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Long Time Asymptotics Behavior of the Focusing
Nonlinear Kundu-Eckhaus Equation
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Abstract The authors study the Cauchy problem for the focusing nonlinear Kundu-
Eckhaus (KE for short) equation and construct the long time asymptotic expansion of
its solution in fixed space-time cone with C(z1,z2,v1,v2) = {(z,t) € R? : & = 20 + vt,
o € [z1,22],v € [v1,v2]}. By using the inverse scattering transform, Riemann-Hilbert
approach and O steepest descent method, they obtain the lone time asymptotic behavior
of the solution, at the same time, they obtain the solitons in the cone compare with the
all N-soliton the residual error up to order O(t_%).
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1 Introduction

We study the long time asymptotic behavior of the focusing nonlinear Kundu-Eckhaus (fKE
for short) equation on R x Ry :

ig; + qua + 2|q|%q + 458%|q|*q — 4iB(|q])2q = 0,

1.1
q(z,0) = qo(z). 4

In the defocusing case with the sign of cubic term reversed and initial value go(z) in Schwarz
space, it has known that (see [15]) as t — oo,

q(z,t) = /%ei(‘l“ﬁ%—V(kO)IOgSt)eiMko)e_%iB S log (1| (K)[*)dk’ + Ot ogt), (1.2)
where
ko= =2, u(ko) = —olog(1 — [r(ko)?) (1.3)
0 — 4t7 0) — o0 g 0 ) .
1 (ko T
d(ko) = ;/ log(ko — k" )dlog(1 — |r(K')|* + 1 argr(ko) + argI'(iv), (1.4)

where T' is Gamma function, r(z) is the reflection coefficient. Recently [11] applied Riemann-

Hilbert approach to N-soliton solutions for the fKE equation (1.1) with nonzero boundary
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conditions. Wang et al. obtained long-time asymptotics of the fKE equation (1.2) with nonzero
boundary conditions (see [12]). In this paper, we consider a much weaker boundary condition

that supposes go(x) in the weighted Sololev space
HY' = {fc L*R): xf, f' € L*(R)}. (1.5)

There exists a nonzero complex number ¢ called a norming constant associated with any point
in the simple discrete spectrum z; € CT. Define reflection coefficient 7 : R — C (where in
the ZS-AKNS operator we know that the real axis is the continuous spectrum, and reflection
coefficient r may take any value in C in the focusing case (see [12]), if r has singularities along
the real line, call it spectral singularities. If there exist spectral singularties, it is possible that
infinite discrete spectrum accumulate at a spectral singularity (see [2]). In this paper, we only
consider that no spectral singularities exist so the discrete spectrum is finite.

If the spectrum consists of a single point o4 = {({+i7)}, the corresponding solution of (1.1)

the one soliton

qSol($,t) _ qSol($7t; {f + 177}) _ 2ialeQ1—QI (P—l)e8iﬁf|ac91791(P*1)2|dz’ (16)
v = e—izlo'gm—2iz%<73tv,Ulo7 (17)
’Ul — ;l‘}'loeizld_gr—i-QiZ%U:;t'U (18)
V1V
p=—_11 (1.9)
21 — X1
where Q1 = —iziz — 2iz%t, ap and z; are complex constants and vy is initial speed. Let

gso1 (2, t;04) stand for N-soliton solution with scattering data {r = 0,04 = {(zk,cx)h;}}-
Generally, the solution breaks apart into N independent one-soliton, each traveling at initial
speed vy, (see [5]).

1.1 Main results and remark

In order to describe the asymptotic behavior of the solution of (1.1) as t — oo, for generic
initial data g9 € HY1(R). Define the discrete scattering data {r,{(zx,cx)}>_,}. Let Z =
{zx}Y_, C C*. Define

1
k(s) = —=—log(1 + |r(s)|*), (1.10)
2
and for any number &, let

Ay ={ke{l,2,--- ,N}:Rez <&},

N (1.11)
AE={ke{1,2,-- N} :Rez, > £}
Given any real interval Z = [a, b], let
1=|2(),
Z(I) ={2x € Z:Rez, € I},
e : (1.12)

Z7(I) ={zr € Z : Rez, < a},
ZH(T) = {2 € Z:Rez, > b}.
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For £ € T let

AgZ{kE{l,Q,---,N}:agRezk<§},
Af ={ke{l,2,--+ ,N}: ¢ <Rez <b},

oF = {(2r, i (T) : 2 € T)}, (1.13)
_ N\ 2 Foo
cF =cy H (Z]~C Zi) exp(:l:2i/ s) ds).
ezt KT A ¢ STk

Finally, given pairs of velocities v; < v9 and points x1 < z2, we define the cone

C(x1,22,v1,v2) = {(x,t) € R* : & = 29 + vt with g € [x1, 2], € [v1,v2]}. (1.14)

t T — Uot = To
T — vt =41

28 Z9

vy on
o 2 2
z7

T — V\t = X9
xr — vot = a1

Figure 1 Using soliton contained in the cone C' associated with its reflectionless scattering data
to describe the asympototic behavior of ¢(z,t) as |t| = co. In the example here, we use 3-soliton

Z(Z) = {24, 26, z8} inside the cone C to asymptotically describe the discrete spectrum instead of
9-soliton.

Assumption 1.1 The initial data go(x,t) for the Cauchy problem of fKE satisfies:
(1) Every z;, € C* satisfied a(zx) = 0 is simple, that is, the discrete spectrum is simple.
(2) There exists a constant ¢ > 0 such that |a(z)| > 0, that is, no spectral singularties exist.

According to above assumptions which guarantee that the discrete spectrum is finite.

Theorem 1.1 Let q(x,t) be the solution of (1.1) with initial data qo(x) € HY1(R) satisfying
Assumption 1.1 and generating the scattering data {r,{z,cx}2_,}. Fir x1,72,v1,v2 € R with
1 < 92 and v1 < vy. Let T = [— %,—%] and § = —47, when t — Foo with (v,t) €
C(z1,x2,v1,v2), which is defined in (1.14), we have

4(2,t) = (guor (2, ;05 (1)) + 173 fE (1) + O~ 1)) SO0 ImPde L o=%)  (1.15)
where

iz?
f:t(xv t) = mll(f; Zz, t)2OZ(€, :I:)eT:FM(E)loth'a
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+ le(f; z, t)2a(f, i)*e—g—fiin(ﬁ)logMﬂ

with
(€, £)|* = |w(€)] (1.16)
satisfying
argal(, +) = 7 + argI(ix(€)) — argr(¢)
§
—4 Z arg(é — z) F 2/ log|¢ — s|dsk(s),
keAf oo
and
Im(a,t)]* = \%(qsol(x, fot (D) + 2 fE () + 0 )| (1.17)

the coefficients mq1(&;x,t) and mi2(&;x,t) are the entries in the first row of the solution of
RHP A.2 with discrete scattering data o5 (I) and A = AF(I) evaluated at a = §.

