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Abstract In this paper, the authors study the gradient estimates for positive weak solu-

tions to the following p-Laplacian equation

∆pu+ au
σ
= 0

on complete noncompact Riemannian manifold, where a, σ are two nonzero real constants

with p 6= 2. Using the gradient estimate, they can get the corresponding Liouville theorem.

On the other hand, by virtue of the Poincaré inequality, they also obtain a Liouville theorem

under some integral conditions with respect to positive weak solutions.
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1 Introduction

Let (Mn, g) be a Riemannian manifold with the dimension n. Recently, a lot of attention

was given to the following nonlinear elliptic equation defined on Mn:

∆u + auσ = 0, (1.1)

where a, σ are two nonzero real constants. For example, when a < 0 and σ < 0, (1.1) defined

on a bounded smooth domain in R
n is called thin film equation, which describes a steady state

of the thin film (see [4]). Moreover, it is linked with the Yang-Mills’ problem for n = 4 and

σ = n+2
n−3 in physics (see [1, 3]). For some development in this direction, see [5, 8–10, 13] and

references therein.

In this paper, we focus on positive weak solutions to the following p-Laplacian type equaiton:

∆pu+ auσ = 0, (1.2)

where a, σ are two nonzero real constants with p 6= 2, and the p-Laplacian with respect to u is

defined by

∆pu := div(|∇u|p−2∇u) for every u ∈W 1,p,
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which is understood in distribution sense. When σ = p − 1, (1.2) is corresponding to the

eigenvalue problem

∆pu = −λ|u|p−2u, (1.3)

where u is said to be the eigenfunction associated with λ (for the study to gradient estimates

of (1.3), see [7, 11]).

Theorem 1.1 Let Mn be an n-dimensional complete noncompact Riemannian manifold

with the sectional curvature KM ≥ −K2 for some positive constant K. If either (1): a > 0 and

σ ≤ n+2
n

(p − 1) or (2): a < 0 and σ ≥ n+2
n

(p − 1), then any positive weak solution u to (1.2)

with p > 1 satisfies

|∇u|2
u2

≤ n(n− 1)
( K

p− 1

)2

. (1.4)

In particular, the following Liouville-type result follows immediately.

Corollary 1.1 Let Mn be an n-dimensional complete noncompact Riemannian manifold

with nonnegative sectional curvature. If either (1): a > 0 and σ ≤ n+2
n

(p − 1) or (2): a < 0

and σ ≥ n+2
n

(p− 1), then (1.2) with p > 1 does not admit any positive weak solution.

Generalizing the results in [2] in which they derived a Liouville theorem for weakly p-

harmonic functions with finite p-energy and the manifold satisfies a Poincaré inequality, Zhao

[14] consider the similar problem for (1.2). In the next part, we generalize the results of Zhao

in [14] as follows.

Theorem 1.2 Let Mn be an n-dimensional complete noncompact Riemannian manifold

with Ric ≥ −τρ and satisfies the Poincaré inequality
∫

M

ρψ2 ≤
∫

M

|∇ψ|2, (1.5)

where ρ = ρ(x) is a positive function defined on Mn and the constant τ satisfies

0 < τ <
α+ 2(p− 2)

(p− 1)2
(1.6)

with α = min
{
2, (p−1)2

n−1 + 1
}
. If aσ < 0 and

p ∈
(
1, 2−

√
n− 1− 1

n− 2

]
⊔
[
2 +

√
n− 1 + 1

n− 2
,+∞

)
, (1.7)

then any positive weak solution u to (1.2) with

lim
R→∞

1

R2

∫

Bp(2R)\Bp(R)

|∇u|2p−2 → 0 (1.8)

must be constant, where Bp(R) denotes the geodesic ball of radius R centered at p ∈Mn.

Remark 1.1 In [15], Zhao and Shen obtained Liouville type theorems for a ≥ 0 and

σ ≤ p − 1 with 1 < p ≤ 2. Clearly, our Liouville-type results in Corollary 1.1 generalize those

of Zhao and Shen in [15].
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Remark 1.2 It needs to point out that Zhao [14] derives the Liouville type theorems for

the case a ≤ 0 and σ ≤ p − 1, while our Liouville type results in Theorem 1.2 hold for a < 0

and σ > 0, or a > 0 and σ < 0. On the other hand, the Liouville type results of Zhao [14] are

true for 1 < p <
n−1+

√
(n−1)(n+3)

2 , while our corresponding results hold for p ≥ 2 +
√
n−1+1
n−2 .

