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A Theory of Orbit Braids*
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Abstract In this paper, the authors systematically discuss orbit braids in M x I with
regards to orbit configuration space Fg (M, n), where M is a connected topological manifold
of dimension at least 2 with an effective action of a finite group G. These orbit braids form
a group, named orbit braid group, which enriches the theory of ordinary braids.

The authors analyze the substantial relations among various braid groups associated
to those configuration spaces Fg(M,n), F(M/G,n) and F(M,n). They also consider the
presentations of orbit braid groups in terms of orbit braids as generators by choosing
M = C with typical actions of Z, and (Z2)>.
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1 Introduction

Braid groups are fundamental objects in mathematics, which were first defined rigorously
and studied by Artin in 1925 (see [3—4]), although they already implicitly appeared in the
works of Hurwitz [18] in 1891 and Fricke-Klein [16] in 1897. The subject has continued to
further develop and flourish by extending ideas of braid groups or combining with various
ideas and theories from other research areas since then. For example, Fox and Neuwrith [14]
gave an alternative description of the classical braid groups by using the fundamental group
of (unordered) configuration spaces. Brieskorn [9] extended the notion to Artin groups or the
generalized braid groups by associating to all finite Coxeter groups.

Compatible with various points of view, the notion of braid groups was uniformly defined
by Vershinin [23] in a general way as follows: Choose a connected topological manifold M
admitting an action of a finite group G. Let Yg be the subspace of M formed by all points of
free orbit type. So the action of G restricted to Y is free. Assume that Yg is connected. Then
there is a fibration Yz — X¢ with fiber G, which gives a short exact sequence:

1->mYe) > mXg) -G — 1.

The fundamental group 1 (Xg) is called the braid group of the action of G on M, denoted by
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Br(M, G), and the fundamental group 7 (Yg) is called the pure braid group of the action of G
on M, denoted by P(M, G).

As an example of the notion above, for a connected topological manifold M of dimension
greater than one, take Ml = M*™ (Cartesian product of n copies of M). Then there is a natural
action of the symmetric group G = %,, on M, defined by (21, -+ , %) = (To-1(1), "+ , To-1(n))s
0 € X,. So Yy, will be the ordered configuration space

F(M,n)={(x1, - ,2y) € M*" | x; # x; for i # j}

(introduced by Fadell and Neuwrith [15]) and Xy, will be the unordered configuration space
F(M,n)/%,. Thus, the braid group Br(M,X,) is the fundamental group m (F(M,n)/%,),
also simply denoted by B,, (M), and the pure braid group P(M, ¥,,) is the fundamental group
m1(F(M,n)), also simply denoted by P, (M).

Theory of braids considered as above (called ordinary or classical braids here) obviously
possesses the following basic theoretical features:

(F1) (Geometric feature) Each braid corresponds to a collection of strings in M x I, and
the equivalence relation between braids is isotopy equivalence;

(F2) (Homotopic feature) Each braid group is realized as the fundamental group of the orbit
space.

Such two theoretical features are based upon the restriction of free actions. Recently Allcock
and Basak in their series papers [1-2] studied the braid-like groups, regarded as the orbifold
fundamental groups of the spaces with non-free action of a discrete group, given by removing a
locally finite arrangement of complex hyperplanes in complex Fuclidean space C", or complex
hyperbolic space CH", or the Hermitian symmetric space for an orthogonal group O(2,n), they
gave homotopic generators of braid-like groups. This work implies that although above two
features are not applicable for non free actions case, the study of braids can also be carried out.

The objective of this paper is to extend braids from configuration spaces to orbit braids
from orbit configuration spaces in both geometric and homotopic views. In particular, funda-
mental group can be replaced by orbifold fundamental group in homotopic description and the
geometric orbit braids are quite different from ordinary ones—the equivalence of orbit braids
are no longer regarded as isotopy classes, because they contain singular points. Our strategy is
to combine the original idea of Artin and the theory of transformation groups together.

Compared with the homotopic fundamental group of transformation groups in [1-2, 19], we
give geometric definition of orbit braids and prove that they are isomorphism. Furthermore,
we discuss not only the geometric generators of orbit braid group, but also their relations.

Let M be a connected topological manifold of dimension at least two with an effective action
of a finite group G (the action of G on M is not assumed to be free), and Fi (M, n) be the orbit
configuration space where n > 2.

We use the paths in Fg(M,n) to describe the braids in M x I. In the sense of Artin, an
orbit braid will be defined as the orbit of a braid in M x I under the action of G (see Definition
2.1), but generally it may not be the disjoint union of some ordinary strings.

However, equivariant isotopy classes of orbit braids will not work very well. Based upon the
nature of orbit braids, our approach is to detect whether there exist two isotopic ordinary braids
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compatible with the G-action in two orbit braids (see Definition 2.3). This equivalence relation
among orbit braids can also be described in terms of the homotopy of paths in F(M,n) (see
Proposition 2.2). In this way, the key difficulty is overcome.

Moreover, we conclude that the set of the equivalence classes of all orbit braids at a fixed
orbit base point forms a group, called the orbit braid group, denoted by B3 (M, G).

On the other hand, we obtain a homotopy description of the orbit braid group B (M, G).

Theorem 1.1 (see Theorem 2.1) There is the following isomorphism:
ByP(M, G) = wf (Fg(M,n), x,x°™),
where w8 (Fo(M,n), x,x°) is called the extended fundamental group.

The orbit braid group BS™(M,G) is large enough to contain some interesting subgroups
Porb(M,G), B, (M, G) and P, (M, G) (see Definition 2.4). Each class of BS™ (M, G) determines
a unique pair (g,0) € G*™ x X,,. This leads us to obtain an epimorphism

®: BIP(M,G) = G x %,

we can further analyze the relations among B (M, G) and its subgroups. Our result is stated
as follows.

Theorem 1.2 (see Theorem 2.2) There are five short exact sequences around B (M, G),

which form the following commutative diagram:

1 1

N -
i

1 ———=P,(M,G) —— B (M, G) 2Ly, —=1
M

/
N

|

,G) n

7 .

1 1.

\
/

Remark 1.1 If dim M > 2, then it is easy to see that P,(M,G) = m(M*",x) and
Bob (M, G) = nf (M, x, G(x))*"™ x 2,,. Thus BY(M, G) makes sense only when dim M = 2.

Next we consider the geometric presentation of orbit braid groups. As is known to all, Artin
first studied braids on R2. Thus we will carry out our work from the cases of C ~ R? with the
following two typical actions.

2k7i

The first one is Z, ~?1 C defined by (e¥, z) — e » z, which is non-free and fixes only
the origin of C, where p is a prime, and Z, is regarded as the subgroup {e = |0 <k<p} If

1Golasinski Marek told us that the extended fundamental group is actually the fundamental group of a
transformation group in the sense of Rhodes in [21] and Looijenga in [19].
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the action ¢ is restricted to C* = C \ {0}, then the action Z, ~?* C* is free. The other one
is (Z2)? ~?2 C defined by

which is the standard representation of (Z2)? on C ~ R?, and this action is non-free.
We obtain the presentations of orbit braid groups BS™(C, Z,), B3 (C*, Z,) and part infor-
mation of Bo™P(C, (Zz2)?).

Proposition 1.1 (see Proposition 3.2) BS™(C,Z,) has a presentation, generated by by,
(1 <k <n-—1) and b, with relations:

(1) b? =e,

(2) (bb1)? = (b1b)?,

(3) bgb = bby, (k > 1),

(4) bgbiy1by = brr1bibyi1,

(5) bib; = b;by (|k’ — l| > 1).

Proposition 1.2 (see Proposition 3.3) BS™P(C*,Z,) has a presentation, generated by by
(1<k<n-—1) and b, with relations:

(1) (b'b1)? = (b1b')?,

(2) byb’ = b'by (k > 1),

(3) bibitiby = brribrbry,

(4) bgb; = bjby (|k — 1] > 1).

