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Abstract For stationary hypersonic-limit Euler flows passing a solid body in three-
dimensional space, the shock-front coincides with the upwind surface of the body, hence
there is an infinite-thin layer of concentrated mass, in which all particles hitting the body
move along its upwind surface. By proposing a concept of Radon measure solutions of
boundary value problems of the multi-dimensional compressible Euler equations, which in-
corporates the large-scale of three-dimensional distributions of upcoming hypersonic flows
and the small-scale of particles moving on two-dimensional surfaces, the authors derive
the compressible Euler equations for flows in concentration layers, which is a stationary
pressureless compressible Euler system with source terms and independent variables on
curved surface. As a by-product, they obtain a formula for pressure distribution on sur-
faces of general obstacles in hypersonic flows, which is a generalization of the classical
Newton-Busemann law for drag/lift in hypersonic aerodynamics.
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1 Introduction

Mathematical analysis of flow fields of supersonic gas passing bodies in three dimensional
space is one of the fundamental problems in aerodynamics. It is a great challenge to both theory
and computation of partial differential equations (PDE for short), since the flow contains shocks
and behaves very singularly near the boundary of the body. To focus on the mechanical effects,
we consider only compressible Euler flows of polytropic gases, thus neglecting viscosity, heat
transfer and ionization. Then as Mach number of the upcoming supersonic flow increases,
it is observed that shock-fronts approach the upwind part of the body’s boundary surface,
thus the shock layer, i.e., the region bounded by shock-fronts and the body, becomes narrower
and narrower. If the upstream Mach number is infinite, the shock-fronts coincide with the
upwind surface and the shock layer is infinitely thin (see [1, Section 3.2, p.58]). However,
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by the hyperbolic nature of supersonic flow, the downstream flow is totally determined by
the upstream, hence none gas particles across shock-fronts can rebound from the shock layer.
Therefore, concentration of mass occur unavoidably on the upwind surface of the body. Thus the
flow field contains two different scales: One for distribution of upstream gas in three dimensional
space, the other for flow in concentration layer which is essentially two-dimensional. It is
necessary to derive the PDE governing the flow in the mass-concentration layer, to obtain a
precise description of hypersonic flows passing bodies.

This paper is devoted to solving this problem by studying Radon measure solutions of
boundary value problems of multidimensional compressible Euler equations. We propose a def-
inition, and then construct Radon measure solutions with regular parts (absolutely continuous
with respect to the Lebesgue measure of R?) to describe the upcoming hypersonic flow, and
singular parts (weighted Dirac measures supported on the upwind surface of the body) to char-
acterize the infinite-thin shock layer. From the weights of the Dirac measures, we obtain mass
density and velocity of the flow in a concentration layer, which satisfy a hyperbolic system of
balance laws on a curved surface. The system resembles the compressible pressureless Euler
equations, but with source terms manifesting addition of mass and momentum to each point
of the concentration layer, from the upstream hypersonic flow. The distribution of the pres-
sure on the upwind surface could also be solved from the system, whose integration over the
surface provides the lift/drag force exerting to the body by the hypersonic flow. It provides
a generalization of the classical Newton’s sine-squared pressure law for straight wedge/cone in
hypersonic flow, and its modification by Busemann for curved wedge/cone when centrifugal
force of particles moving restrictively on a curved surface is considered in [1, Sections 3.2 and
3.4]. This justified the concept of Radon measure solution and the study of Radon measure
solutions from the point view of physics and applications.

