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The Refined Schwarz-Pick Estimates for Positive Real
Part Holomorphic Functions in Several
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Abstract In this article, the refined Schwarz-Pick estimates for positive real part holo-
morphic functions

o~ D"p(0)(z™)
are given, where k is a positive integer, and G is a balanced domain in complex Banach
spaces. In particular, the results of first order Fréchet derivative for the above functions
and higher order Fréchet derivatives for positive real part holomorphic functions

e sk sk
p(e) = p(0) + 3 %

s=1

:G—C

are sharp for G = B, where B is the unit ball of complex Banach spaces or the unit ball of
complex Hilbert spaces. Their results reduce to the classical result in one complex variable,
and generalize some known results in several complex variables.
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1 Introduction

In the case of one complex variable, it is well known that the classical result as follows.

Theorem 1.1 (see [1])  Let p(z) be a holomorphic function on the unit disk U, and
Rp(z) >0,z€ U. Then
2%p(2)

! < —F—= U.
O ML

In 2008, Dai and Pan [2] obtained the following interesting result concerning the estimate

of higher derivative for the above function.

Manuscript received August 20, 2021. Revised January 9, 2022.

1School of Mathematics and Statistics, Lingnan Normal University, Zhanjiang 524048, Guangdong, Chi-
na. E-mail: Ixszhjnc@163.com

*This work was supported by the National Natural Science Foundation of China (Nos.11871257,
12071130).



266 X. S. Liu

Theorem 1.2 (see [2]) Let p(z) be a holomorphic function on the unit disk U, and Rp(z) >
0,z€ U. Then

2-m!Rp(z)(1+ |z))mt
(1 —|z2)m ’

The related results in one complex variable can consult (see [3-4]).

A natural question arouses many people to ask whether the above theorem hold for positive
real part holomorphic functions with respect to all homogeneous expansions in several complex
variables or not? Our answer is completely affirmative, and we shall provide a refinement
version of Schwarz-Pick estimates for positive real part holomorphic functions. In the case of
several complex variables, the Schwarz-Pick estimates of the higher order partial derivatives
for positive real part holomorphic functions with multi-index in various complete Reinhardt
domains may consult (see [5—6]).

Let X be complex Banach spaces, and let B be the unit ball of X. Let X denote a complex
Hilbert spaces, let (-, -) be the inner product of X, and let B¥ denote the unit ball of X . Let
U be the unit disc of C. We denote by NT the set of all positive integers. For domains G C X,
we denote by H(G,C) the set of holomorphic mappings from G into C. For p € H(G,C) and
x € G, let D'p(x) denote the the I-th Fréchet derivative of p at . Each function p € H(G,C)

possesses the following Taylor expansion series

plx) =

=0

D"p(0)(z")

S |-

in a neighbourhood of the origin. Let L(X,Y’) be the set of continuous linear operators from
X into Y and I be the identity in L(X, X). For arbitrary x € X\{0},

T(x) ={T: € L(X,C) : ||| = 1, To(x) = [}

is well defined. Let H, K be complex Hilbert spaces. For each operator A € L(H, K), there
exists a uniquely determined operator A* € L(K, H) such that

<A$,y> = <$v A*y>

for every x € H and y € K, where (-,-) is the inner product in a complex Hilbert space. For

each x € G,¢ € X, we denote by
FE (x,6) = sup{|Df (x)¢] : f € H(G,U), f(x) = 0}

the infinitesimal Carathéodory pseudometric on G. We say that a domain G C X is balanced
if \G C G for all A € U, its Minkowski functional p(z) is defined by p(z) =inf {t > 0: £ € G}
for x € X. It is clear that G = {x : p(x) < 1}. In this article, let G C X always be the balanced

domain of X.
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2 Some Lemmas

It is necessary to provide the following lemmas in order to present our main result in this

section.

Lemma 2.1 Let k € Nt p(z) = p(0) + > %zm € H({U,C) and Rp(z) > 0,z € U.
m=k
Then

Rp(0)(1 — |2[*)

Rp0)(1+ |2]*)
1+ |z]k '

< <
<Rp(2) < 1— |z[F

The above estimate is sharp.