2 Proof of Theorem 1.1

We define

v = (p− 1) log u,

which is equivalent to u = e
v

p−1 . Then from (1.2), we obtain that v satisfies

∆pv + |∇v|p + a(p− 1)(p−1)e(
σ

p−1
−1)v = 0, (2.1)

which is equivalent to

|∇v|p−2∆v +∇v∇|∇v|p−2 + |∇v|p + a(p− 1)(p−1)e(
σ

p−1
−1)v = 0. (2.2)

Through direct computation, we get the following lemma.

Lemma 2.1 We introduce the elliptic operator L defined by

L = div(|∇v|p−2A∇·)

with A = Id+ (p− 2)∇v⊗∇v
|∇v|2 . Then for p > 1 and

G = |∇v|p, (2.3)

we have

L(G) ≥ p

n
G2 + ap(p− 1)(p−1)

(n+ 2

n
− σ

p− 1

)
e(

σ
p−1

−1)vG

− p|∇v|p−2∇v∇G − (n− 1)pK2G
2p−2

p

+
1

n
a2p(p− 1)2(p−1)e2(

σ
p−1

−1)v. (2.4)

Proof Recall the following well-known Bochner formula (see [12, (2.3)]) with respect to

the elliptic operator L:

1

p
L(|∇v|p) = |∇v|2p−4|Hess v|2A + |∇v|2p−4Ric(∇v,∇v)

+ |∇v|p−2∇v∇∆pv. (2.5)

Substituting (2.1) into (2.5), we get

1

p
L(|∇v|p) = |∇v|2p−4|Hess v|2A + |∇v|2p−4Ric(∇v,∇v)

− |∇v|p−2∇v∇[|∇v|p + a(p− 1)(p−1)e(
σ

p−1
−1)v]

= |∇v|2p−4|Hess v|2A + |∇v|2p−4Ric(∇v,∇v) − |∇v|p−2∇v∇|∇v|p

− a(p− 1)(p−1)
( σ

p− 1
− 1

)
e(

σ
p−1

−1)v|∇v|p
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≥ 1

n
(∆pv)

2 − (n− 1)K2|∇v|2p−2 − |∇v|p−2∇v∇|∇v|p

− a(p− 1)(p−1)
( σ

p− 1
− 1

)
e(

σ
p−1

−1)v|∇v|p

=
1

n
|∇v|2p + a(p− 1)(p−1)

(n+ 2

n
− σ

p− 1

)
e(

σ
p−1

−1)v|∇v|p

− |∇v|p−2∇v∇|∇v|p − (n− 1)K2|∇v|2p−2

+
1

n
a2(p− 1)2(p−1)e2(

σ
p−1

−1)v, (2.6)

where we used the following Cauchy inequality:

|∇v|2p−4|Hess v|2A ≥ 1

n
[|∇v|p−2trA(Hess v)]

2

=
1

n
(∆pv)

2 (2.7)

and (2.1), which completes the proof of Lemma 2.1.

Let θ be a cut-off function satisfying θ(t) = 1 for 0 ≤ t ≤ 1
2 and θ(t) = 0 for t ≥ 1 such that

(θ′)2

θ
≤ 40, θ′′ ≥ −40.

Define the function ϕ :Mn → R by

ϕ(x) = θ
(r(x)
R

)
,

where r(x) = d(x0, x) denotes the distance function on Mn centered at the point x0. Then we

have (see [6–7])

|∇ϕ|2
ϕ

≤ 40

R2
(2.8)

and

Aijϕij = ∆ϕ+ (p− 2)
ϕijv

ivj

|∇v|2

≥ −80(n+ p− 2)
1 + 2KR

R2
− 40max{p− 1, 1} 1

R2
, (2.9)

where Aij = δij + (p− 2) vivj

|∇v|2 .

