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Extension Operators Preserving Biholomorphic
Mappings on Hartogs Domains*

Yanyan CUT! Heju YANG? Yuying QIAO3

Abstract In this paper, the authors extend the Roper-Suffridge operator on the gener-
alized Hartogs domains. They mainly research the properties of the extended operator.
By the characteristics of Hartogs domains and the geometric properties of subclasses of
spirallike mappings, they obtain the extended Roper-Suffridge operator preserving almost
starlikeness of complex order A, almost spirallikeness of type [ and order «, parabolic
spirallikeness of type 5 and order p on the Hartogs domains in different conditions. They
conclude that the corresponding extension operator preserves the same geometric invari-
ance on the unit ball B™ in C". The conclusions provide a new approach to study these
geometric mappings in C".
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1 Introduction

There are great differences between the theory of several complex variables and the theory
of one complex variable. To achieve the generation of the theory of one complex variable
in higher dimensional complex spaces, scholars began to study some biholomorphic mappings
with particular geometric characters, such as starlike mappings, convex mappings and spirallike
mappings.

Biholomorphic mappings with particular geometric characters are important research ob-
jects. It is an important and difficult problem in the geometric theory of several complex
variables to construct particular geometric mappings. From the different geometric features
of mappings, some scholars defined different subclasses of biholomorphic mappings and stud-
ied their properties. Feng, Liu and Ren [1] introduced three kinds of subclasses of spirallike
mappings-almost spirallike mappings of type 8 and order «, spirallike mappings of type £ and

order «, strongly spirallike mappings of type § and order o on the unit ball in complex Banach
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spaces. Cai and Liu [2] introduced strong and almost spirallike mappings of type 8 and order
a on bounded starlike and circular domains. Feng, Zhang and Chen [3] introduced parabolic
and spirallike mappings of type 8 and order p on bounded starlike and circular domains. In
addition, lots of subclasses of biholomorphic mappings with particular geometric characters
were introduced in spaces of several complex variables (see [4-6]).

It is difficult to find the concrete examples of these geometric mappings in higher dimensional
complex spaces, while easier in the complex plane. Let H(D) denote the set of holomorphic

functions on D. The introduction of Roper-Suffridge operator (see [7])

/

ou(£)(2) = (£ ()20)

(where z = (21,20) € B", 21 € D,z = (22,- -+ ,2,) € C"™ 1, f(21) € H(D),/f (0) = 1) sets up
a bridge between biholomorphic mappings and biholomorphic functions, and offers a powerful
way to construct and research these geometric mappings. Many scholars extended the Roper-
Suffridge operator on different domains in different spaces. Applying the extended operators,
we can construct these geometric mappings through biholomorphic functions with the same
geometric properties. By far, there have been many graceful results about the Roper-Suffridge
operator and its extensions (see [8-14]).

The generalized Roper-Suffridge operators have different properties on different domains.
This makes us to research them on more general domains. Moreover, a variety of geometric
mappings are constantly emerging, especially several subclasses of spirallike mappings which
have attracted the attention of the majority of scholars. Therefore, it is essential to study the
properties of the Roper-Suffridge extension operators preserving these subclasses of spirallike
mappings on more general domains.

In 2004, Zhao, Zhang and Yin [15] studied the Einstein-K(a)hler metric on Cartan-Hartogs
domain of the second type. In 2009, Wang, Ahn and Park [16] introduced a kind of Hartogs do-
mains, constructed their circumscribed Hermite ellipsoids with minimum volume, and discussed
their applications on the extreme value problems. In 2011, Wang and Liu [17] introduced new

Hartogs domains and discussed Lu Qi-Keng’s problem on the Hartogs domain
Q= {(&2,w) € CNHMHN 2K < (1 — ||2]%) 5 (1 — [[w]|?), K, L >0}

In 2015, Pan and Wang [18] discussed Bergman-Hartogs domains based on bounded symmetric

domains

Q= {(U}(l), S ,w(r),z) ceC™ x---C" x E: Z ||w(j)H2pj < KE(Z,Z)_Q},
j=1
where Kg(z,z) is the Bergman kernel function on E, r € Z* and py,--- ,p, > 1, ¢ > 0. They
discussed the holomorphic automorphism groups of this kind of domains and pointed out that
the domains aren’t holomorphic equivalent to the unit ball. In 2016, Tang [19] studied the

properties of Roper-Suffridge extension operators on the Bergman-Hartogs domain

ng = (’UJ,Z) eC" x B": ||wH2P < KB"(sz)_q}v w = (wlv e ,’Ujm), z = (Zla o ,Zn)-
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Now we introduce a kind of generalized Hartogs domain