Proof Let pi(z) = %ﬁgm),z € U. Then Rpi(z) >0,z € U and p;(0) = 1. It is shown
that
1—|ef* Rp(z) _ 142"
= <
T = ) T R0 S T

from [7]. Hence the desired result holds. This completes the proof.

Lemma 2.2 (see [8]) Let k € NT,¢(2) = p(0) + > %zm € H(U,U). Then
m=k

k2|11 — Je(2)?)
-z

¥ (2)] <

The above estimate is sharp.

p(0) m ¢ H(U,C) and Rp(z) > 0,z € U.

m!
k

Lemma 2.3 Let k € Nt p(z) = p(0) +
Then

T M8

, 2k[z|F1Rp(2) _ 2kRp(0)|z|F1
< <
R

Proof Define

p(z) —po
p(z) +Po
Then ¢ € H(U,U) and ¢(0) = 0. A direct calculation shows that

1) = 2Rp(0)-1(2)

(p(2) +p(0))?

w(z) = , z€eU.

and
o ARp(0) - Rp(z)
1 — z =
P = e 0

Therefore, we conclude that

, 2k[z|F I Rp(2) _ 2kRNp(0)|z|F1
<
PEl< =7 R O S

from Lemmas 2.1-2.2. This completes the proof.
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Lemma 2.4 Let k € Nt p(z) = p(0) + > % € H(G,C) and Rp(z) > 0,2 € G.
s=k
Then

|D*p(0)(z*)]

s SZRP(O)(p(ZE))S? S:k7k+17"' ’ reG.

Proof Let h(\) = p(Azg), A € U, where zg = o reX \ {0} which is fixed. Then

h € H(U,C) and Rh(\) > 0,\ € U. Thus, we show that
1D*p(0) ()] _ [h)(0)]

: = <oMM0), s=hkt1,
S! S!

rom the fact w < 2R A(0),m = 1,2,--- (see [1]). It follows the desired result. This
from the fact

completes the proof.

Lemma 2.5 Let k € Nt q(2) = 1+ 3 ag2** € H(U,C) and Rq(z) > 0,2 € U. Then

s=1

there exists a non-decreasing function p on [0, 27| with p(27) — wn(0) =1 and such that

2m ko—ikt
1+ z%e
q(z) = /0 1 _ ske—ikt du(t), z€U.

Proof Define
1 /[t .
wu(r,t) = 2—/ %q(re‘e)dG, 0<r<1, 0<6<2m.
™ Jo

Then p(r,-) is a non-decreasing function on [0, 27] with u(r,27) = 1. It is known that

) 7ﬁsk
g i sk~ = 17 27 R}
/ e skt dpu(r,t) = sk 3
0 1, s=0
by a direct calculation. Therefore,
2w 0 2 2w - L
q(z) = ; dp(r,t) + Z (EA e K du(r, t)) 2%,
s=1

For |z| < r, we have

a(z) = /0 " (1+ 23" (e_:z)Sk)du(r, 0.

Note that the series in the last integrand converges uniformly with respect to t. Hence we

conclude that
21 kaikt o Lk
rre'™t 4z
Q(Z)Z/O Thgkt R au(rt)-

With analogous arguments in the proof of [1], we derive the desired result. This completes the

proof.
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Lemma 2.6

S sk—m krk_l (m—1)
S sk(sk— 1)< (sk —m + 1)[z|* :(m) .y 7€V
S:[7n;1]+1
form=1,2---.

Proof A short calculation shows that

> sk(sk—1)--(sk—m+ 1)z
S:[7n;1]+1

o B
= ( Z / sk(sk—1)---(sk—m+ 1)7“Sk_mdt)/
s=[mt]41 70

m—1
k

o0

= ( Z sk(sk — 1)---(sk—m+2)r5k_m+1)/

s=[21]+1

r=|z|

Erk—1 (m-1)
:(m) m:1,2,"',Z€U.

It follows that the desired result holds. This completes the proof.

r:|z|7

Lemma 2.7 Let k € {2,3,---}. Then
w+Dk(v+1D)k—=1)--(v+Dk—m+1)—2vk(vk—1)---(vk—m+1)>0

for(v—1Dk+1<m<vk, v=12--.

