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Weighted Composition Operators from the Bloch
Spaces to Weighted Hardy Spaces on Bounded
Symmetric Domains*
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Abstract Let Bg be a bounded symmetric domain realized as the unit open ball of JB*-
triples. The authors will characterize the bounded weighted composition operator from the
Bloch space B(Bg) to weighted Hardy space H;°(Bg) in terms of Kobayashi distance. The
authors also give a sufficient condition for the compactness, and also give the upper bound
of its essential norm. As a corollary, they show that the boundedness and compactness are
equivalent for composition operator from B(Bg) to H*(Bg), when E is a finite dimension
JB*-triple. Finally, they show the boundedness and compactness of weighted composition
operators from B(Bg) to Hy(BE) are equivalent when E is a finite dimension JB*-triple.
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1 Introduction

Weighted composition operators on the Bloch spaces of the unit disk D C C were studied
by Ohno-Zhao [17], where the boundedness and compactness were characterized. Later, Chen-
Stevié-Zhou [4] and Allen-Colonna [2] studied such operators on Bloch spaces defined on unit
polydisk and bounded homogeneous domains, respectively. Ohno [16] and Hosokawa-Izuchi-
Ohno [13] studied the weighted composition operator from the Bloch space to H* in the one-
dimensional case, and by Li-Stevi¢ [15] in the case of unit ball of C™. The weighted composition
operators on weighted Hardy space H:° (D) were studied by Contreras-Hernédndez-Diaz [9] and
by Galindo-Lindstrém [11].

Stevié¢ [18] gave the norm of weighted composition operators from the Bloch space to the
weighted Hardy space HS° of the unit ball. Allen [1] studied such operators from the Bloch space
to the weighted Hardy space H;° on bounded homogeneous domains, and he also characterized
the compact weighted composition operators in case of unit polydisk.

It is natural to study such operators on domains in infinite variables, which is very different
from finite-variables case. For a Hilbert ball, Blasco-Galindo-Miralles [3] defined the Bloch
functions on it. Chu-Hamada-Honda-Kohr [6] defined the Bloch functions on any bounded
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symmetric domain in terms of the Kobayashi metric instead of the Bergman metric for the
finite dimensional case. They also gave criterion for the boundedness and compactness of the
composition operators between the Bloch spaces, which extends many known results for the
finite dimensional domains.

In this paper, we will use the Bloch norm defined in [6], which is defined on arbitrary bounded
symmetric domain realized as an open unit ball of a JB*-triple. We will give a brief introduction
of Bloch spaces B(Bg) and weighted Hardy spaces H2°(Bg) in bounded symmetric domains in
Section 2. In Section 3, we will characterize the boundedness of weighted composition operators
Cy,, from B(Bg) to H;°(Bg). We also study the compactness of Cy ,, and give the upper
bounded of its essential norm. Then we show the boundedness and compactness of composition
operators from B(Bg) to Hardy space H®(Bg) are equivalent. In Section 4, we study the
weighted composition operators from B(Bg) to Hy$(Bg), and show that the boundedness and

compactness are equivalent.

2 Preliminaries

A bounded symmetric domain is a bounded open connected subset D in a complex Banach
space such that each point a € D is an isolated fixed point of an involutive holomorphic bijection
s, : D — D with a holomorphic inverse s;*. Finite dimensional bounded symmetric domains
have been classfied by E. Cartan. For the infinite dimensional cases, Kaup’s Riemann mapping
theorem asserts that a bounded symmetric domain is biholomorphic to the open unit ball of a
JB*-triples (see [14]). Recall that a JB*-triples is a complex Banach space E together with a
Jordan triple product (z,y,2) € E x E X E + {x,y,2} € E which is symmetric and linear in
the outer variables, but conjugate linear in the middle variable, and satisfies

(i) {z,y,{a,b,c}} = {{z,y,a},b,¢c} —{a,{y, z,b},c} + {a,b,{z,y,c}};

(ii) the box operator alJa is a hermitian operator on F and has non-negative spectrum;

(i) [|aClall =[]
for any a,b,c,z,y € E, where alJb is defined by

allb() = {a,b, -}

and satisfies ||a[Jb]| < ||a|[||b]|. The open ball of a JB*-triples is a bounded symmetric domain.
We refer to [5] for further relevant details and references.
A C*-algebra A is a JB*-triple with the Jordan triple product

1
{a,b,c} = i(ab*c—i— cb*a), Va,b,ce A

In particular, the von Neumann algebra L(H) of bounded linear operators on a Hilbert space
H is a JB*-triple.