1.2 Organization of the rest of the paper and notation

In Section 2 we construct the RHP 2.1 associated with initial-value problem (1.1), and then
we work out the steepest descent analysis of RHP 2.1 for ¢ — oo from Section 3 to Section 7.
In Section 3 we introduce the matrix T'(z) to separate the jump matrix defined in RHP 2.1 at
§ = — ;- Section 4 introduces the 0 analysis to define extensions of the jump matrix for the
non-linear steepest descent method. In Section 5 we construct a global model solution which
captures the leading order asymptotic behavior of the solution. Removing this component of
the solution results in a small norm - problem which is analyzed in Section 6. The proof of

Theorem 1.1 is given in Section 7.

2 Results of Scattering Theory for Focusing KE

Our calculations are based on the Lax pair of the focusing KE equation (1.1),

1!11 + 120'31/) = Qlll), (21)
Py + 2iz%030 = Qo) (2.2)

where z is a spectral parameter and
(0 ¢ (1 0
(%) e %)
Q1 =Q —iBQ%0s3,
Q2 = 4if°Q0s — 26Q° — 1Q%03 + 22Q — 1Q.03 + B(Q-Q — QQ.).

Specially, z € R, then the eigenfunction ¢ (x,t, z) is the Lax pair. Denote

(2.3)

U = wei(zz+2z2t)03 )
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We obtain the equivalent Lax pair

U, +iz[o,¥] = Q1 7,

Ly (2.4)
\Ilt + 2iz [037 dj] = Qquv
its full derivative form is
deGr 20Ty (1, k)) = (EE 20T, (2.5)
U = @Q1dx + Qodt. (26)
Consider the form of solution (2.5),
v )4 1
v=D+2+240(5) 2o, (2.7)
z 22 23

where D, ¥y, Uy are independent of z, substituting above expansion into two equations of (2.4),

and comparing the same order of 2’ frequency, we find the following equations

D, = —iBQ%v3D, (2.8)
Dy = B(qq, — 427 + 4i8°|q|*)os D, (2.9)

we get (1.1) has the conservation law
(iBla*)e = (B(q@, — ¢27) + 4iB%[q|*)a-
(2.8) and (2.9) for D are consistent and are both satisfied if we define
D(x,t) = & Jn " Ao, (2.10)
where A is
A(z,t) = Blq|*dz + (—iB(qq, — ¢2q) + 46%[q|*)dt. (2.11)

According to asymptotic analysis we introduce a new function p by

. p(a,t) ~
U(z,t,z) = etk A%z t, 2)D(x, t). (2.12)
Thus, we have
1
u:I—l—(’)(—), z — 00, (2.13)
z
and (2.5) becomes
A(e 2055 (3 ¢ k) = W (a, t, 2) = & GTT2°0T Y (4 ¢ 1), (2.14)

in which

V = Vidz + Vadt (2.15)
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with
. r(z,t)

2i3|u/? we e B
oIS o1

—e (=) —2if|u|

g [@0
v, = ifuf? L OB 2SR
(—2BTful? — 221 — iw,)e 2P e —ifu?

The Lax pair (2.3) can be changed into

P +1z[o3, 1] = Vip,

Ly (2.18)
pe + 22703, p] = Vap.
We assume that p(z,t) is sufficiently smooth, we define two solutions of (2.14) by
(=) .
iz, t,z) = I+/ e RN (y 7 2)dy, j=1,2, (2.19)
(mjatj)

where (z1,t1) = (—00,1), (v2,t2) = (+00,1), it follows that det U(; o) = det 1,2y = 1, and it
satisfies

o + izl BTG ) — Qp, (2.20)
that is
piz +iz[D " o3, ) = Q. (2.21)
Its Volterra type integral is
pae) (@, 2) =1+ /: =P ENT Q) o) (y, 2)e TP @ TWoagy, (2.22)

Also, if u(x, 2) is any solution of (2.18), then fi(x, z) = oapu(x,Z)o2 (complex conjugate but no
transpose) also solves (2.18). For z € R, o241,y (%, Z)02 also satisfies (2.18) and it follows that

\I/(LQ) (x, Z) = 0'2\1](1,2)(1'72)0'2, S R (223)

Since the eigenfunctions u1(z,t, 2) and pe(z, ¢, z) satisfy both equations of the Lax pair (2.18),
there exists a continuous scattering matrix function S(z) satisfying

w1 (z,t, z2) = pa(z,t, z)e_i(””zzt)@S(z), z € R, (2.24)
where
o (az) <)
o) <b(z) a(?) ) (2.25)
det S(2) = la(2)]* + [b(2)]* = 1
Define

1 @ N(ll) (12) D @ M(ll) N(12)
pr=(py s py ) = %21) (22) pe = (pg s py ) = ?21) %22) ) (2.26)
My Hq Ha Ha
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where ujl- (z,t,2z) and u?(x,t, z) are the first and second columns of p;(z,t;2), j = 1,2.
Remark 2.1 o ugl), ug) and a(z) extend analytically to z € CT with continuous boundary

values on R, and ugl) — eq, uéQ)

for z € C~, however, b(z) is defined only for z € R.

e The solutions \Ilgl)(:z:, 2 )and \Ilgz)(x, 21 ) are linearly dependent when a(z;) = 0 for 2z, € C.

— e9 and a(z) = 1 when z — oo, similar consequences hold

So there exists a norming constant ¢, satisfying

\Ilgl)(x, 2K) = cklllgz) (z, zk). (2.27)
The symmetry (2.20) implies that

\I/gl)(x, 2p) = czlllgz) (x, 2%). (2.28)

e The reflection coefficient r and transmission coefficient 7 are defined by

b(2) 1
= —= = — 2.29
r(z) a(z)’ 4 a(z)’ (2.29)
and it follows from (2.22) that 1+ |r(2)|? = |7(2)|? for each z € R.
We construct the function
(1)
t.
[%’)’Z) ug)(x,t;z)}, z€{z€C|Imz > 0},
a(z

© i) (2.30)
{ugl)(x,t;Z) u}’ z€{ze€C|Imz < 0}.

a(?)
The matrix M defined above is the solution of the following Riemann-Hilbert problem.

Next, we consider the characteristic function ugl), ugm and analytic properties of spectral

matrix S(z). For the integral equation, let the integral variable y < x. We calculate directly to
obtain:

efi(zw+2z2t)33 W(y, t, Z)

;1)

2i8ul2 w2 T8 0 B g2i(za 257t .