Proof If v =1 and m = 1, then we deduce that
(v + 1)k — 2vk = 2k — 2k = 0.

Alsoif2<m <k, (v—1k+1<m<vk, v=2,3,---, then we write as

wi(t) =2k —t+2)2k —t+1)—2(k—t+2)(k—t+1), tec][2k]
and

wa(t) =((v+ Dk —t+2)(v+ Dk —t+1)—2wk—t+2)(vk—t+1)
for t € [(v — 1)k + 1,vk]. A brief calculation shows that

wi(t)=—=2t+3, wh(t)=2v—1Dk—2t+3, v=2,3,---.

Hence, we obtain that
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and

3 3
wy(t) > 0, L‘E[(V—l)k—l—l,(u—l)k—i—ﬂ; wh(t) <0, te (u—l)k+§,uk

for v = 2,3,---. We pay attention to the fact that

wi (k)= (k+2)(k+1)—4>0

and
wa((v—Dk+1)=2k+1)2k —2(k+ 1)k >0; wa(vk)=(k+2)(k+1)—4>0
for v = 2,3, ---. Therefore, we conclude that
wi(t) =2k —t+2)2k—t+1)—2(k—t+2)(k—t+1) >0, te€]2k
and
wa(t) =((v+ 1k —t+2)(v+1)k—t+1) 2wk —t+2)(vk—t+1) >0,
tel(v—1k+1,vk
for v = 2,3, --. Hence, we show that
2k2k—-1)--- 2k —m+2)2k—m+1)—2k(k—1)---(k—m+2)(k—m+1) >0,
m=2-- .k
and
w+DE(v+DE=1)-- - (v+1Dk—m+2)(rv+1)k—m+1)
—2wkwk—1)---(vk—m+2)(vk—m+1)>0
for (v —1)k+1<m<vk,v=23,---. Thus, we derive the desired result. This completes the
proof.

Lemma 2.8 Let k € {2,3,---}. Then

w+2)k((v+2)k—1)--- (v +2)k—m+1)
2w+ Dk((v+1DE=1)--- (v+1k—m+1)
+vk(vk—1)---(vk—m+1)>0
for v —1Dk+1<m<vkv=12---.
Proof For (v —1)k+1<m<vk,v=1,2,---, it is shown that
v+2k((v+2)k—=1)--- (v+2)k—m+1)+vk(vk—1)--- (vk —m+1)
=((v+Dk+k)((v+1Dk—14+k)-- - (v+Dk—m+1+k)
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+((v+Dk-K)((v+1)k—-1-k)---(v+1)k—m+1—k)

>2v+ DE((v+1Dk—=1)---(v+ 1)k —m+1)

by a direct calculation. Hence, it follows the desired result. This completes the proof.

Lemma 2.9 Let k € {2,3,---}. Then

’(1 — e iktyk)2 Z e Sk sk(sk — 1) (sk —m+ 1)z%F—™
=[] 41
Erk—1 \(m-1)

<(1—|z* 2(7)

<0-1M (g,
form=1,2,---, wherei=+/—1,t € [0,2n].

Proof We denote by
P(z) = Z e Sk sk(sk — 1) - (sk —m 4 1)z%F—™,

where v = [mT_l] + 1. Then we show that (v — 1)k +1 < m < vk,k =1,2,---. Thus, we

conclude that
(1 o e—iktzk)2p(z) _ (1 o 2e—iktzk + e—ithZQk)P(Z)

= (1 — 2e ikt k4 12kt ,2k) Z e Sk sk(sk — 1) (sk —m+ 1)z%F—™

oo

= { Z e ksk(sk — 1) (sk —m + 1)z%F—™

S=v

_ QZe_i(S“)’“sk(sk _ 1) .. (sk —m+ 1)Z(s+1)k—m

S=v

+ Z e DR gL (ke — 1) - - (sk —m + 1)z(s+2)k_m}

= {eT MUk 1) (vk = m o+ 1)z
+e DR LG L DE(v 4+ Dk —1) - (v + Dk —m +1)
—whk(vk —1)--- (vk —m +1)}zrHDE=m
+ i e DR (s L NE((s+2)k —1) - ((s +2)k —m + 1)

S=V

—2(s+Dk((s+Dk—=1)---((s+ Dk —m+1)
+osk(sk —1)---(sk—m + 1)]z<s+2>k-m}.

