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Nonlinear Schrodinger Approximation for the
Electron Euler-Poisson Equation®

Huimin LIU! Xueke PU?

Abstract The nonlinear Schrodinger (NLS for short) equation plays an important role in
describing slow modulations in time and space of an underlying spatially and temporarily
oscillating wave packet. In this paper, the authors study the NLS approximation by pro-
viding rigorous error estimates in Sobolev spaces for the electron Euler-Poisson equation,
an important model to describe Langmuir waves in a plasma. They derive an approximate
wave packet-like solution to the evolution equations by the multiscale analysis, then they
construct the modified energy functional based on the quadratic terms and use the rotat-
ing coordinate transform to obtain uniform estimates of the error between the true and
approximate solutions.
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1 Introduction

In the current paper, we consider the NLS approximation for the amplitude of the electron
oscillation in the following one-dimensional Euler-Poisson system

ne + (nv), =0, (1.1a)
1

v + 0o, + p(n)z = iiﬁ:ﬂ, (1.1b)
el Me

Vo = dme(n —ng), (1.1c)

where n denotes the density of electrons, v denotes the velocity field of electrons, and electric
field 1), satisfies the linear Poisson equation (1.1c¢). These unknown functions are defined for
(t,z) € R x R. Constants e, m, and ng represent the electrons of charge, mass and the
average charge of an ion background, respectively. The electron Euler-Poisson system (1.1) is
an important model for describing rich and complex dynamics of electrons in a plasma, in which
the ions cannot follow the rapid fluctuation of the fluid due to the greater inertia and hence
only provide a background of positive charge with uniform density ng.
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The NLS type equation has been derived formally for the electron Euler-Poisson system
(1.1) by multiple scaling analysis as early as 1974 (see [11]). As a modulation equation that
describes slow modulation in time and space of the envelope of a temporally and spatially
oscillating wave packet, the NLS equation is a completely integrable Hamiltonian system and
can be explicitly solved with the help of inverse scattering schemes (see [1]). In this paper,
we are dedicated to proving the NLS approximation of system (1.1) mathematically rigorously.
For the sake of simplicity, we set all the physical constants m, = e = ng = 47 = 1 and assume
the pressure function p(n) = %n3 in the following.

To obtain formally the NLS equation for describing the slow modulations in time and in
space of the wave train el(Fo+«ot) around the constant state (1,0), we set

<n - 1) =eWUnps + O(?) (1.2)

v
with
eWnrs = eA(e(x + cyt), e2t)elFor et g0y 4 c.c., (1.3)

where 0 < ¢ < 1 is a small perturbation parameter, A is the complex-valued amplitude,
#(ko) € C? is chosen as the eigenvector, a wave packet of the form el(koztwot) ig ysed in the
approximation, ¢, is the group velocity and ‘c.c.” stands for the complex conjugate, the basic
temporal wave number wp > 0 is associated to the basic spatial wave number ky > 0 by the
underlying temporally and spatially oscillating wave train e!(Fo#+«ot) - We obtain the following
NLS equation for A by inserting (1.2) with (1.3) to system (1.1),

BTA = iV18§A+iV2A|A|2, (14)

where X = e(z + ¢4t) € R is the slow spatial scale, T = 2t € R is the slow time scale, and
coefficients v; = v;j(ko) € R with j € {1,2}. The time and space scales of the modulations are
O(Z) and O(1), respectively. For the electron Euler-Poisson system (1.1), the basic spatial
wave number k = kg and the basic temporal wave number w = wy satisfy the following linear
dispersion relation

w(k) =segn(k)v/1+ k2, (1.5)

where sgn(k) denotes the sign function. The group velocity ¢, = %%(ko) can be found for the
wave packet. If we replace wy and ¢, with —wy and —¢, in (1.3), our ansatz makes waves
moving to the left becomes to one moving to the right.

Our main result of this paper is as follows.

Theorem 1.1 Fix s4 > 6. Then for all kg # 0 and for all C1, Ty > 0, there ewist
Cy >0, g0 > 0 such that for all solutions A € C([0,Tp], H**(R,C)) of the NLS equation (1.4)
with

sup [|AC, T)|[a=a (R, C) < O,
T€[0,To]

the following holds: For all € € (0,¢0), there are solutions

(31 < fo(o ) o)
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of system (1.6) which satisfy

n—1 3
s [(7) - ewmastetl],, g <05t

T
t€[0,-3]

where ¢(ko) = (—if(oko))

Remark 1.1 It is noted that the error of order O(e%) is small enough compared with the

solution (n—1,v) and the approximation eW¥ g, which are both of order O(g) in L such that
the dynamics of the NLS equation can be found in system (1.6). In addition, the smoothness
of the error bound is the same as the smoothness of the amplitude A. This can be achieved
by applying a modified approximation that has compact support in Fourier space but differs
only slightly from €W g, based on the fact that the Fourier transform of eV g is sufficiently
strongly concentrated around the wave numbers +kq.

