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Abstract In this paper, the authors show that the maximal operators of the multilinear
Calderén-Zygmund singular integrals are bounded from a product of weighted Hardy spaces
into a weighted Lebesgue spaces, which essentially extend and improve the previous known
results obtained by Grafakos and Kalton (2001) and Li, Xue and Yabuta (2011). The
corresponding estimates on variable Hardy spaces are also established.
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1 Introduction

The study of Hardy spaces was derived from the context of Fourier series and complex
analysis in the early 1900s. It is well-known that many important operators in harmonic
analysis are well-behaved both on L? for p > 1 and on Hardy spaces. In fact, Hardy type
spaces have been shown to be more natural and useful than the corresponding extension of
Lebesgue spaces in many respects. A complete treatment of Hardy spaces in R"™ was due to
Stein, Weiss, Coifman and Fefferman in [2-3, 10]. Subsequently, the weighted Hardy space was
introduced by Garcia-Cuerra [11]. While, the intensive study of weighted Hardy spaces was the
work of Stréomberg and Torchinsky [22], in which they showed that linear Calderén-Zygmund
operators whose kernels have enough regularity are bounded from H?(w) into L?(w) or HP(w)
for 0 < p < o0, w € As. For more works of weighted Hardy spaces, we refer readers to

[7, 12, 16, 19], and the references there in.
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Recently, the investigation of multilinear operators on Hardy space has attracted many
researchers’ interests. It was Grafakos and Kalton [13] who first proved that the multilinear
Calderén-Zygmund operators were bounded from products of Hardy spaces into Lebesgue s-
paces. The bounds into Hardy spaces were given by Grafakos, Nakamura, Nguyen and Sawano
in [14] for the multilinear Calderén-Zygmund operators and in [15] for the multilinear multiplier
operators. The corresponding boundedness of multilinear Calderén-Zygmund operators from
products of weighted Hardy spaces into weighted Lebesgue spaces or Hardy spaces were also
studied in [6, 17, 27]. Among them, we would like to mention the excellent work of Cruz-Uribe,
Moen and Nguyen [6], in which they generalized the results in [13-14, 17, 22, 27] by establishing
a finite atomic decomposition theorem for weighted Hardy spaces.

Inspired by the work in [6], we will focus on the maximal multilinear singular integral

operators. We first recall the relevant notations and definitions.

Definition 1.1 (Multilinear Calderén-Zygmund operator) Let T be a multilinear
operator originally defined on the m-fold product of Schwartz spaces S(R™) and taking values
in the space of tempered distributions S'(R™),

T:SR") x -+ x S(R") = S'(R™).

T is said to be an m-linear Calderon-Zygmund operator if it can be extended to be a bounded

multilinear operator from L% (R™) x -+ x L% (R™) to LY(R™) for some 1 < q1,--+ ,qm < 00 and

l:
q

in (R™)™+L ) satisfying

qll—i—- . -—i—qi, and if there is a function K defined away from the diagonal xt =y1 = -+ = ym

T(fla"' ,fm)(l') :/(Rn)m K(x7y17"' 7ym)fl(y1)fm(ym)dy1 dym

for all x & () supp(fi), and
i=1
Ao

UL mn+|o|
(> lye—wl)
k=0

(1.1)

|a;00...8;;n (y()’yl’... ’ym)|§

for all multiple indices o = (g, -+ , ) such that |af = |aol + -+ + |am| < N, where N is a

sufficiently large integer and A, is a positive constant.

Definition 1.2 (Maximal multilinear Calderén-Zygmund operator) The mazimal
multilinear Calderdon-Zygmund operator is defined by

—

T*(f)(x) = §1>11(EJ>|T5(f1,--- s fm) ()], (1.2)

where Ty are given by

T&(,fl,"' 7fm)($) :/ KJ(%,yl,"' ,ym)fl(yl)"'fm(ym)d?j

(Rnyn
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Z—y1)2 4 (—1ym)2 .
with Ks(x,y1,- - ym) = d)(\/( PO [ (2,1, ), where A = dyy - dyy,

and ¢(x) is a smooth function on R™, which vanishes if |x| < § and is equal to 1 if x| > &.