We briefly review some related previous works. There are now some significant results on
supersonic flow passing bodies, see, for example, [3—7, 10] and references therein. These works
are all devoted to studying flow fields with shocks. It is somewhat surprising that there is
no theoretical studies of hypersonic flows with concentrations from mathematical point of view
before the work [18], which considered hypersonic-limit flow passing straight wedges and proved
rigorously the Newton’s sine-squared pressure law. Later the authors generalize the ideas to
study hypersonic limit flow passing curved wedges/cones, and straight cones with arbitrary
cross-sections and attacking angles (see [12-13, 16-17]). These works lead us to solve the gen-
eral case presented in this paper. Mathematically, we are investigating solutions of compressible
Euler equations which are measures, rather than functions. It is interesting to notice that, how-
ever, there is a rather long history on measure solutions of hyperbolic conservation laws, debut
by Korchinski [14] in 1977, and later rediscovered, named as “delta shocks” and thoroughly
studied by Chinese scholars led by Tong Zhang, see, for example, [11, 15, 19-20] and references
therein. All these works consider the Cauchy problems, rather than the initial-boundary value
problem firstly studied in [18]. It seems that measure solution is inevitable for a general theory
of hyperbolic systems of conservation laws, since for large initial data or weakly hyperbolic
equations resonance of eigenvalues and eigenvectors may occur so the solution will go to infinite
and concentration appears, see [2, Remark 3], and [8, Section 9.6, as well as p.339].

In the following Section 2 we formulate the aforementioned problem of hypersonic limit flow
passing a three-dimensional body (Definition 2.2), and derive the PDE for concentration layers,
namely (2.53)—(2.57). The generalized Newton-Busemann formula is given by (2.61). These are
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the main contributions of this paper. The last Section 3 presents some comments and problems
in this direction for possible studies in the future.

2 The Steady Compressible Euler Equations of Concentration Layers

This section is the main part of this paper. After a mathematical formulation of hypersonic-
limit flows passing bodies, which is named Problem (A), we propose a definition of its Radon
measure solutions. Then by studying a special Radon measure solution with a layer of con-
centrated mass on the boundary of the body, we derive the desired PDE governing motions
of particles moving along solid upwind surfaces. As a by-product, we obtain the generalized
Newton-Busemann law. Some specific examples are given at the end of this section.

2.1 Preliminaries

In the Euclidean space R? equipped with the standard Cartesian coordinates r = (z,, z),
let B be a surface given by the parametrization

r=r(x,s) = (z, bi(z,s), ba(z,s))

with (z,s) € P = (Ry U{0}) x I. Here I is a set of real numbers. The functions by, be are
supposed to be C?, i.e., their all up to second order derivatives are continuous. For I = R, B
represents the boundary surface of a ramp (see Figure 1), and for I = S' = R/27Z (the unit
circle), B is a conical surface (see Figure 2). The solid obstacle bounded by B is denoted by
O, which is an open set in R3. For the case of a ramp, it is given by O = {(z,y,2) : = >
0, y < bi(z,2), z € R}. While for the conical body, since by (z,s), ba(z,s) are periodic with
respect to s, for fixed x > 0, we suppose the simple Jordan curve {y = b1(x,s), z = ba(x, s)}

encloses a bounded domain X/, on the (y, z)-plane. Then O = |J ({z} x ¥). For each case,
>0
we choose the orientation following the “right-hand rule”, so that the positive direction of the

plane {x = z(} is the same as the z-axis, and that as s increases, for any fixed 29 > 0, the
section of the solid body 3,, = O N{z = x¢} always lies at the left-hand side of the curve
{y = b1(x0, s), 2z = ba(xo,s)}. For simplicity of writing, we assume that I = (). These enable
us to apply the divergence theorem later correctly and in a simple way. The space occupied
by gas is then the closed set G = {z > 0} \ O. We also write Z = G N {z = 0} as the initial
boundary, where the upcoming uniform supersonic flow is given. Hence the boundary of G is
0G=TUB.
The tangent vectors on B are given by

Tm = (17 awbl7 6$b2)7 (21)
Ts = (O, 85b1, 85b2). (22)

Hence a normal vector is
n = (nl, na, ng) = Ty X Tg = (8mb185b2 — 81b285b1, —85b2, 85b1). (23)

In the following, for some computations, we assume that n; > 0. A surface element with this
property is called upwind. Note that \_ZI is the unit normal on B pointing into O. Here by |n|
we mean the Euclidean norm of the vector n.



