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Some Game-Theoretic Characterizations for
Rapid Filters on w*
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Abstract Infinite game is a power tool in studying various objects and finding descrip-
tions of some properties of filters in mathematics. Game-theoretic characterizations for
meager filters, Q-filters and Ramsey filters were obtained by Tomek Bartoszynski, Claude
Laflamme and Marion Scheepers. In this paper, the authors obtain two game-theoretic
characterizations for rapid filters on w.
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1 Introduction

The natural numbers will be denoted by w. X is a nonempty subset of w. P(X) denotes
the collection of all subsets of X. [X]“ denotes the collection of all infinite subsets of X and
[X]<¢ denotes the collection of all finite subsets of X. [X]SF = {s € [X]|<¥ : |s| < k} for every
k < w. <¥X denotes the collection of all finite sequences of X.

A filter is a collection of subsets of w closed under finite intersections, supersets and contain-
ing all co-finite sets. For a filter F, F* = {w\ X : X € F} is called an ideal and F* = P(w)\ F*
is called a co-ideal. The Fréchet filter is the collection of co-finite sets, denoted by §r. In par-
ticular, §r* = [w]<* and Frt = [w]®. F is a Q-filter if for every partition {s : k € w} of w
into finite sets, there is X € F such that | X Ns| <1 for all k € w (X is called a selector). F
is meager means F is a meager set in topology space P(w).

Let F be a filter on w. We say that F is rapid if for every partition {sj : k € w} of w into
finite sets, there is X € F such that |X Nsk| < k for all k € w. Apparently, every Q-filter is a
rapid filter.

Mokobodzki in [2, Theorem 4.6.4] shows that every rapid filter is nonmeasurable and does
not have the Baire property. Judah and Shelah in [2, Theorem 4.6.7] show that there exists a
model for ZFC in which there is no rapid filter with arbitrary lager continuum. So to obtain
a rapid filter, one needs some extra assumptions beyond ZFC, and the games G;5(F) and
G(Fr, [w]Sfo, F) (which are defined in Section 3) are determined in above mentioned Judah
and Shelah’s model.

Infinite game is a power tool in studying some filters, Tomek Bartoszynski, Claude Laflamme
and Marion Scheepers obtain some game-theoretic characterizations for meager filters, Q-filters
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and Ramsey filters.
The main result in the paper is that games G 5(F) and G(gr, [w]=!, F) are game-theoretic
characterizations for rapid filters.

2 Infinite Games and Filter Games

Infinite game is a power tool in studying various objects in mathematics. Please refer to [1,
4] for topological games and descriptive set theory games, respectively.

A and B are nonempty set, ¢ is a formula. A infinite game G(A4, B, ¢) is played by two
players ONE and TWO as follows: At stage k < w, ONE chooses a € A and TWO responds
with a by € B. At the end of the game, TWO wins the game if the formula ¢(ag, by, a1,b1,- )
is true. Otherwise, ONE wins.

In the infinite game G(A, B, ¢), amap o : <“B — A is called a strategy for ONE. Similarly,
amap 7: <“A — B is called a strategy for TWO.

We say ONE has a winning strategy if there is a strategy o for ONE such that for every
X1, T, T, € By mp(a(0), 21, 0({x1)), 22, 0({x1,22)), x5, -+ ) is true, o is called a winning
strategy for ONE. Similarly, TWO has a winning strategy if there is a strategy 7 for TWO
such that for every y1,y2, -+ ,yn, -+ € A, o(y1,7((y1)), y2, 7({y1,92)),- -+ ) is true, 7 is called
a winning strategy for TWO. A game G(A, B, ) is determined if either ONE or TWO has
a winning strategy, and G(A, B, ¢) is undetermined if both ONE and TWO have no winning
strategy. Two games are equivalent if a player has a winning strategy in one game if and only
if the same player has a winning strategy in the other game.

We will be interested in some filter games which are some specific infinite games, and the
formula ¢ is related to filters.

F is a filter. The game G(Fr,w,F) (see [5]) is played by two players ONE and TWO as
follows: At stage k < w, ONE chooses X}, € §r and TWO responds with xj € Xj. At the end
of the game, TWO wins the game if {xy : k € w} € F. Otherwise, ONE wins.