Lemma 1.1 (see Lemma 3.2) B%P(C,(Z3)?) is generated by by, (1 <k <n—1), b® and
bY, satisfying the relations
1) (b*)? = (b¥)? =e,

For p = 2, since (Z2)™ x ¥, is isomorphic to the finite Coxeter group B, and the action
Zoy NP1 C* is free, Bo™(C*, Zy) is exactly isomorphic to the generalized braid group Br(B,,)
defined by Brieskorn. In addition, we will see that the generalized braid group Br(D,) is
isomorphic to a subgroup of B (C, Zy).

It should be pointed out that although the group G is assumed to be finite, many aspects
of our work do not need this restriction.

The paper is organized as follows. Section 2 is the main part of this paper, where we will
discuss how to establish the theoretical framework of orbit braids. We give the definitions
of the orbit braid group, and show that such group can be described in terms of homotopy
(i.e., Theorem 1.1). Furthermore, we introduce some subgroups of orbit braid group and study
various possible relations among orbit braid group and its subgroups. In Section 3, we present
the orbit braid groups of two typical actions on C, from which we see that the generalized
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braid group Br(B,,) actually agrees with the orbit braid group BS*P(C*,Zs) and Br(D,,) is a
subgroup of the orbit braid group B9 (C,Zs). In Section 4, we give the notion of extended
fundamental groups and state some properties in a general way in the category of topology,

which were essentially due to Rhodes in [21].

2 Orbit Braids from Orbit Configuration Space

Given a topological group G and a topological space X. Assume that X admits an effective
G-action. Then the orbit configuration space of the G-space X is defined by

Fo(X,n)={(x1, - ,xn) € X" | G(x;) N G(x;) =0 for i # j}

with subspace topology, where n > 2 and G(z) denotes the orbit of z. In the case where G acts
trivially on X, the space Fg(X,n) is the classical configuration space F(X,n).

The action of G on X induces a natural action of G*™ on Fg(X,n). In addition, Fg(X,n)
also admits a canonical free action of the symmetric group X,. However, generally these two
actions do not commutative. There is a natural homomorphism ¢ : ¥,, — Aut(G*™) defined
by ¢(0)(g) = go for 0 € ¥, and g = (g1,--- ,gn) € G*", where go = (9o(1),*** »Jo(n))- Then

“on

we may obtain a semidirect product G*™ x, ¥,, via ¢, on which the operation is given by

(970) : (h7T) = (gthT)

for (g,0),(h,7) € G*" x, X,. Now we see that F(X,n) admits the action of G*™ X, 3y,
given by

((9,0),2) = g0,
where gz, = (91%5(1), "+ » InTo(n)) for © = (z1, -+ ,2,) € Fo(X,n).

Remark 2.1 The notion of orbit configuration space was introduced by Xicoténcatl in the
thesis [24] of his Ph.D. Since then, the study of the algebraic topology (especially cohomology)

and relevant topics of orbit configuration spaces has been further developed.

This equivariant case is quite different from the classical case. In particular, if the action
of G on X is non-free, then the singular points (i.e., points of non-free orbit type) in X will
bring difficulty to our study. An effective approach to deal with this difficulty is to throw out
all singular points from X (see [5]). Another approach is to choose nice behaved equivariant
manifolds. For example, in [10], for two kinds of equivariant manifolds with non-free actions
introduced by Davis and Januszkiewicz [12], the combinatorial structures of the orbit spaces of
the equivariant manifolds can determine all singular points, so that an explicit formula of Euler

characteristic for orbit configuration spaces can be obtained in terms of combinatorics.

In the following, we shall pay more attention to the case in which X is a connected topological
manifold M of dimension greater than one, and G is a finite group. In this case Fg(M,n) is
connected. Here we shall focus on the relation between orbit braids in M x I and paths in
Fg(M,n). Actually, no matter the paths are closed or unclosed, by endowing an operation,
one can always form various kinds of groups. This extends the notion of ordinary fundamental
groups to the equivariant ones, as seen in the work of Rhodes in [21] (also see Looijenga’s paper

[19]).
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2.1 Notions and properties of orbit braids

A path
a= (a1, ,an): I = Fg(M,n)

uniquely determines a configuration c(a) = {c(a1), -+, c(a,)} of n strings in M x I, where I =
[0, 1] admits a trivial action of G and each string ¢(c;) = {(ai(s),s) | s € I} is homeomorphic to
I. For each s € I, since a(s) = (a1(s), -+ ,an(s)) € Fg(M,n), it follows that the intersection

of any two different c(a;) and c(e;) is empty, so we may write ¢(o) = [] ¢(c), which is
i=1
naturally an unordered disjoint union of n intervals. Furthermore, it is easy to see that c(a)
can determine n! paths as = (A1), ", o(n)), 0 € Ly in Fg(M,n) such that c(as) = c(a).
For the path a satisfying that a(0) = (z1, -+ ,2,) and a(l) = (o), Te(n)) for some
o € ¥,. if we consider the action of G on M, c¢(a) would be different from the classical Artin

braid, see the following examples.

Example 2.1 Consider the orbit configuration space Fyz,(C,n) where the action of Zs on
C is given by z — —z, so this action is non-free and fixes only the origin of C. In the case of
n = 2, let us see two closed paths a, 8 : I — F7,(C,2) at the point x = (1,2) such that their
corresponding configurations ¢(«) and ¢(8) are as shown below:

O={0}xI O={0} xI

-2 -1

c(a) c(B)

If we forget the action of Zs on C, then clearly ¢(«) and ¢(3) are isotopic relative to endpoints
in C x I. However, under the condition that C admits the action of Z2, c¢(a) and ¢(f) are even
not homotopic relative to endpoints in C x I, since the first string of ¢(«) cannot go through
the orbit of the second string of ¢(«), as we can see from the following picture:

-2 -1 1 2 -2 -1

t=20

\/ t=1,

o

R ______________Q

c(a) and its orbit ¢(B) and its orbit
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For a path a = (a1, -+ , ) : [ = Fg(M,n), since M admits an action of G, we may define
the orbit of « as follows:
G*™Ma) = {ga = (g1a1, -, gnan) | g = (g1, ,gn) € G*"},

a collection of |G|™ paths in Fg(M,n). Then the corresponding configuration ¢(«) = {¢(aq),- -,

clan)} in M x I with trivial action of G on I gives its orbit configuration

C/(\/a) = {C(/&/l)v T 7c(an)}a

where each orbit string ¢(a;) = {he(a;) | h € G} is the orbit of the string ¢(«;) under the
action of G, consisting of |G| strings. We shall note that the |G| strings in each orbit string

—

c(a;) may intersect with each other, but the intersection of any two different orbit strings

—

c(a;) and c/(;/j) must be empty since ga(s) = (gra1(s), -+, gnan(s)) € Fg(M,n) for any

— =

g= (91, ,9n) € G*™. On the other hand, for two paths « and ¢, if ¢(a) = ¢(a), then there
must be g € G*™ and o € %,, such that o = go.

Now we are going to give the definition of orbit braids. Choose a point x = (21, , )
in Fg(M,n) such that for each 1 < ¢ < n, the orbit G(x;) is of free type. Here and here-
after, x stands for the base point. Given ¢ € %,, g = (g1, - ,9,) € G*™, we denote

(91%6(1), " InTo(n)) DY 9%o-
Definition 2.1 Let « = (aq,-+- ,an) : I = Fg(M,n) be a path such that «(0) = x and

a(l) = gx, for some (g,0) € G*™ x ¥,,. Then c/(\/oz) is called an orbit braid in M x I.

Remark 2.2 Without loss of generality we may assume that a(0) = x. In fact, if a(0) # x,
we may write a(0) = hx, where h € G*™ and 7 € £,,. We can construct path o/ = h;,llanl
such that o/(0) = x and ¢(a’) = ¢(«).

Obviously, each orbit braid ¢(a) has the property that c(a)|s—=o and ¢(a)|s=1 are home-
omorphic to an unordered collection of the orbits of n coordinates of x under the action of
G, —

o(x) = {G(xl)v HREY) G(xn)}

Namely, two endpoints of each orbit braid c(a) are the same. Here we also call ¢(x) the

(unordered) orbit base point.