In 2001, Grafakos and Kalton [13] proved the following result.

Theorem 1.1 (see [13]) Let 0 < p1, -+, pm, p < 1
satisfies (1.1) with N = Ln(% —1)|. Then

4+ 4 = %, Suppose that K

1
’ pl Pm

17 ()l e H 1 ill s Gy

This result was subsequently extended to the weighted cases by Li, Xue and Yabuta in [18],

which can be listed as follows.

Theorem 1.2 (see [18]) Let1 < qi, -+, Gm, g <00, 0 < py,--- ,pm,p<1withi+---+
1 _ 1 _ 1 ql)w
= E and - + -+ == = . Suppose that K satisfies (1.1) with N = 1max {|n ( -

)J L( )an} Then
)

(i for we A, N--NA,.,

1T (Dllerer S TTIfillerrs s
i=1

(i) for each i, w; € A,
IT*(F)llo(vs) S H | fill v (s 5

where v = [[ wl, ro, = inf{r € (1,00) : w € A4,}.

Obviously, the ranges of weight functions in the above results are too narrow. It is quite
natural to ask whether or not the restrictions imposed on the weights in Theorem 1.2 can be
relaxed or removed.

The first main purpose of this paper is to address the question above. Our main result can

be formulated as follows.

Theorem 1.3 (Products of Hardy spaces into L? space) Letm € ZT,0<p1, - ,pm
< oo,wi € Axw (1 <k <m), T* be defined by (1.2). Suppose that K satisfies (1.1) for N such
that

NZmax{tmn(T;k’“ —1)J+,1§k§m}+(m—l)n, (1.3)

where r, = 1nf{r € (1,00) :w € A, } forw € As. Then

T* : HP* (wy) X -+ - X HP™ (wy,) — LP(vg),

m r_
Ph 1 1 1
where vg = w.kand 2 = —+--- .
5 1:[ 4 S=oo et
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Remark 1.1 Since HP(w) = LP(w) when p > 1 and w € A,, we can replace HP*(wy,) by
LP#(wy) in Theorem 1.3. Comparing with the results of [13, 18], our theorem greatly relaxes

the ranges of w; and p;, p with i =1,--- ,m.

Another generalization of Hardy spaces in R™ is the variable Hardy spaces, which were
independently introduced and studied in [9, 20] and was studied also in [21]. Recently, Tan
[24] proved that bilinear Calderén-Zygmund operators are bounded from products of variable
Hardy spaces into variable Lebesgue or Hardy spaces. While, the assumptions in [24] were
immediately improved by Cruz-Uribe, Moen and Nguyen [6]. We refer readers to [5, 25-26] for
other results about variable Hardy spaces.

Our next theorem will extend the above results to the maximal multilinear Calderén-
Zygmund operators, which are analogue to Theorem 1.3. We first recall some basic facts
of variable spaces.

Let Py be the set of all measurable functions p(-) : R™ — (0,00), the variable Lebesgue
space LP() consists of all measurable functions f such that

These spaces were first introduced by Orlicz [23], for further details, see [4]. Given p(-) € Py,

we define

p— =essinfp(z), py =esssupp(x).
zER™ rER™

Denote p(-) € B if the Hardy-Littlewood maximal operator is bounded on LP(). A sufficient
condition of p(-) € B is that p(-) € Po,1 < p_ < p+ < oo and p(+) is log-Hélder continuous, i.e.,

there exist constants Cp, C'ss and pso such that

Co
p(x) —py) < —i—r, |-yl <z
() =) €~ el <
and
Do < ——2 |
lp(z) —p |_10g(e—|—|x|)

Variable Hardy spaces HP() (see its definition in Section 2) were independently introduced
by Cruz-Uribe, Wang [9] and Nakai, Sawano [20]. Now, we state our results in the setting of

variable exponents.