Before progressing, we would like to draw attention to some literature on the global existence
of the electron Euler-Poisson system (1.1). The global existence of solutions with small ampli-
tude in all physical dimensions to the electron Euler-Poisson system (1.1) has been obtained in
the past decades. Guo [5] firstly constructed global irrotational solutions with small velocity by
the Klein-Gordon effect for the three-dimensional electron fluid. For the two-dimensional elec-
tron Euler-Poisson system, Tonescu and Pausader [8] proved that small smooth perturbations
exist globally in the constant background. Jang [9] obtained the global existence of smooth
solutions with small amplitude and spherical symmetry initial data. Moreover, Jang, Li and
Zhang [10] constructed the global smooth solutions, and Li and Wu [16] solved the Cauchy
problem by constructing the wave operators for the two-dimensional electron Fuler-Poisson
system. Finally, Guo, Han and Zhang [6] obtained the global existence of solutions with no
shocks for the one-dimensional electron Euler-Poisson system (1.1) for p(n) ~ n3.

We would also like to draw attention to some recent results on the NLS approximation for
nonlinear dispersive systems. The first NLS approximation result for extended systems with
cubic nonlinearities was shown by using the Gronwall’s inequality directly (see [14]), in which
the quadratic term does not appear. In the case of semilinear quadratic terms and the eigenvalue
of the linearized problem satisfies a non-resonance condition, the NLS approximation can be
obtained by applying a normal-form transform (see [12]). When the quasilinear quadratic terms
occur in the original dispersive system, it is a highly nontrivial problem to prove rigorously the
NLS approximation due to the emergence of resonances and the loss of derivatives. In the
process of the NLS approximation of the long time scale, the quasilinear quadratic terms can
be eliminated in the following two cases at present. One case is that some special transforms are
used to eliminate the quadratic terms in the process of modulation approximation such as the
water wave problem without surface tension and infinite depth by finding special transforms
adapted to the special structure of these problems (see [21-22]), and the Korteweg-de Vries
equation by applying a Miura transformation (see [17]). The other case is to use the normal-
form transform to eliminate the quadratic terms directly or construct the energy functional. If
the quadratic term loses only half a derivative in quasilinear terms of the dispersive system, then
the transformed system loses only one derivative and the NLS approximation can be handled
with the help of the normal-form transform and Cauchy-Kowalevskaya theorem, such as in [4,
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18-19]. If the quasilinear quadratic term loses one derivative and hence makes the transformed
system lose two derivatives, the quadratic terms are removed by constructing a new modified
energy functional with normal-form transforms, such as the NLS approximation for a quasilinear
Klein-Gordon equation without resonances (see [2]) and a quasilinear dispersive scalar equation
(see [3]). Very recently, by using the normal-form transform to eliminate the low-frequency
parts and defining new energy to handle the high-frequency parts, the authors of [15] obtained
the NLS approximation for the ion Euler-Poisson system, where the quadratic nonlinearity loses
one derivative and resonances occur.

The NLS approximation for the electron Euler-Poisson equation (1.1) studied in this paper
is different from the results mentioned above. Firstly, the quadratic term of (1.1) loses one
derivative but not half a derivative, thus the Cauchy-Kowalevskaya theorem used in the water
wave system (see [4, 18-19]) is no longer suitable for this situation. Secondly, the electron
Euler-Poisson system (1.1) is drastically different from the ion Euler-Poisson system studied
in [15]: They have different dispersive relations, different Poisson equations and many others.
Most vitally to our present problem, the operator 92 is irreversible in the linear Poisson equation
(1.1c) for electrons, so we can not diagonalize the linearised system of (1.1) directly, drastically
different as done for the ion Euler-Poisson system (see [15]), where the linearized operator 1 — 92
is revertible. Finally, the method applied in this paper is slightly different from the classical
Normal-Form method of Shatah [20] to close the energy estimate for the error as done in the
paper [2-3, 15].