F is a filter. The game G(Fr, [w]<“,F) (see [5]) is played by two players ONE and TWO
as follows: At stage k < w, ONE chooses X}, € §r and TWO responds with s € [X;]<¥. At
the end of the game, TWO wins the game if |J si € F. Otherwise, ONE wins.

F is a filter. The game G1(F) (see [3]) is ]E)el;yed by two players ONE and TWO as follows:
At stage k < w, ONE chooses mj € w and TWO responds with ny € w. At the end of the
game, TWO wins the game if:

(D)ng<ng <---<mnp<-- and

(2) there are infinitely many k < w such that my < nj and

(3) {no,n1,--+ ,ng, -} € F.
Otherwise, ONE wins.

F is a filter. The game Go(F) (see [3]) is played by two players ONE and TWO as follows:
At stage k < w, ONE chooses mj € w and TWO responds with ny € w. At the end of the
game, TWO wins the game if:

(I)ng<ng <---<np<--- and

(2) for all but finitely many k < w such that my, < nj; and

(3) {no,n1,-++ ,np, -+ } € F.
Otherwise, ONE wins.
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3 Game-Theoretic Characterizations for Filters

Theorem 3.1 (see [3]) F is a filter, the games G(Fr,w,F) and Go(F) are equivalent, and
(1) ONE has a winning strategy if and only if F is not a Q-filter.
(2) TWO has no winning strategy.

Theorem 3.2 (see [5]) F is a filter, the games G(Fr, [w]<¥, F) and G1(F) are equivalent,
and

(1) ONE has a winning strategy if and only if F is meager.

(2) TWO has no winning strategy.

Next, we will give some game-theoretic characterizations of rapid filter.

F is a filter. The game Gy 5(F) is played by two players ONE and TWO as follows: At
stage k < w, ONE chooses mj, € w and TWO responds with n; € w. At the end of the game,
TWO wins the game if:

(Condition 1) ng <mnj < -+ <np<--- and

(Condition 2) for each k < w, there is i € [k(kgl) +1, k(k;l) + 11, such that m; < n; and

(Condition 3) {ng,n1, -+ ,nk, -} € F.

Otherwise, ONE wins.

Theorem 3.3 Fiz a filter F and consider the game G1.5(F). Then
(1) ONE has a winning strategy if and only if F is not a rapid filter.
(2) TWO has no winning strategy.

Proof We first deal with player ONE. Suppose that F is a rapid filter and to show that
ONE does not have a winning strategy.
Consider a strategy o for ONE. We may assume that for all z; < x5 < -+ < x,,, the strategy
o satisfies
max{x1,xo, -, +1<o((xy, @9, - ,2p))
and
o({z1)) < o({z1,22)) <+ < o({x1,m2, -+ ,Tp)).

Define g by g(1) = o(0), and
gn+1)=max{c((j1, - ,j)):i<n+1lj<---<ji<n+1}+gn), néecw.

Let h(1) = o(®) + 1, and h(n + 1) = g(h(n)) for each n. Consider the partition {I, : n € w},

where
= (P )

Since F is rapid filter, there is an X € F such that |X N I,,| < n for each n. Assume that
|X NI, =n. Then fix N € w, |[X NIy|= N and

In = [JIn(i), h(i +1)), p:N(N#“), - ww

i=p

Since there are N + 1 intervals in Iy. So there is j € [p, ¢] such that

X N[h(jg),h(7+1)) =0.
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Write X = {x1, 29, -, &y, } in increasing order. Then

Case 1 If A(j +1) < min(X NIy), then zyw-1 < h(j), and
2

o({w1, 22, s wnvoion)) < gl@na-n) < g(h(f)) = h(j +1) S zxov-n -

Case 2 dl e [N(]g_l) +1, N(Z\;’Ll)], such that x; < h(j) < h(j +1) < 2141, and

U(<CE1,SE2, T 7xl>) < g(xl) < g(h(j)) = h(] + 1) < T4

So (o(0), z1,0({x1)), x2, 0({x1,x2)), x5, - - - ) means that o is not a winning strategy of ONE.
Next assume that F is not a rapid filter, and there is a partition {s,, : n € w} of w such that