Theorem 1.4 Let m € ZT and p1, -+ ,pm € RT. Suppose that qi(-), -+ ,qm(-) satisfy the
log-Hélder continuous condition with 0 < py < (qx)— < (qr)+ < 0o. Let T* be as in Theorem
1.3 and K satisfy (1.1) for N such that

szax{{mn(pik—1)J+,1§k§m}+(m—1)n.
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Then
T* . H‘h(') X oo X qu(') — LQ(')’

where %() =L+ +20).

The rest of this paper is organized as follows. In Section 2, we will recall some facts about
weights and weighted inequalities as well as the weighted and variable exponent Hardy spaces.
The proof of Theorem 1.3 will be given in Section 3. Finally, we will prove Theorem 1.4 in
Section 4.

Through out the rest of the paper, we denote a positive constant by C', which may change
at each occurrence. We denote f < g, f ~gif f < Cgand f < g < f, respectively. Given a
cube @ and 7 > 0, denote I(Q) the side-length of cube @, let Q* = 2y/n@Q, where 7Q) means
the cube with the same center of @ such that I(7Q) = 71(Q). Given a measurable set I' C R",
we denote the Lebesgue measure of I' by [I'|. As usual, we will denote t~"¢(%) by ¢;(x) and
dy = dyy -+ dym

2 Preliminaries

2.1 Weights and vector-valued inequality

In this subsection, we give some basic definitions of weights and weighted vector-valued
inequality that we will use.

A weight w is a nonnegative locally integrable function such that 0 < w(z) < co a.e. x € R™.
For 1 < p < oo, we say that a weight w € A, if

-1

1 p
la, = sup IQI/ ) IQI/ Tay) <oo

where % + % =1 and the supremum is taken over all cubes @@ C R™. A weight w € A; if there

is a constant C' such that for any cube Q,

|Q|/ dy<Clnfw()

Then we define the Ay, class of weights by Aw = U A4,.
1<p<oo
The following weighted vector-valued inequality is frequently applied in our proof, which

was proved by Anderson and John [1].

Lemma 2.1 (see [1]) Given 1 < p,q < oo and w € Ay, it holds that

[(Sarsr)],,, (S,

where M is the Hardy-Littlewood maximal function.

)

LP(w)
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We also need the following weighted inequalities.

Lemma 2.2 (see [6]) Letw € A, and fix 0 < p < 0o and max{1,p} < ¢ < co. Then given

any collection of cubes {Qr}32, and nonnegative integrable functions g, with supp(gr) C Qk,

|55, < Cmam| 5 (i [, et v

Lemma 2.3 (see [6]) Let T be the multilinear Calderdn-Zygmund operator defined in Def-

Lp(w).

inition 1.1 and fix w € Aq, ¢ > 1. Then given any collection fi,--- , fm of bounded functions

of compact support,

IT(frse s FdllLoqey < Cllfillzac) [T Ifallzes-
k=2

2.2 Weighted and variable exponent Hardy spaces

In this subsection, we state some elementary results about weighted and variable Hardy
spaces. For more details, see [7, 9, 20, 22].

Let S(R™) be the Schwartz class of smooth functions. For a large integer Ny, denote
o8 2
_ ny . No . <
Sn, = {0 € SE: /Rnu + 1)) (mgv |0t Jaw <1},
>iVo

Given w € Ay and 0 < p < oo, the weighted Hardy spaces HP(w) is defined by
HP(w) = {f € S'(R") : M, (f) € L (w)}
with the quasi-norm

HfHHP(w) = ”MNo(f)HLP(w)a

where My, (f) is given by

M, (f)(x) = sup sup|d; * f(z)].

¢ESN0 t>0

Given an integer N > 0, we say that a function a is an (N, oco)-atom if ||a|| L~ < 1, supp(a) C

@ for some cube @, and for |3] < N,
/ #Pa(z)dz = 0.