To prove Theorem 1.1, we will apply the form of the quadratic terms to construct the
modified energy functional, and then use the rotating coordinate transform to obtain a uniform
error estimate. We first transform (1.1) into a diagonalized system of (E,v) by E := t),,

E, +v+vE,; =0, (1.6a)
v —E+ FE,, +vv, +E.E., =0. (1.6b)

By the following transform, we can diagonalize the linear part of system (1.6),

(o d) ()5()

where Q is an operator defined by the dispersive relation (1.5) such that @(k) = iw(k)u(k) for
function u, and every column vector of the invertible matrix S is the eigenfunction for system
(1.6). By the relation E := ¢, and (1.7), we have

<n; 1) = 5((5]_11) , 8= <?§2 %) : (1.8)

Then we can obtain the NLS approximation for the transformed variables (F,v) and hence for
(n—1,v) by the relation (1.7) and (1.8), as long as we prove rigorously the NLS approximation
for variables (Uy,U_1). Plugging F = Uy + U_; and v = —Q(U; — U_1) into (1.6), we obtain
the following linearised system

8tUj = jQUJ —|—Qj(U, U) (19)
with

Q,U,U) = %Bw(Ul LU — U + 22210 — U2 + 0w + U 1)), (1.10)
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where j € {1,—1} and Q; denotes the quadratic term of the evolution equation for U;. Then
the NLS equation can be formally derived by applying a modified ansatz U = V.

To justify the NLS approximation for system (1.9) on its natural timescale in some Sobolev
space, we have to estimate the error

PR:=U—c0

to be of order O(e?) for all t € [0, Z—S] for some 3 > 1. To make the time interval to be O(s72),
the quadratic terms need to be transformed into cubic terms and a closed energy estimate for
the error R needs to be obtained. Thus we adopt the modified energy method based on the
quadratic terms to define

S

£=% [/(BﬁR)de + (20— 1)5/((91@ + W)L R)da] (1.11)
£=0

for s = s4 > 6. Obviously, v/& is equivalent to ||R| g since ||(dz + Q)¥|| L~ = O(e) due to
the compact support of the modified approximation e¥ in Fourier space. Our energy functional
contains some modified terms of order O(g), which is used to eliminate the highest derivatives
terms from the quadratic terms. In addition, we use the rotating coordinate transform for the
approximation solution e¥ and the error R to translate the quadratic terms of order O(¢) into
cubic terms of order O(g?), and take advantage of the properties of no-resonance and quadratic
terms for system (1.9) to bound the time derivative of the energy in Fourier spaces. For more
on the modified energy method, see also Hunter et al. [7]. To close the error estimates, the
energy will be further modified into

& =& +€2h,
where h = O(||R||%.) as long as ||R| g+ = O(1). Consequently, we obtain
0E < C2(E,+1)

as long as ||R||gs = O(1). Gronwall’s inequality then yields the O(1) boundedness of &, and
hence of R for all t € [0, %} . So the NLS approximation for system (1.9) is achieved by combing
the estimates of the residual terms and the error. The details are given in Section 3.

In order to switch back into the (n—1,v) variables, we use the relation (n—1,v) = S(Uy, U_)
and the fact that the Fourier transform of the approximation solution W is sufficiently strong

concentrated around integer multiple of the wave numbers +kj. Then Theorem 1.1 can be

proved by defining ¢(ko) = < ko

—iw(ko
1
lef(e )z == | fllLe
In Section 2 we derive the NLS equation and estimate the formal approximate solutions and

)> in the approximation (1.3) and then using the estimate

the residual terms that remain after inserting the approximation into (1.6). In Section 3 we
perform the error estimate to prove Theorem 1.1.

Notation We denote the Fourier transform of a function v € L*(R,K), with K = R or
K =C by

Ak = 5 /R u(w)e e dg.
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Let H*(R,K) be the space of functions mapping from R into K for which

full e = ([ @IPO+EPaE) <o

We usually write L? and H* instead of L?(R,R) and H* (R R). We define the space LP(m)(R, K)
of u such that o™u € LP(R,K), where o(z) = (1 + 22)2. We also write A < B if A < CB for
a constant C' > 0, and A = O(B) if |A] < B.

2 The Derivation of the NLS Approximation

In this section, the NLS equation will be obtained formally as an approximation equation
for system (1.9). We compute the Fourier transform of U; for (1.9) as

0,U; = ijw(k)U; + ST bk — 00Uk — OU,(£)de, (2.1)
m,ne{£1l}

where the kernel function 7/, of quadratic terms (1.10) satisfies

Won o= £.0) = =5 (k= Ou(0) = s lmn(k = 0w + (=00 (22)

Define the residual as follows
Res(U) = —0,U + AU + Q(U,U), (2.3)

which is a measure of how much U fails to be a solution of (1.9). To derive the NLS equa-
tion formally as an approximation equation for system (2.1), we make the residual smaller by
approximating U not just with the NLS terms, but rather by a more complicated approximation

el = Y HUnigh e (&1} (2.4)
0<51,|72|<5

with

B1(jz2, j1) for ja #1,

B1(j2, J1) = L+ ||g2| =1 + 1, P-1(j2,J1) = : ,
( ) 2] =1l ( ) Bi(1,41) +2 for jp=1.