From now on, let Bg be the unit open ball of a JB*-triple E. If § is a domain of a complex
Banach space, let H(Bg,2) denote the set of all holomorphic mappings from Bg to Q. For
every z,y € F, the Bergman operator B(z,y) € L(FE) is defined by

B(z,y)z = z = 2(20y)(2) + {z, {y, 2,9}, 2}, 2€E
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Let B be the unit open ball of E. For each a € Bg, the Mébius transformation g, defined by
ga(2) =a+ B(a,a)%(IE +20a)"(2), Vz€Bg

is a biholomorphic mapping of Bx onto itself with g,(0) = a, go(—a) = 0 and g_, = g, '. Here,

L(E) denotes the set of continuous linear operators on E, and I is the identity. Let
k(z,x) =||Dg—-(2)(x)||, Vz€Bg, x€E

be the infinitesimal Kobayashi metric for Bg. Let Aut(Bg) denote the family of all holomorphic
antomorphisms of Bg.

Bloch functions on bounded homogeneous domain in C™ were first defined by Hahn (see
[12, 19]). Chu-Hamada-Honda-Kohr [6] defined the Bloch functions on a bounded symmetric

domain of any dimension.
Definition 2.1 (see [6, Section 3]) f € H(Bg,C) is called a Bloch function if

sup{Qy(z) : z € B} < o0,

where D
00— sp 1DSC)L

zeX\{0} K’(Zv ZIJ)

The space B(Bg) of all Bloch function on Bg is a complex Banach space with the Bloch norm

I fllsee) = O]+ fllBEe),s

where the Bloch semi-norm of f is defined by

[flB@Es),s = sup  [[D(fog)(0)],
gEAut(Bg)

which is equal to sup{Qs(z) : z € Bg}.

We will denote by p the Kobayashi distance on Bg, which is the integral form of the
Kobayashi metric k. For any a,b € By, we have that

p(a,b) = tanh ™" [g_a (D),

where g_, is the Mobius transformation induced by —a. Chu-Hamada-Honda-Kohr [7, Lemma
2.2] showed that a holomorphic function f on Bp is a Bloch function if and only if it is a
Lipschits mapping as a function from Bg, equipped with the Kobayashi distance, to C in the
Euclidean distance.
A weight v on By is a continuous and strictly positive function satisfying
0 < inf v(z) < sup v(z) < .
2€Bp 2€EBE

The weighted Hardy space of holomorphic functions is defined as
HXBg) = {f € HB5,C): | ]l i= sup v(2)|f(2)] < oo .
z2€BE

The space H°(Bg) is a Banach space. If v = 1 on Bp, then it is just the space H*(Bg) of
bounded holomorphic functions on By with the sup norm || - [|.
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3 Main Results

For ¢y € HBEg) and ¢ € H(Bg,Bg), we can define the weighted composition operator Cy, o,
from the Bloch space B(Bg) to the weighted Hardy space H3°(Bg) by

Cyo(£)(2) =9(2)f(#(2)), VfeBBg), z€Bp.

At first, we will give characterization of boundedness of weighted composition operators. For

any z € Bg, it follows from [7, Lemma 2.2] that

If I < 1£ ) +[f(z) = £(0)]
< max{1, p(z, 0)}[| /|| 5-
This implies that the evaluation functional 6. € B(Bg)* at z is bounded and |[|0.[/g®,)- <
max{1, p(z,0)}.