For w € Ay and 0 < p < oo, denote S, := Ln(% — )J+ If N > S, then any (N, oo)-atom
is in HP(w). Further more, in [22], it was proved that for N > S, there exists a sequence
of nonnegative numbers {\;} and a sequence of (N, co)-atoms {ax} with supp(ai) C Qx such

that for every f € HP(w),

F=> Mar, 1 flme) ~ H > Mixa
X k

LP(w).
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For N > S,,, we define

ONz{feOgoz/na:ﬁf(a:)dsz, O§|ﬁ|§N}.

Then Oy is dense in HP(w) (see [6-7]). In addition, we have the following finite atomic

decomposition which was given in [7].

Lemma 2.4 (see [7]) Given 0 < p < o0 and w € A, fit N > S,,. Then if f € Oy, there
exists a finite sequence {a;}, of (N, 00)-atoms with supports Q;, and a nonnegative sequence

{NIM such that f =3 Na; and

M
$5hal,
=1

) Sl #r ) -

Next we introduce some basic facts about variable Hardy space. Given p(-) € Py, the

variable Hardy space HP() is defined to be the set of all distributions
HPO = {f e S'(R"): My, f € LPOY.

It was shown in [7] that every f € H?() can also be decomposed as the sum of atoms: Assume
p(+) € Po, then for N > [n(p~' —1)|,, there is a sequence of (N, co)-atoms a;, and A, > 0 such
that for any f € HP(),

Lr()’

F=3" Mas fllmo ~ | 3 Mxa
k k

Given N > S,y := |n(p=" — 1), then Oy is dense in H?(). Similarly to Lemma 2.4, the

following finite atomic decomposition was also established in [7]

Lemma 2.5 (see [7]) Given p(-) € Py, suppose that 0 < p_ < py < oo and p(-) satisfies
the log-Holder continuous condition. Fiz 0 < po < p—. Then for any N such that

N> [n(pg* = 1))+,

given any f € Oy, there exists a finite sequence {a;}, of (N, 00)-atoms with supports Q;, and

a nonnegative sequence {\;}M, such that
f= Z A
i

and

M
350
=1

< 9.
Loy S I lee
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3 Proof of Theorem 1.3
This section is devoted to proving Theorem 1.3. First, we establish the following two lemmas.

Lemma 3.1 Let T* and K be stated as in Theorem 1.3 and a; be an (N, 00)-atom supported
in Q; (1 <i<m). Then we have

T am)x g gy S TTOMO@) ™, (3.1)
where M 1is the Hardy-Littlewood mazximal operator.
Proof Given any non-empty subset I' C {1,--- ,m}, to prove (3.1), it suffices to prove for
ally ¢ U @,
ker

- min{l(Q;) : i € T} FN+L

( Z |y o ci|)n+N+1

el

where ¢; is the center of Q;.
Indeed, fix y € ( ﬂ Qr ) one can find a non-empty subset I' C {1,--- ,m} such that y & Q;
foralli e I" and y e Q,~C for all K € I'. Then

m n n+N+1
};[1 ( —|— |y —ci|)™ )
H ( )ntﬁjl H ( Z(Qz)n ) nté\ifl
+ |y —al)" L@y +y—ahr
n+N+1
z ( ) mn
ier + |y —aln

min{l(Q;) : i € T} TN+

T*(a1, - am) < _
) ) ~ +N+1
(X |y —al)
i€l
n ntN+1
< ( ) mn
g + Iy —al)"
ﬁ ( )" ) e ﬁ n+N+1
< mn
~ XQl .
i=1 + |y - Cz =1
Now, we turn to prove (3.2). For brevity, we may assume that I' = {1,--- ,r} for some

1 <r<m. Fory¢ |J QF, since a; has zero vanishing moments up to order N, we deduce
ier
that

T*(alv T vam)(y)
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—sup| [ (Kot )~ Py un)ar) - an(um)d7
> mn

K(%(ya Yi, - aym)al (yl) e am(yM)d?j )