Remark 2.3 In the theory of classical braids (see [4, 6]), it is easy to see that for two paths
a,B: I — F(M,n) with the same endpoints, a and 8 are homotopic relative to 9I (also write
a =~ B rel 9I) if and only if ¢(a) and () are isotopic relative to endpoints in M x I2.

Since we are working on the case of M with an effective G-action, naturally we wonder
whether the equivalence of homotopy and isotopy in Remark 2.3 still holds in equivariant case.

The answer is no, see the following example.

Example 2.2 Let the action of Zs on C be the same as that in Example 2.1. Consider the
orbit configuration space Fz,(C,n). In the case of n = 2, take two closed paths a(s) = (e2*™, 2)

and 8(s) = (1,2), their corresponding ordinary braids ¢(«) and ¢(8) are shown as follows:

2Here the equivalence of c(a) and ¢(3) up to isotopy is compatible with the Definition 3 of Artin’s paper [4]
since ¢(a) and ¢(B) are given by two paths in F(M,n).
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1 2

O

(@) (B)

Definition 2.2 Let a, 8 : I — Fg(M,n) be two paths with the same endpoints. We say that
c(a) and c(B) are isotopic with respect to the G-action relative to endpoints in M x I, denoted
by c(a) ~S c(B), if there exist n homotopy maps Fy : I x I — M, i =1,--- ,n, which induce

~.
180

Fy: I xI— M x I given by Fi(s,t) = (Fi(s,t),s), such that
(1) [T Fils,0) = c(a) and [] Fi(s,1) = c(B).
i=1 i=1
(2) ]_[1 ﬁi(ovt) = c(a)]s=0 = ¢(B)|s=0 and ]_[1 }/7\'1-(1, t) = c(a)]s=1 = ¢(B)]s=1-
(3) For any (s,t) € I x I, if i # j then G(F;(s,t)) N G(Fj(s,t)) = 0.
With this understanding, we have the following result.

Proposition 2.1 Let o, : I — Fg(M,n) be two paths with the same endpoints. Then
a =~ B reldI if and only if c(a) ~< c(B).

Proof Assume that FF = (Fy,--- ,F,) : I x I — Fg(M,n) is a homotopy relative to 91
from a to 8. Then we can use F' to define n homotopy maps
F:IxI—MxI
by Fi(s,t) = (Fy(s,t),s),i=1,--- ,n, satisfying (1)—(3) of Definition 2.2. Thus, ¢(c) ~G c(B).

G

Conversely, suppose that c(a) ~Z, ¢(8). Then there are n homotopy maps

FoiIxI—MxI
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given by Fi(s,t) = (Fy(s,t),s), i =1,--- ,n, satisfying (1)~(3) of Definition 2.2. These F; give
amap F = (Fy, -+, F,): IxI — Fg(M,n), which is exactly the homotopy relative to dI from
o to f.

Based upon this observation, we define the following equivalence relation among orbit braids.

Definition 2.3 Let « and 8 be two paths in Fg(M,n) such that a(0) = B(0) = x and
a(l) = gx4, B(1) = hx, for some (g,0),(h,7) € G*™ x 3,,. We say that orbit braids c(c) and

c(B) are equivalent, denoted by c(a) ~ c(B), if c(a) ~Z c(B).

~
1S0

Remark 2.4 It should be pointed out that if the action of G on M is free, then c(a) ~ ¢(B)
if and only if ¢(a) and ¢(8) are equivariantly isotopic relative to endpoints. However, if the
action of G on M is not free, then generally ¢(«) and ¢(8) are not equivariantly isotopic even

if C(Aoz/) ~ C(Aﬁ/), as seen in Example 2.2.

Proposition 2.2 c¢(a) ~ ¢(B) if and only if there are two paths o = gay, 8" = hB., such
that o’ (0) = 8(0) = x and &' is homotopic to ' relative to OI.

Proof This is a consequence of Proposition 2.1 and Definition 2.3.

Using the equivalence relation in Definition 2.3, we define BS™ (M, G) as the set consisting
of the equivalence classes of all orbit braids at the orbit base point ¢(x) in M x I.

Lemma 2.1 Fach class [c/(voc)] in B (M, G) determines a unique pair (g,0) € G*™ x .

Proof By Remark 2.2, we may write «(0) = x = (21, -+ ,2,). Next let us look at the
ending point (1) of @. There must be g € G*™ and permutation o € 3,, such that a(1) = gx,-.
Consider a path o’ such that ¢(a/) ~ ¢(a). Then there exists a pair (h,7) € G*™ x X,, such that
o/ is homotopic to ha, relative to OI. So o/(0) = ha,(0) = hx, and /(1) = ha, (1) = h(gxs)--
We can use h and 7 to change the endpoints of o’ such that

Lal 1(0) =kl (hxr) - =x bl ol 1 (1) = gx,.

T

Since c/(z/o/) = c(h;llo/T,l), we obtain that c(/&_’/) also determines the pair (g, o), this implies

that (g,0) does not depend upon the choice of representatives of [¢(a)].

Let 7 (Fg(M,n),x, (G*™ x X,,)(x)) denote the set consisting of the homotopy classes rel-
ative to 01 of all paths a : I — Fg(M,n) with a(0) = x and (1) € x°, where x°™* = {gx, |
g € G*™ o € ¥, }——the orbit at x under action of G*™ x ¥,,. From Proposition 2.2, we have

Corollary 2.1 BoP(M,G) bijectively corresponds to wF(Fg(M,n),x, (G*™ x £,)(x)) as

sets.

Remark 2.5 Given o € %, and g € G*", we see easily that 7 (Fg(M,n),x, (G*" x %,,)
(x)) bijectively corresponds to 7 (Fg(M,n), gx,, (G*™ x ¥,,)(x)) by mapping [a] to [gas], so
7B (Fg(M,n), gx,, (G*™ x %,,)(x)) also bijectively corresponds to B3 (M, G).

2.2 Groups of orbit braids and their homotopy descriptions

Let [c(a)] and [¢(53)] be two classes in BoP(M, G).
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First let us consider the operation between c(a) and ¢(f) in an intuitive way. Since two
orbit braids have the same endpoints, intuitively we can obtain a new orbit braid ¢(«) o ¢(8)

by gluing the starting points of ¢(3) to the ending points of ¢(a). More precisely,

o c(Na)(Qs), if se [0, %]7

c(B)(2s — 1), ifse {%1}

Clearly this operation o is well-defined, but not associative. By Corollary 2.1, this new orbit
braid c(Noz) o c(AB/) should be determined by a path v : I — Fg(M,n) with v(0) = x and
(1) € x°*P. Such a path v can be constructed as follows:

By Lemma 2.1, there exists a unique pair (g,0), (h,7) € G*™ x 3,, such that (1) = gx,,
B(1) = hx,. Consider B = gB,, since 3(0) = x, we have that E(O) = a(1l) = gx,, and we know

-~

from previous discussion ¢(8) = ¢(3). Then we can construct a new path

- !
v(s) =aof(s) = i(28)7 e {0’2}7

. 1
B(2s—1), ifse b, 1}
with v(0) = x and (1) = g8,(1) = g(hx;)s = ghoXsr, as desired.

Remark 2.6 In the above construction of 7, we see that two pairs (g, ) and (h, 7) actually

produce a new pair (ghy,o7) = (g,0) - (h,7), which is compatible with [¢(a) o ¢(8)] = [e¢(7)]-

Now we define an operation * on BS™ (M, G) by

We claim that the operation * is well-defined and associative. It suffices to show that for any
o/ € [a] and any 8’ € [3],

e~

Since (i) = /(i) and (i) = B'(i) for i = 0, 1, we have that g3/ (0) = «(1) and ¢(8’) = ¢(gB.).
In a similar way to the construction of v as above, we may define v/ = o’ o (¢f.). Furthermore,
homotopy theory (see [22]) tells us that v/ = o/ o (¢8.) is homotopic to v = a o (g83,) relative
to 0I, By Corollary 2.1, this implies the operation x is well-defined. Since the operation * is

essentially reduced to the operation on the homotopy classes of paths, it is also associative.