Oy ={(&q), -, &uy 2,w) €C™ x -+ x C™ x BN1(0,1) x B¥*(0,1) :

€ l®r + -+ [€ml1® < (1 = [I2]D' A — [Jw]®)!, 8: >0 (i =1,---,7),1 > 0,¢t >0}

and the following extended operator

Pl zw) = (L) (Ledyne, (Lol fedyre |

Z1 w1 21 w1
Ny e .
flz1) + fizll) S Pi(z), (fizll)) I (fizll)) S
j=2

N2 1 1
f(wr) f(wi)\ 7z S(w1)\ 7y !
f(wl)+w—1;Qj(wj)’(w—1) W2, -+ 7(w—1) 2wN2) ) (1.1)
where f € H(D), the principal value branches of the power functions are chosen, P; is the
homogeneous polynomial of z; with degree £; and @; is the homogeneous polynomial of w;
with degree n; (g5,7; > 1). The geometric properties preserved by (1.1) for §;) = 0 and w; =0

are the same as that preserved by the following operator

F(z) = (f(zl) + %le)ipj(zj), (%ﬂ) . (f(zl)) ™ ZN)

21

where ¢; > 2 (j =2,---,Nyp).

In this article, we mainly research the properties of the operator (1.1) on Hartogs domain
Qn. We mainly discuss the geometric invariance of (1.1) preserving almost starlikeness of com-
plex order \, almost spirallikeness of type [ and order «, parabolic spirallikeness of type 5 and
order p on Qy in different conditions. We draw a conclusion that the corresponding extension

operator preserves the same geometric invariance on B™ in C".

2 Definitions and Lemmas

In the following, let D denote the unit disk in C, B™ denote the unit ball in C" and DF(z)
denote the Fréchet derivative of F' at z.

To get the main results, we need the following definitions and lemmas.

Definition 2.1 (see [20]) Suppose that Q is a bounded starlike and circular domain in C™,
and the Minkowski functional p(z) is C except for a lower-dimensional manifold. Let F(z) be

a normalized locally biholomorphic mapping on 2, and let
2 Op
R|(1 - A)—— == (2)(DF(2))"'F(z)| > —RA Q\{o
(1= V-5 e GIDEE)TFE)| 2 = = €@\ {0},

where A € C, R\ < 0. Then F(z) is called an almost starlike mapping of complex order A on Q.

Setting A = —25,a € [0,1) in Definition 2.1, we obtain the definition of almost starlike

mappings of order a on €.
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Definition 2.2 (see [6]) Suppose that Q is a bounded starlike and circular domain in C",
and the Minkowski functional p(z) is C except for a lower-dimensional manifold. Let F(z) be
). Then F(z) is

™

a normalized locally biholomorphic mapping on Q and a € [0,1), B € (=73, 3

said to be an almost spirallike mapping of type B and order o on € if
—ip 2 ap

o IDFE

Setting a = 0 and # = 0 in Definition 2.2, respectively, we get the corresponding definitions

%[e 1P(2)| > acos .
of spirallike mappings of type 3, almost starlike mappings of order «.

Definition 2.3 (see [3]) Suppose that Q is a bounded starlike and circular domain in C™,

and the Minkowski functional p(z) is C except for a lower-dimensional manifold. Let F(z) be

a normalized locally biholomorphic mapping on Q and p € [0,1), B € (=%,5). Then F(z) is
said to be a parabolic and spirallike mapping of type B and order p on S if
_3 2 0Op _ - _ig 2 Op _
i DF(2))7'F(z) — (1-is 1-2 i DF(2))"'F(z) .
5 9:PIDFGE) ) (1=isin )| < (1-2p) + #{e™ =) (DF(:) R (e) |

Setting n = 1 in Definitions 2.1-2.3, we get the corresponding almost starlike functions of
complex order A, almost spirallike functions of type 8 and order «, parabolic and spirallike

functions of type 8 and order p in the complex plane.

Lemma 2.1 (see [21]) Let p(&, z,w) be the Minkowski functional of Qn. Denote p(&, z,w) =
p. Then

S = ol e 251{];”5 2% sp7=20
S = D O e B O P DR G E D
e H I S H DR PO
S = D O e B O P DR G E D
e = 5 0= 151 0= L) o S el
=12 T D T e ) e (=201
When (&, z,w) € 0Qx, we have p =1 and
op sill&eo IIPC &5
0 2(01 + 2202 + [|w]2A3)’
9 _ Doz, 9 _ Azwj,
0zjy  2(01 +[12[PA2 + [w|2L3)" Qwy, — 2(A1 + [12]202 + [[w][2A3)”
where t =1,--- r, 7=1,--- m;, j1=1,--- Ny, jo=1,---, No,
Ay = Xr: 1€ 1758, Do =11 = [z = lw]®), Az =t(1 = [Jwl*) (1 = ||2]?)
i=1