VX ePw), Vnew, |XNs,|<n—XeF

To construct a strategy o for ONE. o(f)) = 0, and in the k-th inning, TWO chooses ny,

suppose k € [W, W), let

o({ni,na, -+ ,ng)) = M1 >max {nptU{mi} U (s U USgtant1)- (%)

Then, let X = {ny,na, -+ ,ng,--- }, if X satisfies (Condition 1)—(Condition 2) , then k € w,
| X Nsg| < k.
(Since for any k € w, find the largest [ € w (I € [W, W)) such that [ +2N +1 <k,
ic., if lo > L and lo € [MZD MOTED) Cthen [y + 2M + 1 > k. So either [ + 2N +1 = k
orl+2N+1<kandl =" g je, 141 =N ¢ [NIHD (NFDIVH2)Y e
(I+1)+2(N+1)+1=14+2N+4> k.

If | + 2N + 1 = k, then by (%), my41 >max sp. Asl+1 € [N(J\Qf_l) + 1, N(J\Qurl) + 1)
and X satisfies (Condition 2), 3 I* € [N(A;H) +1, (N+1)2(N+2) +1] st mye < mys, e,
Ny > mys > myy1 >max Sg. So X Nsg C {ny, - ,np—1}, ie.,

(N +1)(N+2)
2

N(N -1
(X Nsp| < —1=14+1"-1-1<1+ +1—1——L——l:l+2N+1§h

If1+2N +1 <k, then [ +1 = YOFD apq g2 = NOHD 4 g g6 30 ¢ [MOHD
1,%—!—1] Sty < s, e, npe > mgs > mygo >max sg. So XNsg C {ny, -+ ,np—1},

ie.,

(N +1)(N+2)
2
=I+N+2<I+2N+1<k.

N(N+1) _1)

X Asp| <P —1=1+0"—1-1<1+ 5

+1—1—(

Let Y = X\ (s1UsaUs3UssUss),s0 k €w, |[YNsg| <kandY € F¢ and then X € F¢.)
So X € F¢ and o is a winning strategy for ONE.
TWO has no winning strategy in G1.5(F) because TWO has no winning strategy in G1(F).

Fis afilter and f € w®. The game G (3, [w]</, F) is played by two players ONE and TWO
as follows: At stage k < w, ONE chooses X} € §r and TWO responds with s;, € [X;]S/(*). At

the end of the game, TWO wins the game if |J s € F. Otherwise, ONE wins.
kew
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Theorem 3.4 Fiz a filter F, fo € w*, fo(0) =2, fo(n) =4n+1, n € w\ {0}. Consider
the game G(r, [w]|S/0, F). Then

(1) ONE has a winning strategy if and only if F is not a rapid filter.

(2) TWO has no winning strategy.

Proof We first deal with player ONE. Suppose F is not a rapid filter. Then there is a
partition of w into finite sets {I,, : n € w}, such that

VX ePw), Vnew, |XNI,|<n—XeFe
To construct a strategy o for ONE. Let
o@) =w\ {ToU-- Ul o)
TWO chooses sy € [o(0)]S/00) [so] < fo(0) and let

a({s0)) = (@) \ (Lo U~ Ul f,(0) 4 fo(1))-

TWO chooses 51 € [0({s0))]57M) [s1] < fo(1) and let

a({s0,51)) = o((s0)) \ (To U~ U L1, 0)4fo (1) 4 fo(2))-

Finally, let X = (J sg. Then |[X NI,| < n. So X € F¢ and o is a winning strategy of ONE.
kEw
Suppose ONE has a winning strategy o. Without loss of generality. ONE plays co-finite
sets of the form (n,o00). Then construct a winning strategy ¢ for ONE in the game Gy .5(F).
Without loss of generality, assume in the game Gq 5(F) TWO picks ng41 > ng, k € w.
In the game G1.5(F), TWO may choose n; < m;, but TWO must choose many nj > my as

the winning (condition 2) in G1 5(F). So we can recursively construct o. Suppose TWO chooses

ng > my in Gy.5(F) where o((sg,s1, - ,81)) = (mg,0), then by ¢ ONE can get some new
M € win G1.5(F) as ONE will give (M, c0) by . Until TWO chooses the next ng+1 > mg41,
K > k. Let sj41 = {ng, - ,ni} and o((so, $1, - , 81, Si+1)) = (Mg41,00), and so on.