=: sup‘
>0 Rmn
where
1
PN(yvyla o 7y’m) = Z aagKé(yvclvaa e 7y’m)(y1 - Cl)a'
la|<N
m m
Set yo = y. Observe that , [ > (yo — ¥;)? ~ § when ¢ is not always a constant and > |yo —yi| ~
i=1 i=1
m

|y — vi], one can verify that the kernels K satisfy (1.1) uniformly in 6 > 0. Hence, by
k,1=0
(1.1) and the fact that |y — y;| ~ |y — ¢;| for all i € T and y; € Q;, we get

) —mn—N-—1

m
K5,y )| S i _Cl|N+1(Z|y_Ci| +> |y — wil
i€l k=2

This together with using polar coordinates formula leads to

T*(an,-- - am)(y) siug/ KNyt s gl [a1(91) -« - am (g |77
> mn

< |yl _cl|N+1|a‘1(y1)“.am(ym)| di
~ mn m mn+N+1
(X Iy —«cil +kE2|y—ykl)

el
l n+N+1
5/ (Ql)m +N+1dy2-~-dym
m—1)n mn
RO (S y — el + 3 |wil)
el k=2
n+N+1
s e (33)
(> |y —ail)
el

which completes the proof of Lemma 3.1.

Lemma 3.2 Let T* and K be stated as in Theorem 1.3, w € A, (1 < g < o0) and a; be
an (N, 00)-atom supported in Q;. Assume [(Q1) = min{l(Q;): 1 <i<m}. Then

m
n+N+1

17" (a1, s am)xpllLoq) S w(@u)7 [ | nf (Mxq))(2) » (3-4)
i=1

Proof We will demonstrate (3.4) by considering the following two cases.

Case 1 Qi NQ; # 0 for all 2 < k < m. In this case, observe that Qi C 3Qj; for all k, we
have ¥ |
Q1N Qx| _ 1301 NQk
M(xq:)(z) = 2

(e )le) =] Q1]

The same reasoning as in [18] may yield that, for all 7 > 0, there exists a constant C' > 0 such

Zl, Vze Q.

that

— = 1 =

T (f)(x) < C(MT (") (@) + M(f) (),
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where M(f)(x) = sup 1:[1 QI [ 1 fiyi)|dy:-
Now, we choose 7 such that w € A%, which implies that

1T*(a1, -+ s am)XQsllLa(w)
< | T™(a1, -+, am)llLa(w)
ST (ar, - am) (@) 7 |y + 1M (a1, am)l o)
ST(ax, -+ am)llLaq) + llaall s llazllzee - - [|aml Lo

S llatllpallazl|zee - - flaml L
1 M .
Sw@) ][] Zleanl M(xq,)(2), (3.5)
=1

where ¢ > 1 and the last second inequality follows from Lemma 2.3. When ¢ = 1, choosing

go > 1, using (3.5) and w € Ag,, we have

&=

LY (w) < ||T* (ala T aam)XQ’f ||ng(w)LU(QT) !

S w(Q)mw(@)¥ [] int Mxo)(2)
i=1

||T* (ala T aam)XQI

= (@) ] inf Mlxo)(2).
=1

Case 2 Q; NQ; = 0 for some k. For y; € Q1, since K} satisfies (1.1) uniformly in § > 0,
we have that for some § € Q1 and y; € Q; (1 <7 < m),

—mn—N—1

B3 e )| SUQUN (ly =&l + D Iy — )
j=2

For y1 € QF, y; € Q; (i € T'), one can check that

SUQUM (Y Jer — il + 3 ly = wil
j=2

el

—mn—N-—1 )—mn—N—l

@D (ly =&l + DIy — uil)
=2
Keeping in mind the definition of 7%, similarly to (3.3), we have

T*(ar,+  ap)(y) = sup |
0>0 ' JRmn

HQUY Mar () - lam (ym)|
< /mn ( dy

K3 wyn, e s ym)ar(yn) - am(ym)d7]

~

Ul +N+1
> ler —eil+ X ly— )™
iel j=2
S I(Ql)n+N+1N :
(X Jer — Cz‘|)nJr -
el
< Z(Ql)n+N+1

T (X (er =il +1Qu) + @)

el
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For any z € @)1, it is not hard to prove that