Ezxtension Operators on Hartogs Domains

Lemma 2.2 Let (£, z,w) € 00,

311

F(&, z,w) be the function defined by (1.1) with f €

H(D). Then
20p H
e 2, )(572 ,w)(DF (€, 2,w)) T E(€, 2,w) = A T o2 £ [wlEhs
where
I Ny
H = Z&Hfz)HQSI{ 'Uclif,f{l—FZilZ(l—Eg)Pj(zj)}
j=2
wif — f S
L e - jz_;u—nj)@j(wj)}}
+A2{|zl|2 7 {1—1——21 £j P(zj)}
1o f —f 1
+Z|zj|[ LTaF (1+Z—1];(1—6k)13k(2k))]}
12
+oafon s [ 1))
S wiff (1N
+j2:;|wj|2 [1_77;w1f’ (1+w—1;(1—nk)62k(wk))] }

Proof From (1.1) we have DF(, z,w) =

(%)él(wil)’hlml Omyxm, U1 0 0 01
O, xma (%)Jr(wil)%]mr Uy 0 0 O
015m, O1xm, ur LP(z) LPi (2x,) O1un,

1 )
01xm, O1%m.,. U (%) 2 0 01,
1

015m, O15m, uN, 0 (L™ O,
ONQXml ONQXmT 0N2><1 0N2><1 ON2><1 J

where I, (i = 1, -,

r) denotes the identity matrix of m;-row and m;-column, 0,x, denotes

the null matrix of p-row and g-column (p,q € Z™), and

5i(f(zz11))5¢ Zlflz(lz;)(;};(zl) (fguwll))’hfil |
" 51,(.7”(;11))& zlfz(lz})(z—lf)(zl)( ﬁl))%&mq , =11
vi(f(zzll))& wlf;&vfl();ﬂ(wl)( Suuil))wmg 1Ot (o)
=1 e 7 —1, .
o %(f(zzll))&i wlf;(f;g;lf)(wﬂ (f(;ull))vri&m“OlX(Nz_l) v r
u = fl(z) + ——5—"——- af'(a) - =) ZP 2),
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i(f(zl))% 21 f'(21) — f(21)

Uj; = Zj, 27 . 7N B
/ €j 21 Zlf(Zl) ! '
wif (w1)—f(w1) 2 f(w1) Flwn)
f'(wr) + === E Qj(wj) —HEQy(w2) - o @, (W)
j=
F(wy) wf(w)f(w) F(wi)\ ny
J = 7]2( w11 ) 2 : wl;(wl) - ( wll )T,2 0
flw wi ' (w1)—f(w fwi)\ e
R e

Let

(DF (&, z,w)) ' F (&, z,w) = Hy = (h1, s hyyBogts s+ s R Ny B Ny15 7+ 5 Bt Ny, )

Then DF(&, z,w)Hy = F(&, z,w). By direct calculation we get

N1 N2

m=go{1-a 2L L1 2 > -2)Pe)] - mid [ S 0-mas ]},
By = }f/((zll)) {1 + 2—11 i(l —&;)P; (zj)] :

Py Ny 1= % [1 + wil i(l - ﬁj)Qj(wj)},

hf’+j:2’j{1 51] Zlif, ! [1 " Z—ll éu —ak)Pk(zk)”, =2 Ny

o= {1 - LN i(l —m)Qu(wi)] f. =2 N,

where ;) = (&1, &im;) (4 = 1,---,7). Thus, from Lemma 2.1 we obtain the desired

conclusion.

Lemma 2.3 (see [22]) Suppose that Q € C" is a bounded starlike and circular domain,

and the Minkowski functional p(z) is C! except for a lower-dimensional manifold. Then, for

any z = (z1,- -+, 2n) € Q\ Qo, we have
9p(z) Op,\  _ 9p(2) 9p i Bp( )
= — > —_ —

3 The Invariance of Almost Starlike Mappings of Complex Order A

Theorem 3.1 Let f(z1) be an almost starlike function of complex order A on D with A € C
and RA < 0. Let F(§, z,w) be the function denoted by (1.1) with §;,7v:,0; + v € [0,1] (i =
1,---,7),e;,>4(=2,---,N1) andn; >4 (j =2,---,Na). Let the power functions take the
principal value branches. Then F (&, z,w) is an almost starlike mapping of complex order A on
Qn provided that

2

17, < T
/ b+ 11— ADn;

2
- = | <
Gar -, Ul=
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where

a = max {1, Si&i}, b= max {1, Slt%}

1<i<r l 1<i<r

Proof By Definition 2.1, we need only to prove

2 0p(§,z,w)
(& 2,w) (& 2 w)