Assume that the term Jg; ; has the form

= AT (e(x 4 cyt), %) 72, (2.5)

J2J J2J

where 72 = ¢li2(kor+wot) then we find that the amplitudes A%, of the one order terms 9,
satisfy the NLS equation, while the higher terms satisfy some algebraic relations or inhomoge-
nous linear partial differential equations.

We now insert (2.4) with (2.5) into (1.9). For the dispersion relation w = w(k) which occurs

in terms of the form ww we take their Taylor expansions around k = jokg in Fourier space.

J23°

Similarly, for the quadratic terms such as nmnwﬁ j 513 we take their Taylor expansions around

k= (j2+ jz)ko, k— {0 = joko and £ = ij() in Fourier space, respectively. For more details, one
can refer to [19].
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Now we equate the coefficients of ! 72 to zero for jo = 0,1,2,--- inductively. Firstly, we
find that the coefficients of e B! and e E' vanish identically because of the relations wy = w (ko)
and ¢, = Opw(ko). By letting the coefficient of e3E'! be zero, we obtain

i
OrAY; = §8£w(k0)8§A91 + 4, (2.6)

where ¢ is only related to A9, A§; and A%, A9..
By letting the coefficient of e2E° and £2E? be zero, we obtain

lim w(k)AY; = ro1(AYA° ),

k—0—

’ . . (2.7)
lim w(k)Ag_; = ko2(A11AZ )

k—0+
and

(2wo + w(2ko)) A9 = ka1 (AY))?,

(2.8)
(2wo + w(2ko)) A5_; = kaa (AT, A% 4,),

where oj, ko; € C. Then Af; and A9; can be expressed by [A7,|* and (A9))?, respectively,
due to the fact kli%liw(k) # 0 and 2wo £ w(2kp) # 0. Inserting (2.7)—(2.8) into (2.6), we can
—

obtain the NLS equation
i .
BTA(lJl = 5813‘*’(]%)63(14?1 - 17(k0)A?1|A?1|2, (2.9)

where (ko) € R.

Repeating the above steps, we find that the higher-order terms satisfy some algebraic rela-
tions or inhomogeneous linear partial differential equations. For example, the term A}, satisfies
a linear inhomogeneous Schrodinger equation, in which all the inhomogeneous terms are known
according to the prior steps.

To obtain the approximation property of the NLS equation (2.9), it is helpful to modify
el by a new approximation e¥ by some cut-off function such that the modified approximation
eV in Fourier space has compact support in small neighborhoods of joko with |j2] < 5. More
precisely we define wg; ; such that

—~ ~J1
jéj(k) =1);,;(k) for {k € R| |k — jako| < 0}, (2.10)
@;j (k) =0, otherwise,
where § > 0 is a constant independent on 0 < ¢ < 1. Then our modified approximation ¥ is
as follows
el = Yy MUy e {41}, 1B (j2, 51)| < 5. (2.11)
0<71,|72|<5

Note that the approximation is only changed slightly by the above modification due to the
concentration around the wave numbers j2kg, but this will lead to a simpler control of the error
and make the approximation an analytic function.



368 H. M. Liu and X. K. Pu

Lemma 2.1 Let s4 > 6 and A € C([0,Ty], H*#(R,C)) be a solution of the NLS equation
(2.9) with

sup ||A|lgsa < Ca.
TE[0,To]

Then for all s > 0, there exist CRres, Cw,e0 > 0 depending on C'4 such that the following holds

for all e € (0,e9) : The modified approxzimation €W exists for all t € [O, Z—S] and satisfies

sup [Resy (%) - < Crese? (2.120)
te]0, 28

sup [[e¥ — e@npsl|aen < Cuet, (2.12Db)
te0. %]

sup ng';j”Ll(s+l)(]R,C) < Cy. (2.12¢)
tef0. %y

Proof We refer to [4, Lemma 2.6] (see also [2]) for the proof of Lemma 2.1. According to
the form of original approximation solution, we have Res(E\TJ) = O(g%) and eW —&( N(fl —Hzgll) =
O(£?) on the time interval [0, L8] if A is a solution of the NLS equation (2.9) for T' € [0, Ty).
Since the modified approximation eV has a compact support whose size depends on kg, thus
there exists a constant C' depending on kg such that ||V g < C||¥||z2 and ||\Tl||L1(S) < CY|
for all s > 0.

