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Abstract Let BE be a bounded symmetric domain realized as the unit open ball of JB*-
triples. The authors will characterize the bounded weighted composition operator from the
Bloch space B(BE) to weighted Hardy space H∞

v (BE) in terms of Kobayashi distance. The
authors also give a sufficient condition for the compactness, and also give the upper bound
of its essential norm. As a corollary, they show that the boundedness and compactness are
equivalent for composition operator from B(BE) to H

∞(BE), when E is a finite dimension
JB*-triple. Finally, they show the boundedness and compactness of weighted composition
operators from B(BE) to H

∞

v,0(BE) are equivalent when E is a finite dimension JB*-triple.
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1 Introduction

Weighted composition operators on the Bloch spaces of the unit disk D ⊂ C were studied

by Ohno-Zhao [17], where the boundedness and compactness were characterized. Later, Chen-

Stević-Zhou [4] and Allen-Colonna [2] studied such operators on Bloch spaces defined on unit

polydisk and bounded homogeneous domains, respectively. Ohno [16] and Hosokawa-Izuchi-

Ohno [13] studied the weighted composition operator from the Bloch space to H∞ in the one-

dimensional case, and by Li-Stević [15] in the case of unit ball of Cn. The weighted composition

operators on weighted Hardy space H∞
v (D) were studied by Contreras-Hernández-Dı́az [9] and

by Galindo-Lindström [11].

Stević [18] gave the norm of weighted composition operators from the Bloch space to the

weighted Hardy spaceH∞
v of the unit ball. Allen [1] studied such operators from the Bloch space

to the weighted Hardy space H∞
v on bounded homogeneous domains, and he also characterized

the compact weighted composition operators in case of unit polydisk.

It is natural to study such operators on domains in infinite variables, which is very different

from finite-variables case. For a Hilbert ball, Blasco-Galindo-Miralles [3] defined the Bloch

functions on it. Chu-Hamada-Honda-Kohr [6] defined the Bloch functions on any bounded
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symmetric domain in terms of the Kobayashi metric instead of the Bergman metric for the

finite dimensional case. They also gave criterion for the boundedness and compactness of the

composition operators between the Bloch spaces, which extends many known results for the

finite dimensional domains.

In this paper, we will use the Bloch norm defined in [6], which is defined on arbitrary bounded

symmetric domain realized as an open unit ball of a JB*-triple. We will give a brief introduction

of Bloch spaces B(BE) and weighted Hardy spaces H∞
v (BE) in bounded symmetric domains in

Section 2. In Section 3, we will characterize the boundedness of weighted composition operators

Cψ,ϕ from B(BE) to H∞
v (BE). We also study the compactness of Cψ,ϕ, and give the upper

bounded of its essential norm. Then we show the boundedness and compactness of composition

operators from B(BE) to Hardy space H∞(BE) are equivalent. In Section 4, we study the

weighted composition operators from B(BE) to H
∞
v,0(BE), and show that the boundedness and

compactness are equivalent.

2 Preliminaries

A bounded symmetric domain is a bounded open connected subset D in a complex Banach

space such that each point a ∈ D is an isolated fixed point of an involutive holomorphic bijection

sa : D → D with a holomorphic inverse s−1
a . Finite dimensional bounded symmetric domains

have been classfied by É. Cartan. For the infinite dimensional cases, Kaup’s Riemann mapping

theorem asserts that a bounded symmetric domain is biholomorphic to the open unit ball of a

JB*-triples (see [14]). Recall that a JB*-triples is a complex Banach space E together with a

Jordan triple product (x, y, z) ∈ E × E × E 7→ {x, y, z} ∈ E which is symmetric and linear in

the outer variables, but conjugate linear in the middle variable, and satisfies

(i) {x, y, {a, b, c}} = {{x, y, a}, b, c} − {a, {y, x, b}, c}+ {a, b, {x, y, c}};

(ii) the box operator a�a is a hermitian operator on E and has non-negative spectrum;

(iii) ‖a�a‖ = ‖a‖2

for any a, b, c, x, y ∈ E, where a�b is defined by

a�b(·) = {a, b, ·}

and satisfies ‖a�b‖ ≤ ‖a‖‖b‖. The open ball of a JB*-triples is a bounded symmetric domain.