T\ 2T 0 A aiaer2:) 3102 *
—Tue (—o0,t) Te—21(2T z _215‘u|
ig r(z:t)
i . 2 A o
+ iful? (2Bulul? + 2zu + iug)e B0 e2i(za+2271) dr
. =28 [ A oo .
(—2Bﬂ‘u|2 2T — luw)e ig ](7oo,t) e 2i(zx+227) —1|u\2

and

. 2 L2 . _ _ 93 2 _Aix2 _ 93 _
e21(zm+2z t) _ e41z t621zR0 Zq 2r1mz’ e 2i(zx+227t) _ e 4iz to 21chze 2zImz'

Therefore, the first and second columns of p; are analyzed separately in the upper half plane

C4 and lower half plane C_, and we record them as
1y (12)
- 0
M1 = (/1'-1"_7/1’1 )= M%21) :(L22) :
H1 M1

The same can be proved, the first and second columns of po are analyzed separately in C_
and C4, we record as

M(ll) u(12)
po = (g, 13 ) = ( t1) %22)) :
Ho Ha
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Note that 11,19 are the solutions of Lax (2.1)—(2.2), so, we obtain
tr(P —izo3) = tr(Q — 2iz%03) = 0.

According to Abel formula, we have

(det 9j)z = (det ;)¢ = 1. (2.31)
From the transformation (2.12), we get

detpi; = detw;, det(e 0 27) = det U = det ;.

Using Abel formula above, we obtain

(det 1)z = (det i)z = 1.

This means det p; has no relationship with x,¢. Then asymptoticaly pu; — I as |z| — oo.
Take the determinant on both sides of this relationship to get

det S(z) = 1.

So 1, pe are reversible, and their inverse matrix is the corresponding adjoint matrix. In
addition, it is based on the analyticity of the column vector of u1, ue. It can be deduced that

the first and second lines of ul_l are analyzed separately in C_ and C, and are recorded as

a0 ) - (@),
-5 g K2

It can be seen that the spectral function is analytical

. ~ R
e 1 EE 0T G (4) = oy = </iz_> fan) = (/12_/11 /12_M1_> .
(2) = w2 = (ki pr) fiy pi i

We get that C, is analyzed in the Cy, s22(2) is analyzed in the C_, s12(2) and s21(2) are

not analyzed in the lower half plane, but are continuous to the real axis R.

Lemma 2.1 The characteristic function u1, pe constructed above and spectral function S(2)

have the following symmetry

pi(z,t,2) = py ety 2), §=1,2,
SH(z)=571(2).

Here, the superscript H represents the conjugate transpose of the matrix.

Proof Because of
Wiz, t, 2) + iz[D_lag,uj(x,t,z)] =Qu;(z,t,2), j=1,2.
Replace z with Z and then take the conjugate transpose of the equation to obtain

pi (z,t,2) +izlod (D™D pf (2, 4,2)] = pf (2,1, 2)Q7, j=1.2.
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Note that Q is an inverse Hermite matrix, that is P = —P, so
ufz(x,t,i) + iz[cr?{{(D_l)H,qu(x,t,E)] = —,ufl(a:,t,E)Q, ji=1,2.
In addition, the derivative of u;(x,t, z)u}l(x, t,z) = I with respect to a implies
u;i(x,t,z) = —uj_l(;v,t,z)uj@(x,t,z)u;l(x,t,z), ji=12.
Bring the equation into the above formula to obtain:

pya (et 2) = —pi (2,1, 2)(Quy (., t, 2) — i2[D ™ og, py (. b, 2) s (. 8, 2)
= —p; (2, 1,2)Q —i2[D o,y (w1, 2)], G =1,2,
that is
u;i(x,t, 2) +iz[D o3, iz, t, z)]uj_l(x,t, z) = —uj_l(x,t, 2)Q.

5 satisfy the same differential equation and have the same asymptotic behavior:
uf(x,t,?), uj_l(;v,t,z) =1, |z] = occ.
So the two are equal, and we get a symmetric relationship
uf(x,t,?) = uj_l(x,t,z), ji=1,2.
Consider the symmetry of S(z), we have
S(z) = S CTTTOB i (w2 (a1, 2)],
then from Zz + 22%t = zz + 222¢, we get

S(z)1 = [ EHTE07 15 (@, 1, Z)n (a1, 7)ol G+ 2070
= o008 (]! (2,1, 2) g (1, 2))) el Go 200
= 0% ([ (@, 1, 2o (1, ) 2O

=S71(2).

Comparing the corresponding elements of the matrix on both sides, we obtain

811(3) = 822(2), 812(7) = —821(2).

Riemann-Hilbert Problem 2.1 Find an analytic function M : C\ (RUZUZ*) — SLy(C)
with the following properties
(1) M(2) =1+ 0(z71) as z — 0.
(2) The continuous boundary values My (2) satisfy the jump relation M, (z,t,z) = M_(x,t, 2),
-, J(x,t,2), z € R, where

T(z)e2it0(z) 1

o) - <1 +Ir(2)[? (z>e—2w<z>> | o)

0(z) =222 + z% =20z —€)2— 262, €= —4%. (2.33)
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(3) M (=) has simple poles at each z; € R and z; € R* at which

22y Cie 0

ResM— lim M< OQM 0) )

0 _cre-ao (2.34)
ResM = zliglkM (0 0 ) .
Consider (2.7), we get U1 = QDcrg, ilos, ¥1] = QD. The existence of solutions of RHP 2.1 for

all (z,t) € R? follows by means of expanding this solution as z — oo, M = I+ M )(1 Do (z71),
one finds that

a(1) = Jim (=M (x,1, 2)) e IR0 S = gim (e, e w0 2, (2.35)
where
m(z,t) = Zli_)rglo(zM(x,t, 2))12 (2.36)
and
u:]+§+§+o(%), 72— 0 (2.37)

is the corresponding solution of (2.14) related to ¥ via (2.12), moreover, from its complex
conjugate, we obtain
lal? = 4]m|?,
Ty — Ul = 4(mi, — Timy) + 64i8|m|*.

Thus, we are able to express the one-form A defined in (2.35) in terms of m as

A = 4B|m|?dz + [4iB(mm, — mim,) + 12832 |m|*]dt. (2.38)

3 Conjugation

In this section, we introduce the function T'(z) to renormalize the Riemann-Hilbert problem
with & fixed

3

*

T() =T 0= ] (3= Z)exp(i/

— 00

k€A (3.1)

5(s) = —5=Toa(1 + Ir(s)),

we can also get the standard result of the transmission coefficient

I =)ol ) 2

o0

and we can find T'(z;&) — 5 when § — oo.

a(z

Proposition 3.1 The function T(z) defined by (3.1) has the following properities:
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(a) T is nonzero and meromorhpic in C\ (—00,{]. For each kin A;, T(2) has a simple
pole at z, and a simple zero at Zj.