Let G̃ = ϕG. Next we will apply the maximum principle to G̃ on BR(x0). We assume that

G̃ = ϕG achieves its maximal value at x1. Then at the point x1, we have

∇G = −G∇ϕ
ϕ
, L(G̃) ≤ 0. (2.10)

It is easy to see that at the point x1,

0 ≥ L(G̃) = ϕLG+GLϕ+ 2|∇v|p−2∇ϕA(∇G) (2.11)

and

ϕL(G) ≥ p

n
ϕG2 + ap(p− 1)(p−1)

(n+ 2

n
− σ

p− 1

)
e(

σ
p−1

−1)vϕG
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− pG
2p−1

p |∇ϕ| − (n− 1)pK2ϕG
2p−2

p

+
1

n
a2p(p− 1)2(p−1)e2(

σ
p−1

−1)vϕ (2.12)

by using (2.4).

Next, we estimate the last two terms on the right-hand side of (2.11). By the definition of

A, we obtain

2|∇v|p−2∇ϕA(∇G) = 2
[
∇ϕ∇G + (p− 2)

(∇ϕ∇v)(∇v∇G)
|∇v|2

]
|∇v|p−2

= −2G
[ |∇ϕ|2

ϕ
+ (p− 2)

(∇v∇ϕ)2
ϕ|∇v|2

]
|∇v|p−2

≥ −2 max{p− 1, 1} |∇ϕ|
2

ϕ
G

2p−2

p . (2.13)

On the other hand, due to

∇ϕ∇|∇v|p−2 =
(2
p
− 1

)
G

p−2

p
|∇ϕ|2
ϕ

and

|∇v|p−2∇v∇∇ϕ∇v
|∇v|2 = |∇v|p−2

(ϕijvivj

|∇v|2 − 1

p

|∇ϕ|2
ϕ

+
2

p

(∇ϕ∇v)2
|∇v|2ϕ

)
,

we have

Lϕ = div(|∇v|p−2A(∇ϕ))

= |∇v|p−2∆ϕ+ (p− 2)
∇ϕ∇v
|∇v|2 ∆pv +∇ϕ∇|∇v|p−2

+ (p− 2)|∇v|p−2∇v∇∇ϕ∇v
|∇v|2

= |∇v|p−2∆ϕ− (p− 2)
∇ϕ∇v
|∇v|2 (|∇v|p + a(p− 1)(p−1)e(

σ
p−1

−1)v)

+ (p− 2)
ϕijvivj

|∇v|2 |∇v|p−2 + 2
(2
p
− 1

) |∇ϕ|2
ϕ

G
p−2

p

+
2(p− 2)

p

(∇ϕ∇v)2
|∇v|2ϕ |∇v|p−2

= ϕijA
ij |∇v|p−2 − (p− 2)

∇ϕ∇v
|∇v|2 (|∇v|p + a(p− 1)(p−1)e(

σ
p−1

−1)v)

+ 2
(2
p
− 1

) |∇ϕ|2
ϕ

G
p−2

p +
2(p− 2)

p

(∇ϕ∇v)2
|∇v|2ϕ |∇v|p−2, (2.14)

which shows that

GLϕ = ϕijA
ijG

2p−2

p − (p− 2)G
2p−2

p ∇ϕ∇v
− a(p− 2)(p− 1)p−1G

p−2

p e(
σ

p−1
−1)v∇ϕ∇v

+ 2
(2
p
− 1

) |∇ϕ|2
ϕ

G
2p−2

p +
2(p− 2)

p

(∇ϕ∇v)2
|∇v|2ϕ G

2p−2

p

≥ ϕijA
ijG

2p−2

p − |p− 2|G
2p−1

p |∇ϕ|
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− |a(p− 2)|(p− 1)p−1G
p−1

p e(
σ

p−1
−1)v|∇ϕ|

− 2

p
max{p− 2, 0} |∇ϕ|

2

ϕ
G

2p−2

p . (2.15)