Furthermore, by using the facts ||f(e-)||z2 = ¢~ 2||f|| 12 and the estimate

1 M — 1
[(X[=s,51-1)e " Fe™ M 2m) < C™ M2 fll grmeens (2.13)
for all m, M > 0, where x[_s 4] is the characteristic function on [0, 0], we can obtain (2.12a)
and
sup  |leW — (@) + 9% ) ||gea < Ce3. (2.14)
re 0. 78]

By combing (2.13)—(2.14), (1.3) and (1.8), we obtain (2.12b).
Finally, due to [le~"f(e-)|[z1 = || fl|z+ and the construction of ¢!, we obtain (2.12c).
Note that the bound (2.12¢) will be used to estimate

2 Fllms < Cllvl, Fllas < ClIEE I sy@oll £z

oy

without loss of powers in ¢, as it would be the case with ||111321 j|| L2(s)(R,c)- Moreover, by an
analogous argument as in the proof of [4, Lemma 3.3], we have the following lemma.

Lemma 2.2 For all s > 0 there exists a constant Cy, > 0 such that
||at¢111 + iwdjg:HHLI(S) < ngz' (2.15)
For later convenience, we give the following lemma.

Lemma 2.3 (see [13]) [Commutator Estimate] Let m > 1 be an integer, and then the
commutator [N™, flg := V"™ (fg) — fV™g can be bounded by

V™, flglize < IV Fllze IV gllzee + V™ fllzes llgllos, (2.16)
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where p,pa, p3 € (1,00) and
1 1 1 1 1
+ +
p b1 b2 b3 P4
3 The Error Estimates

In order to prove Theorem 1.1, we need only to prove the NLS approximation for system
(1.9) because of (1.7)~(1.8) and Lemma 2.1. Define the error R by U = e¥ +£°R (8 > 2) and
plug it into (1.9), we then obtain the following equation for R,

O R; = jOR; +2¢Q;(V, R) + £°Q;(R, R) + e "Resy, (V)
=JjQR; + Jgar(‘l’j TV )R - Rj) + ]769(‘1’3' -V ;)0:(R; + Rj)

+ %[9(%‘ —V_)QUR; — R—j) + 0:(V; + ¥_;)0:(R; + R_;)]
jeb jeP b, 2 2
+ 5 00(By + Boj)UR; — By) + === [(UR; — R—j))" + 0u((B; + R—j))"]
+ E_BResUj ()
=1 jQR; + cA; +e° Ay + e PResy, (1), (3.1)

where 2Q,;(¥, R) =: A1, Q;(R, R) =: As. By careful computation, we have

Ar =10 (V5 +W_j) + Q¥ — V_;)]0: R,

5100 + W) + QT — W )Q - 0)(R, ~ R-y)

* %(% = 1)[00(W; + V- )0a (R + Roj) + QW; = U_)QAR; — R-;)]

+ @ - 2Ry - R
+ ()R, ~ R + @Ry + B
3
=" Ay

According to the dispersive relation (1.5), we have

1

(Q_8,)(k) = i(wlk) — k) =i(vVI+ k2 — k) = e Ok™Y), k- oo,
o (3.3)

Da ko -1
(5_1)('“)‘\/1+—k2 YRR R

By (3.2)-(3.3), we note that the lost derivatives from the terms 2Q;(¥, R) and @Q,;(R, R) are
concentrated on Aj; and Asq, respectively, and the other terms such as Ajo, A1z and Asp, Ago

=0k, k— oo
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do not lose derivatives. In order to control the error R, we define the following energy function

£ =Y Ey, (3.4)
=0

Bp= Y [/(aﬁRj)2dx+(2é— De > /(Bw—i-ij)\Ilm(@ﬁRj)de : (3.5)
je{£1} me{£1}

where s = s4 > 6. The terms of order O(¢) in Ey are used to counteract the effects of the
quasilinearity. The evolution of these terms will cancel the terms with the highest derivatives
from the H® norm. Note that

By S |05 RI[72 + ell0s || L0z R 7,

then we can obtain the energy /& is equal to the | R| = by applying Lemma 2.1 and Sobolev
embedding H! — L°°.

In order to prove rigorously the NLS approximation for system (1.9), we have to prove that
R is of order O(1) for all t € [0, Z2]. In detail, we want to show ||R|z- < C for a constant C
independent of ¢ in the time interval [0, Z—S], i.e., we want to show that

08, S 21+ & +eiEl).
Then we will conclude that

sup  &q(t) < C.
te[0.28]

Furthermore, we can obtain that sup R(t) < C.
tef0. 28]
Now we consider the evolution of Fy,

O FEy = Z {2/3§Rjaﬁat3jdx+2(2e—1)a Z [/(aerij)\IfmaﬁRjaﬁatRjdx
JE{E1} me{£1}

+1 / (8 + )0 W (9 Ry)*dz] }

2
je{£1}
+2(20—1)e Z /(jam—ka)\IlmaﬁRjaﬁQRjdx
me{x1}
- Y / (Ds + M) (9L R,)?da
me{x1}
+2eﬁ/a§Rjaf;A2dx+2(2e— 1)e? Z /(am + §mO)¥,, 05 R;05 Ay dx
me{x1}