(b) For z € C\ (—o0,£], T(Z) = ﬁ

(c) For z € (—0,&], the boundary values Ty satisfy

)
T _(2)

=
/Z:z\

=1+|r(2)]? 2z¢€(~o0,8). (3.3)

(d) As |z| = oo with |arg(2)| < c <7

T(z)=1+ - [ Z hnzk—/E (s)ds] + 0(2%). (3.4)

k€A,
(e) As z — £ along any ray & + Ry with |¢| < c <7 (see [1]),
I7(2,6) = To(€)(z = )| < Clirll )= — €], (3.5)

where Ty (€) is the complex unit

1oe) =TT (522)e 0 —expi(5(6.6) ~2 3 are(e - )
kEAg kEAg

€ K(s) = xRl

s —Z

B(z.€) = —n(E)log(z — € + 1)+ /

and x(s) is the characteristic function of the interval (£ —1,€) and the logarithm is principally
branched along (—oo, & — 1].

Proof For parts (a)—(d) we can prove them directly by using the definition and the
Sokhotski-Plemelj formula (see [7, 14]). For part (e) we write

EK; ,fliS—SIi
%”(L ©) gy [* HOXONO )

18— % oo s—z

T(Z,f) =

keA, (
I

k) - ¢ exp(i5(z, ). (3.6)
k€A,

The result then follows from the facts that

(2 = O] < 7™ = VTH TP, (.7
and using [3, Lemma 23.3],
18(2,€) = BEE)| < Cllrlm = — €12 (38)
Define a new function M),
MW (2) = M(2)T ()", (3.9)

we can prove the function M) satisfies the following Riemann-Hilbert problem 3.1.
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Riemann-Hilbert Problem 3.1 Find an analysis function M® : C'\ (RUZ U Z*) —
SLs(C) with the following properties:

(1) MO(2) =T+ O0(271) as 2 — oo.

(2) For each z € R, the boundary values Mil)(z) satisfy the jump relationship Mil)(z) =
MY (2)JD(2) where

((1) T*(Z)T(i)%_m) <r(z)T(zl)—2e2iw (1)) z € (§,00),

JD(2) = 3.10
(=) 1 0\ /1 T;(ZI)T(+)(;)|2 o—2it0 (3.10)
r(2)T_(2)"2 o +ir(z y z e (—00,§&).
TG i | | ) ( )
(3) MW(z) has simple poles at each zj € R and z} € R* at which
tim a0 (0 (1) ()2 keA;
Z—ZL O O ’ 5 ’
Res M) =
h lim MO 0 0 ke Af
Zi)nzlk C;IT(Zk)—2e2it9 0/’ € (3.11)
0 0 '
i 1) ) -
le)nzlz M (—(CZ)_lTI(Z;)_2€_21w O) ) ke Ag )
Res M) = —
h lim ) (O T E)Te ke A}
2=z} 0 0 ’ 3

Proof From above definition, we can get that M () is unimodular, analytic in C\ (RUZ U

Z*), and approaches identity as z — 0o and we factorize jump (3.10) as following

J(l)(z)
¥ —2ith
07 (o ") (e 1) T 2 € (600,
= » (3.12)
o 1 0 T (z)\o3 (1 %Q—Zité B
=) <1+ﬁ(8)2|e2“9 1) (T_(z)) (0 ey ) 2 € (~o0,8).

For k € A;, T'(z) has zero at z; and a pole at 2, so that Ml(l) = M;(2)T(z)~! has a removable

singularity at z, and a pole at z}. For M2(1) the situation is reversed; we have

MY (z) = lim My (2)T(z)"" = Igile(z)(i)/(zk) - ckeQite’“Mg(zk)(%)l(zk);

P T
Res MY (2) = Res Ma(a)7(:) = Ma(a) [ (7) ()]
= [() 0] e M), (3.13)

from which the first formula in (3.11) clearly follows. The computation of the residue at z;; for
k € A; is similar.
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4 Introducing 0 Extensions of Jump Factorization

In these section, our work is to extend the jump matrix off the real axis to new contours
whose factors satisfy continuous, decaying but not analytic, we define an unknown non-analytic
transformation increasing nonzero 0 derivatives insides the regions.

Define the new contours

Y =g+ VIR, k=1,2,34. (4.1)

Additionally, let

Yr=RUS US,US3UY,, (4.2)

1
== i A — pl. 4.3
p 2 A,uezunzlglz*)\;éul l (4.3)
According to our assumption, there is no pole lying on the real axis and all poles are in

conjugate pairs. We have p < dist(Z,R), define xz € C§°(C, [0, 1]) as characteristic function:
1, dist(z,ZU Z*) < g,

0, dist(z, Z2UZ*) > L.

Lemma 4.1 Define function R; — C, j =1,3,4,6 with boundary values satisfying

Ru(z) { <z§T<z> : 2 € (£,00); w5)

OTo(6)72(z = )71 - xz(2)), 2 €2y
r(z)” T 2 .
+(Z) ) z € (—OO, )7
R3(z) = 1t(|2§f)|2 . (4.6)
T @E D @ -0 —xz(), 2By
r(z) T -2 .
— 51 (2)77, z € (—00,€);
O | @)
WT0_2(§)2(Z — &)1 - xz(2), z€ Ds;
_ ) T(2)?, z € (§,00);
fle) = {r@*To(é)?(z PO~ x5(2), z€ S, (48)

such that for a fized constant ¢; = c1(qo), and a characteristic function xz € C§°(C,|0,1])
satisfying (4.4), we have

1

|R;(2)] < exsin® (arg(z — €)) + 1 (Re 2)” 7,
|6R (2)] < 1a><z< )+ calr’ (Rez)| + exz — €[ 72, (4.9)
Ri(z) =0 if dist(z,Z2U2Z") < <P

3
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Moreover, if we set R : (C\ > ) — C by R(2)|.eq, = R;(2) (with Ra(2) = Rs(2) = 0), the
extension can be made such that R(Z) = R(z).

Next we construct the M) which is continuous to the real axis and deform its jump matrix
into the X, let

MP(z) = MO ()R (2), (4.10)

1 0
<—R1 (Z)e2it0 1) ’ ze Ql’
1 _ —2it0
<0 Rg(lz)e ) e,

1 0
—R4(z)e21t0 1) s z € Qq, (411)

1 _ —2ito
0 R6(12)e ) , 2 € Qg,

1 0
) € Qs UQs.
<O 1) z 2 5

Let X3 = CJ Yk. Then M@ satisfies the following d-Riemann-Hilbert problem.
j=1

d-Riemann-Hilbert Problem 4.1 Find a function M) : C\ (2 U ZU 2Z*) — SLy(C)
with the following properties.

(1) M@ is continuous and its first derivatives is sectionally continuous in C\ (22 UZUZ*).

(2) M@ (2) =T+ 0(z71) as z — oo.

(3) For each z € 2(2), the boundary values satisfy the jump relationship Mf) (z) =M @ (2)
J®)(2) where

JO() = I+ (1 - x2(2))82),

0 0 >
2_5)—2m(5)e2ite A Z € 2,

2 _ £\2ik(€) o—2it0
(8 1+|r E)P (2 05) ¢ ) , z € 3o,

6T (2) = (4.12)

0
T —2iK i 2 E X,
f‘llro(f) 5) 2ir(€) 2it0 0)

z € Xy.