Putting (2.12)–(2.13) and (2.15) into (2.11) yields

0 ≥ p

n
ϕG2 − 2 max{p− 1, 1}G

2p−1

p |∇ϕ|

+
[
ϕijA

ij − (n− 1)pK2ϕ−
(
2 max{p− 1, 1}

+
2

p
max{p− 2, 0}

) |∇ϕ|2
ϕ

]
G

2p−2

p

+ ap(p− 1)(p−1)
(n+ 2

n
− σ

p− 1

)
e(

σ
p−1

−1)vϕG

+
1

n
a2p(p− 1)2(p−1)e2(

σ
p−1

−1)vϕ− |a(p− 2)|(p− 1)p−1e(
σ

p−1
−1)v|∇ϕ|G

p−1

p

≥ p

n
ϕG2 − 2 max{p− 1, 1}G

2p−1

p |∇ϕ|

+
[
ϕijA

ij − (n− 1)pK2ϕ−
(
2 max{p− 1, 1}

+
2

p
max{p− 2, 0}

) |∇ϕ|2
ϕ

]
G

2p−2

p +
1

n
a2p(p− 1)2(p−1)e2(

σ
p−1

−1)vϕ

− |a(p− 2)|(p− 1)p−1e(
σ

p−1
−1)v|∇ϕ|G

p−1

p (2.16)

because of

a
(n+ 2

n
− σ

p− 1

)
≥ 0.

Inserting

p

n
a2(p− 1)2(p−1)e2(

σ
p−1

−1)vϕ− |a(p− 2)|(p− 1)p−1e(
σ

p−1
−1)v|∇ϕ|G

p−1

p

≥ −n(p− 2)2

4p

|∇ϕ|2
ϕ

G
2p−2

p (2.17)

into (2.16) gives

0 ≥ p

n
ϕG2 − 2 max{p− 1, 1}|∇ϕ|G

2p−1

p +D1G
2p−2

p , (2.18)

which is equivalent to

0 ≥ p

n
ϕ1− 2

p G̃
2
p − 2 max{p− 1, 1} |∇ϕ|

ϕ
1
2

ϕ1− p+2

2p G̃
1
p +D1, (2.19)

where

D1 : = ϕijA
ij − (n− 1)pK2ϕ−

(
2 max{p− 1, 1}+ 2

p
max{p− 2, 0}

) |∇ϕ|2
ϕ

− n(p− 2)2

4p

|∇ϕ|2
ϕ

.

Since x1 is the maximum point of the function G̃ and ϕ = 1 on BR(x0),

ϕ(x1)|∇v|p(x1) ≥ sup
BR(x0)

|∇v|p(x).
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On the other hand, using the fact that

ϕ(x1)|∇v|p(x1) ≤ ϕ(x1) sup
B2R(x0)

|∇v|p(x),

it is easy to see that

σ(R) ≤ ϕ(x1) ≤ 1,

where σ(R) is defined by

σ(R) :=

sup
BR(x0)

|∇v|p(x)

sup
B2R(x0)

|∇v|p(x) .

Applying

σ(R) → 1

and

D1 → −(n− 1)pK2

as R→ ∞, and using the fact if

ax2 + bx+ c ≤ 0

with a > 0, then

x ≤ −b+
√
b2 − 4ac

2a
,

we obtain from (2.19) that

|∇v|(x) = ϕ(x)|∇v|(x) ≤ G̃
1
p (x0)

≤
√
n(n− 1)K, (2.20)

which gives the estimate (1.4) and the proof of Theorem 1.1 is finished.

3 Proof of Theorem 1.2

Firstly, we prove the following lemma.

Lemma 3.1 We introduce the elliptic operator L associated with u, which is defined by

L = div(|∇u|p−2A∇·)

with A = Id+ (p− 2)∇u⊗∇u
|∇u|2 , where u is a positive weak solution to (1.2). Then for p > 1 and

ω = |∇u|p, (3.1)

we have

L(ω) ≥ α+ 2(p− 2)

p
ω− 2

p |∇ω|2 + pa2

n− 1
u2σ

+
2a(p− 1)

n− 1
uσω− 2

p∇u∇ω + p
(p− 2

p

)2

ω− 4
p (∇u∇ω)2

+ p|∇u|2p−4Ric(∇u,∇u)− paσuσ−1ω. (3.2)
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Proof As in (2.5), we have

1

p
L(|∇u|p) = |∇u|2p−4|Hessu|2A + |∇u|2p−4Ric(∇u,∇u) + |∇u|p−2∇u∇∆pu

= |∇u|2p−4|Hessu|2A + |∇u|2p−4Ric(∇u,∇u)− aσuσ−1|∇u|p. (3.3)