564 A. F. Qu and H. R. Yuan

Y
U,
C g
— 7 R e
I /
/ T
B
P [
Figure 1 A ramp.
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Figure 2 A conical body.
The first fundamental form of the surface B is
di? = dr - dr = Edz? + 2Fdzds + Gds?, (2.4)

where

E = T  Tye = 1 + (8zb1)2 + (8zb2)2,
F= Te " Ts = 8mblasbl + awaasta (25)
G = TsTsg = (85b1)2 + (85b2)2.

It is easy to check that
EG — F? = |n|?, (2.6)
hence the area element of B is

dH? = |n|dads, (2.7)
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where H? is the two-dimensional Hausdorff measure on B.
Let U = (u,v,w) be a vector field in R®. We now consider its decomposition along B, with
respect to the moving frames {r,,rs,n}. Suppose that

U= pry +vrg+wn. (2.8)
Then as r, Ln, rsLn, one has
U-n
) 2.9
W= TR (2.9)

If U is a tangent vector on B, namely w = 0, from (2.8) we have

u=p, v=0xb1)p+ (0sb1)v, w= (0yb2)p~+ (Osb2)v (2.10)
or
1 1
= —(v0sby —wdsby), v =—(—v0pbs+ wd;by). (2.11)
n1 ni

Let ¢(x,y,z) € C}(R?) be a compactly supported continuously differentiable function. Set

o= ¢($, 5) = (b(xv bl(xv 8)7 b2(x7 S)) (2'12)
Direct differentiation shows that

(8mbl)¢y + (8mb2)¢z = gz - ¢za (asb1)¢y + (asb2)¢z = 55.

It follows that

by = nil(%asbz — $s0zby — 2 0sb2), (2.13)
6: = - (Buabs — GuDibn + 6,001, (2.14)

Then we obtain easily that
UV =up, +vdy, +wp. = nilU-n%Jru@vaqzs, (2.15)

where p and v are given by (2.11). Notice that this identity holds no matter U - n = 0 or not.
Next we utilize Green’s theorem to calculate

[ b+ v6.) 442 = [ (s + v o] dods

B P

— [ (01 (Guln) + 0.(@win)] dods — [ G0, (uin]) + 0, (v}n])] dods
P P

/ Fuln|ds — dvin| do - / 3102 (uln]) + 04 (v|n])] dads

/(¢u|n| 0,s) /¢ L (1n]) + 85 (v|n|)] dH?

—/(qﬁulnl)(O,S) ds—/¢divwdH2, (2.16)
I B
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where in the last line we have set
w = pry +vry = pdy + v, (2.17)

and the forth equality utilized the assumption 0 = (). Recall the definition of divergence
operator in a Riemannian manifold with the metric dI? (see (2.4)):

div o = |—i|[ar<u|n|> + 8u(vnl)].

Notice that by considering a vector field as an operator on scalar functions, (2.10) can also be

written as !

u=rw(x), v=w(b), w=w(bs). (2.18)

We then could calculate the integral [, U - V¢ dH?, where U : B — R? is a C' vector field,
and ¢ € CL(R3). By (2.15), we have

1 ~ ~
U-VodH? = | —U - np, dH? - o) dH?
/B odH /Bnl neo ”H+/B(ﬂ¢+u¢)%

— [ Lu.ng, d%Q—/Bdiv(w)gdw—/I($u|n|)(o,s)ds. (2.19)

B

2.2 Radon measure solutions of three-dimensional compressible Euler equations

The three-dimensional steady compressible Euler equations consist of the following conser-
vation of mass, momentum and energy (see [8, (3.3.29) in p.62]):

Div (pU) = 0, (2.20)
Div (pU @ U) + Vp =0, (2.21)
Div (pUH) = 0, (2.22)

where p,p and H are the density, the pressure and total enthalpy of the gas, respectively,
and U = (u,v,w) is the velocity. We use Div and V to denote respectively the divergence and
gradient operator in R?, and the tensor product U@ U is given by the matrix U ' U in Cartesian
coordinates. For a polytropic gas, the state function is

e (1= g0r)
=——>p-(H—-=|U 2.23
p=—" 5101%) (2.23)
where v > 1 is the adiabatic exponent. Then the sonic speed is csonic = %, and the Mach
U]

number is defined by M, = . After some unidimensional scalings, we may assume that

Csonic

the uniform upcoming supersonic flow is given by
p=po=1 U=Uy=(1,0,0), H=Hy on T (2.24)

with Hy > 3 a constant. The Mach number of this upstream flow is (see [18, (8) in p.4])

1
(y—1)(Ho—3)

1Here w(x) means the vector field @ = pud, + vds acting on the function x, rather than the value of w at z,
which does not make sense in this paper.