0 T‘ (Z _ 5)2in(£)e—2it0
0 0 ’
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(4) For C\ (2@ JZ U 2*) we have IM?) = MPIIR(A) (2), where

0 0 z€Q
R, (2)ed )’ b

0 6 —21t0
(O R ) , 2 € Qg,
IR (2) = (4.13)
e ). e
0 —21t0
(0 ) , 2 € Qﬁa
0, elsewhere.
(5) M® has simple poles at each z;, € R and z; € R* at which
- / _9 _o9
im 2@ (0 (1) ()7 keAs
P 0 0 ’ &’
Res M? =
o 0 0 At
an(?)(_ - ) ke AT,
z—2p Ck 1T(Zk) 262 t0 O ; 3 (414)
(2) . -
B ) (g s o) EEAC
Res M®) =
%k ) 0 —c T( )2 —2it0
2 k +

Remark 4.1 Considering the 9-RHP for M) above, though (4.13) suggests that M (?)
is non-analytic near the small neighborhoods at each point of discrete spectrum, we consider
M® is analytic in C as its d-derivative vanishes in small neighborhoods of the each point of
the discrete spectrum. And we also get its jump matrices approach identity point-wise. The
final two sections construct the solution M) as follows:

(1) We prove the existence of the solution of the pure Riemann-Hilbert problem which the
0 component of nonanalytic 9-RHP 4.1 is ignored and compute its asymptotic expansion.

(2) We consider the existence of the solution of the & problem and prove that the solution

is bounded.

5 Removing the Riemann-Hilbert Component of the Solution and
Analysis of the Remaining 9-Problem

In this section, we define M }(%21){ p as the pure Riemann-Hilbert problem of -RHP 4.1 when
OR®) = 0, we will prove that the solution of M }(% 1 p exists and construct its asympotic expansion

for large t, and we will prove when reducing M }(% 1){ p the -RHP 4.1 becomes a pure d problem.
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Proposition 5.1 Suppose that M}?}{P is a solution of pure Riemann-Hilbert problem.

Define a continuously differentiable function
M®(2) = MO ()M hp (=) (5.1)
satisfying the following O-problem.

8 Problem 5.1 Find a function M®) : C — SLy(C) with the following properties:

(1) M®) is continuous and its first derivative is sectionally continuous in C \ (R U X(?)),
(2) MB) =T +0(z71),

(3) for z € C, we have

OM®) = MO ()W), (5.2)

-1 _
where W3 .= M) (2)R2(2)M ), and OR® is defined above.

Proof From (5.1) we know that the properties of M (%) inherit from M(?) and M}(%2I){P7 both
of them are continuously differentiable in C\ ¥ unimodular and approach identity as z — oo

according to jump relationship

—1
MO M =MD, M ()M )M (2)

(RHP-)
= MGhyp_y (DI )My (2)TP ()7 = 1. (5.3)

As both M®) and M 1(%2]){ p can be regarded as analytic function when deleting neighborhood
of each point of discrete spectrum zj and they satisfy the residue relation (4.14), we denote

constant nilpotent matrix Vi then get the Laurent expansions

M®(z) = Co[ Ne I} + O(z — z),

S (5.4)
ME) ()t = [ LI 1} Co + Oz — z1),
zZ— Zk
where Cy and 60 are the constant terms, this implies that
M® ()M p(2)™" = O(1), (5.5)
we know that M (3) has only removable singularities at each zy,
OM® (2) =MD ()M, p ()" = MPIRA M), L ()~ = MOWE) (7). (5.6)

The existence of M(3)(z) is proved in the next section, so d-Problem 5.1 is equivalent to the
integral equation

s —Z s —Z
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where dA(s) is Lebesgue measure.

Using operator notation, (5.7) can be written as
(1= MO (2)] =1, (5.8)
where S is the solid Cauchy operator

// JEIWEE 4 ay). (5.9)

In the next we will show that when ¢ is sufficiently large, S is a small-norm operator, so (1—5)~!

exists and can be expressed as a Neumann series.

Proposition 5.2 There exists a constant C such that for all t > 0, the operator (5.9)
satisfies the inequality

1| pe < Ct7. (5.10)

Proof We only discuss the matrix function in the region Q. Let A € L*(;) and s = u+iv,

()M p(5)W P ()M ) 1 (5)
2| < / / 1 dA(s),

|s — 2|

PRy(s)lfe ")
s =]

< (1Al s~y M, pll ey / / dA(s), (511

where ] :=Q; N (1 — xz) is bounded away from the poles z; of M1(%2121Pv so that

2
(M) | e g
are finite. Using the Appendix B we get:
ISl Lo mre < C(1 + Iy + I3) < Ot (5.12)

where

—4tv(u—¢§)
o |S - Z|
||e—4tu(u—§)|
I, = // dA(s), (5.13)
Q1

|s — 2]

I3 :// |S_gl_%|e_4tv(u_£)|dA(8)'
N s — 2|

Given z~! in the laurent expansion of M®) at infinity, we consider the asymptotic behavior

of q(z,1),

M® = //MS)S_ZB)( )dA() +—+ // SMB) W(B)( )dA(s), (5.14)

S—Z
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where
1
M® == / / MW (5)dA(s). (5.15)
m™JJc
Proposition 5.3 For all t > 0, there exists a constant ¢ such that
M| < et~ i. (5.16)
Proof of Proposition 5.2 is detailed in Appendix B.

6 Existence of the Pure Riemann-Hilbert Problem

6.1 Constructing the model problems

In this section, recall the definition of p, we restrict the N-soliton in C \ U,

... P
Us—{2~lz £l < 2}, (6.1)
and construct solution of the form:
o BEMODE), |2 —¢> L,
Mppp(2) = p (6.2)
E@MO(e),  a-¢ <k,

where M(©") is the solution of RHP which only concerns the N-soliton, the error F(z) is a

small-norm Riemann-Hilbert problem. M) concerns the jump relation between M (©1) (z) and

M1(%21){P(Z)-

6.1.1 The outer model: An N-soliton potential

The matrix M 1(%212113 is pure-RHP, it is meromorphic away from the contour X(®)| and its

boundary values satisfy the jump relation (4.12) on ¥ (2 moreover, the jump is uniformly near

identity at any distance from ¢, and the norm
— — z— 2
[T = 1| poe gy = O(p~ e~ 17781 (6.3)

shows the jump is exponentially small outside Ug, so we construct the model outside Ug which

ignores the jump completely.

Riemann-Hilbert Problem 6.1 Find an analytic function M©") . (C\ RUR*) —
SLs(C) such that

(1) MW (2) =T+ O0(271) as 2 — oco.