+2(20 —1)ePtt Z /(az + jmQ)V,, 04 R;0! Axd
me{x1}

+2&:_ﬁ/8£Rj8£ResUj (eW)dx
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+220-1) 0 > /(aw + jmQ) V., 0% R; 04 Resy, (E\I!)dx}
me{x1}

9
= > > I (3.6)

je{£1} i=1

Due to the skew symmetry of €2, the first term I; is equal to zero.
Now we first estimate the terms I5 — Iy which is at least of order O(g?).
For I, recalling (3.2), we have

3 3
Is = 25ﬁ/a§Rja§(ZA2i)dx =3 I
=1 =1

For I5:1, we have
. 2j55/a§[(asz +(Q = 8.)(R; — R ;)0 Ry)0s Ry Ry da

- 2j55/8£(3ij)235Rjd$ + 2jaﬁ/a§((9 —0;)(R; — R_;)0, Rj)9. R;dx
=:I511 + I512.
For 1511, we have
I = 4jaﬁ/aijaﬁ+1Rja§Rjdx +4éjsﬂ/a§Rj(a§Rj)2dx
-2 ‘ .
+ 2jeP / > C7 05 R0 R 0L R da
1=2
-2

=2(20 — 1)je? / O2R;(0LR;)?dw + 257 / > C7 05 R0 R0 R da
=2

— SPo(Es), (3.7)

where we have used integration by parts, Sobolev embedding inequality and Young’s inequality.
For 1512, we have

frrz = 2" [((© = 02)(R; ~ R_;))0L T RyoL Ryda
22" [0, (@ = 0)(R; — R-)0s Ry0L Ry
— =" [ 0.0~ 0)(R; — )@y
+2j¢” /[aﬁ, (Q = 0:)(Rj — R—;)|0, R;0; R;dx

—SoEs), (3.8)

where we have used (3.3) and the commutator estimates in Lemma 2.3. By combining (3.7)
3
with (3.8), we have I5; = £°O(£2). By estimation directly, the terms I5o and I53 can be

3
2

bounded by e#O(£2) by using (3.3) and integration by parts. Then we obtain

I = O(ED). (3.9)
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For Ig, recalling (3.3), we have
3 3
me{£1} =1 =1

For Is1, we have
Iy = 2(20 — 1)e? Z s/(@r + gm)V,, 05 R;05[(j0. + nQ),,0, R;|da
m,ne{£1}
= (20 —1)%? Z 5/(893 + Jm)V,, 0, (j0r + nQ) ¥, (94 R;)2dx

m,ne{£1}

4
+2020-1) Y e / (02 + M)W 0LR; Y ClOL(j0x + nQ) W, 05 Ryda

m,ne{£1} i=2

=20(&,),

where we have used integration by parts, Sobolev embedding inequality, Young’s inequality
and Lemma 2.1. By (3.2)-(3.3), we obtain Iz + I3 = £2O(&,) by applying Sobolev embedding
inequality and Young’s inequality once more. Then we have

Is = £20(E,). (3.10)
For Ir, recalling (3.2), we have

L=2020- 1) Y / (90 + JmQ) UL R, Asda
me{£1}
8 i3
=ePO(Es +e2E2), (3.11)
where we have used integration by parts, Sobolev embedding inequality, Young’s inequality and

Lemma 2.1 once more.
For Ig, by applying the estimation of the residual term in Lemma 2.1, we can obtain

Iy =2:F / 9L R0 Resy, (e¥)dx
=e?0(1 + &). (3.12)

For Iy, similar to Ig, by applying the estimates of the residual term and approximated
solution in Lemma 2.1, we have

Iy =2(20—1)et=7 Z / (0 + jmQ)V,, 05 R;0 Resy, (eV)dz
me{x1}
=30(1 + &,). (3.13)

Thus by above equalities (3.9)—(3.13), we have

9
N L =01+ & +e2E2). (3.14)
1=5
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Next, we estimate the leaving terms I — I4, which are of order O(e).

For I, according to the relation (3.2), we have

3 3
I2 = 28/6£Rj6£(21411)d$ = ZIQi.
i=1 i=1

For I»;, by integration by parts, we have
In = 25/35[1(%(% + ) + QY — V_;))0, Ry)0; R;dx

=2 Y /85;[(]'395+mQ)\IJm8ij]3ﬁRjda:
me{£1}

=— > /az[(jaz +mQ)¥,,| (05 R;)*da

me{x1}

14
2 ) /Zcéﬁi((jam+mQ)\Ifm)6£‘i+1RjaﬁRjdx
me{£1} i=1

= (20— 1) Z /Bw((jam +mQ)V,,) (9L R;)dw
me{£1}

¢

2 ) /Z CLOL((j0, + mQ)W,,)0 "+ R; 04 R dr
me{+1} =2

=: Iz11 + I212.