Mach.,O =
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Hence the hypersonic-limit, namely Maych,0 — +00, is the limit v — 1, and for hypersonic-limit
flow, we may take v = 1 in (2.23). Therefore the limiting hypersonic gas is pressureless. It is
known that the resultant pressureless Euler equations (2.20)—(2.22), constituting a system of
conservation laws, are hyperbolic along the x-axis, but only weakly hyperbolic, in the sense that
all the eigenvalues are real and coincident, and the associated eigenvectors are not complete in
the state space R°.

We now formulate a boundary value problem of the pressureless Euler equations (2.20)—
(2.22) in the domain G, subjected with the initial data (2.24), and the slip condition

U-n=0 onB. (2.25)

For simplicity, in the sequel we call it Problem (A). This is a mathematical model of stationary
limiting hypersonic Euler flows passing three-dimensional obstacles O.

The above formulation of Problem (A) is deduced for classical solutions, namely C* flow
fields without singularities. We now rewrite it for integrable weak solutions, to allow for flow
fields with discontinuities, thus motivate our definition of Radon measure solutions later.

We write the Lebesgue measure in R™ as £". Locally integrable functions (p,U, H) (with
respect to the Lebesgue measure £3) are called weak solutions to Problem (A), provided that:

e For any ¢ € C(R?), there hold

/ng -VeodL® + /Ip0u0¢d£2 =0, (2.26)
L pHU -V¢dL? + /I pouoHop dL? = 0. (2.27)
e For any vector field ¢ € C(R?;R?), there holds
/ng QU : VedL? + /gp Div pdL? + /Ip0(1,0,0)U0 ® Upp dL?

:/pgo-ﬁom?. (2.28)
B

In|

In (2.28), ¢ is considered as a column vector, and V¢ is the Jacobian matrix. Recall that
.’ means the standard inner product of matrices A and B, namely, A : B = tr(AB). For
pressureless flow, we shall take p in the second integrand in the left-hand-side of (2.28) to be zero,
while to take into account of the effects of solid boundary B, the p in the right-hand-side of (2.28)
shall be calculated if we study concentration of mass. This is the essential difference from the
treatment of Cauchy problems of steady pressureless Euler equations. To guarantee uniqueness
and stability of weak solutions, one also needs certain entropy admissibility conditions, such as
the Lax E-condition. However, for our purpose in this paper, we do not need such conditions
presently. Hence they were ignored.

There is a Newton theory of infinite-thin shock layers for Problem (A), for which the shock
front coincides with the upwind boundary of the obstacle, and mass concentrates on its bound-
ary. This theory is fundamental in hypersonic aerodynamics, see [1, Chapter 3] and [9, Chapter
IIT]. We wish to derive the PDE governing motions of particles in the concentration layer. To
this end, we need to introduce Radon measure solutions to Problem (A).

We review some basic facts about Radon measures. Let F be the Borel o-algebra of R3. By
Riesz representation theorem, a (signed) Radon measure m on (R?,F) is a continuous linear
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functional on C.(R?), the space of compactly supported continuous functions, expressed by
m.d) = [ odm, Vo Cu®), (2.20)
R3

The restrictions of Lebesgue measure £3 on a measurable set Q € F, denoted by £3[(€2), is a
Radon measure. The other important example is the following weighted Dirac measure Wis
supported on a lower dimensional sub-manifold S of R?. Suppose that the Hausdorff dimension
of S is k, and W is a locally integrable function on S, with respect to the Hausdorff measure
H*. Then we define

(Wés,d) = /S WedHE. (2.30)

Hence the weight W may be considered as the density of mass on S. Particularly, for a subset
Q) € F, we have

Wés(Q) = W dH*,
SN

which is the mass contained in 2. Note that Wis is singular with respect to the Lebesgue
measure £ if k # 3.