Proposition 2.3 BY(M,G) forms a group under the operation *, called the orbit braid
group of the G-manifold M .

Proof Obviously, the class [c(cx)] is just the unit element, where ¢y is the constant path
with cx(s) = x,s € I.

Let [c()] be an element in B2 (M, G). Consider the inverse path @ of , i.e., @(s) = a(1—s).

It is well-known in homotopy theory that o o @ is homotopic to cx. Thus,



A Theory of Orbit Braids 175

gives that [c(Aoz/)]‘1 = [c(Aa/)]

When the action of G on M is trivial, B"*(M, G) will degenerate into the ordinary braid
group B,(M). Thus the notion of orbit braid group is a generalization for ordinary braid
groups.

Putting some restrictions on endpoints of orbit braids, we may define some subgroups of
B (M, G) as follows.

Definition 2.4 (Subgroups of B3 (M, G))

(1) Those classes [c(/\a/)] with a(1) € GX™(x) of BIP (M, G) form a subgroup of B (M, G),
which is called the pure orbit braid group, denoted by PP (M, G).

(2) Those classes [c/(va)] with a(1) € ¥,(x) = {x, | 0 € ¥,,} of BIP(M,G) form a subgroup
of BS™®(M, G), which is called the braid group, denoted by B, (M,G).

(3) Those classes [c(/?y/)] with a(1) = x of BSP(M, Q) form a subgroup of BS™(M, G), which
is called the pure braid group, denoted by Pn(M,G).

The group structure on B (M, G) gives us an insight to
1 (Fa(M,n), x, (G x £,)(x)),
on which we can also endow an operation e defined by

[a] o [B] = [0 (98,)], (2.1)

where (g,0) € G*™ x %, is the unique pair determined by [c(/\a/)] Then it is easy to see that
7P (Fa(M,n),x, (G*™ x X,)(x)) becomes a group under this operation. Indeed, this group
exactly agrees with the fundamental group of transformation group in the sense of Rhodes in
[21].

Now from Corollary 2.1, we have the following result.

Theorem 2.1 The map

A wE(Fg(M,n),x, (G*" x %,)(x)) = BS™(M, G)
given by [a] — [c/(voc)] is an isomorphism.
Similarly, those subgroups defined above of BS™P(M, G) can also be described in terms of
the homotopy classes of paths in Fg(M,n).

Corollary 2.2 Homotopy descriptions of subgroups P2™*(M,G), B,(M,G) and P, (M, G):
(1) ,Pv(;rb(Mv G) = W{E(FG(Mv n), X, Gxn(x));

(2) B,(M,G) = 7nF(Fg(M,n),x, X, (x));

(3) Pn(M,G) 2 m (Fag(M,n),x).

Remark 2.7 The above viewpoint can also be used in the theory of ordinary braids. Con-
sider the case in which G' = {e}. Then BS*™®(M, G) degenerates into the ordinary braid group
B,,(M), which is isomorphic to the group 7¥(F(M,n),x,%,(x)). In this case, there is the

following short exact sequence

1 = 1 (F(M,n),x) = 78 (F(M,n),x,%,(x)) = %, — 1,
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from which we see that 7 (F(M,n),x, %, (x)) is actually the fundamental group of the un-
ordered configuration space F(M,n)/%,.

Corollary 2.2 tells us that, as in the theory of ordinary braids, the pure braid group
Pn(M,G) can be realized as the fundamental group m (Fg(M,n),x). Later on, we will show
that B, (M,G) can be realized as the fundamental group of Fg(M,n)/%,, and we shall see
much more information on B (M, G) and PoP(M, G).

2.3 Short exact sequences

Consider the semidirect product G*™ x, ¥,, defined at the beginning of Section 2. Then by
Lemma 2.1 and Remark 2.6, we can define a homomorphism

®: BIP(M,G) — G*" x, %,

by (I)([C(/\Oé/)]) = (g,0), where (g,0) is the unique pair determined by [¢(«)].

Lemma 2.2 The homomorphism
®:BIP(M,G) — G %, 5,

s an epimorphism.

Proof Given a pair (¢g,0) in G*" X, ¥, since Fg(M,n) is path-connected, there must be
a path a : I — Fg(M,n) such that (0) = x and a(1) = gx,, which gives ®([¢(a)]) = (g, 0).
Thus @ is an epimorphism.

Based upon the Definition 2.4, when @ is restricted to PSP (M, G), each class [c/(va)] will
uniquely determine the pair (g, ex,, ), where ex;, is the unit element of 3,,. Thus, ® induces a

homomorphism
g : POP(M,G) — G*"

given by @G([C(Aa/)]) = g, which is an epimorphism.
When @ is restricted to B, (M, G), each class [¢(«)] will uniquely determine the pair (egxn, o),
where egxn is the unit element of G*™. So ® induces a homomorphism

Oy : B,(M,G) — X,

which is also an epimorphism.
We can observe that Ker &, Ker ®¢ and Ker ®y, are exactly the pure braid group P, (M, G).
On the other hand, there are two natural projections p|s : G*" X, ¥, — 3, and p|g :
G*" X, 3B, — G, which give two maps

plso®: BO(M,G) » %,

and
plgo®: B (M, G) — G*".

We see by Lemma 2.2 that such two maps are still surjective. In addition, it is easy to see that
Ker(p|s 0o ®) = P2™*(M, G) and Ker(p|g o ®) = B,,(M, G). However, we note that p|g o ® is not
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a group homomorphism since p|g is not a group homomorphism, and p|s o @ is still a group
homomorphism.

Together with all arguments above, we have the following result.

Theorem 2.2 The following diagram commutes and contains five short exact sequences:

1 1

.
ok

n

e I

1 1.

o 2p —>1

Remark 2.8 We note that because the map p|g o ® : BSP(M,G) — G*™ is not a group
homomorphism,

1 — B,(M,G) = BS(M,G) - G*" = 1

is not an exact sequence in the sense that all maps must be group homomorphisms. However,
it can still be regarded as an exact sequence in the sense of Switzer [22] for topological spaces.

Lemma 2.3 The braid group B, (M,G) is isomorphic to m (Fa(M,n)/3,, ps(X)).

Proof We see from Corollary 2.2 that B,,(M,G) = nf (Fg(M,n),x,%,(x)), and the action
of X, on Fg(M,n) is free, then the required result follows.

Remark 2.9 Corollary 2.2 and Lemma 2.3 tell us that the short exact sequence in Theorem
2.2,

1= Pn(M,G) = B,(M,G) = %, —» 1

geometrically corresponds to the short exact sequence
1— ﬂ-l(FG(Ma Tl),X) — Wl(FG(Mvn)/Enva(X)) — 2, =1

given by the fibration Fg(M,n) — Fg(M,n)/%, with fiber X,,.

2.4 Liftings of paths

For the projection p® : Fg(M,n) — F(M/G,n), write p¢ = (p{,--- ,p%) and X = p%(x).
Consider the path @ = (@y,--- ,ay,) : I — F(M/G,n) from X to X, = p©(x,),0 € ¥,, and we
have

()" @(1) = (7)) " (@), (0F) " @nl(D)))-
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Since G is finite, we see easily that there must be at least |G|™ path liftings « : I — Fg(M,n)
Fo(M,n)
I 2~ F(M/G,n)

such that
G (a(I)) = ()M @) = ((pF) " @i(D), -+, ()~ ([@a(1))).
In particular, there must be at least one path lifting o with a(0) = x.
Then we have the following result.

Lemma 2.4 The projection p© : Fg(M,n) — F(M/G,n) induces an epimorphism
pe oy (Fa(Myn),x, (GX" x £,)(x)) = 71 (F(M/G,n), %, 2y (X))

by p€([o]) = [p(a)].

Remark 2.10 p¢ may not be injective in general. In fact, because of the existence of non-
free orbit point, it is possible that there exist two path liftings «, o’ of @ such that «(0) = o/(0)

but o % o' rel 91, so [e(a)] # [c/(vo/)]
In a similar way as Lemma 2.3, we have that
TP (F(M/G,n), %, 2n (X)) = m (F(M/G,n)/S,,X) = Bo(M/G),

where X is the image of X under the projection F(M/G,n) — F(M/G,n)/%,. Furthermore,
together with Corollary 2.2, Lemma 2.4 and Theorem 2.2, we conclude that

Proposition 2.4 There is an epimorphism between two short exact sequences:

1 —— PIP(M,G) —— Bo™®(M,G) T, 1
1 —— P,(M/G) —— B,(M/G) PO 1.