For any point p ∈ Mn where |∇u| 6= 0, we choose an orthonormal frame {ei}ni=1 such that

∇u = |∇u|e1, and hence u1 = |∇u|, u2 = · · · = un = 0. Then, at the point p, we have ω = u
p
1

and

ωk = pu
p−1
1 u1k for all k ≥ 1. (3.4)

Since (1.2) is equivalent to

|∇u|p−2∆u+∇u∇|∇u|p−2 + auσ = 0, (3.5)

and hence at the point p it holds that

∆u = −(p− 2)u11 − auσu
2−p
1 . (3.6)

Thus,

n∑

k=2

ukk = ∆u− u11

= −(p− 1)u11 − auσu
2−p
1 (3.7)

and

∑

i,j

u2ij ≥ u211 + 2
∑

k=2

u21k +

n∑

k=2

u2kk

≥ u211 + 2
∑

k=2

u21k +
1

n− 1
[(p− 1)u11 + auσu

2−p
1 ]2

≥ u211 + 2
∑

k=2

u21k +
(p− 1)2

n− 1
u211 +

a2

n− 1
u2σu

4−2p
1

+
2a(p− 1)

n− 1
uσu

2−p
1 u11

≥ α
∑

k=1

u21k +
a2

n− 1
u2σu

4−2p
1 +

2a(p− 1)

n− 1
uσu

2−p
1 u11, (3.8)

where α = min
{
2, (p−1)2

n−1 + 1
}
. Using pωu11 = ∇u∇ω and

∑

k=1

u21k =
1

p2
u
2−2p
1 |∇ω|2,

then we have

∑

i,j

u2ij ≥
α

p2
ω

2−2p

p |∇ω|2 + a2

n− 1
u2σω

4−2p

p +
2a(p− 1)

(n− 1)p
uσω

2−2p

p ∇u∇ω. (3.9)
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Therefore,

|Hess u|2A = [δik + (p− 2)|∇u|−2uiuk][δjl + (p− 2)|∇u|−2ujul]uijukl

= u2ij + 2(p− 2)|∇u|−2uijuilujul + (p− 2)2|∇u|−4uijukluiujukul

= u2ij + 2(p− 2)
∑

k=1

u21k + (p− 2)2u211

≥ α+ 2(p− 2)

p2
ω

2−2p

p |∇ω|2 + a2

n− 1
u2σω

4−2p

p

+
2a(p− 1)

(n− 1)p
uσω

2−2p

p ∇u∇ω +
(p− 2

p

)2

ω−2(∇u∇ω)2, (3.10)

and hence from (3.3) we obtain

1

p
L(|∇u|p) ≥ α+ 2(p− 2)

p2
ω− 2

p |∇ω|2 + a2

n− 1
u2σ

+
2a(p− 1)

(n− 1)p
uσω− 2

p∇u∇ω +
(p− 2

p

)2

ω− 4
p (∇u∇ω)2

+ |∇u|2p−4Ric(∇u,∇u)− aσuσ−1ω, (3.11)

finishing the proof of the estimate (3.2).

Inserting

2a(p− 1)

n− 1
uσω− 2

p∇u∇ω + p
(p− 2

p

)2

ω− 4
p (∇u∇ω)2

=
(p− 2√

p
ω− 2

p∇u∇ω +
a
√
p(p− 1)

(n− 1)(p− 2)
uσ

)2

− pa2(p− 1)2

(n− 1)2(p− 2)2
u2σ

≥ − pa2(p− 1)2

(n− 1)2(p− 2)2
u2σ

into (3.2) gives

L(ω) ≥ α+ 2(p− 2)

p
ω− 2

p |∇ω|2 + pa2

n− 1

(
1− (p− 1)2

(n− 1)(p− 2)2

)
u2σ

+ p|∇u|2p−4Ric(∇u,∇u)− paσuσ−1ω

≥ α+ 2(p− 2)

p
ω− 2

p |∇ω|2 + p|∇u|2p−4Ric(∇u,∇u), (3.12)

provided

aσ < 0

and

p ∈
(
1, 2−

√
n− 1− 1

n− 2

]
⊔
[
2 +

√
n− 1 + 1

n− 2
,+∞

)
.