(2) M (out) has simple poles at each z; € R and zj, € R* satisfying the residue relations in
(4.13) with M(©")(2) replacing M) (z).
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Proposition 6.1 There exists a unique solution M©") of RHP 6.1, specifically,
MO (2) = mA% (2]og™), (6.4)

where m™¢ s the solution of RHP A.2 with A = Ag and U(Out) = {2k, ek (&)}, with

au(e) = cosp(L [ 1o+ o)), (6.5)

— 00 S — 2k
Moreover,
hm 212M( (z 7,t) = qsol(, t; 09™),

where gso1(z,t;09"") is the N-soliton solution of (1.1) corresponding to the discrete scattering

data crc(lom) )

6.1.2 Local model near the saddle point z = £

According to the analysis of the jump relation (4.13), it shows that at any distance from the
saddle point z = ¢, the jump is uniformly near identity, so we construct M (°"*) only considering
its N solitons without any jump. Considering (6.3), it shows when z € Uy, the bound gives a
point-wise, but not uniform on the decay of the jump J3 to identity. In order to make the
jump uniformly, we introduce the function E(z). At first, we introduce M) to make M }(%011}2
math the jump on %) N U.

In order to use the jumps of the parabolic cylinder model problem (C.3), We define ¢ = ((z),

2

C=Cz)=2Vt(z—¢& = 20= > - 2E2, (6.6)

which maps Ug to an expanding neighborhood of ¢ = 0. Additionally, let
re = r(€)To(€) 2 (Nos(VITIE), (6.7)

Since 1 — xgr(z) =1 for z € Uy, the jumps of M]%){P in Ue can be expressed as

1 0 =
. ic(2)2 s z € s
re((z) @ 1 '

1 C 21/1(5)e_i<(2z>2
1+\Ts|2 , z € Yo,
0 1

1+|’”§\2

ZGUg O
< C 21K(E)ei<(22)2 1) s z € 23,

211—@ 'C(Z)z
0 T5< 7 s z € Xy.
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We calculate the solution in Appendix C, and define the local model M) in (6.2) by
ME(z) = MO ()MPOC(2), 1), = € Ue. (6.9)

Then we know that M (©") is an analytic and bounded function in Ug so that M (€ inherits the
jump J®@ of M}%){P.

6.2 The small-norm Riemann-Hilbert problem for E(z)

Recall the definition of (6.2), the unknown function E(z) is analytic in C\ (),
2B = 9U: U (BP\Uy), (6.10)

where we orient OU in clockwise and E(z) satisfies the following small-norm Riemann-Hilbert

problem.

Riemann-Hilbert Problem 6.2 Find a holomorphic function E : C\ ©(¥) — SL,(C)
with the following properties:

(1) E(z) =14+ 0(z7!) as z — 0.

(2) For each z € ©(F) | the boundary values F4(z) satisfy F (2) = E_(2)J¥)(z) where

J(E) _ M(OUt) (Z)J(Q) (Z)M(Out) (Z)_la A 2(2) \ UE? (6 11)
M©E) (TR (NMPO)(((2), re MO (2)~L 2 € U, '
€ 13
and we can find its uniformly vanishing bound on Jg — I as
O(p—2e—4t\z—5\2) 2 e NE) \ Ug;
J —1I| = ’ > 6.12
e (=) ~ I {O(t—%), 2 € V. (6.12)
Then

1) (e = Dllr(se) = O(72), pe[l,+oc], k 20. (6.13)

The RHP 6.2 as a small-norm Riemann-Hilbert problem has a well known existence and
uniqueness theorem, we may write

B(z) =T+ — / £ n()Uels) = 1) o (6.14)
EE

2mi s—z

where n € L%(2(®)) is the unique solution of
(I = Cym)n = Cyml. (6.15)
Define Cy sy =: L*(X(F)) — L*(Z(F)) by
Cym [=C_(f(Je —1)), (6.16)

Cfz) = tim = [ g2

L (E) 2mi SUE) s—2z’

(6.17)
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where C_ is the Cauchy operator, then we know that
[Cv Lz, sy S ||O—|\Lgp(z<E>)||V(E) — || o (zmy S O(72). (6.18)

The operator (1 — Cy (s )~! guarantees the existence of both 7 and E, so it is reasonable to
define M 1({2121 p(2) given by (6.2), and we can solve Proposition 5.1 to an unknown M®) which
satisfies the pure 9-Problem 5.1.

We analyse the asymptotic behavior for large z of the solution of RHP 2.1, we construct the

function E(z) of the form

E(z)=1+z2"'E +0(z7?), (6.19)
where
Bi=—— [ (T4ns)(VD — Dds, (6.20)
27 Jsm
Br=——— ¢ (VE(s)— Dds + O, (6.21)
27 ({)Ug
_ L out) e ( 0 512(7‘5)) (out) (. . -1 —1
E1($,t) - 21\/ZM (f,ZE,t) _612(7.5) 0 M (f,ZE,t) +O(t ) (622)
We have
Bra(re) = B (re)” = (€, +)el b ~in(Eosl (6.23)
here
(&, +)1? = [w(€)], (6.24)
arga(¢,+) = 7 +argD(i(¢)) —argr(§) —4 Y arg(¢ — =)
keAg
¢
- 2/ log|¢ — s|dsk(s). (6.25)

7 Long Time Asymptotics for Focusing KE

In this section, we will give the details of the proof for Theorem 1.1 as ¢t — +oc.

Proof of Theorem 1.1 According to transformations, we know that the solution of (1.1)

can be expressed as
M(z) = M®(2)E(z) M"Y (2)RP (2)T(2)7*, 2 € C\ Uk. (7.1)

Let z — oo eventually z € Qs so that R® = I, we have

3
T(2)% =TI+ Tyog +0(ETYH, T = 2ZIm 2k —/ K(s)ds. (7.2)
A

z —o0
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Now
M(3) E M(out) T
M= (I+—1 +-~-)(I+—1+-~-)(I+ 1 +--~)(I+ 178 +) (7.3)
z z z z
the coefficient of the z~! in the Laurent expansion of M is
My = MP) + By + M o 1). (7.4)
We know that
gz, 1) = 2(M™)15 + 2i(Ey)1a + O F). (7.5)

Applying Proposition 6.1 to the first term and using (6.20)—(6.25) to evaluate the second term

we have

Q(z,t) = qeor (@, t;09™) + 73 fH (2, t) + O 7). (7.6)

We know that gso1(z, t; 09"") is the solution of N-soliton generated from Proposition 6.2, we

will give the relationship concerning gsoi(z,t;09") with gsoi(z,t; 0 (Z)) which are contained
in the cone C(x1,x2,v1,v2) as defined in Theorem 1.1. Using the appendix A, we know that
out

replacing gsol (, t; 0") with gso1(, t; 05 (Z)) there exist exponential errors which are absorbed

into the O(t~1) term.
The long-time asymptotics As t — oo such that || = ‘—%‘ < M,
2im(w,t) = (quol(, ;05 (1)) + 72 fE(2,1) + Ot~ 1)), (7.7)

where gqo1 and f* are shown above. In order to get the asymptotics of q(x,t), we also need to

. (1)
) A
calculate e 2 Coon &

Proposition 7.1 Ast — oo,
e—Qif((f:o),t) A _ 2B la(a’,6)|?da’ _ o8P f(f;),t) lm(a’ t)?|dz’ + O(t_%), (7.8)
where

e, )P = 5 st (D) + 472 ,0) + O 1) P, (7.9)

A Appendix: Meromorphic Solutions of the Focusing KE Riemann-
Hilbert Problem

In this section, we consider the unknown meromorphic function (with the reflection coeffi-
cient r(z) = 0) only has a finite discrete spectrum, we will prove the existence and uniqueness

of this problem and discuss its asymptotic behavior as t — oo.
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Riemann-Hilbert Problem A.1 Given discrete data o4 = {(zx,cx)}i_, € CT x C,,
let Z = {2} ,. Find an analytic function m : C\ (£ U 2*) — SLy(C) with the following
properties:

1. m(z;x,tloq) =1+ O(z71) as 2 — oc.