Let (& z,w) = ((n, A, 1) = [¢[e* (n, A, i), where (n, A, 1) € I, ¢ € D\ {0}. By Lemma 2.3

we have

9%[(1 N5 (DF(€, 2,w)) "L F(€, 2, w) + A} > 0. (3.1)

2 Ip(&, z,w)

p(& z,w) 9(&, 2, w)
B 2 ap

— p([¢le® (n, A ) D(E, 2, w)

—iea
2 _© 0Py \ w)(DF(Cn, ¢ C)) ™ F (G, CA Ct)

T ICTAE, 2, w)
20p (DF(Cn, CA, Cu))~ F(¢n, CA, Cp)

IR (n, A\, ) c :

) (DF(CU-,CA,Cu)z’lF(CH,CA-,CH)

(DF (&, z,w)) " F (&, z,w)

(¢ (m, A, 1)) (DF (¢, A, () " F(Cn, €A, Cp)

Obviously % (n, A\,

is holomorphic with respect to ¢, and thus
the left-hand side of (3.1) is harmonic. From the minimum principle of harmonic functions, we
need only to prove that (3.1) holds for (&, z,w) € 9Qn, thus p(€, z,w) = 1.

Let

_q ot
Q(zl) - (1 /\) Zlf/(zl) + A (3'2)

Since f(z1) is an almost starlike function of complex order A on D, we have Rq(z1) > 0.

Let g(z1) = %. Then g(z1) € H(D),|g(#1)| < 1,¢9(0) = 0. By Schwarz lemma we get

lg(z1)] < |21, therefore

o) 11 < 250 3.
By Lemma 2.2 and (3.2), we get
2 2 . 2 Ip(§, 2, w) 5 w)) "L 2w
(B4 P02 + wlP2) [(1 = V)~ s SR (DF(E 2, w0) T F(E 2 w) + A
= (1= NH + MAL+ ||2[PA2 + [Jw]|*As)
Ny
— 8 [1= 8 =+ Gigle) + valwn) + Gilalen) — Do S (1 £)Py(ey) + wlawn) — 1)
j=2
N> 1 N1 N1 1
)@y + da{laPalz) e Plal) =N - D) Pie) + 3 L1
=2 =2 i=2 ’
1 1 1 ) ) 1
o0+ o) =D S0 = e Pl |+ Aa{lunPaten) + unPlaten) -

k=2
aE 4E 11 1 1 &
D =)@y wg) + 3w P [1 = - omalwn) + -aten) = D= S (1= no@u(w] |

j=2 j=2 1 k=2
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Ny
1 1
=0 [1 — 0 — v + 6iq(21) + vig(w1) + di(q(21) — 1)— Z(l — &) Pj(z5) +7i(q(w1) — 1)—
e w
N2 1 Nl
) Z(l - TIj)Qj(wj)} + A2{|21|2q(21) + |21|2[(Q(21) -)+01- )\)]Z—l Z(l —&5)P;(z)
j=2 j=2
a 11 1 1 &
D B [ (VRS TCY R D BUEEALACR]}
j=2 J k=2
1 &
A Patun) + e Pla(en) = 1)+ (1= N2 30 =)@ ()
=2
N2 N2
1 1 1 1
+ w 1——+—qw + qlw —1)— 1—nkawk .
;m[ )+ o (al) = DS (1 =m0 )]}
For €;,m; > 4, by direct calculation we have
$i0; 2|2 5i0;
21— [l212) + [P + z Bl <24 (1- 22l < e
(3.4)
Si7i wj 2 _ ST Si%i
L (1 fw]?) + 2 + z il < 2 (1= 2wl < b,
where 5
. S30; _ 5§74
o= g {157 ) b= e {120
In addition, (£,z,w) € 9Qy follows > [|£;) 1% = (1 — [|z[|*)'(1 — [|w]|?)*, then we have
i=1
l - t -
Do =— 3 [lEnl*, Ds=—3 ) &l (3.5)
e 160 Tl 10

Since §; +; € [0,1] and €;,71; > 4, from (3.3)—(3.5) we obtain

2 0p(§2w)
p(&, 2, w) (f,zw)

Z A1 |:1 5 Yi 1 | Z |P ZJ |w | Z |QJ w])|:|

(D + 2200 + ||w|\2A3>%[<1 - ) (DF(&,2w)) T F(§,2,w) + )|

+A2{_|z1|(12_'j;'1|+|1-A|)j§_;<ej—1>|Pj<zj>|+jz;zj|2[l—gj—gjl_%ll
-im—l)m(zm}}mg{ (2 +|1—A|)§; DIQ(wy)]

aE 11 2 &

+g|wj|2{1 EE TR kZ:Q( k —1)|Qk(wk)|]}

Ny

z NPT/ O TR VR
—anl)w“ {s m+1_—”z|2{j2_;<sj—1> TR IR
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TR I S TSRS ] SN § o PRI
. - 1 1 — <1 )
! 2 = 1= [l L™ nj