For a (signed) measure m and a nonnegative Radon measure p, if m is absolutely continuous
with respect to p, we write it as m < p. The Radon-Nikodym derivative is denoted by dd—’:,
namely, it is a p-measurable function, and there holds

To define Radon measure solutions of the Euler equations, we start from the simple but
typical case that m is an incompressible vector field in R?, namely,

Divm = 0. (2.31)

By a weak solution of (2.31) in G, we mean that m is a locally integrable vector-valued function
on (R3, F, £3) so that the following makes sense:

/m-v¢d£3+/m-(1,0,0)¢dc2:/¢m-ﬁcm?. (2.32)
g T B

In|
Motivated by this formula, we propose the following definition.

Definition 2.1 A Radon measure m defined on G is a solution to (2.31), subjected to the
boundary conditions

m - (1,0,0)[(Z) = mi 0dL?, (2.33)
m- |—Z| L(B) = W5 (2.34)

(where my,o and W are functions), if there holds

(m, Vo) +/Im1,0¢d£2 = (Wég, ¢). (2.35)
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Now suppose that m has the following regular-singular decomposition

m = m,L?[(G) + mp, (2.36)

where m,. is a continuous vector field on G and continuously differentiable in G \ B, such that
Divm, =0 in G\ B, (2.37)
m,. - (1,0,0)|z = mi o, (2.38)

and mg : B — R3 is a C! vector field, defined only on the surface B. Substituting (2.36) into

the left-hand side of (2.35), it follows from (2.32), (2.37) and (2.19) that

(m, Vo) + /I my,0¢ AL
= /ng -Vodc? +/Bms -VodH? + /Iml,oqsdc?

=/¢mr-ﬁd7{2+/ms~v¢d’ﬂ2
B |n| B

= /Bg{mr . |%| —div (w)] dH? + /B nilmS “ngy dH? — /I($u|n|)(0,s) ds.

Here we used (2.8) and (2.17), where @ = pry 4 vrs, ¢ = ¢|5 and

mg- N
e ET R

Then from (2.35) we get

/qu[mr L = div (@) — W} dH? +/ ims g, dH?

n| B
— /I(5M|n|)(o, s)ds = 0. (2.39)

Since we assumed that n; > 0, which means 9, is not a tangent vector on B, by arbitrariness
of the test function ¢, we deduce that

1(0,8) =0, on I, (2.40)

dive = m, - |—”| ~W, in B, (2.41)
n

ms-n =0, in B. (2.42)

These could be considered as generalized Rankine-Hugoniot conditions of concentration layers,
which totally characterize Radon measure solutions of problem (2.31), (2.33)—(2.34) with the
form (2.36). Notice that (2.42) guarantees @ to be indeed a vector field on the surface B. Note
that (2.40)—(2.42) make sense for n; > 0.

We apply the ideas presented above to define and calculate Radon measure solutions of
Problem (A).

Definition 2.2 We say vector-valued Radon measures m,mi,ma, m3,myg : (G, F) — R3,
and a locally H?-integrable function o on B determine a Radon measure solution (p,U, H) to
Problem (A), provides that
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(i) p: (G,F) — Ry U {0} is a nonnegative Radon measure, and the vector field U, the
function H are measurable with respect to p. Furthermore, m,my, mo, ms, my are all absolutely
continuous with respect to p, with the Radon-Nikodym derivatives satisfying that

dm dmy

U:(U,’U,’UJ):d—p, UH:d—p, (243)
- dm1 o de . dmg.
Uu= QO Uv = 3 Uw = e (2.44)
(ii) for any test function ¢ € CL(R3), there hold

(m, Vo) + / pougdL? =0, (2.45)
z

(m1, V) + / pouge dL> = <a%55,¢>, (2.46)

(m2, Vo) = (o = |5B, 0). (2.47)

(ms, Vo) = < n |5B, > (2.48)

<m4, V(b> + / pouoHop dc? =o. (249)
z

We observe that o is a pressure distribution on B which measures the impact of particles
hitting the obstacle, and

F = / g dH? (2.50)

is the force of lift/drag acting on the obstacle O in the limiting hypersonic flow, that is of
fundamental importance in aerodynamics. We will present more explicit expressions of o below,
see (2.61). It is straightforward to see that, by (2.53)—(2.56) and the divergence theorem, one
could calculate (2.50) by simply measuring the fluxes along 0B.