Hence, we deduce that

|(1 o e—iktzk)2p(z)| _ |(1 _ 2e—iktzk + e—ithZQk)P(z)|
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= ’e_i”ktljk(l/k — 1) .. (I/k —m+ 1)2Vk—m
+ e DR LG L D (v + Dk —1) - (v + D)k —m+1)
— Wwk(vk —1)--- (vk —m + 1)}z FDE=m

+ i eTHDR (s L k(s + 2k —1) -~ ((s + 2)k —m +1)

S=v

—2(s+Dk((s+1)k—=1)---((s+Dk—m+1)
+ sk(sk —1)--- (sk —m + 1)]zsF2k-m
< { k(vk —1)--- (vk —m + 1)|z|F—™
+{v+DEk(v+1Dk-1)---(v+1Dk—m+1)
— wk(vk —1)--- (vk — m + 1)}]z| Dk

+§:{(S+2)k((8+2)]€—1)-~-((S+2)]€—m+1)

_2E8+1)k((8+1)k—1)...((S+1)k_m+1)
+ sk(sk—1)---(sk —m + 1)}|Z|(S+2)k—m}

= (1= 2% sk(sk — 1)+ (sk —m+ 1)[z[*F™

=(1- |Z|k)2((1kik;lj)2)(m_l)

from Lemmas 2.6-2.8.

r=|z|

Lemma 2.10 Let k € Nt p(z) = p(0) + Z (Ssk]i),o) sk ¢ H(U,C) and Rp(z) > 0,z € U.
Then !

m=1,2,.---, ze U.

k k—1 (m—1)
(m) (| < |z|* ¢ kr
)] < 2000 e ()

r:\z\’

Proof Letq()z%ﬁf(o) z € U, where i = /—1. Thenq()—l—!—Zq( ,i),o) sk ¢

H(U,C), and Rq(z) > 0,z € U. Hence, there exists a non-decreasing function u on [0, 27r] with
w(2m) — pu(0) = 1 and such that

2m k,—ikt
1+ 2%
a(2) 2/0 T e dn(t), z€U

from Lemma 2.5. Note that

21 |Z|2k
8?q(z):/ md/ﬁ() zelU
0

and
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If £ =1, then we show that

—imt

2 !
m m:e

by a short calculation. Hence, we conclude that
(m) 27 —imt
g™ ()] = — 9| / T ey dn()

<2 —d
‘/0 |1 — ze— 1t|m+1 /J'( )

2 m m! 1— |z
= 2/ it|m—1 —it 2d‘u()
1—1212 Jo |1 —ze | [1— ze~ 1t

2-mIRp(2)(1 + |z))m L
Rp(0)(1 — |z[2)™

Also if k € {2,3,---}, a direct computation shows that

27 oo ) (m)
(m) — —ivkt vk d
q""(z) /0 (1 +2 E e z ) w(t)

= 2/27T Z e R sk(sk — 1) (sk —m + 1)z°F " dpu(t).

s=[m=2]41

Therefore, by Lemma 2.9, we deduce that

(m) 27 00
" P —is sk—m
¢ )(Z)|_|§R (2) ‘/ S e Msk(sk — 1)+ (sk — m + 1)z "dp(2)
2(0) =[]+
27 e o] )
< 2/ Z e_ISktsk(Sk—1)"'(Sk—m+1)2’5k_m du(t)
O sl
2 o ke —ikty2 - —iskt -
:1—|Z|2k/0 (I—2"%") Z e sk(sk —1)---(sk —m+1)z
s=[2 41
Lo

T d
|1 Z e~ 1kt|2 M()

2(1 — [2|%)2 / krk=1 \(m-1) /2” | 2|2
< 7(1
- (( ) ) r=|z| 0 |1—Z e lkt|2 /1‘()

1—|z]2k 1—7rk)2
Rp(z)1— |z|F ( krk=1 )(m—l)

, —1,2,---, z€U.
Rp(0) 1+ [2F \ (T — 7F)2 S -

It follows the result, as desired. This completes the proof.