1(Qq)rHN+1 o .
(S @) + e —exl +UQu))™T T EIZGQI (x@:)(2) :

kel

This together with (3.6) yields that

n+N+1

1T (@ sam)lle= < T] inf M(xa) ()5
k=1

Then, for ¢ > 1, by the double condition of w, we have

* L *
1T*(a1, -+ s am)XxQs Loy < w(@1) T (a1, -+, am)| L~

m
n+N+1

w(@)7 I] it (M(xe.))(z)

This finishes the proof of Lemma 3.2.
Now we are in the position to prove Theorem 1.3.
Proof of Theorem 1.3 By Lemma 2.4, it will suffice to fix a finite sum of (N, co)-atoms,
No
fi=" Nijiaij,
ji=1

with a; j, are (N, 00)-atoms, supp(a, j;) C Qi j,, and prove that

1T (fr- s o)l ews) S T H > AijiXQ
=1

Lri(w;)
Denote the smallest cube among Q7 ; .-+, Qy, ;- S jm- Since
T*(fr )@ <D0 Mg Mg T (@0 g, ) (@),
15 sdm
we will split T*(f1,- -+, fm) into two terms I (z), I2(z), where
Z )\1)]1 P )jwnT*(a1)j17 T 7am)j7n)(x)xsj1v“‘ sdm (x)

Jirsdm

and
> M A T @ @) (@)X (s, e ().
jl) )j’VY'L
We first estimate I;(x). Note that vz € A, one can select ¢ > max{1,p} such that vz € A,.

Invoking Lemma 3.2, we have

(m/s T* (a1, ,amgm)(ff)qva(x)dx)

J1ssdm

Q=
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m
: niN 1
S HzGSAlnf M(XQqu:)(z) mee.

. J1ssd
— 1 m

Thus Lemma 2.2 yields that,

[l e sy S H > H)\,JL( : )/ T*(ar4is 5 Qg ) (@)?
Jl S Jm S

1,5 Jm =1 J1ssdm

Q=

Vg (x)dx) XSy, im ’

LP(vg)

of ¥ HM(HZESinf Mx0ua) ()5 Vx|

5J
)"')]7717/ 1 "

= H H (Z Niii M (xu3.) ) ‘
=1 ji

Lr(vg)

Le(vg)

Observe that

I (S r00a.00757)

n4+N+1
> A M(xqs)

Ji

mn
+N4+1\ nFNFT
n+N+1 e
(ZMM 0., )

Lr(vg)

IN
.Es

s
Il
-

LPi(w;)

n+N+1

mn

nEN+41
L7 (wi)

.ég

i=1
m N1 mn +N+1
n n+N+1 mn
< 71+N+1 e
N | | E (A] i XQI',”) Lot
. . i

s
Il
-

Ji
D i XQui
Ji
where the last second inequality follows from the assumption N > mn(% —1)—1+4n(m-1)

and Lemma 2.1. Then
1l o) < H | D M

Next, we estimate ||I2|zr (). By Lemma 3.1, we have

L

Lri(w;)

=1

LPi(w; )

* — nt+N+1
T*(arjys ) @X(sy, e @) S T M Qs ) ()
i1
Therefore .
n+N+1
<11 [ZMM X)) ().

i=1

Then by exploiting (3.7), we obtain

m
Iallrwsy S T] H > XidiXau
=1 ji

Summing up the estimates of || 1]z (,,) and |[l2]|zr () completes the proof of Theorem 1.3.

LPi (w,i)'
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4 Proof of Theorem 1.4

This section is concerned with the proof of Theorem 1.4, which will be done by using the

following extrapolation theorem.