2.3 The Euler equations of concentration layers and generalized Newton-Busemann
law

By (2.43)—(2.44), we suppose that

p = 00L*(9) + 005,
m = 00UoL?|(G) + oUdp,
mi = QOUOUOLB L(g) + 9171753, (251)
may = 0ovoUoL3|(G) + 00U b,
ms = ogwoUo L3 (G) + 0@U 3,
ma = 00HoUo L2 (G) + 0hUbds,

where (see (2.24) and (2.10))

UO:(U’OvUvaO):(LOvO)a 00 =1, ﬁ:(avava):wzﬂrz‘FVTs,
and by (2.18),

u=w(x), v=w(b), w=rw(bs). (2.52)
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Direct applications of (2.41) to (2.45)—(2.49) yield

i

div (o) = 11 (2.53)
div (o) = %(1 —0), (2.54)
div (0vw) = —%a, (2.55)
div (oWw) = —|7:l—3|0, (2.56)
div (ohw) = %HO. (2.57)

We also remember (2.40), which implies now that ou(0,s) = 0 (note that for the moment,
ms = oU = opry + ovrs). By the formulation of Problem (A), it is expected that y is nonzero,
i.e., particles hitting at the tip of the body BN {x = 0} and then moving transversally. This
means that

0(0,s) =0 on I. (2.58)

So there is no concentration initially at the tip, which is natural. Furthermore, by the initial
value H = Hy in (2.24), and conservation of mass (2.53), (2.57) holds for h = Hy. Once we
solve from (2.53)—(2.56) the unknowns w, p and o, we could get a Radon measure solution to
Problem (A), with p given by (2.51), H = Hy, and U = Uy | (G \ B) + @ |(B). Here f|(A) is the
function obtained by restricting a function f to the set A.

In the following, we try to write (2.54)—(2.56) in an intrinsic way. Recalling the following
formula valid on Riemannian manifolds

div (¢pw) = ¢pdivew + w(¢), V¢e Ot

one has, utilizing (2.54)—(2.56),

div[ ouw + — va—kﬁgﬁw]
|| | ||
— - 0) - = Mok oftm(1) +5w(12) + (7)) (2:59)
IR TR T M BT ) " E ) '
Since
Do+ o4 Bg—o, (2.60)
In| =" In[" " |n]
it follows that, recalling (2.18),
ozn—i—l—g{w(x)w( )—l—w(bl) ( )—i—w(bg) ( )}
|n| n| n| n|
n? n
= ﬁ - %(nlw%x) + now?(b1) + nzw?(ba)). (2.61)

Here @?(z) means w(w(x)), etc. The second equality holds by acting @ on (2.60) and then
applying Leibniz rule. The right-hand sides of (2.61) depend only on g, w and the second-order
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derivatives of by, bo. Hence the surface is required to be C2. We call this generalized Newton-
Busemann pressure law, as from it we could derive the Newton’s sine-squared law for straight
wedge/cone and Busemann’s pressure formula for curved wedge/cone in hypersonic flows.

On the contrary, if (2.61) holds, then by (2.60), we still have (2.59), which implies that as
long as two equations in (2.54)—(2.56) hold, then the third also holds. For example, if nq > 0,
we could solve the closed system (2.53), (2.55)—(2.56) and (2.61).

2.4 Examples

2.4.1 Ramps

We firstly consider the special case of a ramp: Taking s = z, by = b(z, 2) and bs = z. Then

n = (8:b,—1,0.b), |n|=+/1+ (9.b)2 + (8.b)2.