Now let us consider the case in which the action of G on M is free. In this case, the
projection p& : Fg(M,n) — F(M/G,n) becomes a fibration with fiber G*".

Lemma 2.5 The following statements are equivalent.

(1) The action of G on M is free.

(2) For any path @ : I — F(M/G,n), there are exactly |G|™ path liftings of @.
(3) For any path @ : I — F(M/G,n) and any two path liftings o' and & of @, c/(_\/o/) = c(a’).

Proof The equivalence of (1) and (2) is obvious. Assume that there are exactly |G|™ path
liftings of @. Then we see that for each 1 <1i < n, (p¥)~'@; consists of |G| path liftings of @;,

all of which do not intersect to each other. Furthermore, we have that for any two path liftings

e

o/ and o’ of @, there is some g € G*™ such that o/ = ga”’, so c¢(a/) = c(a”).

—~—

Conversely, let o/ and o be two path liftings of @, and assume that c¢(a’) = ¢(a/”). Then
there must be g € G*™ and o € ¥, such that o’ = ga’.. Since p® (/) = p“(a’"), we know that
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o must be the unit. This implies that {ga’ | g € G*™} gives all different path liftings of @,
which consist of exactly |G|™ path liftings.

Remark 2.11 Lemma 2.5 tells us that if the action of G on M is non-free, then there must
be some path @ : I — F(M/G,n) and two different path liftings o/ and «” of @ such that
c(/ET) # c/(—o\cf). In fact, since the action of G on M is non-free, we may assume that there is
some s € I such that (p&)~1(a(s)) is not the free orbit in Fz(M,n). Furthermore, there would
be more than |G|™ path liftings of @ since we have more choices of path liftings via those points

of non-free orbit in (p@)~1(@(s)).

Corollary 2.3 If the action of G on M is free, then
(1) PSP(M,G) = P, (M/G), so P™*(M,G) is realizable as 7 (F(M/G,n),X).
(2) Bo™(M,G) = B, (M/G), so B (M, G) is realizable as i (F(M/G,n)/%,,X).

Proof It is a consequence of Lemma 2.5 and Proposition 2.4.

Remark 2.12 In the viewpoint of the theory of covering spaces, generally F(M,n) is not
the covering space of F(M/G,n). However, paths and the homotopies between two paths in
F(M/G,n) can still be lifted to Fg(M,n) but liftings with the same starting point may not be

unique. Thus, if the action of G on M is non-free, then the homomorphism
pe : Pu(M,G) = P,(M/G)

induced by the projection p® : Fg(M,n) — F(M/G,n) is no longer injective. Actually, p¢ is

the composition of a monomorphism and an epimorphism

Pn(M,G) — PO (M,G) — P, (M/G).

2.5 Relation between orbit configuraiton space and ordinary
configuraiton space

There is a natural embedding i : Fg(M,n) < F(M,n) from orbit configuration space to its
corresponding ordinary configuration space.

Lemma 2.6 The induced homomorphism i, : m(Fg(M,n),x) — m(F(M,n),x) is an

epimorphism.

Proof Take an element [« in m1(F(M,n),x). If for any s € I, a(s) € Fg(M,n), then [o]
is also an element of 71 (Fg(M,n),x).

Now assume that there is some s € I (possibly s can be any point of the whole (0, 1))
such that a(s) € Fg(M,n). This means that there are at least two 4,j with ¢ # j such that
G(wi(s)) = G(a;(s)), where a = (a1, ,a,). Clearly, a;(s) or a;(s) is not a G-fixed point
since a;(s) # a;(s). So there exists some g # e in G such that a;(s) = go;(s). Since G is
finite, there exists a G-invariant open neighborhood N of «;(s) which is a disjoint union of some
connected open subsets in F'(M,n) such that for a small enough connected open neighborhood
Ny C I ofs, a;(Ng) NN and a;(Ng) NN lie in two different components of N. Then we can
always do a slight homotopy deformation on «; in N, changing «; into o, such that of,(Ng) NN
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never meets with the orbits of other oy (Ny), k # 4. This gives a change on a small open arc of
the path «; up to homotopy.

As long as there are also finitely or infinitely many points s in I such that «;(s) meets some
orbit of ay(s),k # i, since o;(I) is compact, we can perform the above approach finite times,
so that «; can be finally changed into a new path o} such that o; ~ o rel 9I in F(M,n),
and for any s € I and any k # 4, G(«}(s)) N G(ak(s)) = 0. This procedure only does change
the component path «;, so « is changed into (ay,- -, @i—1, &%, Qir1, -+, ), denoted by o'.
Clearly, o ~ o/ rel I in F(M,n).

If o is not a path in Fg(M,n) yet, then we will perform the above procedure on other
component paths ag, k # i. Since ¢() only contains n strings, we can end our procedure until
we obtain a path 8 such that for any s € I, 8(s) € Fg(M,n) and a ~ 3 rel 81 in F(M,n).

Thus, [¢] is in the image of i.. This completes the proof.

In a similar way as above, we can show that the following homomorphism induced by the
embedding i : Fg(M,n) < F(M,n):

0 (Fa(M,n),x,%,(x)) = 7 (F(M,n), 2,(x))
is also an epimorphism. Therefore we have

Proposition 2.5 There is an epimorphism between two short exact sequences:

1 — P,(M,G) —— B,(M,G) —— %, —— 1

l l -l

1—— P(M) —— B,(M) —— %, —— 1.

3 Presentations of Orbit Braid Groups of Two Typical Actions on C

The geometric presentation of classical braid group B, (R?) in R? x I (see [4, 6]) motivates
us to present orbit braid groups. We begin with our work from the case of C ~ R? with the
following two typical actions:

(I) The action Z, ~%' C defined by (e¥ ,Z) e z, which is non-free and fixes only the
origin of C, where p is a prime, and Z, is regarded as the group {e¥ | 0 <k < p}. If the
action ¢y is restricted to C* = C \ {0}, then the action Z, ~? C* is free.

(IT) Non-free action (Zz)? ~%2 C defined by

This action is just the standard representation of (Z3)? on C ~ R2.
Throughout this section, fix

z=(14+1,242i,--- ,n+ni)

as the base point in Fz, (C,n), Fz,(C*,n) and Fz,)2(C,n), where i = /—1. Clearly, each
coordinate of z is free orbit point in above actions. For convenience, we denote [ + li by [, so
z=(1+i,2+42i, - ,n+ni)=1,2,---,7).
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3.1 Orbit braid group B™(C, Z,;)
For a path o = (a1, -+ ,a,) in Fz, (C,n) with a(0) = z and a(1) = gz, where (g,0) €

(Zp)"™ x Xy, it is easy to see that the corresponding orbit braid c¢(a) =

c/(?/«i) = {(ai(s),s), (eTai(s),s), I (ewai(s),s) | s € I}.

is symmetric with respect to the line O = {0} x I in C x [I.
First let us consider the case p = 2. To describe BS™(C, Zs), we construct a family of basic
“bricks” by, k = 1,--- ,n — 1, and b, where each orbit braid by is chosen as the class [c(a(*))]

given by the path

o) (s) = (1+i,--- k4 (k+1)i+e 21079 (k4 1) 4 ki 4 deFi ... ,n+ni) (3.1)

as shown in the following picture

(0]
“h k-2 k-1 —k T-k 1T k=1 k R+l k¥2 @ o
: t=1
and b is chosen as the class [c/(va)] given by the path
a(s) =((1+1)(1 —2s),24 21, ,n+ ni) (3.2)
as shown in the following picture
o
“n ) ST 5 N
n : 1 2 n i=0
: t=1.