For I3, by integration by parts, we have

I3 =2(20—1)e Z /(j@z +mO)¥,,05R;05QR;dx
me{£1}

— -1 Y [ 2ul0s + mO) V) (OLR; s

me{x1}
+2(20-1)e ) /(j@z +mO)¥,,05R;05(Q — 0,)R;da
me{£1}
= I31 + I3.
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Note that the terms I3; and Iz;; can be cancelled and this is the reason why we choose the

modified energy Ey in (3.4).

For I, we have

L= (20— 1) / (0, + Jm) OV, (9 R;)2da

= (20— 1) / (0 4 jm) (0 + )V, (05 R;)*da — (20 — 1)e / (0 4 JMm)QV,, (05 R;)*da

= Iy + L.

An application of Lemma 2.2 with (2.15) and Lemma 2.1 leads to Iy; = e30(&s).
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So far, only the terms I12, Ioo, Ios, I32, 142 of order O(e) need to be estimated. In order to
prove that R is of order O(1) for all ¢ € [0, %], we need to translate these terms of order O(e)
to be of order O(£?). For this sake we take the following coordinate transform

f=c R g=ec U0, (3.15)
and then by using (3.1) and (3.15) we have
ofj= 25e_QtQj(thg, emf) + E'Be_mQj (emf7 emf) + E_'Be_QtReSU]. (eD). (3.16)

It is noted that the O(1) term no longer appears in this coordinate frame. We analyze the
remaining terms of O(e) in Fourier space

1919 + Ioo + Io3 + I30 + Iyo

:5( 1)é+1 Z // ]+Tl ZOE —l _l)+mw(k,_l))l€—i+lké

m,ne{£1}
+ k2 (G(k = 1) 4+ mw(k — 1)n(w(l) = 1)
ol kK
+ jk f(m - 1)((k — )l + mnw(k — Dw(l)
+ 2= 1) +n)(Gk = 1) +mwlk = D)E (w(k) — k)

—(2—1)(j+n)((k—1)+jmw( D)k = DR} Ry (k) B (= 1) R (1) itk

SIS // ol (ke — L) R () B ( — 1) R ()il (3.17)

m,ne{£1}

_ 5

That is to say af,,, =: > v is the kernel function of Isjo + oo + Iag + I3z + I42 =: €J. By
i=1

using (3.3), we find that the exponent sum of k and [ from every term of &7, (k,k —1,1) less

than 2 except for —(¢ — 3)(k 4+ n)((k — 1) 4+ jmw(k — 1))w(k — D)KL for m,n,j € {+1}. By

using (3.15), we have

, _
e [ Jas=e(—1yt0 b (ky k= LR (k)W (k — 1) Ry (1) didkds
‘/0 mne{:tl}/ // ’
— e(—1)tH! mn B0 (b b —1,0) f3(k)Gm (k — 1) fn (1)dldEds
mne{il}/ //
(kok—1,1) .y n t
— 1 l+1 mn 1¢mn(k l)s —1 n 1)dldk
(1) mnez{ﬂ}// it TR0 (e — D Fo(t)ata|
nlky k1 1) ; = >
—e(-1)t e 0mn D9 (f5(k)Gim (k — 1) fo(D))dIdkds
mne{il}/ // ’
= (=) N (14 ), (3.18)
m,ne{£1}

where

Ik l) = —jw(k) + mw(k —1) + nw(l), m,n,je€ {£1}. (3.19)
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Note that ¢7,,,(k,1) # 0 for all k,I € R according to the dispersive relation (1.5), thus the
right-hand terms of (3.17) are well-defined. When |k| — oo, we have
O (ks 1) = ma(l = 1) = (w(k) = w (D))

=mw(k —1) —j(k = Dw'(k —0(k,1)(k —1))

= mw(k —1) = j(k = 1)(1+ O(k[72)),
O, (1) = =) + ma(lk = 1) = jw(l)

=mw(k —1) — jlwk) +w(k — (k—1)))

2w(k)(1+ O(k[™1)).
Note that the boundary term .J; of the right-hand of (3.17) can be subtracted in the left-hand

of our estimate, which does not change the energy because it can be estimated by Ce&s due

0 (3.20). The second term J, is of order O(¢?) when the time derivative is applied to either
factor of f or g.