We refer to [5] for further relevant details and references.

A C*-algebra A is a JB*-triple with the Jordan triple product

{a, b, c} =
1

2
(ab∗c+ cb∗a), ∀ a, b, c ∈ A.

In particular, the von Neumann algebra L(H) of bounded linear operators on a Hilbert space

H is a JB*-triple.

From now on, let BE be the unit open ball of a JB*-triple E. If Ω is a domain of a complex

Banach space, let H(BE ,Ω) denote the set of all holomorphic mappings from BE to Ω. For

every x, y ∈ E, the Bergman operator B(x, y) ∈ L(E) is defined by

B(x, y)z = z − 2(x�y)(z) + {x, {y, z, y}, x}, z ∈ E
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Let BE be the unit open ball of E. For each a ∈ BE , the Möbius transformation ga defined by

ga(z) = a+B(a, a)
1
2 (IE + z�a)−1(z), ∀ z ∈ BE

is a biholomorphic mapping of BE onto itself with ga(0) = a, ga(−a) = 0 and g−a = g−1
a . Here,

L(E) denotes the set of continuous linear operators on E, and IE is the identity. Let

κ(z, x) = ‖Dg−z(z)(x)‖, ∀ z ∈ BE , x ∈ E

be the infinitesimal Kobayashi metric for BE . Let Aut(BE) denote the family of all holomorphic

antomorphisms of BE .

Bloch functions on bounded homogeneous domain in Cn were first defined by Hahn (see

[12, 19]). Chu-Hamada-Honda-Kohr [6] defined the Bloch functions on a bounded symmetric

domain of any dimension.

Definition 2.1 (see [6, Section 3]) f ∈ H(BE ,C) is called a Bloch function if

sup{Qf(z) : z ∈ BE} <∞,

where

Qf (z) = sup
x∈X\{0}

|Df(z)x|

κ(z, x)
.

The space B(BE) of all Bloch function on BE is a complex Banach space with the Bloch norm

‖f‖B(BE) = |f(0)|+ ‖f‖B(BE),s,

where the Bloch semi-norm of f is defined by

‖f‖B(BE),s = sup
g∈Aut(BE)

‖D(f ◦ g)(0)‖,

which is equal to sup{Qf(z) : z ∈ BE}.

We will denote by ρ the Kobayashi distance on BE , which is the integral form of the

Kobayashi metric κ. For any a, b ∈ BE , we have that

ρ(a, b) = tanh−1 ‖g−a(b)‖,

where g−a is the Möbius transformation induced by −a. Chu-Hamada-Honda-Kohr [7, Lemma

2.2] showed that a holomorphic function f on BE is a Bloch function if and only if it is a

Lipschits mapping as a function from BE , equipped with the Kobayashi distance, to C in the

Euclidean distance.

A weight v on BE is a continuous and strictly positive function satisfying

0 < inf
z∈BE

v(z) ≤ sup
z∈BE

v(z) <∞.

The weighted Hardy space of holomorphic functions is defined as

H∞
v (BE) =

{

f ∈ H(BE ,C) : ‖f‖v := sup
z∈BE

v(z)|f(z)| <∞
}

.

The space H∞
v (BE) is a Banach space. If v ≡ 1 on BE , then it is just the space H∞(BE) of

bounded holomorphic functions on BE with the sup norm ‖ · ‖∞.
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3 Main Results

For ψ ∈ H(BE) and ϕ ∈ H(BE ,BE), we can define the weighted composition operator Cψ,ϕ

from the Bloch space B(BE) to the weighted Hardy space H∞
v (BE) by

Cψ,ϕ(f)(z) = ψ(z)f(ϕ(z)), ∀ f ∈ B(BE), z ∈ BE .