Si%i 2 2 114 |wJ|2
1— E Dy |(1—
lwll}) D1Q; ()] |2 (1= o) + e [2 + S5 o '“’1'“;; Srild
I & 1 2z 8a+|1 Al
> s e (1 — 8 — s - - g2 — _ J
j}_juw {s:0-0 %>+1_HZH2J§:2:<EJ DI (2 - I )
1 2|wj|2 8b+|1 Al
}j - Q;
. 1 8a+|1—)
> 128 . _ 5. .
_§_7j||e<l>u {sit-ai- W}j Dl (= = =——=151)

J
1 8b+[1— A
1—|\w||22 Dyl (- = =5 lill) }

>0

)

and the last inequality is due to

2 2
Pll<——= |<—"
1551l < (8a+ |1 —A|)g; 19511 < (8b+ |1 — A))n;
Hence we get the desired conclusion.

From Theorem 3.1, we draw the following conclusion on the unit ball B™ in C".

Corollary 3.1 Let f(z1) be an almost starlike function of complex order X on D with
AeC,RA<LO0. Let

where €5 > 4 (j = 2,---,n) and the power functions take the principal value branches. Then

F(z) is an almost starlike mapping of complex order A on B™ provided that || P;|| < m.

Remark 3.1 Setting A =

corresponding results for almost starlike mappings of order a.

a € [0,1) in Theorem 3.1 and Corollary 3.1, we get the

al’

4 The Invariance of Almost Spirallike Mappings of Type 3 and
Order o

Theorem 4.1 Let f(z1) be an almost spirallike function of type 8 and order a with « € [0,1)
and B € (— %,%). Let F(§,z,w) be the function denoted by (1.1) with &;,7;,6; +7; € [0,1] (i =
1,---,7), ;>4 (j=2,---,N1) andn; >4 (j =2,---,Na), where the power functions take
the principal value branches. Then F(&, z,w) is an almost spirallike mapping of type B and
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order o on Qn provided that

2(1 —a)cosf
(14 8a(l — ) cosfle;’

2(1 — a)cosp
(14 8b(1 — ) cos B]n;”’

1P < Q51 <

where

a = max {1, Siléi}, b= max {1, Slt%}

1<i<r 1<i<r
Proof By Definition 2.2, we need to prove

2 0p(§2w)
(& z,w) O(E, z,w)

Similar to Theorem 3.1, from the minimum principle of harmonic functions, we need only to

prove that (4.1) holds for (¢, z,w) € 90, thus p(§, z,w) = 1.
Let

%[e—iﬁp (DF(&,%U/))_lF(&Zaw) - acosﬁ} = 0. (41)

_mis_ L 4.2
q(z1) =e T acos B. (4.2)
Since f(z1) is an almost spirallike function of type 5 and order @ on D. Then

Rq(z1) >0, ¢q(0)=(1—a)cosp —isinp.

Therefore

‘q(zl) — (1 —a)cosf — isinﬁ)‘ <1
q(z1) + (1 — @) cos 8 +isin 3) '
By Schwarz lemma we obtain

‘q(zl) — (1 —a)cosp — isinﬁ)‘ < x|

a(z1) + (1= a)cos B +isinp)| = 7"
So we get

o(e1) = (1 @) cos g sin )] < 252

that is

2(1 — ) cos f|z1]
L—|a]

la(z1) = (677 — accos )] < (4.3)

By Lemma 2.2 and (4.2), we get

2 9p(§ z,w)
p(ﬁ,z,w) 6(57271”)
= e BH —acos B(AL + ||2]]2P A2 + ||w]|?A3)

(1 + (2120 + 0] 53) [e~ (DF(& 2,0) ' F(€,2,w) — acos ]