2. Each point of ZU Z* is a simple pole of m(z;x,t|og). They satisfy the residue conditions

ZRezs m(z;x,tlog) = hm m(z; x, t|og)oanios,
* (A1)

Res m(z; x,tlog) = hm m(z; x, t|log)ng,
2=z z=

where ny, is the nilpotent matrix,

Using the Liouville’s theorem to get the uniqueness of the solution and we can prove the

0 0 .
ng = < ) el t) = cpexp(2i(tz} + x21,)). (A.2)
symmetry m(z|oq) = oam(z*|oq)*oa. It follows that any solution of RHP A.1 has the solution

: k (gzgg 8) * z—lz; (8 ofﬁfl(f)t)) (A-3)

for coefficients oy (z,t), Bk (x,t) to be determined.

of the following form:

m(z, z, t|ad) -

Proposition A.1 Given data oq = {(2x,ck)}_, € C x C, such that z; # 2z, for j # k,
there exists a unique solution of RHP B.1 for each (x,t) € R2.

Proof The proof can be found in [4].
A.1 Renormalizations of the reflectionless Riemann-Hilbert problem

Define the N-soliton solutions of RHP A.1 with r(z) = 0, and ( y being the transmission

coefficient of the reflectionless initial data

o\ (x,; 2) (12 yoz)o 2=
m(z;x,t|ad)=[7‘¢ xt;z)}e( taz)os :H( ) (A.4)

k=1

Let AC{1,2,--- ,N}and v=A°={1,--- N} \ A. Define

an(z) = H (Z_Z]:) and ay(z) = al2) = H (Z_Z]:) (A.5)

kea 7T %k 2a(2) kev © T Ck
The renormalization
(=) +
A _ o3 _ 1 (x,t;z) ’¢2 (x,t;z)} i(tz24x2)o3 A6
m=(z|oq) = m(z|oq)aa(z) [ 20 (2) 2a(2) e , (A.6)

it is obvious that by choice of A we split the poles between the columns, and m? satisfies the

followed modified discrete Riemann-Hilbert problem.
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Riemann-Hilbert Problem A.2 Given discrete data o4 = {(2x,c)}A_, C CT x C, and
A C {l,---,N}. Find an analytic function m® : C\ (Z U Z*) — SLy(C) with the following
properties:

1. m2(z;x,tlog) =T+ O(z7Y), 2 — oo.

2. Each point of ZUZ* is a simple pole of m?(z; x,t|o4), they satisfy the residue conditions

Res m2 (z; 2, t|og) = lim m®(z;, t|og)ns,
Z=Zk Z=Zk (A'7)
Res mA(z;x, tlog) = lim m? (z; @, t|og)oa(ns) o,
Z:Zk Z:Zk
where ny is the nilpotent matrix,
0 0
A Yi(z, t)an(zx)? 0] o

ng = Yi(x,t) := crexp(2i(tzi + x21)) (A.8)
0 yk(z,t)ta(zr) 72
0 0 ’

and ana is defined in (A.5).

When the poles z; € R are distinct, we know that the RHP B.2 has a unique solution because
it is a transformation of m(z;x,t|og), the advantage of this method we will prove above that
by choosing the A correctly, other soliton asymptotic behavior are under better control when

t—o00,—5 =¢.

A.2 Long time behavior of the soliton solutions

If there is only a single solution o4 = {(§ +in,c1)}, we know that
Gsol (7, 1) = qeot(z, £ {€ + in}) = 2iale§21—§2{ (P—l)esiﬂ f\acmfﬂf(Pﬂ)z‘dr. (A.9)

When there are N-solitons (N > 1), we know that the N-solitons asymptotically separate into
N single-soliton as ¢t — oo.

Define

=u(Z) = min Im(zy)dist(Re zx, ) }. A.10
p=n@ = min | {Im(e)dist(Re s, ) (A.10)

Proposition A.2 Given discrete scattering data oq = {(zx, cx) }o_, C C*T x (C\ {0}), fiz
T1,%2,v1,02 € R with 1 < x9 and v1 < ve. Let T = [— ”72,—%]. Then, as t — oo with
(x,t) € C(x1,x2,v1,v2), we have

mA (2, toa) = (1 + O™ mAT @ (21,10 (1)) (A11)

for all z bounded away from Z U Z*.
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Here of(T) is the scattering data for the N(Z) < N soliton given by

2k — 25\ 2
of (@) = {(z i (@) € 2D}, @ =a ] (Z’“ - Zi) : (A.12)
LezF(T) R T
Corollary A.3 Let gso1(x,t;04) be the N-soliton of the fKE equation (1.1) with its discrete
scattering data o4 = {(2k, cx) }_, € CT x (C\ {0}) and let Z,C(x1, x2,v1,v2) and cr;l‘E (Z) be as
given in Proposition A.2. Then as t — oo with (x,t) € C(x1,x2,v1,v2),

Gso1 (T, 15 04) = qso1(, E; Ufit (Z)) + O(e~ ), (A.13)

where qsoi(,t; 05 () is the solution of the fKE with N(I)-soliton and its scatttering data is
o (T).

Proof of Proposition A.2 Observe that
[y (2o + vt, t)| = |ck||exp[—2x01m(zk)]exp[— 4tIm(zk)Re(zk + %)} (A.14)

The choice of normalization A = A;F in RHP A.2 ensures when [t| — oo with (z,t) €

O(ZIJl, ZT2,V1, ’UQ) that

Agn _ {(9(1), 2 € 2(I), (A.15)

n
I 1= Otexp(-aull)), = € 2\ 2(2),
This suggests that the residues with z;, € Z\ Z(Z) contribute to the solution mAﬁi insignificantly.
Around each z; € Z\ Z(Z) we trade its residue for a near identity jump by introducing small
disk Dy, whose radii are chosen sufficiently small that they are non-overlapping. We make the

change of variables

mA?(z)(H Tk ) 2 € Dy,

zZ— Zk
AF *
m=e (zloq) = ¢ pAL (z)(I+ %Wf), 2 e Di, (A.16)
z— 2z
e (2), elsewhere.

