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Liouville Type Theorems for Nonlinear p-Laplacian

Equation on Complete Noncompact Riemannian
Manifolds*

Guangyue HUANG! Liang ZHAO?

Abstract In this paper, the authors study the gradient estimates for positive weak solu-
tions to the following p-Laplacian equation
Apu+au’ =0

on complete noncompact Riemannian manifold, where a, o are two nonzero real constants
with p # 2. Using the gradient estimate, they can get the corresponding Liouville theorem.
On the other hand, by virtue of the Poincaré inequality, they also obtain a Liouville theorem
under some integral conditions with respect to positive weak solutions.
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1 Introduction

Let (M™,g) be a Riemannian manifold with the dimension n. Recently, a lot of attention
was given to the following nonlinear elliptic equation defined on M™:

Au + au’ =0, (1.1)

where a, 0 are two nonzero real constants. For example, when a < 0 and ¢ < 0, (1.1) defined
on a bounded smooth domain in R™ is called thin film equation, which describes a steady state
of the thin film (see [4]). Moreover, it is linked with the Yang-Mills’ problem for n = 4 and
o = 22 in physics (see [1, 3]). For some development in this direction, see [5, 8-10, 13] and
references therein.

In this paper, we focus on positive weak solutions to the following p-Laplacian type equaiton:
Apu+au’ =0, (1.2)

where a, o are two nonzero real constants with p # 2, and the p-Laplacian with respect to wu is
defined by
Apu = div(|VuP2Vu) for every u € Wh?,
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which is understood in distribution sense. When o = p — 1, (1.2) is corresponding to the
eigenvalue problem

Apu = —Aul|Pu, (1.3)

where u is said to be the eigenfunction associated with A (for the study to gradient estimates
of (1.3), see [7, 11]).

Theorem 1.1 Let M"™ be an n-dimensional complete noncompact Riemannian manifold
with the sectional curvature Ky > —K? for some positive constant K. If either (1): a >0 and
o <™2(p—1) or (2): a <0 and o > “2(p — 1), then any positive weak solution u to (1.2)
with p > 1 satisfies

(1.4)

In particular, the following Liouville-type result follows immediately.

Corollary 1.1 Let M™ be an n-dimensional complete noncompact Riemannian manifold
with nonnegative sectional curvature. If either (1): a > 0 and o < “2(p —1) or (2): a < 0
and o > "2(p — 1), then (1.2) with p > 1 does not admit any positive weak solution.

Generalizing the results in [2] in which they derived a Liouville theorem for weakly p-
harmonic functions with finite p-energy and the manifold satisfies a Poincaré inequality, Zhao
[14] consider the similar problem for (1.2). In the next part, we generalize the results of Zhao
in [14] as follows.

Theorem 1.2 Let M"™ be an n-dimensional complete noncompact Riemannian manifold
with Ric > —7p and satisfies the Poincaré inequality

[ovr< [1wu (1.5)
M

M

where p = p(x) is a positive function defined on M™ and the constant T satisfies

a+2(p—2)
0<7< ————— 1.6
(p—1)2 o
with o = min {2, (’;—_11)2 +1}. If ac <0 and
—-1-1 —1+1
pe(to VTl Ty 1)
n—2 n—2
then any positive weak solution u to (1.2) with
- L 2p—2
Rh_r))floO i / [Vul*P~% =0 (1.8)
By(2R)\Bp(R)

must be constant, where By(R) denotes the geodesic ball of radius R centered at p € M".

Remark 1.1 In [15], Zhao and Shen obtained Liouville type theorems for a > 0 and
o <p—1with 1 < p < 2. Clearly, our Liouville-type results in Corollary 1.1 generalize those
of Zhao and Shen in [15].
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Remark 1.2 Tt needs to point out that Zhao [14] derives the Liouville type theorems for
the case a < 0 and o < p — 1, while our Liouville type results in Theorem 1.2 hold for a < 0

and o > 0, or ¢ > 0 and o < 0. On the other hand, the Liouville type results of Zhao [14] are
n—1+44/(n—1)(n+3)
2

true for 1 < p < , while our corresponding results hold for p > 2 4 Y¥>—== 7;__12“.

2 Proof of Theorem 1.1

We define
v=(p—1)logu,

which is equivalent to v = e7~1. Then from (1.2), we obtain that v satisfies
Apv 4 |VolP +a(p — 1)P~DeFE DY — (2.1)
which is equivalent to
[Vu|P"2Av + VoV | VP2 + |Vol]? + a(p — 1)PDelZT 7D = 0, (2.2)
Through direct computation, we get the following lemma.