In the local coordinates (x, z) of the surface B, we could write (2.53)—(2.54) and (2.56) as

0. (V) + 0. (Yv) = 0b, (2.62)

D (V%) + 0. (V) = (0,0)(1 — o), (2.63)

O (V) + 0. (V?) = —(9.b)o, (2.64)

where ¥ = |nlo, @w = pud, + v0,, and some straightforward computation shows that (2.61) is
reduced to

(0:0)* 9, 2
= —— (Db + 210, b 0..b). 2.65
g |TL|2 + |Tl|2 (/’L + 1224 +v ) ( )

Note that by (2.7), ¢ represents the density of mass measured by the Lebesgue measure
L£? on the (x,z)-plane: The mass of gas contained in an infinitesimal element dzdz in the
concentration layer is 9dzdz. Thus (2.62)—(2.64) constitute a pressureless Euler system with
source terms on a half Euclidean-plane {z > 0, z € R}.

For a curved ramp, namely, b = b(z) with b(0) = 0, it is natural to assume that v = 0, and
(2.62)—(2.64) are reduced to the following ordinary differential equations (ODE for short)

%(ﬁu —b) =0, (2.66)
%(W’) — W) (1—0). (2.67)

Then by (2.65),

SN CACo) s
TP 1+ VW)

and one solves (2.66)—(2.67) to get

(@), (2.68)

T 2
0=o(x) = — bb(,(T)) ; (2.69)

Jo oy 4

b= o) = ! /z D) g,
VI @R Jo VIR

(2.70)
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W) V) /m bir) 4
— T
L+ @) 1+ @(@)?)? Jo 1+ (1))
They are the same as those results obtained in [13, (2.20), (2.22), (2.18)], and (2.71) is the
Newton-Busemann pressure law (see [1, (3.29) in p.71] and [13, Remark 1.7]). Particularly, for

(2.71)

o=o(x)

b(z) = xtanfy, we have o = sin” f, namely the Newton’s sine-squared law (see [9, (3.1.1) in
p. 132]).

2.4.2 Cones

Next we consider the case of a conical body. We use the cylindrical coordinates of R3,
with 6 € [0,27) the angle between a vector on the (y, z)-plane and the positive y-axis. Then
by = R(x,0)cos® and by = R(x,0)sinf, where R(z,0) is a nonnegative C? function for z >
0, 6 € [0,2m), with period 27 for the f-variable. There are two particularly interesting cases:

(i) Cylindrically symmetric cone, namely, R depends only on x.

(ii) Self-similar conical flows, namely, R(x,0) = O(0)x.

For a general conical body, the normal vector on B is
n = (n1,n2,n3) = (RRy, —(Rpsind + Rcosh), Ry cos — Rsinb), (2.72)

thus

| = \/R? + B} + (RR,)2. (2.73)
We assume that
0, R(z,0) > 0, (2.74)
then ny > 0 if R > 0, and by (2.52),
v = (pRy +vRp) cos — Rvsin®, w = (uRy; + vRy)sinb + Ry cosb.

Recalling that ¥ = |n|p, (2.53) and (2.55)—(2.56) are reduced to

O (V) + Op(Vv) = na, (2.75)
0. (Yop) + 0p(Vov) = —nao, (2.76)
Op (VW) + 09 (Vwr) = —ngo, (2.77)
and (2.61) reads now
B R%R? n Y
"TRI+R)+ R R(1+R)+R:

x (—p*RRyy + 2uv(R, Ro — RRg.) + v?(—RRgpp + 2R3 + R?)). (2.78)

For cylindrically symmetric cones, namely, R = R(z) with R(0) = 0, we may also assume
that v = 0, and obtain from (2.75)—(2.77) the ODE