Theorem 3.1 The weighted composition operator Cy , : B(Br) — H°(Bg) is bounded if
and only if

Wi, o0 1= squ v(2) (2|02 | BBR)* < 00. (3.1)

cBr
In this case, ||Cy ol = Wy,p0-

Proof Suppose that Cy . is bounded. For any z € Bg and f € B(Bg) with || f|z®,) < 1,
we have that

0(2)[Y(2)[10p(2) (N = 0(2)|Cy o (F)(2)] <N Cypo(Fllo < 1T ol

By taking the sup for all f with || f||z®,) < 1, one can derive that

V(@)Y E)0p() |BEE) < [Cupll-

This shows that wy, , o < ||Cy ol
On the other hand, assume that wy , ., < 0co. For any f € B(Bg) with | f|lzm,) < 1 and

any z € Bg, one can derive that

0(2)|Cy o f(2)] S V()P ()10p) BB < Wi g0

This implies that
1Cy o (F)llo = sup v(2)|Cyo(f)(2)] < Wy p,0-

€EBr

Therefore, Cy,,, is bounded and ||Cy, || = wy,p,o. This completes the proof.

For a € Bg \ {0}, the set

T(a) = {lo € E" : Lo(a) = |laf|, [ fa]l = 1}
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of support functionals of a is nonempty by the Hahan-Banach Theorem. Let f,(z) = t(¢y(2))
for all z € Bp, where
1 1
Q) = tanh ™} () = 3 log 1%2.
Then f, € B(Bg) and || fallB@,) = |ltllB®m),s = 1 (see Chu et al. [7, Example 2.5]). Note that
fa(0) = 0, then it follows that

V¢ eD.

o > 15a(50)
— (ta(a) = 3 lor
= fula) = £(0) = p(a,0). (3.2

Therefore we have that p(a,0) < ||0a|/g®,)- < max{1,p(a,0)} when a € B \ {0}.
So we can generalize [1, Theorem 3.1] and [8, Theorem 4.3] to JB*-triples.

Corollary 3.1 Let v € HBg) and ¢ € H(Bg,Bg). Then the weighted composition oper-
ator Cy , : BBg) = H°(Bg) is bounded if and only if

Do = max {16, sup v(2)9(2)lp((2),0)} < oc. (33)

z€BR
In this case, ||Cy,|l = @yp,p.0-

Proof Note that when Cy ., is bounded, since the constant function 1 belongs to B(Bg),
then [|Cy »(1)]|s = ||¥]|s. Then it follows from Theorem 3.1, one can conclude this corollary.

This completes the proof.

Recall that a sequence (fy,)nen of functions on a domain D C E converges locally uniformly
to a function f if and only if it converges uniformly on every closed ball strictly contained in
D (see [10)).

Lemma 3.1 Assume that E is a finite dimensional JB*-triple and Cy , : B(Bg) —
H>*(Bg) is a weighted composition operator. Then the following statements are equivalent:

(i) Cy,p is compact.

(ii) For any bounded sequence (fn)nen in B(Bg) converging to 0 locally uniformly in Bg,

there exists a subsequence (fn, )ren such that (||Cy,o(fn,)||lv)rken converges to 0.

Proof For any bounded sequence (fy,)nen in B(Bg) converging to 0 locally uniformly in
B, since Cy., is compact, there exists a subsequence (fn, )ren such that Cy o (fn,) — f for
some f € H(Bg). This implies that, for any z € Bg, ¥(2)fn,(¢(2)) — f(2). Note that
(fni)ken in B(Bg) converging to 0 locally uniformly in By, one can derive that f(z) = 0. This
shows that ||Cy. o (fn,)|lv — 0.

On the other hand, let (g, )nen be a bounded sequence in B(Bg) and without loss of gener-
ality, we can assume that ||gn|/g®,) < 1 for any n € N. Similar to the argument of [6, p.2432],
there exists a subsequence (g,,);jen such that (g, ) en locally uniformly converges to holomor-
phic function fo on Br with || f|z@,) < 1. For any j € N, put h; = g, — f. Then (h;);jen
is a bounded sequence converging locally uniformly to 0. By the assumption, one can find a
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further subsequence (h;,)ien such that ||Cy ,(hj,)||s — 0. This shows that the subsequence
(Cyp(gn;, ))ten converges to Cy ,(f) in H°(Bg). This completes the proof.