At first, we will give characterization of boundedness of weighted composition operators. For

any z ∈ BE , it follows from [7, Lemma 2.2] that

|f(z)| ≤ |f(0)|+ |f(z)− f(0)|

≤ |f(0)|+ ‖f‖B(BE),sρ(z, 0)

≤ max{1, ρ(z, 0)}‖f‖B.

This implies that the evaluation functional δz ∈ B(BE)
∗ at z is bounded and ‖δz‖B(BE)∗ ≤

max{1, ρ(z, 0)}.

Theorem 3.1 The weighted composition operator Cψ,ϕ : B(BE) → H∞
v (BE) is bounded if

and only if

ωψ,ϕ,v := sup
z∈BE

v(z)|ψ(z)|‖δϕ(z)‖B(BE)∗ <∞. (3.1)

In this case, ‖Cψ,ϕ‖ = ωψ,ϕ,v.

Proof Suppose that Cψ,ϕ is bounded. For any z ∈ BE and f ∈ B(BE) with ‖f‖B(BE) ≤ 1,

we have that

v(z)|ψ(z)||δϕ(z)(f)| = v(z)|Cψ,ϕ(f)(z)| ≤ ‖Cψ,ϕ(f)‖v ≤ ‖Cψ,ϕ‖.

By taking the sup for all f with ‖f‖B(BE) ≤ 1, one can derive that

v(z)|ψ(z)|‖δϕ(z)‖B(BE)∗ ≤ ‖Cψ,ϕ‖.

This shows that ωψ,ϕ,v ≤ ‖Cψ,ϕ‖.

On the other hand, assume that ωψ,ϕ,v < ∞. For any f ∈ B(BE) with ‖f‖B(BE) ≤ 1 and

any z ∈ BE , one can derive that

v(z)|Cψ,ϕf(z)| ≤ v(z)|ψ(z)|‖δϕ(z)‖B(BE)∗ ≤ ωψ,ϕ,v.

This implies that

‖Cψ,ϕ(f)‖v = sup
z∈BE

v(z)|Cψ,ϕ(f)(z)| ≤ ωψ,ϕ,v.

Therefore, Cψ,ϕ is bounded and ‖Cψ,ϕ‖ = ωψ,ϕ,v. This completes the proof.

For a ∈ BE \ {0}, the set

T (a) = {ℓa ∈ E∗ : ℓa(a) = ‖a‖, ‖ℓa‖ = 1}
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of support functionals of a is nonempty by the Hahan-Banach Theorem. Let fa(z) = ι(ℓa(z))

for all z ∈ BE , where

ι(ζ) := tanh−1(ζ) =
1

2
log

1 + ζ

1− ζ
, ∀ ζ ∈ D.

Then fa ∈ B(BE) and ‖fa‖B(BE) = ‖ι‖B(D),s = 1 (see Chu et al. [7, Example 2.5]). Note that

fa(0) = 0, then it follows that

‖δa‖B(BE)∗ ≥ |δa(fa)|

= ι(ℓa(a)) =
1

2
log

1 + ‖a‖

1− ‖a‖

= fa(a)− fa(0) = ρ(a, 0). (3.2)

Therefore we have that ρ(a, 0) ≤ ‖δa‖B(BE)∗ ≤ max{1, ρ(a, 0)} when a ∈ BE \ {0}.

So we can generalize [1, Theorem 3.1] and [8, Theorem 4.3] to JB*-triples.

Corollary 3.1 Let ψ ∈ H(BE) and ϕ ∈ H(BE ,BE). Then the weighted composition oper-

ator Cψ,ϕ : B(BE) → H∞
v (BE) is bounded if and only if

̟ψ,ϕ,,v := max
{

‖ψ‖v, sup
z∈BE

v(z)|ψ(z)|ρ(ϕ(z), 0)
}

<∞. (3.3)

In this case, ‖Cψ,ϕ‖ = ̟ψ,ϕ,v.

Proof Note that when Cψ,ϕ is bounded, since the constant function 1 belongs to B(BE),

then ‖Cψ,ϕ(1)‖v = ‖ψ‖v. Then it follows from Theorem 3.1, one can conclude this corollary.