Remark 3.1 In the above picture for c¢(a), we see that the first string and its orbit can
exactly intersect at O. This can happen because the origin in C is just a fixed point of Zs-action.
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Furthermore, even if the first string and its orbit do not intersect, then the corresponding orbit

braid can still be equivalent to c¢(a). In fact, we can choose the following path

B(s) = (1 +1i)e™ 2+ 2i,--- ,n +ni), (3.3)

which never goes through the origin, but [C(/\Oé/)] = [c(Nﬁ)] Thus, [C(/\ﬁ/)] can also be chosen as b.

In addition, we note that there are also other typical orbit braids ¢(y) in which the i-th
string c(v;) connects 7 and /—\i, other strings remain constant, where ¢ = 2,--- ,n. However,
these orbit braids are not basic “bricks”. In fact, we see easily that for each ¢, [c/(v'y)] can be
represented as a composition bi__l1 e bl_lbbl -++b;_1. The following two pictures illustrate the

case of 1 = 2.

0
5 5 007 5 A
: | LR
|
I
: | t=1
()
and
o}
= SR U P P
- 1 D=0
J t=1
b; 'bb,

Lemma 3.1 Bo*™P(C,Zy) has a presentation, generated by by (1 < k < n — 1) and b,
satisfying the following relations:

R;:b%=e,

Rs : bb;bb; = b;bb;b,

Rs : byb = bby (k > 1),

Ry : bybiiibg = briibibii1,

Rs : brby = biby ([k — 1| > 1).
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Proof First, every class in B™?(C,Zy) can be reduced into the composition of by, and b
because each crossing of two adjacent orbit strings just decide a basic “brick”.

Each by has a symmetric structure with respect to O and its half part is used as a generator
of classical braid group B,(R?). Thus, the relations R4y and Rj follow from the theory of
classical braid groups (see [6]).

We can construct homotopy deformation maps that connect both sides of the equations in
relations Ry, Ry and R3. Actually, we can see this intuitively. Let us look at the pictures of
orbit braids in both sides of relation Rs, as shown below.

O

b1bb;b bb;bb;

Since we can always do a slight homotopy deformation on b near O such that the first string
and its orbit do not intersect at O as stated in Remark 3.1, the intersection of second string
and its orbit is equivalent to the orbit of second string over second string in the above picture.
This illustrates the equivalence of two orbit braids.

We can also use a similar way to prove relations R; and R3. We would like to leave them

as exercises to the reader.

Proposition 3.1 Bo**(C,Z;) = (by, -+ ,b,_1,b | Ry, Ra, R, Ry, R5), where R1-Rs are
the relations stated in Lemma 3.1.

Proof It suffices to prove the completeness of relations R1—Rj, i.e., there doesn’t exist any
extra relation in B (C, Zy).

Assume that g;’fb (C,Zs) is the pure algebraic presentation group as follows:

~ 1 aQ = e 2 aajaa; — ajaaja; 3 aia = aay k > 1 :
B(C,20) = (an - anr,al @ ®) (> 1y
(4) aragi1ar = apprarar1; (5) apar = ayay (Jk -1 > 1)

Then there is an epimorphism
bn : BYP(C,Zo) — By (C, Zy)

defined by ¢, (ax) =br (1 <k <n-—1)and ¢,(a) =b.
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Consider the homomorphism ® : Bo™(C, Zy) — (Zy)" X, Xy, as a composition of ¢, and
P : BIP(C,Zs2) — (Zo)™ Xy By, where (Zo)"™ %, ¥, is regarded as the symmetric group of
permutations of 2n numbers 41, --- , +n preserving the action of Z,. Follow the idea of Chow
n [11], let Bo°™(C,Zy) be the subgroup consisting of those elements in Bo*(C,Zy) whose
images as permutations under ® all leave the numbers +n invariant. The index of gzvorb(C, Zs)

in gffb((c, Zs) is obviously 2n, and the representatives of 2n right cosets can be chosen as
M():e, Mi:an_1~-~ai+1ai, z:l,,n—l

and

—1 -1 -1 .
M_i=a,_1---aja, M_;=a,_1---ajaa; ---a;, ,a, ;, (=2,---,n.

The application of the well-known Reidemeister-Schreier method to Egvorb((c, Zs) gives its (3n—

3) generators:
;= M;ai M =M_aiM~}, i=1 —1
aj, - ,ap_2,, 7, = Mya; M, -, T =M_za; M, t=1,--,N s

where 7;,7_; = 7_;7;. Then we can define a homomorphism p,, : BO orb(C, Zg) — Borb (C,Zs) by
assigning to each 74; the identity. Obviously, Gn = ker p,, is generated by 74;,i =1,--- ,n—1.

Geometrically, it is easy to see that Bo°™(C,Zs) = {a € Bo™(C,Zs2) | an(0) = an(1)}
is exactly the image ¢n(B2°™(C,Zs)). Let G, denote the kernel of the homomorphism p, :
B2°tb(C, Zg) — B (C, Zs) defined by removing the n-th string. Then we have the following

commutative diagram:

1 G B2 (C, Zy) —2— B (C,Zy) — 1
‘fbnl ¢nJV ¢7nfll
1 Gn Boob(C, Zy) —2s BO™ (T, Zy) — 1.

Now, to complete the proof, it needs to show that ¢, : B(C,Zy) — BP(C,Zsy) is an
isomorphism. We perform an induction on n.

When n = 1, this is trivial.

When n < k, assume inductively that ¢, : Bo(C, Zy) — Bo™(C, Zy) is an isomorphism.

When n = k, we see easily from the above commutative diagram that ¢y : ék — Gy is an
epimorphism, so Gy, is generated by ¢ (7;), ok (7—),i =1, -, k—1. Of course, ¢ (7—;)dx(7:) =
o1 (1i)pr(7_i). Take a word w € BY™(C,%Zy) such that ¢i(w) = e € BYP(C,Zy). Then w €
gz (€, Zy). Since ¢p_1 is an isomorphism by induction assumption, pi(w) = € so w € Gy
and ¢r(w) € Gg. Write w = 7';11 ;ll where for each 1 < u <, ¢, = 0or 1 and j, €
{-k+1,---,-1,1,--- ,k —1}. Then ¢p(w) = ¢(15, )" - dr(1;,)" = e in G.

On the other hand, we see easily that Gy is also the kernel of the homomorphism pj :
Pr(C,Z2) — Prp—1(C,Z2) by removing the k-th string. Thus ¢,(w) = e gives a relation in
Pi(C,Zs) = m(Fz,(C,k)). Now we see that Fy,(C, k) is actually the complement space of

n(n + 1) hyperplanes H;[,l <i < j<kin CF as follows:

Fy,(C, k) = C*\ | Hy,

1<J
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where Hf; = {(21,-++ ,2n) € C¥ | z; = £2;}. Randell [20] gave a nice description of the
fundamental group of the complement space of the complexication of real arrangements. Thus
we can apply this description of Randell to read out m (Fz,(C,n)) whose generators exactly
correspond to those hyperplanes H. Zf and whose all relations correspond to codim-2 intersections
of those hyperplanes Hfjt It is easy to see that all codim-2 intersections are of the following
three types:

{zi =%zj20 =x2,}, {z=2=0}, {z==xz ==z}

Each codim-2 intersection of the first and second types is just the intersection of some two
hyperplanes, so the corresponding relation must be of the form ab = ba, where a,b denote
the conjugate classes of the generators corresponding to those two hyperplanes. Each codim-2
intersection of the third type is the intersection of some three hyperplanes, so the corresponding
relation must be of the form abc = bca = cab, where a, b, ¢ denote the conjugate classes of the
generators corresponding to those three hyperplanes.

A careful check shows that for 1 < ¢ < k — 1, ¢x(7;) corresponds to hyperplane H;,;,
and ¢y (7—;) corresponds to hyperplane H,,, so ¢(w) is the word formed by those generators
corresponding to all Hf,z Thus, ¢r(w) = e means that the possible relations for generators
¢k (7+i;) must be of ¢ (7—;)Pk(7:) = ok (7:)dr(7—i) which corresponds to codim-2 intersections

1

{#; = 2z = 0}. Therefore, ¢r(w) = e < w is a composition of those 7_;7,7_; 7'1-_1 and their

conjugate classes. This implies that w = e in l?gfb(c, Zs) s0 ¢y is an isomorphism.