3 Main Results

We show the desired theorems in this section.

273
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Theorem 3.1 Let k € NT p(z) = p(0)+ % € H(G,C) and Rp(z) > 0,2 € G.

m=k
Then

2kRp(x)(p(x)" _ 2R p(0)(p(x))"
1—(p(x)?* = (1—(p(x))k)? "

The above estimate is sharp for G = B.

|Dp(z)x| <

Proof For an arbitrary fixed zo = %5,z € X'\ {0},
h(A) = p(Axo), A eU.

Then h(A\) =p(0) + > %Am and Rh(\) > 0,\ € U. A straightforward computation
m=k
shows that

h'(A) = Dp(Axo)zo, Rh(N) = Rp(Axo).

Putting A = p(x), then we deduce that

2kRp(x)(p(x))* - 2kR p(0)(p(x))"
L—(p(x))?* = (1—(p(x))k)?

from Lemmas 2.1 and 2.3. We show that the desired result holds.

|Dp(z)x| <

Let

1+ Tk(x)

p(z) = %p(O)m

+iSp(0), x € B, ke NT, (3.1)

where u which satisfies |Ju|| = 1 is fixed. Then it is not difficult to verify that p satisfies the
hypothesis of Theorem 3.1. It is shown that

2kR p(0) T (x)
(- T@)?

by a simple calculation. Set 2z = ru(0 < r < 1). We see that

1—|Ty ()

Dp(@)z = T TH )P

Rp(x) = Rp(0)

2Rp(a)[all*  26R p(0)]]
Dp(x)x| = = .
Prle)el = T = o R

Hence we show that the estimate of Theorem 3.1 is sharp. This completes the proof.

Theorem 3.2 Let k € Nt p(z) = p(0) + E DZ()+)(I) € H(G,C) and Rp(z) > 0,z € B.
Then

— (p(z))F NG
D" )™ < 2o 0 A ()

, m=12..- xzedG.
r=p(z)

r=p(z)

ph=1 | (m—
< 2R p(0)p" () ((:lk_irk)g) Y

The above estimate is sharp for G = B.
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Proof We denote by 2o = x € X\ {0},

FoR
h(A) = p(Axo), A eU.

Then h(X\) = h(0) + Z %)).%))\Sk and RA(A) > 0, € U. A brief calculation show that

W™ (A) = D"p(Aao) ('), RA(N) = Rp(Azo).

Set A = p(x). Then we conclude that

1 — (p(z))* (( krk_l) )(m—l)

|D™p(x)(2™)] < 2R p(x)(p(x))™

1+ (p(l’))k 1 — rk)2 r=p(x)
o/ kR meD)
§2§Rp(0)(p($)) (m) r:p(r)’ m:1727"' ’ reG

from Lemmas 2.1 and 2.10. We derive the desired result.

Let p(z) be the same as that of (3.1). A direct calculation shows that

D™ p(x)(a™) = 2R p(0)(Tu(x)) (m) ‘A:T @ Mm=bLZo,zeB

Putting # = ru(0 < r < 1), this gives that

|D"p(x)(«™)| = 2R p(z)[l«]™

krk=1 N (m-1)
— 2%p(0)||x|\m(m)

r=|z||

1- ||J:Hk( krk=1) )(m—l)
Ll A (1 = k)2

m=12,.---, x € B.

)
r=|z||

Then it is shown that the estimates of Theorem 3.2 are sharp. This completes the proof.

When k = 1, we have the following corollary.

Corollary 3.1 Let p(z) = p(0) + > % € H(G,C) and Rp(x) > 0,2 € B. Then

s=1

1+ p(a)™"
(1= p?(x))™

m=12,---, z€G.

[D™p(x)(z™)] < 2-miRp()(p(z))™

2-ml(1+ p(z))™*t
(1 )

The above estimate is sharp for G = B.

< Rp(0)p™ (z)

Remark 3.1 Corollary 3.1 reduces to Theorem 1.2 if G = U.