This completes the proof.

Recall that a sequence (fn)n∈N of functions on a domain D ⊂ E converges locally uniformly

to a function f if and only if it converges uniformly on every closed ball strictly contained in

D (see [10]).

Lemma 3.1 Assume that E is a finite dimensional JB*-triple and Cψ,ϕ : B(BE) →

H∞
v (BE) is a weighted composition operator. Then the following statements are equivalent :

(i) Cψ,ϕ is compact.

(ii) For any bounded sequence (fn)n∈N in B(BE) converging to 0 locally uniformly in BE,

there exists a subsequence (fnk
)k∈N such that (‖Cψ,ϕ(fnk

)‖v)k∈N converges to 0.

Proof For any bounded sequence (fn)n∈N in B(BE) converging to 0 locally uniformly in

BE , since Cψ,ϕ is compact, there exists a subsequence (fnk
)k∈N such that Cψ,ϕ(fnk

) → f for

some f ∈ H∞
v (BE). This implies that, for any z ∈ BE , ψ(z)fnk

(ϕ(z)) → f(z). Note that

(fnk
)k∈N in B(BE) converging to 0 locally uniformly in BE , one can derive that f(z) = 0. This

shows that ‖Cψ,ϕ(fnk
)‖v → 0.

On the other hand, let (gn)n∈N be a bounded sequence in B(BE) and without loss of gener-

ality, we can assume that ‖gn‖B(BE) ≤ 1 for any n ∈ N. Similar to the argument of [6, p.2432],

there exists a subsequence (gnj
)j∈N such that (gnj

)j∈N locally uniformly converges to holomor-

phic function f0 on BE with ‖f‖B(BE) ≤ 1. For any j ∈ N, put hj = gnj
− f . Then (hj)j∈N

is a bounded sequence converging locally uniformly to 0. By the assumption, one can find a
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further subsequence (hjt)t∈N such that ‖Cψ,ϕ(hjt)‖v → 0. This shows that the subsequence

(Cψ,ϕ(gnjt
))t∈N converges to Cψ,ϕ(f) in H

∞
v (BE). This completes the proof.

Next, we will give a sufficient condition for the compactness of Cψ,ϕ.

Theorem 3.2 Suppose that E is a finite-dimensional JB*-triple. If

lim
‖ϕ(z)‖→1

v(z)|ψ(z)|‖δϕ(z)‖B(BE)∗ = 0, (3.4)

then Cψ,ϕ : B(BE) → H∞
v (BE) is compact.

Proof By Lemma 3.1, it suffices to show that for any bounded sequence (fn)n∈N in B(BE)

converging to 0 locally uniformly in BE , then there exists a subsequence (fnk
)k∈N such that

(‖ψ(fnk
◦ ϕ)‖v)k∈N converges to 0.

Consider such (fn)n∈N in B(BE) (we can assume that each norm is less than 1), for any

ε > 0, there exists r > 0 such that

v(z)|ψ(z)|‖δϕ(z)‖B(BE)∗ < ε

and hence

v(z)|ψ(z)||fn(ϕ(z))| < ε, ∀n ∈ N

when ‖ϕ(z)‖ > r. Since (fn)n∈N converges to 0 locally uniformly on BE , there exists K ∈ N

such that

|fk(ϕ(z))| <
ε

‖ψ‖v

for all k > K and z ∈ BE with ‖ϕ(z)‖ ≤ r. Hence one can derive that

v(z)|ψ(z)||fk(ϕ(z))| < ‖ψ‖v|fk(ϕ(z))| < ε

for all k > K and z ∈ BE with ‖ϕ(z)‖ ≤ r. This shows that

v(z)|ψ(z)||fk(ϕ(z))| < ε, ∀ k > K, z ∈ BE .

Therefore, we have that ‖Cψ,ϕ(fn)‖ → 0. This completes the proof.

We can give a special sufficient condition for the compactness of Cψ,ϕ.

Proposition 3.1 Suppose that E is a finite-dimensional JB*-triple and ‖ϕ‖∞ < 1. If Cψ,ϕ

is bounded, then it is compact.