For this, let &(0)) =min(c(()), and suppose
o({s0,81, " ,81)) = (My,00)
with that all these s;’s are disjoint, then let
a((no,n1,- -+ ,ng)) = M,
where (sg U sy U---Us;) = {ng,n1, - ,ng}. Suppose TWO chooses ny41 > Mi, and
o((so, 51,7+, 81, {nr+1})) = (M2, 00),

then let

5(<n05n17 e 7nk7nk+1>) = MQ'

Suppose TWO chooses nyo < My, and

U(<507 81, 5 Sl {nk+1v nk+2}>) = (M37 OO)?
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then let
5(<7’L0, ny,- - ,nk,nk+1,nk+2>) = MS-

Suppose TWO chooses nj+3 < M3, and so on.
According to (Condition 2) of the definition of Gy 5(F), there must be a p € w such that

5(<n03 Ny, 5 Ny M1, M2, - 7nk+p>) = MP+17

and TWO has to choose ng4pt1 > Mpi1. For constructing s;41, we must prove p < fo(l + 1)
and let s;41 = (Npg1,- -+, Ngtp). Actually we only need to show it when |s;| = fo(3), ¢ < I,
because p will get maximum in this situation. So

_ Lo A+ @I+ 120+ 2)
k—}:h@%—2+——5——+l————jf———+L

i<l

then k € [21(2é+1) + 1, (2l+1)2(2l+2) + 1], and hence

pg((wﬂ)_(wﬂ))ﬂ

2 2
2 2 4 2 2)(2
+((( l+3)2( I+ )+1) B (( 4+ )2( 1+3) +1)) .
=204241+204+3—-1=4l+5=fo(l+1)
(otherwise, =3i € [(21+2)2(21+3) +1, (2l+3)2(2l+4) + 1], m; < ny).
Let Si+1 = <nk+17 e 7nk+p>7 |Sl+l| S fO(l + 1)7 suppose
0(<SO7 S1y° 0, S0, Sl+l>) = (Mp+l7 OO)
and
T((no, M1y - s My Mo 1 Mg 25+ Metp)) = Mipg1.

Then TWO will choose ny4py1 > Mpta.

Since o is a winning strategy, o is a winning strategy for ONE in the game G1 5(F), and F
is not a rapid filter.

TWO has no winning strategy in G(Fr, [w]=/, F) because TWO has no winning strategy
in G(3r, [w]<¥, F).

Corollary 3.1 Fix a filter F, fo € w*, fo(0) =2, fo(n) =4n+ 1, n € w\ {0}. The game
G(r, [w]Slo, F) and G1.5(F) are equivalent, and

(1) ONE has a winning strategy if and only if F is not a rapid filter.

(2) TWO has no winning strategy.

Corollary 3.2 Fix a filter F, fo € w¥, f0(0) =2, fo(n) =4n+1, n € w\ {0}. For every
f € w® such that f dominates fo. Consider the game G(gr,[w]S/, F). Then

(1) ONE has a winning strategy if and only if F is not a rapid filter.

(2) TWO has no winning strategy.

Proof The proof is similar to that of Theorem 3.4, and we leave it to the reader.

For the rapid filter, we have the following conclusion.
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Theorem 3.5 (see [2]) F is a filter. The following conditions are equivalent:

(1) F is a rapid filter.

(2) There exists strictly increasing function f € w® such that for every partition {sy : k € w}
of w into finite sets, there is X € F such that | X Ns,| < f(k) for all k € w.

We will give a proof which likes game-theoretic characterizations for rapid filter. For con-
venience, we call F is f-rapid filter if F meets the condition (2) in Theorem 3.5. Then we have
the following two claims.

Claim 3.1 F is a filter, for every strictly increasing function f € w®, the game G1.5(F, f)
is played by two players ONE and TWO as follows: At stage k < w, ONE chooses my, € w and
TWO responds with nj € w. At the end of the game, TWO wins the game if:

(I)ng<mnp <--+-<mnp<--- and

)
(2) for each k € w, there is i € [ > f(i) + 1, f(i) + 1], such that m; < n;, (let
i<k—1 i<k

f(=1)=0) and
(3) {no,n1,--+ ,ng, -} € F.