Ny

= Al{e_w — acos B+ 6i[q(z1) — (e7* — acos B)] {1 + z_11 Z(l - Ej)Pj(Zj)} + 7ilg(w1)
j=2
No
@ acosf[L+ > (1= 0)Qsw)] } + Ba{laPaCn) + 1P laten) + acos B
j=2
N1 Ny . 1 . 1
YW= e)Py(e) + D 1P [T — acos B —(a(ea) — (77 —acos ) (14 =
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N1 N>
>R ) |} + LafunPatun) + unPlatwn) + acos - 3 (1 - 1)@ w)
J—N2 1 1 N;_
+3 [ o+ (alwn) (77 —acos B (1+ - > - n)Q;(w))] §
=/ {( B —acos B)(1 — 6 —vi) + 6iq(21) + viq(wr) + Sifq(z1) — (7P — ozcosﬁ)]z—ll
N1 No
S (1) Pye) + ilatwn) — (€77 —acos B S (1 - )@y ()}
j=2 j=2
212 N1 1
+8a{Ja1Paten) +1(a(e1) — (€7 —acos ) +e LS (1) + 3L
j=2 j=2
1 s ‘ 1\ 1 s 1 &
. [E—jq(zl)+(e —acosf)(1- Zj) o)~ (@77 —acos ) = Y (1 - )P =) }
N2 2
+ 85 { o Paen) + [la(wn) — 7 ~ acos ) + )12 wll' 21 = m)Qsws) + Dl
T gtn) + (0 —arcosB) (12 ) + L (glun) - € —acos /)L S0 -n 5]}
1) n/ o n wy = T

Since d; +; € [0,1] and €;,7n; > 4, from (4.3) and (3.4)-(3.5) we obtain

(D1 + 2200 + w]?A5)R e (52 )3"((5’;’;"))(DF(g,z,w))—lp(g,z,m—acosﬁ]

N2
2(1—a)cos 2(1—a)cosp
Zaj )I1Pj(25)] ”Yi%zwj

ZAl{(l—a)cosﬁ(1—5i—”yi)— T 1= |wn| 2
52(1—a)cos ol AR,
= DIQs I} + a2 = [laaP =+ ] oG — DI + 3 |- @)
j=2 Jj=2
1 (1—a)cosf 2(1 —a)cosp
wss(1- ) - Z DB I} + s = [l =0 + o

N 1 (1 B8
D=1l |+J2;|wg| - a)COSﬁ(l—n—j)— o 1“@"7 Zm )1Qs(w)I] }

r » l N 1
>(1—-a) cosﬁz Hﬁ(i)IIQSI{Si(l —0; — V) + 1_7”2”2 Z(gj — Iz {5_ N (
X Jj=2 J

S04
1 —1=1?)

1

21| (1 — |z1]) Iz 2|z
J

2(1— cosﬁ

sy AP 1 [¢ e 0 IR 2|w-| |
— (P~ Jwll?) + ] +m+;+)l_|§m|@|}}

t nj

r N1
S; ! 1
> (1= aeos p Y oI (sl = 8 =30 + 7=z D& - DIl
i=1 Jj=2 J
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1+ 8a(l —a)cosf 1 148b(1—a)cosp
~ 2(1—a)cosf 15} + sz 1)lw;|? m 2(1 — a) cos B ||QJ||:|}

J

>0

provided that

2(1 — «a)cosf
[1+4 8a(l — ) cosfle;’

2(1 — a)cosf
[1+48b(1 — ) cosf]n;

175 < 1Q;1 <

Hence F(&, z,w) is an almost spirallike mapping of type S and order .
From Theorem 4.1, we draw the following conclusion on the unit ball B™ in C".

Corollary 4.1 Let f(z1) be an almost spirallike function of type B and order o on D with
acl0,1)andBe (—%,5). Let

F(2) = (f(

Jj=2
withe; >4 (j=2,---,n) and (f(zl ) i|sy=0 = 1. Then F(2) is an almost spirallike mapping
of type B and order o« on B™ provided that

2(1 — a)cosp

1P5] < [1+48(1—a)cosfle;

Remark 4.1 Setting o = 0 and 8 = 0 in Theorem 4.1 and Corollary 4.1, respectively, we
get the corresponding results for spirallike mappings of type [, almost starlike mappings of

order o.

5 The Invariance of Parabolic and Spirallike Mappings of Type 3 and
Order p

Theorem 5.1 Let f(z1) be a parabolic and spirallike function of type S and order p on
D with p € [0,1) and 8 € (—3.%). Let F(&,z,w) be the function denoted by (1.1) with
0i,%i,0i +7 €[0,1] i=1,---,r),e; >4 (j=2,---,N1) andn; >4 (j =2,--- ,Na). Let the
power functions take the principal value branches. Then F(&,z,w) is a parabolic and spirallike
mappings of type B and order p on Qy provided that p < cosf and

2(cos 8 — p) 2(cos 8 — p)
[+ 8a{cos B — p)Je;’ [+ 8b(cos B — )y

1P < Q51 <

where

a = max {1731-_51-}’ b= max {I,SZLL%}

1<i<r l 1<i<r
Proof By Definition 2.3, we need only to prove

e—iﬁ 2 ap(f? 2 ’UJ)
p(&,z,w) 9(€, z,w)

(DF (&, z,w)) " F(&, 2, w) — (1 — i sinB)
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o —ip 2 8[)(6,2,11)) 2w —1 Zw
< (1= 2p) + R[S T S (DE(E 2 w) (G 2, ik (5.1)

Similar to Theorem 3.1,

o8 2 Ip(§, 2, w)
p(&,z,w) A&, z,w)

(DF(&, z,w)) " F(€, 2z,w) — (1 — i sin )

is a holomorphic function, so R[e™# p(§2zw) aap((f’;;;“)) (DF(&,z,w)) ' F(& 2z,w)] is harmonic.
From the maximum modulus principle of holomorphic functions and the minimum principle
of harmonic functions, we need only to prove that (5.1) holds for z € 9Qy. Thus p(§, z,w) = 1.