(19u - %1%2)/ =0 ( = Op = %R(x)z), (2.79)
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s R’ 1 RR’
(O12) 01" 25 (1+1+R’2):1+R’2’ (2.80)
together with
2 2 pIr
_RRC R os1)
R(1+ R'*)
Note that dt ,
we solve (2.80) to get
§2__M1+Rﬂ/“ R(OR(1)*
: R? )y VItR(2?
hence
1 R3R" 1
0= 3 ICER, (2.82)
4 1+ R _R(T)R'(1)3
+ fO (\/14+R/(7)2)3
2 V1+R? (1)
== 5 dr (2.83)
R R 1 —|— V1+ RI(7)%)3
and
R/Q 3
=7 TR > = / ; (7) dr. (2.84)
RR*\1+ R’ \/1—|—R 7)2)3

Particularly, for the straight symmetric cone with zero attacking angle, namely, R(z) = (tan 6y)z,
where 6 is the half open-angle of the cone, we have the Newton’s sine-squared law (see [1, (3.3)
in p.59])

o = sin? fp. (2.85)

For self-similar conical flows, namely R = O(0)x, from (2.78), we have

=0%2, ny=—2(0'sinf +Ocosh), nz=x(0 cosd —Osinh),
n| = 2/©%(1 + ©2) + 672

and

ot Ju?
= 02 +20” — O"). 2.86
7 02(1+062) 4+ 01 + @2(1+®2)+®'2( + ) (2.86)

The first term does not depend on x. It is reduced to (2.85) if © = tanfy and (then assuming
naturally that) v = 0 (no swirl). So generally the second term shall also be independent of z.
This motivates us to suppose that

L=70), v=15(0), =200 (2.87)

Then
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w=w= (1O + vO)sinf + OV cos .

It follows that (2.75)—(2.77) read now

@) + 270 = ©2, (2.88)
(D9D) + 2070 = (O sin 6 + O cos h), (2.89)
(DB + 2000 = —o (O’ cosf — O sin ). (2.90)

Hence “(2.89)sin 0 — (2.90) cos §” implies that
(95%0) + 300D 4 95°0' = —c0/. (2.91)
Similarly “(2.89)cosf + (2.90)sin 0” yields
[DI(7iO + v0")) + 200(10 + vO') — V726 = 6. (2.92)

Thus (2.88) and (2.91)—(2.92) constitute the ODE to determine the self-similar conical flows,
see [17, (3.36)(3.38), p.513].

3 Conclusions and Discussions

For a three-dimensional obstacle O moving uniformly in hypersonic limit flows with constant
density and total enthalpy, a concentration layer appears on the upwind boundary surface B
where n; > 0. The distribution of density and velocity of the flow in the concentration layer
are governed by a first-order hyperbolic system of balance laws, which resembles with the
pressureless compressible Euler equations defined on a given curved surface (i.e., the upwind
boundary of the obstacle), but there are source terms reflecting the fact that particles in the
hypersonic flow hitting the obstacle everywhere on its upwind boundary, leading to changes of
mass and momentum in the concentration layer. A formula (2.61) for distribution of pressure
on the obstacle is presented, which in general depends on the state of the flow in concentration
layer. For wedges or cones, we could derive as special cases the celebrated Newton’s sine-squared
law or Newton-Busemann law of lift/drag in hypersonic aerodynamics. This demonstrates the
approach we took, namely studying Radon measure solutions of compressible Euler equations to
incorporate different scales in the hypersonic flow fields, is not only mathematically interesting,
but also physically significant.

As readers might notice, these ideas and results provoke more questions than what we
answered. It is interesting to study classical or weak solutions of (2.62)—(2.65), under suitable
small perturbations of the background surface (such as a straight wedge), or even construct
Radon measure solution to this system which models concentration of mass on lower dimensional
set, such as delta shocks. There are many interesting discussions and conjectures about this
aspect in [9, Sections 5-6 in Chapter III]. Initial data ¢(0,s) = 0 means that the ‘vacuum’ is
initial data, which leads to a singular Cauchy problem. Efficient numerical methods would also
be useful for applications.

The PDE for free concentration layers, and the case the upcoming flow is not uniform, are
all necessary for further research. Just for the two-dimensional unsteady compressible Euler
equations, there are lots of interesting untouched problems, such as pressureless jet interacting
with supersonic polytropic gas, and studying its multidimensional stability, etc. We wish there
could be more works in this direction of research in the near future.
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