1,--- ,n, so the geodesic vector field

i=1

_ 1
= Vntl®
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Therefore the set of all left invariant geodesic vector fields on the solvable Lie group G,, is

{;kn+iUi ;kn+i2 = 1} u {;ki){i k; = i;}

vn+1
By Theorem 1.1 and Theorem 4.1, we can easily obtain the sets of vector fields which are

both the minimal unit vector fields and the geodesic vector fields on the Lie group G,, n > 2
as follows:

n n l

U{iUi} LJ { Z i%m—a Zn:knﬂ- - 0}
(L oo {3 -0

Definition 4.2 A unit vector field V on a Riemannian manifold (M, g) is called strongly
normal if g(VxAvY,Z) =0,VX,Y,Z € HV, where Ay = —VV.

It is difficult to calculate all strongly normal unit vectors on the solvable Lie group G,. So
we study the set of vector fields which are both the minimal unit vector fields and the strongly

normal vector fields as follows.

Theorem 4.2 For n > 2, The set of vector fields which are both the minimal unit vector

fields and the strongly normal vector fields on the solvable Lie group G, is

fexor Jex.

=1

n

Proof Let X = Y a; X; +
i=0

K3

(2

(2

antilUs, Y = 30X+ 3 bngiUs, 2= ) ¢ilXi+ ) cngilUs
=1 =0 =1 =0 =1

K3

1= K3

and V = > kX, + > kngiUi. Assume that XY, Z, V satisfy the conditions

1=0 =1

X[ =1YlIl=1Z[|=V]=1
and
g X, V)=g(Y,V)=g(Z,V)=0.

According to the non-vanishing Riemannian connection components

n
VxoUa = Xo, Vx,Xo=-> Ui,

i=1
Vx, Ui = =X, Vx, X; = Ui,

where i, j,a,8=1,--- ,n. Then

VxAyY = —Vx(VYV) + VvaV
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= ao K i bn—i—i) (i kn+i) + i(kobo - biki)} Xo
i=1 i=1 i=1

+ i @i (bptiknsi + biki — boko) X
i=1

" Zn {%bo(i kn+j) + aibikn i — aoko( En bn+j) _ aikibn+i:| U,
i=1 j=1 =

If V is a strongly normal unit vector, then
g(VXAVy', Z) =0.

If V= +Xy, that is kg = £1, then ag = by = ¢ = 0, according to the above equation, we
can easily get Vx AyY =0, so V = £Xg are the strongly normal unit vectors. Similarly, +£X,

t=1,--- ,n also are the strongly normal unit vectors.
If V.= {£U,}, without loss of generality, let V' = Uy, that is kp41 = 1,ko = -+ = kp =
kn+2 == an = 0, then Ap+1 = bn+1 = Cp+1 = 0, we have

VxAyY = ao(z bn_H‘)X() + (a()b() + albl)Ul + agpbg Z U;.
1=1

=2

We can easily give a counter-example that V is not a strongly normal unit vector. Let
X = Xo, Y = Xy, Z = U, then g(VxAyY,Z) =1 # 0. In the same way, we can prove that
n ! n n n
IUQ { Zl(kz'aXz‘a +kntinUid) | kngin” + ki, ® = %7521 kntp =0} U{ Zl Uit u{ Zl —7=Ui}
= a= = 1= 1=
are not the strongly normal unit vectors.

Therefore, The set of vector fields which are both the minimal unit vector fields and the

strongly normal vector fields on the Lie group G,, n > 2 is {+Xo} U {£X;}.
i=1
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