Proof Since 1 ∈ B(BE), then Cψ,ϕ(1) = ψ belongs to H∞
v (BE). For any bounded sequence

(fn)n∈N in B(B(E)) converging to 0 locally uniformly, since ‖ϕ‖∞ < 1, we have that

ϕ(B(E)) ⊂ {x ∈ BE : ‖x‖ ≤ ‖ϕ‖∞},

which is strictly contained in BE . Then one can derive that

‖Cψ,ϕ(fn)‖v ≤ ‖ψ‖v sup
z∈ϕ(BE)

|fn(z)| → 0.

It follows from Lemma 3.1 that Cψ,ϕ is compact. This completes the proof.
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Remark 3.1 We do not know whether the converse of Theorem 3.2 is true. But use some

ideas from [1], we can give an estimate of the essential norm of Cψ,ϕ in the following theorem.

Theorem 3.3 Suppose that Cψ,ϕ : B(BE) → H∞
v (BE) is bounded, then the essential norm

of Cψ,ϕ satisfies

‖Cψ,ϕ‖e ≤ 2 lim sup
‖ϕ(z)‖→1

v(z)|ψ(z)|ρ(ϕ(z), 0).

Proof If ‖ϕ‖∞ < 1, then it follows from Proposition 3.1 that the operator Cψ,ϕ is compact

and hence ‖Cψ,ϕ‖e = 0. So we will assume ‖ϕ‖∞ = 1 in the following argument.

Let δ ∈ (0, 1) and (γn)n∈N ⊂ (0, 1) be a sequence of positive numbers which increasingly

converges to 1. Then it follows from Proposition 3.1 that each operator Cψ,γnϕ is compact.

This implies that for any m ∈ N, we have that

‖Cψ,ϕ‖e ≤ ‖Cψ,ϕ − Cψ,γmϕ‖

= sup
z∈BE

sup
‖f‖B(BE)≤1

v(z)|ψ(z)||f(ϕ(z))− f(γmϕ(z))|

≤ sup
‖ϕ(z)‖≤δ

sup
‖f‖B(BE)≤1

v(z)|ψ(z)||f(ϕ(z))− f(γmϕ(z))|

+ sup
‖ϕ(z)‖>δ

sup
‖f‖B(BE)≤1

v(z)|ψ(z)||f(ϕ(z))− f(γmϕ(z))|. (3.5)

On one hand, by [6, Corollary 3.5], one can derive that

sup
‖z‖≤δ

sup
‖f‖B(BE)≤1

v(z)|ψ(z)||f(ϕ(z))− f(γmϕ(z))|

≤ (1− γm) sup
‖ϕ(z)‖≤δ

sup
‖f‖B(BE)≤1

v(z)|ψ(z)| sup
‖z‖≤δ

(‖ϕ(z)‖‖Df(z)‖)

≤ δ(1− γm) sup
‖ϕ(z)‖≤δ

sup
‖f‖B(BE)≤1

v(z)|ψ(z)| sup
‖z‖≤δ

‖f‖B(BE),s

1− ‖z‖2

≤
δ

1− δ2
(1− γm)‖ψ‖v sup

‖f‖B(BE)≤1

‖f‖B(BE),s

≤
δ

1− δ2
‖ψ‖v → 0 as m→ ∞. (3.6)

On the other hand, it is easy to see that fγ ∈ B(BE) and ‖fγ‖B(BE) ≤ ‖f‖B(BE), where

fγ(z) = f(γz) (z ∈ BE) and 0 < γ < 1. It follows from [7, Proposition 2.3] we have that

v(z)|ψ(z)||f(ϕ(z))− f(γmϕ(z))|

≤ v(z)|ψ(z)|‖f − fγm‖B(BE),sρ(ϕ(z), 0). (3.7)

This implies that

sup
‖ϕ(z)‖>δ

sup
‖f‖B(BE)≤1

v(z)|ψ(z)||f(ϕ(z))− f(γmϕ(z))|

≤ 2 sup
‖ϕ(z)‖>δ

v(z)|ψ(z)|ρ(ϕ(z), 0). (3.8)
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By both (3.6) and (3.8), we have that

‖Cψ,ϕ‖e ≤ 2 lim sup
‖ϕ(z)‖→1

v(z)|ψ(z)|ρ(ϕ(z), 0).