The new unknown m>¢ (2) has jumps across each disk boundary which, by (A.15), satisfy

.
et (2) = mAT (2)0(2), 2 €D, UAD; (A.17)

with
[l —I|| = O(exp(—4ult])), =z € dDyUJAID;. (A.18)

The mAﬁ;(I)(zkr;lt (Z)) has the same poles as T/T\lA;F(I)(Z|O') with the same residue conditions,

that

AL (2loa)[m D (2] (7)) (A.19)
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has no poles, and its jumps satisfy estimates identically to (A.18).
We show that e(z) exists and that e(z) = I 4+ O(e~**I*l) for all sufficiently large |t| by using
the small-norm Riemann-Hilbert problems. From (A.16) and (A.19) that me (z;,tloq) =

e(z)m"&; D (2, t|cr;lt (2)) for z outside each dist Dy, and D5, the result follows immediately.

B Appendix: Detail of Calculations for the & Problem

Proposition B.1 There ezist constants c1,ca and c3 such that for all t > 0, the integrals
I;,j =1,2,3, defined by (6.7)—(6.8) satisfy the bound
|I|<—J j=1,2,3. (B.1)

1

Proof Our proof follows [3]. Let s = u + iv and z = o + i3. We use the elementary fact

==
s —Z

to show that

|II| </ / |XZ | —4t’Uu f)dudv</ e—4t'l)2/ |XZ(S)|dUd'U
e S—2 0 vre |5 — 2]

< [T @l
0

2 oo 1 % ] -
Litee) (/v+£ (u—a)?+ (v —5)2(18) = /R u? + (v —ﬁ)Qdu Tu-g

dv
L2 (v+¢&,00)

00 e—4tv . e—4(w+\/'/3)2 L
< 61/ ———dv <t / —_— <eptd / : T1 (B.2)
o |v—pgl7 R w2 |w|5
The bound for I is similar to ;. Recalling that r € HV1(R),
|IQ| S/ e—4t1)2/ |T( )|d d
0 vels—2
< |17 (W) || 2 /OO e dtv? ;’ dv<2 (B.3)
= ® Jo s — zIlLy(uteo0) t3
For I3, choose p > 2 and ¢ Holder conjugate to p, then
Xt 1 _
3] < /0 e N(s = O 72 s g o0 (5 = 2) T g (ot 00y
< cp/ e~ 4tv? v5_§|v - ﬁ|q dv. (B.4)
0

To bound this last integral, we observe that

7 —to? 1
e v
0

1

1
(8- v)é_ldv = / ﬁ%e_tﬁzwzw%_%(l —w)s tdw
0

1 1
/ / wr (1 — w)s dw < Ot 7, (B.5)
0 0

[N
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where we used the bound e™ < m~1 for m > 0 to replace the exponential factor in the second

> 2
/ e—tv v
B

The resilt is confirmed.

integral. Finally

B =

_%(’U - 6)%_1dv < / e i dw < Ot 1. (B.6)
0

Proposition B.2 For allt > 0, there exists a constant ¢ such that

IMP| < et (B.7)

Proof The proof given here follows calculations that can be found in [2, 10]. Recalling that

the set Q) = Q7 Usupp(l — xz) is bounded away from the poles of M}%){P, we have

M| < //Q MO ()M MG (5) 44
1

< ;HM 3)||L°°(Q)HM§%2£IP||LOQ(Q/)/Q|5Rle2it9|dA

<C // |XZ(S)|G_4tU(“_E)dA+// | (u) e~ 4= d A
o -
—4tv (u— f)dA
e )

<Cy+ I, + IG) (B.8)

We bound I by applying the Cauchy-Schwarz inquality

[e'e] %) 1
|14 S/ HXZHLﬁ(u-;-g,oo)(/ e_suvds)2dv
0

v

N e o] e—4tv2 e <] e—4tv2 5
<ct 2 / dv < / dw < ct™ 1. (B.9)
0 Vo 0

For 2 < p < 4,

[e7e] e’} 1 1 e’} 13 5
— q — S —2 __
Ay Sc/ v / e 4qt“”du) dv <ct q/ vr 2e M dy
0 v 0

o0
< et~ / wr~2e= 4 qyy < ct_%, (B.10)
0

Bl=

|
IS
/

C Appendix: The Parabolic Cylinder Model Problem

In this section we describe the long-time asymptotic calculations of the integrable nonlinear

waves of the parabolic cylinder model problem (see [9]). Define

Ej:{CG(C‘argC:zj;lw}, j=1,--- 4. (C.1)
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Fix r € C and define
1 2
k= k(r) == —=—log(1 + |r|?). (C.2)
27

And we define six connected open sectors in C\ (X(P) UR), the sequence of region is in a

counterclockwise.
E2 21
Qs
Q3 O
Re
N ¢
Qs
23 Z4

Parabolic Cylinder Model Riemann-Hilbert Problem A.1 The analytic function
MEO (. r): C\2FO) S’Lg( ), where r € C is fixed, satisfies

(1) MPO(G,r) = 1+ 20 4 0(c2).

(2) For ¢ € »(PE) | the continuous boundary values M. PC)(C ,7) satisfy the jump relation
M r) = MPO (¢ rVEO (¢, 1), where

s
( C 2ik 1% ) ’ argC: Z’
* 2ik —1
<é C > ) argc = _%7
VIO r) = (C.3)
0 3
} ar =
<1+ e 1) T
; arg( = _3m
—1+\T|2<-2me‘% A

According to the solutions of the parabolic cylinder equation (53—; + (3 =% +a))Da(2) =0
(see [1, 10]), we have an explicit solution of the M) (¢, r):

MEO(C, 1) = B(C,r)P(¢, r)e T (minos, (C4)
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where
1 0
<—T 1> ) C S Qla
! 1;(7‘\2 ) C € Q37
0 1
P(C,r) = (C.5)
1 0
< r 1) 5 C S Q4a
1+[r]?
1 *
<0 Tl > ) C S QG
and
e T Dip(e™ 7 () ~iB12eTD_j_1(e” T () cect
iB216” T D_jrq1(e” T¢) et D_jx(e” () ’ ’
o((,r) = - o o . (C.6)
et Dig(e ™ () —ifrae” TID i1 (e75C) ¢ecC-
18217+ Dy (e () e M5 Dy, (e () 7 7
in which 812 and P27 are the complex constants
QWeigc*% _me—igc*%
pu— = —— = = C-7
Prz2 = Pra(r) T (—ir) Ba1 = B21(r) T (ir) (C.7)
We use the result given in [6] and get the result as
1 0 —iB12(r) _
MEFC) =I+=|. 12 +0(¢72). C.8
(Ca T) C 1521(7.) 0 (C ) ( )
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