Otherwise, ONE wins. Consider the game Gy 5(F, f), then
(1) ONE has a winning strategy if and only if F is not an f-rapid filter.
(2) TWO has no winning strategy.

Proof The proof is similar to that of Theorem 3.3. In the proof of supposing that F is a
rapid filter and showing that ONE does not have a winning strategy, we let

I, = [h( 3 f(i)+n),h(Zf(i)+n+1)).

i<n—

In the proof of assuming that F is not a rapid filter and constructing a strategy o for ONE,
we let

o((n1,na,- -+ ,nk)) > max{ng, (s1 U Uspni1)+rv+2) )
where TWO chooses ng, and k€ [ > f(i), > f(3)).
i<N-1 i<N

Claim 3.2 Fix a filter F, for every strictly increasing function f € w“, let Fy € w,
Fr(0) = f(0) + f(1) + 1, Fr(n) = f(2n) + f(2n+ 1), n € w )\ {0}. Consider the game
G(§r, [w]=F7, F). Then

(1) ONE has a winning strategy if and only if F is not an f-rapid filter.

(2) TWO has no winning strategy.

Proof The proof is similar to that of Theorem 3.4.

Proof of Theorem 3.5 As Fy dominates fj, and due to Corollary 3.2, F is a rapid filter
if and only if F is an f-rapid filter.

Theorem 3.6 Fiz a filter F, I € w*, I(n) = n+1,n € w. Consider the game G(Fr, [w]=!, F).
Then

(1) ONE has a winning strategy if and only if F is not a rapid filter.

(2) TWO has no winning strategy.
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Proof Let f(0) = f(1) =0, f(2) = f38) = f(4) =1 and fAn+1) = f(dn+2) =
fAn+3) = fAn+4) =n+1, n € w\ {0} and the process is similar to Claims 3.1-3.2. To
prove rapid and f-rapid are equivalent, if F is a rapid filter, for a partition {I,, : n € w}, let
Jo=IoUl, Jy =1L UIzUly and Jyy1 = Lapy1 U lgpyo U lypys U lypya, n € w \ {O}

Then Fy(0) = £(0) + f(1) +1 = 1, Fy(1) = £(2) + £(3) = 2, F;(2) = f(4) + f(5) = 3, and
foreachn >3, if n=2k+1, k € w\ {0},

Fr(n) = f2n)+ fn+1) = f(4k +2)+ f(4k+3) =k +1+k+1=2k+2=n+1.
Ifn=2k+2 kecw\{0},
Frn)=f(2n)+ f@2n+1)=flk+4)+ fAk+5)=k+1+k+2=2k+3=n+1.

So Fr(n) =n+1=1I1(n), n € w.

There are some games we will be interested in, G(Fr, [w]=", F) for each n € w. For this, we
will give a definition that F is an n-Q-filter for each n € w if for every partition {sj : k € w} of
w into finite sets, there is X € F such that | X N s,| <n for all k € w. Q-filters are n-Q-filters
for each n € w, and n-Q-filter are rapid filters for each n € w. It is easy to see that if F is not
an n-Q-filter, then ONE has a winning strategy in G(gr, [w]<", F) for each n € w; and TWO
has no winning strategy in G(gr, [w]<", F) for each n € w. Concerning the game, we don’t
know the answers to the following question.

Question 3.1 Is F not an n-Q-filter when ONE has winning strategy in G(Fr, [w]=", F)
for each n € w?

Acknowledgment The authors would like to thank the referee for careful reading of the
manuscript, corrections and comments.

References

(1] Aurichi, L. F. and Dias, R. R., A minicourse on topological game, Topology and its Applications, 258,
2019, 305-335.

[2] Bartoszynski, T. and Judah, H., Set Theory: On the Structure of the Real Line, A. K. Peters, Mas-
sachusetts, 1995.

(3] Bartoszynski, T. and Scheepers, M., Filters and games, Proc. Amer. Math. Soc., 123, 1995, 2529-2534.
[4] Kechris, A. S., Classical Descriptive Set Theory, Springer-Verlag, New York, 1995.

[5] Laflamme, C., Filter games and combinatorial properties of winning strategies, Contemp. Math., 192,
1996, 51-67.