This completes the proof.

When the weight v is the constant function 1, we can consider the composition operator

Cϕ from B(BE) to H∞(BE), where ϕ ∈ H(BE ,BE). It follows from Corollary 3.1 that Cϕ is

bounded if and only if

sup
z∈BE

ρ(ϕ(z), 0) <∞.

Note that if ϕ(0) = 0, then ‖Cϕ‖ = 1. It follows from the definition of Kobayashi distance that

sup
z∈BE

‖ϕ(z)‖ < 1. So we can derive the following theorem.

Theorem 3.4 Suppose that E is a finite dimensional JB*-triple. Then Cϕ is bounded if

and only if it is compact.

Proof When Cϕ is bounded, by the above argument and Proposition 3.1, we can derive

that Cϕ is compact. This completes the proof.

4 Weighted Composition Operators from B(BE) to H
∞

v,0
(BE)

H∞
v,0(BE) is the closed subspace of H∞

v (BE) consisting of the function f such that

lim
‖z‖→1

v(z)|f(z)| = 0.

We now discuss the boundedness and compactness of the weighted composition operator from

the Bloch space to H∞
v,0(BE).

Theorem 4.1 Suppose that E is a finite dimensional JB*-triple, ψ ∈ H(BE) and ϕ ∈

H(BE ,BE), then the following statements are equivalent :

(a) Cψ,ϕ : B(BE) → H∞
v,0(BE) is compact.

(b) Cψ,ϕ : B(BE) → H∞
v,0(BE) is bounded.

(c) lim
‖z‖→1

v(z)|ψ(z)|‖δϕ(z)‖B(BE)∗ = 0.

Proof (a)⇒(b). Obvious.

(b)⇒(c). Suppose that there exists a positive number δ and a sequence {zn} in BE , such

that ‖zn‖ → 1 and v(zn)|ψ(zn)|‖δϕ(zn)‖B(BE)∗ > δ for all n ∈ N. Since

‖δϕ(zn)‖B(BE) = sup
‖fn‖B(BE)≤1

|δϕ(zn)(fn)| = sup
‖fn‖B(BE)≤1

|fn(ϕ(zn))|.

By definition of the supremum, for each n, we may choose fn ∈ B(BE), ‖fn‖B(BE) ≤ 1, such

that

|fn(ϕ(zn))| > ‖δϕ(zn)‖B(BE)∗ −
δ

2
.

Then we have

v(zn)|ψ(zn)||fn(ϕ(zn))| > δ −
δ

2
v(zn)|ψ(zn)|.
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If f ∈ B(BE) is a constant function c, and Cψ,ϕf ∈ H∞
v,0(BE),

v(zn)|ψ(zn)||f(ϕ(zn))| = cv(zn)|ψ(zn)|,

we can get ψ ∈ H∞
v,0(BE). So lim

‖zn‖→1
v(zn)|ψ(zn)| = 0. Then for any 0 < ε < 1, such that

‖zn‖ → 1 and |v(zn)||ψ(zn)| < ε < 1. Thus

v(zn)|ψ(zn)||fn(ϕ(zn))| > δ −
δ

2
v(zn)|ψ(zn)| > 0.

So we have

lim
‖zn‖→1

v(zn)|ψ(zn)||fn(ϕ(zn))| 6= 0.

So Cψ,ϕfn /∈ H∞
v,0(BE). But Cψ,ϕ is bounded, so Cψ,ϕfn ∈ H∞

v,0(BE), which contradicts the

conclusion.

(c)⇒(a). By Theorem 3.2 and H∞
v,0(BE) is the closed subspace of H∞

v (BE), then we can

have Cψ,ϕ is compact. This completes the proof.
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