Lemma 2.1 We introduce the elliptic operator L defined by

£ = div(|Vv|P72A4V")

with A= Id+ (p— Z)VIUV%IVQU. Then for p > 1 and
G =|Voul?, (2.3)

we have

2 -
L(G) > gc:? +ap(p — 1)<p—1>(n:: - ’ 1)e(ﬁ_1)vG
2p—2

— p|VoPT2VuVG — (n — 1)pK*G™»

1 o
+ Ean(p —1)2-De2(E 1, (2.4)

Proof Recall the following well-known Bochner formula (see [12, (2.3)]) with respect to
the elliptic operator L:

%E(|Vu|p) = | VP~ Hess v|4 + |Vo|*P~*Ric(Vv, Vo)
+ |[Vu|P 2 VoV A . (2.5)
Substituting (2.1) into (2.5), we get
%1:(|W|P) — |VolP | Hess vl + Vol *Ric(Vo, Vo)

— |VuP=2VoV[|[Vol? + a(p — 1)~ DelF5T ~Dv]
— V|2~ 4|Hess v[% + [Vo|?*~*Ric(Vo, Vo) — [VoP~2VoV|Vol?

—a(p—1)®D (Ll _ 1)e(ﬁ—l)v|vv|p
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>

S|

g

(Ap)2 — (n — 1)K?| Vo[~ — |Vu|P~2VoV|VolP
_ _1\e-D (2 _ (Zz—Dv P
alp—1) (p— T 1)e [Vl
- l|Vv|2p +a(p—1)®D (n_—|—2 I
n n p—
— |Vo[P2VoV|VolP — (n — 1)K?|Vu|*P~2

1)e(ﬁ_l)”|V1}|p

+ %a2(p — 1)2PD2GE DY (2.6)
where we used the following Cauchy inequality:

1
|V~ Hess v|% > —[| V[P~ ?tra(Hess v)]?
n

0k (2.7)

and (2.1), which completes the proof of Lemma 2.1.
Let 6 be a cut-off function satisfying 6(t) =1 for 0 < ¢ < 1 and 6(t) = 0 for ¢ > 1 such that

"2
% <40, 6" > —40.

Define the function ¢ : M™ — R by

oty = o("2)),

where r(z) = d(xo,x) denotes the distance function on M™ centered at the point xy. Then we
have (see [6-7])

[Ve|* _ 40
< 2.8
and
i‘UiU
Al = Ap + (p—2) ‘ﬁ%vlz
1+2KR 1
> —80(n+p—2) 7 40 max{p — 1, Hﬁ’ (2.9)

where A = 69 + (p — 2)%.
Let G = ¢G. Next we will apply the maximum principle to G on Bg(zg). We assume that

G = @G achieves its maximal value at x;. Then at the point x1, we have

VG = — E, L(G) <. (2.10)
¥
It is easy to see that at the point z1,
0> L(G) = pLG + GLp + 2|Vu|P 2V A(VG) (2.11)

and

P 2 (p—1) n —+ 2 (o (=2+—1)v
> Z0G? +ap(p — —— ——— )7
©L(G) > nng ap(p—1) ( p - l)e 170G
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— PG V| = (0 = pK %G
+ %a2p(p —1)2r-D2GE vy, (2.12)
by using (2.4).

Next, we estimate the last two terms on the right-hand side of (2.11). By the definition of
A, we obtain

2 Vo|P2VpA(VE) = 2 [V@VG +(p—2) (Wv&)%”v@} Vo[P—2
[Ve|? (VoVy)? _
= -2G AL 2l VAT
e g |1V
2 2p—2
> —2 max{p — 1, 1}@@ P (2.13)
@

On the other hand, due to

9 2 V|2
VoV |VolP2 = (1—9 - I)GPTZ%
and Vv Vo2 2 (VeVu)?
_ _o/pijuiv; 1|V 2 (VeVo
I e += ):
[Vl v - VTURE T e T o vePy
we have

Ly = div(|VoP~2A(V))
—2 V‘PVU -2
= |VulP™*Ap + (p — 2)WAPU + VeV|VolP
VpVu
[Vol?
VpVu
[Vol?