As in [14], we choose the cut-off function η such that 0 ≤ η(x) ≤ 1 on x ∈ M satisfying:

η(x) = 1 if x ∈ Bp(R); |∇η(x)| ≤ 10
R

if x ∈ Bp(2R)\Bp(R); η(x) = 10 if x ∈M\Bp(2R). Then,

we have
∫

M

η2L(ω) = −
∫

M

|∇u|p−2Aijωi(η
2)j
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≤ 2(1 + |p− 2|)
∫

M

η|∇η||∇u|p−2|∇ω|

≤ ε1

∫

M

η2ω− 2
p |∇ω|2 + (1 + |p− 2|)2

ε1

∫

M

|∇η|2ω
2p−2

p , (3.13)

which combining with (3.12) gives

(1 + |p− 2|)2
ε1

∫

M

|∇η|2ω
2p−2

p

≥
(α+ 2(p− 2)

p
− ε1

)∫

M

η2ω− 2
p |∇ω|2

+ p

∫

M

η2|∇u|2p−4Ric(∇u,∇u). (3.14)

It is easy to see that

∫

M

η2ω− 2
p |∇ω|2 =

( p

p− 1

)2
∫

M

η2|∇ω
p−1

p |2

=
( p

p− 1

)2
∫

M

|∇(ηω
p−1

p )− ω
p−1

p ∇η|2

≥
( p

p− 1

)2

(1− ε2)

∫

M

|∇(ηω
p−1

p )|2

+
( p

p− 1

)2(
1− 1

ε2

) ∫

M

|∇η|2ω
2p−2

p . (3.15)

Inserting it into (3.14) yields

[ (1 + |p− 2|)2
ε1

−
(α+ 2(p− 2)

p
− ε1

)(
1− 1

ε2

)( p

p− 1

)2] ∫

M

|∇η|2ω
2p−2

p

≥
(α+ 2(p− 2)

p
− ε1

)
(1− ε2)

( p

p− 1

)2
∫

M

|∇(ηω
p−1

p )|2

+ p

∫

M

η2|∇u|2p−4Ric(∇u,∇u). (3.16)

If 0 < ε2 < 1 and

0 < ε1 <
α+ 2(p− 2)

p
, (3.17)

then using the Poincaré inequality (1.5) with ψ = ηω
p−1

p gives

[(α+ 2(p− 2)

p
− ε1

)
(1− ε2)

( p

p− 1

)2

− τp
] ∫

Bp(2R)

η2ρω
2p−2

p
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≤
[ (1 + |p− 2|)2

ε1

−
(α+ 2(p− 2)

p
− ε1

)(
1− 1

ε2

)( p

p− 1

)2] ∫

Bp(2R)\Bp(R)

|∇η|2ω
2p−2

p

≤
[ (1 + |p− 2|)2

ε1

−
(α+ 2(p− 2)

p
− ε1

)(
1− 1

ε2

)( p

p− 1

)2]100
R2

∫

Bp(2R)\Bp(R)

|∇η|2ω
2p−2

p

from Ric(∇u,∇u) ≥ −τρ|∇u|2. Since

0 < τ <
α+ 2(p− 2)

(p− 1)2
,

there exist ε̃1, ε̃2 small enough such that

(α+ 2(p− 2)

p
− ε̃1

)
(1− ε̃2)

( p

p− 1

)2

− τp > 0,

and hence

[(α+ 2(p− 2)

p
− ε̃1

)
(1− ε̃2)

( p

p− 1

)2

− τp
] ∫

Bp(2R)

η2ρω
2p−2

p

≤
[ (1 + |p− 2|)2

ε̃1

−
(α+ 2(p− 2)

p
− ε̃1

)(
1− 1

ε̃2

)( p

p− 1

)2]100
R2

∫

Bp(2R)\Bp(R)

|∇η|2ω
2p−2

p

→ 0 (3.18)

coming from the condition (1.8) by letting R → ∞. Thus, from (3.18) we obtain that the

function u is constant and the proof of Theorem 1.2 is completed.
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