For the general prime p, we first need to modify the path « in (3.2) or 8 in (3.3) into the

general form

2wi

a(s)z((l—i—i)(l—i—(ep 1)5),2+2i,---,n+ni) (3.4)

or
B(s) = ((1+i)e¥,2+2i,---,n+ni). (3.5)

Then we can use the paths o) in (3.1) and « in (3.4) (or § in (3.5)) to construct the required
basic “bricks” by = [c@k/))] for1<k<n-—1and b= [c/(va)] or [c(Aﬂ/)], each of which would
consist of p symmetric parts with respect to the line O.

It is not difficult to see that each class in BS™(C,Z,) is also a composition of by, (1 < k <
n—1) and b.

To get the presentation of B9™(C, Z,), an easy observation shows that we merely need to
change the relations Ry in Proposition 3.1 into b? = e. Any tangle of the first orbit string
surround the line O can be untangled since the origin of C is a fixed point of the action, this
illustrates b? = e. As for relation Ry in Proposition 3.1, both sides represent the orbit braid of
path y(s) = ((1 +1)(1 + (e% —1)s),(2+2i)(1 + (e% —1)s), -+ ,n +ni). Thus we have the
following proposition.

Proposition 3.2 BY™(C,Z,) has a presentation, generated by by, (1 <k <n —1) and b,

with relations
(1) b? =,
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2) (bb;)? = (b;b)?2,

3) byb = bby, (k > 1),

4) bibgtibr = bryribrbry,
5) bgb; = biby, (|k — 1] > 1).

~—~ o~~~

The completeness of relations in B3™(C, Z,) can be proved in the similar way as in Propo-

sition 3.1. We just point out main differences. First, (Z,)" x4, %, can be regarded as the sym-
2k7i

metric group formed by those permutations of pn symmetric numbers e%l, ceener nk =
0,---,p—1. So the corresponding G,, is generated by p(n — 1) generators 7f,--- , 7% | k =
0,---,p — 1; second, Fz,(C,n) can still be regarded as the complement space of complex hy-
perplane arrangement in C™ as follows:
Fy,(C,n) =C"\ | J HE,
i<j
where Hlkj = {(#1,-+,2n) € C" | 2 = e%zj}. In this case, each codim-2 intersection

{2; = 2z, = 0} will be the intersection of p hyperplanes H* | and the corresponding relation will

wm?

be of the form a;---a, = as---apar = apay ---ap—1, where ay,---,a, denote the conjugate
classes of the generators corresponding to those p hyperplanes HE,.

3.2 Orbit braid group B (CX, Zy)

In the similar way to the case of BS™(C,Z,), we can describe B (C*,Z,). In this case,
a family of basic “bricks” named after by, and b’ can also be constructed by the paths a(®) in
(3.1) and S in (3.5). Here we make sure that p ordinary strings of the first orbit string in c/(vﬁ)
do not intersect because Z, acts freely on C*, as shown in the following picture for the case of

p=2:

—n -2 —1

=)
o)
<

Since we are working on the case of C* with a free Zy-action, this means that we cannot
untangle any tangle surround the line O of the first orbit string of b/, so b’ in BS™(C*,Z,,) is an
element of infinite order. Actually, the only difference between BS™(C*,Z,) and B (C,Z,)
is the order of b’. Indeed, 03‘212 we see that there is not any direct twine among p symmetric
parts with respect to O in ¢(a(®)), and only thing that happens is that two strings within each
symmetric part do an exchange of ending points. So by in B3™(C,Z,) has the same property
as in BYP(C*,Z,). Thus we have that
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Proposition 3.3 Bo*™*(C*,Z,) has a presentation, generated by by (1 <k <n—1) and b’,
with relations:

(1) (b'b1)? = (byb')?,

(2) bkbl = b/b}.C (k > 1),

(3) bibitiby = brribrbry,

(4) bib; = b;b;, (|k — l| > 1).

Proof Since Z, acts on C* freely, the completeness of relations in BY™®(C*,Z,) can
be verified in several ways. Here we give the simplest one. Actually, by Corollary 2.3,
Borb(C*, Zy) =2 B, (C*) = BOP(CX, Zz). As we will see in Section 3.4, B (C*, Zs) = Br(B,),
where Br(B,,) denotes the generalized braid group corresponding to the finite Coxeter group B,
(see [23]), and in particular, Br(B,,) consists of the same generators with four type of relations
exactly listed as in Proposition 3.3.

3.3 Orbit braid group B (C, (Z2)?)

Identify C with R?, the action (Z3)? ~?? (Z3)? is just the standard (Zs)?-representation,
where (Z3)? is generated by two reflections g* and g¥ with respect to x-axis and y-axis. For a
path a = (a1, , ) in Fiz,)2(C,n) with a(0) = z and (1) = gz,, the correspoding orbit

—

n
braid c(a) ]_[ ¢(a;) is symmetric with respect to the line O, real axisxI and imaginary
7

axisx ] in C x I, where

—_—

C(ai) = {(ai(s),s), (—ai(s),s), (O‘i(s)ﬂs)ﬂ (_al( ) ) | s € I}

and a;(s) means the conjugacy of a;(s).

Based upon the symmetries of the orbit braids in B3™(C, (Z2)?), we construct a family of
basic “bricks” named after by, b” and b? as follows:

(1) by, is chosen as [c(a(®)] where a(®) is the path in (3.1),

(2) b” is chosen as [Z;z_r/)] where a” is the path given by

a®(s)=(14(1—28)i,2+2i,--- ,n+ni)

such that of and of intersect at real axisx I,

(3) bY is chosen as [c(a¥)] where o is the path given by
a¥(s)=((1—-2s)+1,2+2i,--- ,n+ni)

such that o and —af intersect at imaginary axisxI.
We can read six classes of relations among these basic “bricks” in the same way as previous
two examples.

Lemma 3.2 Bo™(C,(Z2)?) is generated by by, (1 < k < n — 1), b® and bY, satisfying the
relations

(1) (b")% = (b¥)? =

(2) b*bY = b¥b”,

(3) b®b1b?b; ' = b1b?b; 'b?, b¥b;b¥b; ! = b;b¥b; 'bY,

(4) brb”® = b*by, bib¥ = b¥by (k > 1),
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(5) bibit1br = bry1bibiii,
(6) brb; = bjby (| — 1] > 1).

We shall emphasis here that we failed to find a way to prove the completeness of six relations
in BoP(C,Z2) although we believe it is correct. The obstacles lie in two points: First the
action of (Z3)? on C is non free, so that we cannot use known techniques about ordinary braid
groups; second F(z,)2(C,n) is a real arrangement. As far as we know, it seems that there is
not an effective approach to deal with the fundamental group of the complement space of real
arrangements yet.

3.4 Compare with generalized braid groups (Artin groups)

Recall homomorphism @ : BS™(M, G) — G*™ x, £, here we consider two kinds of group
actions—Zs ~? C and Zy % C*. An easy argument shows that Z Xy 2y is exactly
isomorphic to finite Coxeter group B,,. Then we have the following short exact sequences from
Theorem 2.2:

1 — Pn(C,Zy) — BY(C,Zs) — B, — 1 (3.6)
and
1 — P,(C*,Zs) — BIP(C*,Zy) — B, — 1. (3.7)

Here we pay our attention to the relations between the orbit braid groups B (C,Zs),
BoP(C*, Zy) and the generalised braid groups Br(D,,), Br(B,) (for the concept of generalized
braid group or Artin group, see Appendix A)

It was known in [17] that two orbit configuration spaces Fz,(C,n) and Fyz,(C*,n) are
classifying space of two generalized pure braid groups P(D,,) and P(B,,). Moreover the actions
of D,, and By, on Fz,(C,n) and Fz,(C*,n) respectively are free. From this viewpoint, we have
the following two short exact sequences:

1— P(D,) — Br(D,) > D, — 1 (3.8)
and
1— P(B,) = Br(B,) = B, — 1. (3.9)
In addition, we also have that
Pn(C,Zs) = P(D,,) = 71(Fz,(C,n), z)

and

1

Pn(C*,Zs) = P(By) = m1(Fz,(C*,n),z).