+ (p — 2)|Vo[P2 VoV

= |Vu|P2Ap — (p — 2) (IVol? + a(p — 1)~ DelF5 1Y)

ijVil; 2 > =2
+(p— 2L o2 4 2( = 1)—|W| G

[Vof? )
2(p—2 2
(p ) (thVv) |vv|p—2
P [VuPe
. _ VoVu _ 2 __1)w
= e AY[VOP ™2 = (p = 2) o (90l + alp = ) Vel )
2 \IVeP ez 20 =2) (VeVo)2 O o
+2(=—1)—FG7 + Vo|P~2, 2.14
(p ) ¢ P [VoPPe v 244

which shows that
. op-2 2p—2
GLp =i ; AYG™ 7 —(p—2)G™7 VeVu
—alp—2)(p— 1)p_1G%e(ﬁ_l)”V¢Vv
2 _ _ 2 e
n 2(2 3 1) Vol q2ee | 20— 2) (W?VQU) Gt
p @ p o [VolPe
> iy ATGT — p - 2|65 |Vl
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pP—1l (o __q)y
— lalp —2)|(p — 1)%10% 7TV vy
|V‘P|

2
— —max{p — 2,0
’ { p—
Putting (2.12)—(2.13) and (2.15) into (2.11) yields
0> %@GQ —2max{p—1,1}

+ {gpiinj —(n—1)pK?p — (2 max{p — 1,1}
[Vel? } Gt
P

2
+ —max{p — 2 0})
p

+ap(p — 1)(’”‘1)(nJr 2 )e(ﬁ_l)”wG
n p—1

1 — - —1)v —Z-—1)v —
+5a2p(p—1>2<f’ ol D -1y VelG's

> @GQ — 2 max{p

+ [tpijA I —(n—1)pK3p— (2 max{p — 1,1}

1 -
L2 2 max{p 9 O}) [Vl? } £ + Ea2p(p _ 1)2(p—1)e2(ﬁ—1)v¢
- Ia(p— 2)|(p— 1)~ ( i\l

because of

2
a(n+ _ )20
n p—1

Inserting

%cﬁ(p — 127 DRI DY, a(p — 2)|(p — 1P e T Y| V|G

_nlp =2 [Vel? 22
4p @

into (2.16) gives

0> BchQ — 2 max{p — 1, 1}|V<p|G2p1+1 + DG,
n

which is equivalent to

OZB 1——Gp_2max{p 1 1}| §0| 261+D15
n ‘P
where
. 2
Dui= sy~ n Dyt (2 mastp 1,1+ 2ty 20 7
_n(p—2)* Ve
4p @

Since w1 is the maximum point of the function G and ¢ =1on Bg(x),

p(x1)[VolP(z1) = sup [Vol?(z).
BR(IEQ)

[Vol|?

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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On the other hand, using the fact that

e(x1)|VolP(z1) < (1) sup [VulP (),
Bar(zo

it is easy to see that
o(R) < p(x1) <1,

where o(R) is defined by

sup |Vo|P(z)
BR(IQ)
R)y:=—F—F———.
TR = @)
Bar(xo0)
Applying
o(R) =1
and

Dy — —(n —1)pK?

as R — oo, and using the fact if
az’ +br+c¢<0

with a > 0, then
o< b+ Vb? — dac
— 20/ 3

we obtain from (2.19) that

IVol(z) = p(2)|Vol(z) < G (x0)

< Vn(n - DK, (2.20)

which gives the estimate (1.4) and the proof of Theorem 1.1 is finished.

3 Proof of Theorem 1.2

Firstly, we prove the following lemma.

Lemma 3.1 We introduce the elliptic operator L associated with w, which is defined by
L = div(|Vu[P72AV")

with A = Id + (p — 2) Y42V where u is a positive weak solution to (1.2). Then for p > 1 and

Vul
= [Vul”. (3.1)
we have
fz 202 gy 1
+ %u”w_%Vqu + p(p%Z)zw_% (VuVw)?

+ p|Vu|**~*Ric(Vu, Vu) — pacu® 'w. (3.2)
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Proof As in (2.5), we have
l£(|Vu|p) = |Vu|*P"*[Hess u|% + |Vu|*’~*Ric(Vu, Vu) + |VulP"2VuVA,u
> A ; p
= |Vu|?*P*Hess u|% + |Vu|*’~*Ric(Vu, Vu) — aocu® | VulP. (3.3)

For any point p € M™ where |Vu| # 0, we choose an orthonormal frame {e;} ; such that