Next, we will give a sufficient condition for the compactness of Cy .

Theorem 3.2 Suppose that E is a finite-dimensional JB*-triple. If

lim  v(2)|Y(2)|]|0,(» « =0, 34
w8 s (3.4

then Cy , : B(Bg) — H°(Bg) is compact.
Proof By Lemma 3.1, it suffices to show that for any bounded sequence (f,,)nen in B(Bg)
converging to 0 locally uniformly in Bg, then there exists a subsequence (fy,)ren such that

(1% (fai © @)llv)ren converges to 0.
Consider such (fy,)nen in B(Bg) (we can assume that each norm is less than 1), for any

e > 0, there exists » > 0 such that

v(2)[Y()|10p) IBER)~ <€

and hence
v(2)[Y(2)[| falp(2))] <e, VneN

when ||¢(2)|| > 7. Since (fn)nen converges to 0 locally uniformly on Bg, there exists K € N

such that
€

for all k > K and z € Bg with ||¢(2)| < r. Hence one can derive that

v(2)[Y @) fe ()] < [9llu] frlep(2))] <&

for all k > K and z € By with [|¢(2)|] < r. This shows that

v@)YE)fe(e(2)] <&, VE>K, z€Bp.

Therefore, we have that ||Cy. ,(f.)| — 0. This completes the proof.
We can give a special sufficient condition for the compactness of Cy .

Proposition 3.1 Suppose that E is a finite-dimensional JB*-triple and ||¢|oc < 1. If Cy o

1s bounded, then it is compact.

Proof Since 1 € B(Bg), then Cy, (1) = 1 belongs to H°(Bg). For any bounded sequence
(fn)nen in B(B(E)) converging to 0 locally uniformly, since ||¢]|oo < 1, we have that

p(B(E)) C{z€Bp: [lz] <[lell},

which is strictly contained in Br. Then one can derive that

||Cw,<p(fn)||v < |¢[lv sup )|fn(z)| — 0.

zEp(Bp

It follows from Lemma 3.1 that Cy , is compact. This completes the proof.
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Remark 3.1 We do not know whether the converse of Theorem 3.2 is true. But use some

ideas from [1], we can give an estimate of the essential norm of Cy ,, in the following theorem.

Theorem 3.3 Suppose that Cy,, : B(Bg) = H°(Bg) is bounded, then the essential norm
of Cy,, satisfies
[Cyelle <2 limsup v(2)[¢(2)]p(p(2),0).

lle(z)ll—1

Proof If [|¢]|e < 1, then it follows from Proposition 3.1 that the operator Cly , is compact
and hence ||Cy o|le = 0. So we will assume [|¢||oc = 1 in the following argument.

Let 0 € (0,1) and (v5)nen C (0,1) be a sequence of positive numbers which increasingly
converges to 1. Then it follows from Proposition 3.1 that each operator Cy 5, , is compact.

This implies that for any m € N, we have that

||O¢,¢||e < ||Ow,ga - Oﬂfﬁm@”
=sup sup  v(2)[Y(2)|[f(p(2)) — frmep(2))]

2€BE || fllaeg) <1

< sup sup  v(2)[P(2)[f(#(2)) = frmep(2))]

T lle@I<8 I fllsm ) <1
+ sup sup  v(2)[Y(2)|1f(¢(2)) — f(ymep(2))]- (3.5)

leN>0 1 Flls@g) <1

On one hand, by [6, Corollary 3.5], one can derive that

sup — sup  v(2)[¥(2)|[f(p(2)) = f(ymep(2))|

I211<8 1 £lls (s ) <1

< =9m) suwp  sup  w(2)[d(2)| sup ()]l Df(2)])
le@I<E 1l <1 l=li<s

< 6(1 - F)/m) sup sup U(Z)|w(2)| su W”B&Es
le(N<S | fllBEg) <1 lz<s 1 — K|
0
<50 mlele s (1flses) s
I llBeEg <1
0
< 75l 20 asm = oco. (3.6)