First let us look at the case of Fz,(C*,n). It can be seen from Corollary 2.3 that two
short exact sequences (3.7) and (3.9) are essentially the same—both come from fibration from
Fy,(C* n) to Fz,(C*,n)/B,. Thus we have that

Proposition 3.4 B*™P(C*,Zy) is isomorphic to the generalized braid group Br(B,).
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As for the case of F7,(C,n), compare two short exact sequences (3.6) and (3.8), we see that
Pn(C,Zs) = P(D,,) but B,, % Dy, so BS™(C, Zy) and Br(D,,) are not isomorphic. Next let us
analyze the connection between B™(C, Zs) and Br(D,,).

It is well-known that the finite Coxeter group D, is generated by s,o01, - ,0,-1 with
relations:

(1) s2 =02 =e,

(2) (0ioi+1)® =,

(3) (502)3 =6

(4) (s0i)? = e (i #2),

(5) (gi0;)* = e(li — j| > 1).

And the corresponding generalized braid group Br(D,,) is generated by s,01,--- ,0,_1 with
relations:

(1) 05044105 = 0410041,

(2) 8028 = 092802,

(3) so; = 048 (i # 2),

(4)

Remark 3.2 We can observe how D,, acts freely on Fy,(C,n) in terms of o; and s. For
each (21, -+, 2pn) € Fz,(C,n),

0,0 = 004 (lZ —j| > 1)

Ui(zla Tty Ri—1, R0y Ri41y Ri42, " 7Zn) = (Zla Crty Ri—1, Ri41, Ry Ri42, 7277,)
(i.e., o; only permutes i-th and (i + 1)-th coordinates of z) and
S(Zlv 2,73, " 7271) = (_Z27 —R1,%3," " 7271)

(i.e., s just transfers z; to —z2 and 22 to —z1), we can verify easily that these transformations
exactly satisfy the relations (1)—(5) in D,.

Now by Remark 3.2, the generator s in Br(D,) can be regarded as the class bbb in
B°™(C, Zs), and each o; can be regarded as the class b; in Bo™P(C, Zy). Thus, we can define a
homomorphism

f: Br(D,) — B%™(C, Zs)

by f(s) = bbib and f(o;) = b;. A direct check shows that f is a monomorphism.

Proposition 3.5 Br(D,,) is isomorphic to a subgroup of BS®(C, Zs).

4 Extended Fundamental Groups of Topological Spaces

As noted before, the extended fundamental group used as the homotopy description of orbit
braid group is actually the fundamental group of a transformation group in the sense of Rhodes
in [21]. In this section, we give the notion of extended fundamental groups and state some
properties in a general way in the category of topology, which are essentially due to Rhodes in
[21].

Let X be a path-connected topological space and let Home(X) be the group given by all
homeomorphisms from X to itself. Here we write Home(X) as G(X) for a convenience. When
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X is a connected smooth manifold, we may consider the group given by all diffeomorphisms
from X to itself.

Let H be a subgroup of G(X). Fix a point zp in X as base point. Let Q(X, z, H) consist
of all pairs (o, hy) with hy € H, where o : I — X is a path in X such that «(0) = z¢ and
(1) = haxo are in the orbit H(xg) at xg.

There is a natural operation o : Q(X, zg, H) x Q(X, z9, H) — Q(X, x0, H) defined by map-
ping ((a, ha), (B, hg)) to (o (hafB), hahg), where

: 1
ao (haf)(s) = " e [? 2}’
haf(25 — 1), ifse [5, 1]

In addition, there is also an equivalence relation ~ on Q(X, z, H) as follows: For two pairs
(o, hy) and (B, hg),
ha = hg,

(a, ha) ~ (thﬂ) = {a ~ B rel OI.

Furthermore, there is an induced operation e on the quotient set Q(X, xo, H))/ ~ given by

[, ha] @ [B, hg] = [0 (haf3), hahyg]-

Rhodes showed in [21] that Q(X, zg, H(x0))/ ~ forms a group under the operation e. Here we
call this group the extended fundamental group or the equivariant fundamental group, denoted
by 78 (X, w0, H) or 7 (X, x0).

Remark 4.1 Generally, two classes [, hy] and [a, bl ] with h, # A/, are distinct even if
haxo = hl,xo. Indeed, choose a point = in the orbit H(zg), we know from [7] that there exists
a coset hHy, € H/H,, such that for any b’ € hH,,, © = h'zg, where Hy, is the isotropy
subgroup at xg. If xg is of free orbit type, then H,, = {e}, so in this case, for two h # h' in H,
hxg # h'zo and 7 (X, 29, H) may also be written as 7 (X, zo, H(z¢)), as used in Section 2.

When H is exactly the trivial group {e}, 7¥ (X, zo, H) degenerates into the ordinary fun-
damental group 71 (X, zo).

The following results are due to Rhodes [21].

Theorem 4.1 Let X be a path-connected topological space and let H be a subgroup of G(X).
Then

(1) (see [21, Theorems 1-2]) up to isomorphism, w1 (X, zo) does not depend upon the choice
of the base point x,

(2) (see [21, Theorem 3]) m# (X, zq) is homotopy invariant of X with H-action,

(3) (see [21, §8, p644]) there is the following short exact sequence

1= m(X,20) = 7P (X, 20) = H — 1.

The map A : nf{(X,29) — H/H,, defined by [a,hs] + hoHy, is surjective, and the
preimage of H,, is exactly the group ﬁf{ "0 (X, x0). Thus we have that

Corollary 4.1 There is the following short eract sequence

1m0 (X, zo) — 7l (X, 20) = H/Hyy — 1.
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Finally, based upon the arguments in Section 2, we end this section with the following
properties:

(A) If H is finite, then the projection p : X — X/H induces an epimorphism
pe T (X, m0) — m(X/H, p(0)).

(B) If H is finite and the action of H on X is free, then the projection p : X — X/H induces
an isomorphism
i (X, x0) = ™ (X/H, p(0)).
(C) If z¢ is of free orbit type under the action of G(X), then X gives a direct system
{m (X, 20) | H < G(X)}

such that the limit of this direct system is exactly w?(x)(X ,T0)-

A Generalized Braid Group

Generalized braid groups, with respect to all finite Coxeter groups, were introduced by
Brieskorn [9] in the 1970’s. They are also Artin groups.

Following the terminology and notation of the paper by Vershinin [23], let V' be an n-
dimensional real vector space and let W be a finite subgroup of GL(V') generated by reflections.
Let M be the set of hyperplanes such that W is generated by the orthogonal reflections in the
M e M. For any w € W and any M € M we assume that w(M) belongs to M. Consider the
complexification V¢ of the space V' and the complexification M¢ of M € M. Set

Yw=Ve— |J Mc
MeM
Then W acts freely on Yy, and the orbit space of this action is denoted by Xy = Yy /W.
Then the fundamental group 71 (Xw ) is called the braid group of action of W on V', denoted
by Br(V,W). The fundamental group 71 (Y ) is called the pure braid group of action of W on
V, denoted by P(V, W).
For a finite Coxeter group

W= (wy, - we | w? = e, (wiwy)™ = e,mi; = my),
the generalized braid group Br(W) of W is defined as the group with generators w; and relations
prod(m; j; w;, w;) = prod(m;q; w;, w;),

where the symbol prod(m;z,y) stands for the product zyzy--- with m factors. By adding
the relation w?

%

= e to the above presentation we obtain a presentation of W. The following
theorem is due to Brieskorn [8] and Deligne [13].

Theorem A.1 (see [8, 13])
(1) The fundamental group 71 (Xw) is isomorphic to the generalized braid group Br(W).
(2) The universal covering of Xw is contractible, and hence Xy is a space of K(m;1).

This theorem means that Xy is the classifying space of the generalized braid group Br(W).

In addition, it is easy to see that Yy is also a space of K (m;1), so Yy is the classifying space
of the generalized pure braid group P(W) of W.
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