Theorem 3.3 Let k € NT, p(x) = p(0) + > % € H(BH,C) and Rp(z) > 0,z €

s=1

BH. Then

D7 p(a)(€")] < 2mRp(a) (1-+ 8 )" )
N P PR

m=1,2,

forx € BH ¢ € X7\ {0}. The above estimate is sharp.
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Proof Let z € B” ¢ € X\{0} , and denote & = HE_H A short calculation shows that

|2+ (2, €0)| < /1= [l2ll%m + {2, &0) 2

if [[z42&o|| pu < 1. For brevity, we write as 20 = —(z,&o),0 = \/1 — |lzl|% 5 + |(z, &) |?. Hence,
g(z) =plr + 2&), =z € U(zo,0)
is well defined. We also let
p(w) = glow + z9), weU.
Then it is known that ¢ € H(U,C) and R ¢(w) > 0. Note that
9(0) =p(z), ¢"™(0) = D" p()(&5") (3.2)
and

a_mg(m)(z) :QO(m)(ﬂ)’ m=1,2---. (33)

g
Thus, by Theorem 1.2 and (3.3), we conclude that
2. ml(1 4 |Z=2])" TR (=2
g™ (2)] < ( m' z |)_ ; ,ff( =), (3.4)
om(1-]==")

o

We also pay attention to the fact that

2 €115
FB" x,8) = [(z,0)] + B see [9]). 3.5
¢ e \/(1 el t T e, O 32
Taking z = 0 in (3.4), it follows that the desired result holds from (3.2) and (3.5).
Considering
p(z) = 3%]9(0)1 ) +Sp(0), zeB7,

where u which satisfies ||u|| g = 1 is fixed, then it is easy to verify that p € H(B*,C) and
Rp(z) > 0,7 € BH. A straightforward calculation shows that

D"pa)(€m) = ZEEEONE T

Taking = ru(0 < r < 1),£ = Ru(R > 0), then

[ru, Ru)| =, Fg’lg (ru, Ru) = R

1— [{z,uw)?
1= (2, u)*

Rp(x) = Rp(0)

V= Il RullZ + ru, Ru)P Lot
Hence,
o 2mIRp(0)R™
ID"p@) (€)= = ymer
~ 2miR p(a) (1+ [, )" e,
|2

VA=l 2l + iz, €)

Therefore, we show that the estimate of Theorem 3.3 is sharp. This completes the proof.
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Remark 3.2 When BY = U, Theorem 3.3 reduces to Theorem 1.2. Moreover, Theorem
3.3 reflects the feature of several complex variables due to the fact that one variable of z in one

complex variable is replaced with two variables of x and ¢ in several complex variables.

Theorem 3.4 Let k € N* p(z) = p(0) + > % € H(G,C) and Rp(x) > 0,z € G.

s=k
Then
Erk=1 4 (1 — Ek)rky (m=1)
D" p(a) )] < RO @) (T =) | M=
forxe@G.
Proof It is shown that
m m > s(s=1)---(s =m+1)D°p(0)(z*
D p(x)(x ): Z ( ) ( X ) p( )( )’ req (36)

s=max{m,k}

by a simple calculation. Therefore, we deduce that

i s(s—1)--- (s —m+ 1)|D*p(0)(z*)|

|D"p(a) (@) < -

s=max{m,k}
<Mp0) S sls— 1) (s — m+ 1)(p()’
s=max{m,k}

= 2Rp(0)(p(@)™ Y sls— 1) (s —m+ 1)(p(x)" "

s=max{m,k}

= 2%p(0)(p(m))m Z / (s=1)---(s—m+ 1)rs_mdr)/

s max{m,k}

= 2Rp(0) (p(2))" S s (somet gy

s=max{m,k}

r=p(z)

krP=1 4+ (1 — k)rk)(m—l)
(1—7)?

from Lemma 2.4 and (3.6). It is shown that the desired result holds. This completes the proof.

, €@
r=p(z)

= 2R p(0) (o))"

When k = 1, we have the following corollary.

Corollary 3.2 Let p(z) = p(0) + > % € H(G,C) and Rp(x) > 0,2 € G. Then

ID"p(o)(a™)] < Rp(O)™ () Gy, M= 1,200, 2 € G
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