On the other hand, it is easy to see that f, € B(Bg) and | f,|z®,) < |fllB®s), Where
J+(2) = f(y2) (z € Bg) and 0 < v < 1. Tt follows from [7, Proposition 2.3] we have that

v(@) [P f(#(2)) = fme(2)]
Sv@)WEIf = frnllBEs).sp(#(2),0). (3.7)

This implies that

sup sup  v(2)[Y(2)If((2)) = f(yme(2))]

leN>6[1fllzEg <1

<2 sup w(2)[ih(2)p(p(2),0). (3-8)
le(2)1>6
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By both (3.6) and (3.8), we have that

[C.olle <2 limsup v(z)[t)(z)[p(e(2),0).

lle(z)ll—1

This completes the proof.

When the weight v is the constant function 1, we can consider the composition operator
Cy, from B(Bg) to H*(Bg), where ¢ € H(Bg,Bg). It follows from Corollary 3.1 that C,, is
bounded if and only if

sup p(¢(2),0) < oo.
z€BE

Note that if ¢(0) = 0, then ||C,|| = 1. It follows from the definition of Kobayashi distance that

sup ||¢(2)]| < 1. So we can derive the following theorem.
zEBE

Theorem 3.4 Suppose that E is a finite dimensional JB*-triple. Then C, is bounded if

and only if it is compact.

Proof When C, is bounded, by the above argument and Proposition 3.1, we can derive

that C, is compact. This completes the proof.

4 Weighted Composition Operators from B(Bg) to H$ (Bg)
H3%(Bg) is the closed subspace of H°(Bg) consisting of the function f such that

lim v(z)|f(z)] =0.

llzl—1

We now discuss the boundedness and compactness of the weighted composition operator from
the Bloch space to HoG(Bg).

Theorem 4.1 Suppose that E is a finite dimensional JB*-triple, v € H(Bg) and ¢ €
H(Bg,Bg), then the following statements are equivalent:

(a) Cy,p : B(Br) — HYH(BE) is compact.

(b) Cyp : BBE) — HH(Bg) is bounded.

(c) lim v(z)[¢(2)|l|6p(z)llBER)- = 0.

llzll—1
Proof (a)=-(b). Obvious.
(b)=(c). Suppose that there exists a positive number ¢§ and a sequence {z,} in Bg, such
that ||z, || — 1 and v(2)[%(2n)|[|0p (2 | BBR)+ > 0 for all n € N. Since

||6<p(zn)||B(IBE) = sup |5<p(zn)(fn)| = sup |fn(90(2n))|
1fnlls@ g <1 1fulls@eg) <1

By definition of the supremum, for each n, we may choose f, € B(Bg), || fnlla®s) < 1, such
that 5
(ool > I8p(eny 5oy — 5-

Then we have

W) W)l Fap ()] > 6= oz ()]



Weighted Composition Operators 297

If f € B(Bg) is a constant function ¢, and Cy, . f € HyG(BE),

0(zn)[9(zn) 1 ((2n))] = cv(zn) [P (20)];

we can get 1 € HJG(Bgr). So lim v(z,)[t)(2,)] = 0. Then for any 0 < ¢ < 1, such that

[lzn|l—1

lznll = 1 and |v(z,)||t0(2n)| < € < 1. Thus

O pzm)izn)] > 0.

v(zn) [ (zn)lfule(zn))] > 6 = 5

So we have

lim (20 )[¢(zn)[| fn((2n))] 7 O.

[lznll—1

So Cypfn & HiH(Br). But Cy, is bounded, so Cy o fn € Hy$G(Bg), which contradicts the

conclusion.

c¢)=(a). By Theorem 3.2 and H >}, (Bg) is the closed subspace of H°(Bg), then we can
v,0 v

have Cy ., is compact. This completes the proof.
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