For the last term Jy of (3. 17) we have
=—¢ / / / LY M Pmn B0 ) (F1 (k)G (k — 1) fu(1))dIdkds
1¢mn (k,1)
=—¢ / / / LD M Pmn K05 ) (£ (k))Gm (k — 1) fr(1)dIdkds
1¢mn (k1)

- ) 1¢Z,m(k7z)sé— . N

_ n(k, k l l) i DTy - .
E/ // 1¢)mn (k1) Ji(B)Gm (k — 1)0s(frn(1))dldkds

=: Jo1 + Jog + Jo3. (321)

(3.20)

For Joy, recalling (3.16), we have
- ) 1(mw(k—l)+nw(l 1ws iws
Jo1 = E/// 1¢mnkl (2EQ(G e f)()
+e8Q;(elws f,eiws f)( ) E—BResUj (£615G))Gm (k — 1) fn (1)dIdkds
92 / / / l%n i D@, R) (k)T — 1) R (1) ik

B O R v SURN S
H/ / / 1¢mnk1 Q;(R, R)(k)W,n(k — )Ry (1)dldkd

el- 3/ // O (ko k= L) s, (E0) W, (k — )Ry, (1)dldkds
1¢mn (k,1)
=t Ja11 + Jo12 + Jo1s. (3.22)

The term Jo13 including the residual can be bounded directly by £2O(1 + &) by applying

Lemma 2.1, Young’s inequality and Cauchy-Schwarz. Recalling the kernel function o/, ,, from
(3.17), we have

Z Yi

Jor1 + Jora = —2¢° / // ” kl Q;(T, R)(k) T (k — )R,y (1)didkds
1 mn
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5
Z A s - = ~
M/ / / %] = Q; (R, R) (k) ¥y (k — )Ry, ()dldkds
1 mn
5

=: Z(Jmu + J212:)- (3.23)
i=1

According to (3.3) and (3.17), we obtain v;(¢ = 1,2, 3,4) is of order less than or equal to 2¢ — 1
and the quadratic terms Q;(¥, R) or Q;(R, R) only lose one derivative by (3.2), so we have

4
Z(Jmli + Jogi) = 20(E +e2E2), (3.24)

=1

where we have used Lemma 2.1, Young’s inequality and Cauchy-Schwarz once more.
For J2115 Wlth_] =n, we have

Jo11s = —2(20 — 1)e / // k—1)+ jmw(k —1))w(k — 1)k4*

l(bznj(kv l)
% Q; (T, R)(k) — )R, (1)dldkds
/ // — 1)+ jmw(k —1)w(k — 1)K
l(bznj (ka Z)
3 ~ ~
x> Ay — D R;(1)dldkds
=1
3 .
= > Jins. (3.25)
=1
According to (3.20), we have
L+ik‘<c _F  Lik-pl<c (3.26)
i, (k1) LT gl (kD) T '

Since Aq1s + A3 from (3.2) does not lose derivatives, by applying (3.26), Lemma 2.1, Young’s
inequality and Cauchy-Schwarz, we have

T35 + Ja11s = 20(Es) (3.27)
and
Jhs = —(20—1)e / /// kE—1)+ jmw(k —1)w(k — 1)K
ge{+1}
x (j(k = p) + q(k — p))p¥o(k — p)R; (p) W, (k — ) R;(1)dpdidkds
+20(&,)
= (D) Re-1)e > / /aé (jOr + qQ) W4 (, + jMm)QV,, 0, R;)0% R;dads

qe{+1}
+20(&)
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:(_1)“1@ 3 //a (05 + Q)W (Ds + mQ)QW,) (IR, ) 2duds

ge{x1}
+(-D2e-1)2 Y / /Zc@al (jOw + ¢V (8, + JmQ)QW,,,
ge{=£1}
x 0L R;08 Rjdrds
+20(&,)
=%0(E,). (3.28)

Combining (3.27) with (3.28), we obtain
J2115 = 520(55). (329)
Similarly, by using (3.2)—(3.3) and (3.17), we have
Jon2s =2 O(Es + 6355,%). (3.30)
y (3.22)—(3.24) and (3.29)—(3.30), we have
2 803
Jo1 =" O(1 + & +€28E2).
Similarly to Jo1, Joo and Jaz can be bounded by e20(1 + & + E%SS%). Then we have
3 3
Jy =?O(Es +€2E2). (3.31)
Recalling the evolution of Ey in (3.6), associate (3.14), (3.17)—(3.18) with (3.31), we have
Ou(Ey + che) = 20(1 + &, + 362, (3.32)

where hy is the modified term for the energy E; coming from Jp in (3.18) and can be estimated
by eO(&s). Then by using Gronwall’s inequality, we have

swp || R(1)||me < C, (3.33)
tefo. 3]

independent of ¢ as desired.
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