Theorem 4.1 Let F = {(F, f1,---, fm)} be a family of (m + 1)-tuples of nonnegative,
measurable functions defined on R™. Assume that there are indices 0 < p1, -+, Pm, P < 00 with
p

m
1 1 . 1 . Py
5= o + + - such that for every wx € A1 (1 <k <m) and vg = Zl:||1 wit,

1F ey S Wf1llen @y - | fmll mom @) s

provided that the left-hand side is finite, and where the implicit constant depends only on
P, wila,. Suppose further that q(-),qu()s- -+ ,qm(-) € Po(R") with 5 = ooy 1
pr < (qr)— (1 <k <m) and each q(-) satisfies the log-Hdélder continuous condition. Then

1 Lacy SN fillgerer - 1 fmllgome

for all (F, f1,--+, fm) € F such that the left-hand side is finite and where the implicit constant
depends only on n, qx(+).

Proof We follow the idea in [8] and extend the method in [8] to multilinear case. Denote
q(-) = %, D(-) = q’;—:), where k =1,2,--- ,m. Since py < (qx)—, we have (p,)—,q_ > 1.
Hence, given a nonnegative function h, we can define Rubio de Francia iteration algorithms

by:

o0
M'h(x
R
— 2UMI 5 o
=0 LPe\Y) 5Pk
where M is the Hardy-Littlewood maximal function. By our hypothesis and (p,)- > 1, Ry
enjoys the following properties:

(1) [Rebll 71,00 < 20l 77,095
(2) Ri(h) € A;.
Now we fix (F, f1, fo, -+, fm) € F with ||F||fa¢y < co. Then by duality,

IF N aey = 1Pl gacy ~  sup F(x)"h(x)d.
Bl (=1 /R"

As a consequence, it suffices to prove that for any h with ||h| «) =1,

. F(z)Ph(z)dz < H ||fk|‘?{pk<~)'
" k=1

N2

% =1, we have

For each k, since h < Ry (h) and > 7
k=1

i (

N

F(z)Ph(x)de < / F(2)PR1 (A0 ) (2) 71 Ro(hT50 ) () 72 dar (4.1)

n

R
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and the right-hand side is finite. Then by our hypothesis and (2), we deduce that

[ F@r TL R @) da
" k=1
<11 ( MNofk(@p’“Rk(h%)(w)dz)i (4.2)

' ()

By the Hélder inequality in the setting of variable Lebesgue spaces, ||h7+C) || oo < Land (1),

we have

') L
([ Mufelay Re(F (@) ™
]Rn

/

a0
)

'ﬁ\ .2
RN

D
p
W

7' (

S ”MNoflkaka( ) HR (h
a ()
)

R.\

q
5 ||MN0f7€|| qk()HhP H pk() - ka”qu(J'

Then Theorem 4.1 follows from (4.1)—(4.2).

Proof of Theorem 1.4 Let Ny € Z* such that

Ny > max{tn(%k — 1)J+, 1<k< m}.

Denote the family {(F, fl, -+ fm)} by F. Then by the choice of Ny and Lemma 2.5, it suffices

to prove that for fj, = Z Ajaj, where a; are (Np, 00)-atoms, we have
j_

IT*(f1-+ s fo)lpoer S TT el pranco-

k=1

To see this, we first show that ||F||zs(,,) and ||F||ze(.) are finite, where
F:mln{T*(flv afm)vR}XB(QR)v 0 < R<c0.
Indeed, for weights wy € A1 (1 < k < m), since

N > max{{mn(%k - 1)J+} +(m—1)n

and fi € HP*(wy), we can exploit Theorem 1.3 to get that

I 2o gy < NT*(f1s s Flllr sy S H | fell Een (wr) < 00, (4.3)
k=1

where % = pil + -+ pi. Again by the choice of Ny and Lemma 2.5, we have f, € H%*(),

Moreover,

[ Fl[zecr < RlIxB(0,R) | Lacr < 00. (4.4)
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In view of (4.3)—(4.4), it follows from Theorem 4.1 that

m
1P pacr S TT el oo -
k=1

Finally, Fatou’s lemma in the context of variable Lebesgue space (see [9]) yields that

17" e s )l = || Jim mindT* (e ) Rbxsom)||

m
< lim inf I1E Loy S kl:[1 I fill grancor s

which completes the proof of Theorem 1.4.
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