Let

q(z1) = e—iﬁi/ — (1 —1isinp). (5.2)
21 f
Then
lg(21)| < 2(1 — p) + Rq(z1). (5.3)

From the geometric properties of g(z1), we get R[q(z1)+ (1 —p)] > 0. Let g(21) = q(z1) + (1 —p)
then Rg(z1) > 0 and g(0) = cos § — p. Therefore

‘9(21) —(cosB —p
g(21)

)
—i—(cosﬁ—p)‘ <1

which follows

‘g(zl) —(cos B —p

)
g(z1) + (cos B — p) ‘ <l

by Schwarz lemma. So we obtain [g(z1) — (cos 8 — p)| < 2(cos 8 — p) 2L that is

1—‘,21"

|21]

lg(21) + 1 —cos B| < 2(cos B — p) , (5.4)
1 — |z
From Lemma 2.2 and (5.2), we get
(81 + (2120 + [wl209) [ 22282 (D 2 )1 B (g, 20) — (1~ sin )]
1 2 3 3(§,z,w) ) <y y <y
=e P H — (1 —isinB)(A1+ 2202 + |w]|2A3)
r N1
=S sl {4 ila(ar) +1-cos ) [1+ -3 (5~ D Py (25)] +ulan) +1—cos ][ 142
i=1 j=2
No ' 1 Ny Ny )
S =1Qs(wy)] } + A2{ Iz Pla(z) + 1-1 sin )1+ = > (6= 1P ()| + 3 Iz 2 [e 7
j=2 j=2 j=2
Ny
+ Eij(q(zl)ﬂ—cosﬁ)@ + Z—ll 2(1_sk)Pk(zk))} bt A PlgCun) +1-1 sin g [1 + wil
No No 1 1 No
2| . —i
- 1Q;()] + 2t o7 gy taten) 1= os ) (L4251 = ) Qulw)) |}

— (1 —isinB) (A1 + ||2]202 + |lw]|?As)
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r N1
~Ssillew ||25i{(cos B—1)(1—6;—:)+0:q(21) +viq(w1) +;[q(z1) +1—cos ] 2—112(@—1)13]-(%)
i=1 j=2

No
+ ”Yi[Q(lel—COSﬁ]wil Z(Uj—l)Qj(wj)} + A2{|21|211(21) +[(q(z1)+1—cos B) + e ]
|21 ]2 & S 1 1 1
I ORI ICHES LT [(cosﬁ—l)(l—;) + =)+ (¢ (21) + 1 — cos )~
Jj=2 j=2 J J J 21
.- w57
(A=) Pulze)]| |+ 2 on Pa(wn) + [(glwn) +1—cosB) eI 30~ 1)Q; ()
k=2 j=2
£ s fteos - (1~ L)+ Latwn) + L gt +1-con) L 50 - metun)] )
2 W cos ” 77Jq w1 n q(w w 2~ Mk )Le(WE)| -

Therefore by (5.3)—(5.4) and (3.5) we have

—igzap(fa z,w)

2 2
(Bt P oot w2 o= P o=

< lola,
A:(l—COSm{Si(l—(Si H ||QZ| | ( ) || H2Z| ]| ( )}

(DF(€, 2,w)) "L F(€, z,w)— (1—i sin 5)‘

+ 21— p) + (1)) [0, + 1_—W(|z1|2 + _Z @)} + (201 = p) + Ra(wn)] 507

e (mf* + Z' wly] ., 2emi SNy~ DI [ — )+

Jj=2
N1 N2
[21l(1=|1)) |zj|2 | Heosp) sy )
+ + | D1Q; ()] | 2L (1= fuw]2)+ |
SeosB—p) T2 o VIR -] 2

No 2
wi|(1 — |w w; t
+|1|( |1|)+Z|J|]

2(cosf—p) =
On the other hand, from (5.3)—(5.4) and (3.5) we get

_ip 20p(&, z,w)
(&, z,w)
= (1=2p)(A1 + [|2]P02 + [[w]|*Az) + R(e™ P H)