Vu = |Vuler, and hence u; = |[Vul, ug = -+ = u,, = 0. Then, at the point p, we have w = uf
and
Wi = puf_lulk for all k> 1. (3.4)
Since (1.2) is equivalent to
|VulP~2Au + VuV|VulP~? 4 au’ = 0, (3.5)
and hence at the point p it holds that
Au= —(p —2)uy; — auu} . (3.6)
Thus,
Z Ukk = Au — uqg
k=2
=—(p— Duss — avui ” (3.7)
and
i, k=2 k=2
1
> 02 2 _ o,2-p2
= Upy +QZU1k + e 1[(19 Dur + au®uy’]
k=2
—1)2 a? _
>ul 49 2 (p 2 20, 4—2p
_U11+ I;ulk+7n—1 U11+—n_1u Uq
2a(p—1 _
+ 2alp—1) )u”u% Puqq
n—1
2
a o, 4—2 2a(p—1) ;5 o
> a;u%k + m’ug Uq P + ﬁu Uq pull, (38)
where o = min {2, % + 1}. Using pwui; = VuVw and
2 1 2—2p v 2
Y uik = —ui 7|Vl
k=1 p
then we have
2
o L Q2w o 7 o azwm 20(p—1) 2oz
Zuijzpw 7 |Vw +n_1u w P +muw 7 VuVw (3.9)

4]
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Therefore,
[Hess ul = [ix + (p — 2)|Vau| 2uug] [0 + (p — 2)| V| 2ujug)ugjup
= uz- +2(p— 2)|Vu|_2uijuilujul + (p — 2)*|Vu| ™ ugjuruujugu
:u +2(p—2) Zulk—i— )2u?,
> a+ 2(2 —2) A" 2g A2
p -1
2a(p — 1 - N
+ a(pi)u”w% VuVw + (p_) w3 (VuVw)?, (3.10)
(n—1)p p
and hence from (3.3) we obtain
2(p—2 2
ZL(|VulP) > uﬁj)w—%wwﬁ L4 e
p n—1
2 -1 —2\2
Mu”w_%Vqu + (p_) w_%(Vqu)Q
(n—1)p p
+ [Vu[*~*Ric(Vu, Vu) — acu’ w, (3.11)
finishing the proof of the estimate (3.2).
Inserting
2 -1 —2\2
Mu”w_%Vqu —|—p(p—) W (VuVw)?
n—1 P
p—2 VPP —1) N2 pd’(p—1)°
= (2P vuvw + 71;‘7) __pr W= )T e
( VP (n=1(-2) (n—1)%(p—2)?
_pa’(p—1)? o,
(n—1)%(p—2)?
into (3.2) gives
at2p-2) _» 2, pa? (p—1)° 2
Lw)> —————w ?»|Vw (1 - )u v
Wz e S U e o
+ p|Vu|**~*Ric(Vu, Vu) — pacu® tw
2(p—2
> wof% |Vw|? + p|Vu[*~*Ric(Vu, Vu), (3.12)
provided
aoc <0
and
Vn—1- \/ —T+1
(2 VL VT
n—2 -2
As in [14], we choose the cut-off function n such that 0 < n(z) < 1 on z € M satisfying:

n(z) =1if z € B,(R); |Vn(z)| < R if # € Bp(2R)\Bp(R); n(x) = 10 if € M\B,(2R). Then,

we have

e == [ 12 age o),

M M
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<2(1+[p—2) / 0| ValP~ Vel
M

1 —2))? _
Sal/an_%|Vw|2+ (W;%D/Wm?wzppz, (3.13)
M ' M

which combining with (3.12) gives

1+ [p—2))2 -
Wt =2 fig,p, 52

€1
M
2(p — 2 2
> (w _51) /772w_5|Vw|2
p
M
+p/n2|Vu|2p_4Ric(Vu,Vu). (3.14)

M

It is easy to see that

_2 p 2 p—1
[retivar = (SE5) [ieats
M

+(%)2(1—é)/lvnl2w%- (3.15)

Inserting it into (3.14) yields

S e ey s

€1 p €2/ \p
M
a+2(p—2) p 2/ 2=l o
> — — _— p
> (T a0 -e)(SE) [ IV
M
+p/n2|Vu|2p_4Ric(Vu,Vu). (3.16)
M
If 0 <es <1 and
2p—2
0<er < %, (3.17)

then using the Poincaré inequality (1.5) with ¢ = nw%l gives

B o 2y o] [ e

By (2R)
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_ 92
< [kl =2)
€1
a+2(p—2 1 2 2p—2
(2 0)GR)T [ e
By (2R)\ By (R)
_ 92
< [ackio=2)
€1
a+2(p—2 1 21100 2p—2
(2 (-0 e [ e
Bp(2R)\Bp(R)
from Ric(Vu, Vu) > —7p|Vul|?. Since
2(p—2
0<7'<Oé—(’—p_(7pl)2)7

there exist £1, &2 small enough such that

(w —51)(1 —52)(%)2 —7p >0,

p p—
and hence
O e e s
-2 o
< B
() - w0 e
By (2R)\B,(R)
-0 (3.18)

coming from the condition (1.8) by letting R — oco. Thus, from (3.18) we obtain that the
function u is constant and the proof of Theorem 1.2 is completed.
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