(D1 + 1121202 + llw]?285){1 = 2p + e (DF(&,w) 7 Flg.2,w) }

= Z sill&a > { cos B+ (6;+7:)(1—cos B) + (1—2p) + 0;Rq(21) + v Rq(w1) + (51-3?[@(21)4—1
i=1
Ny No

—cos ) Y (e = D ()] + 2R (alwn) + 1= cos B)—- > (1~ 1)Qs(w)] }
=2 =2
Ny
+ A2{|z1|2[9?q(z1) +2(1—p)] + |z1|29‘%[((q(zl) +1—cosf) + e_iﬁ)zil Z(sj - l)Pj(zj)}

=2
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N1

+Z|Zﬂ {1—2p+cosﬁ+ (1—cos6)+ §Rq(Z1)+ 9?(( (z )+1—COSB)Z—11

Ny
(=20 Pilzn)) | |+ Do { o P [Rawn) 4+ 20 p)] + fun PR [ ((g(wn) +1—cos B) o)
k=2

_Z ;i —1)Q; w3}+2|w3| {1—2;)4—(30554—771 (1—cosﬁ)+77 Rq(w)

N2
(o) 1= eos ) 30 - m@uten))|
> 3 sl {feos B = (L= =70 +2(1 = p) + 6:Ra(er) + 2iRafun) - 62200
N 2(cos 8 — p) aE 2
: Z(aj = DIP;(%)] - %1—7|101| Z(le - 1)|Qj(wj)|} + A2{|Zl| [Rq(z1) +2(1 — p)]
250 ) SN B e+ S e [(eos s — (1= L) 201
(I P2 + 1) 2o — IR )l + 3 Ji P feos s = 1) (1= =) +201 - )
j=2 j=2 7
Ny
- g(en) - 20 kZ;@sk — il } + B un PRaCun) + 201 - p)
_ (|w1|2% + |wy | ) Z 1)|Q; (wj;)] +Z lw;|? { (cos B — 1)(1 - Ui) +2(1—p)
=2 j=2 J

1 1 (cos 8 — ki
+ —Rq(w1) - ?) Z (e — 1)|Qk(w |H
=2

n; n 1—|w]

=> l&alI** B,
=1

where

BZ(COSﬁ—l){Si(l_(Si || HQZ|ZJ ( ) H ||2Z| w;? ( )}

+ [Ra(e1) +2(1 = p)] s + 1_—W(|z1|2 + Z 'fjj )] +20 = p)[s:0 - 8)
! o 2 1 2, |w]|2
+1_7”ZHQZ|ZJ| (1—;)} +[%q(w1)+2(1—ﬂ)]{8m T ”2( wi| Z )]
j=2 J nj
201 Lt N ;-1

i |Zl|1 |Zl| |2
(= [1211%) + | + Z o

N1
e F e e =) WOR I

1—|Zl| =2
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N. 2
OIS 1) ) [ 1y o LD R

= 0s 3—p) = i

Thus, by ,7; > 4 and (3.4), we obtain

N1 No
A-B l 1 t 1
T st y—1) - — P1-=) = 3 (1 - —
Neosp—p) T 1—||z|22'2”( 2) T ()

e Z DB G 22400 = el + a4 e 1)
+Z 'ij'Q} I —l||2|2 = é( 1y = 1)1Q ()| |2 (U [?) + e
e Sty

<500+ )~ T NE (0-2) - NZ ()
+1_l||2|21+(8;)(;;s_6p 0) 1_|Z|Z D12 |251]*
+ TeTe 12?&?@ A — |Z S

sy WZ DI [+ g VP

) Z Dl P[5+ e
<0
provided that
1P| < 2cosf—p) 10;]| < 2(cos 8 — p)

[1+ 8a(cos B — p)le; [1+4 8b(cos B — p)ln;

Therefore (5.1) holds, so F(§, z,w) is a parabolic and spirallike mappings of type 5 and order
p.

From Theorem 5.1, we draw the following conclusion on the unit ball B™ in C”.

Corollary 5.1 Let f(z1) be a parabolic and spirallike function of type 5 and order p on D
with p € [0,1) and B € (— 5,5). Let

F(z) = (

Jj=2
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1
with e; >4 (j = 2,---,n) and (%ﬁl))sj |z,=0 = 1. Then F(z) is a parabolic and spirallike
mappings of type B and order p on B™ provided that p < cos 3 and

2(cos B — p)
[1+8(cos B —p)le;

1551 <

Remark 5.1 Setting p = 0 and g = 0 in Theorem 5.1 and Corollary 5.1, respectively, we
get the corresponding results for parabolic and spirallike mappings of type 3, parabolic and

starlike mappings of order p.
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