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Abstract Let V be a finite set. Let K be a simplicial complex with its vertices in V.
In this paper, the author discusses some differential calculus on V. He constructs some
constrained homology groups of K by using the differential calculus on V. Moreover, he
defines an independence hypergraph to be the complement of a simplicial complex in the
complete hypergraph on V. Let £ be an independence hypergraph with its vertices in V.
He constructs some constrained cohomology groups of £ by using the differential calculus
on V.
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1 Introduction

Simplicial complexes play an important and fundamental role in algebraic topology. So far,
topologists have developed the homology and cohomology theory for simplicial complexes. We
refer to [24, Chapter 1] and [20, Section 2.1] for a systematic introduction to the simplicial
homology theory. We also refer to [24, Section 42, Chapter 5] and [20, Sections 3.1-3.2] for an
introduction to the simplicial cohomology theory. On the other hand, since 1950’s, topologists
have developed the simplicial homotopy theory (for example, we may refer to [10-12, 23, 31]),
which has been found to have significant applications in various topics in algebraic and geometric
topology (for example, we refer to [5, 21, 26] for some of such applications). In simplicial
homotopy theory, simplicial complexes are the fundamental models for simplicial sets.

The notion of hypergraphs is a higher dimensional generalization of the notion of graphs
(see [1, 25]). In a graph, an edge consists of two vertices while in an oriented hypergraph, a
oriented hyperedge is allowed to be consisted of n-vertices for any n > 1. From a topological
point of view, an oriented hypergraph can be obtained by deleting some non-maximal faces in an
oriented simplicial complex (see [3, 25]) while an oriented simplicial complex is a special oriented
hypergraph with no non-maximal faces missing. The embedded homology of hypergraphs was
introduced by Bressan, Li, Ren and Wu [3]. The embedded homology of oriented hypergraphs
was proved to be independence on the choice of orientations by Grbi¢, Wu, Xia and Wei [13,
Theorem 2.7].

The complete hypergraph A[V] on a finite set V has its set of hyperedges as all the non-
empty subsets of V' (see Definition 2.6). A simplicial complex with all of its vertices in V has

Manuscript received July 29, 2021. Revised September 12, 2022.

1School of Mathematics and Statistics, Henan University, Kaifeng 475004, Henan, China.
E-mail: renshiquan@henu.edu.cn

*This work was supported by China Postdoctoral Science Foundation (No.2022M721023).



616 S. Q. Ren

its set of simplices as a subset of A[V]. We call the complement of the set of the simplices in
A[V] an independence hypergraph (see Definition 2.9 and Proposition 2.1).

Differential calculus is an important tool in (co)homology theory. In some textbooks in
algebraic topology (for example, [2, 22]), the methods of differential calculus have been applied
to the (co)homology theory of differentiable manifolds and fibre bundles. During the 1990s,
Dimakis and Miiller-Hoissen [7-9] initiated the study of discrete differential calculus on discrete
sets with a motivation from theoretical physics. During the 2010s, based on the study of [7—
9], Grigor’yan, Lin and Yau [14], Grigor’yan, Lin, Muranov and Yau [15-18] and Grigor’yan,
Muranov and Yau [19] developed the discrete differential calculus methods on discrete sets and
applied the methods to the study of digraphs.

In this paper, we apply the method of the (discrete) differential calculus and give some
constrained homology for simplicial complexes as well as constrained cohomology for indepen-
dence hypergraphs. The constrained cohomology of independence hypergraphs that will be
introduced in this paper is in general different from the embedded homology of hypergraphs in
[3] and the embedded cohomology of hypergraphs in [13].

Let V be a finite set. Let I be a simplicial complex whose set of vertices is a subset of V.
Let n > 0. Let vovy - - - v, be an n-simplex of K. The usual boundary operator (see [20, p. 105],
[24, p. 28]) is given by

Onvovy -+ vn) = Y _(=1)vg -+ By -+ vp. (1.1)

=0

We generalize the usual boundary operator and define a weighted boundary operator

9 " , ~
Fg (ov1 -+ vn) = ;—nlé(v,mv@ B

with respect to any fixed vertex v € V. Note that

0
On = 5
veV
We take the exterior algebra Ext.(V) generated by the %’s for all v € V. We prove in
Subsection 4.2 that for any ¢ > 0 and any « € Extos1(V), there is a constrained homology
group of K with respect to . Moreover, we prove in Theorem 4.2 that for any s > 0 and any
B € Extog(V), the element 5 induces a homomorphism between the corresponding constrained
homology groups.

We point out that the constrained homology groups which will be investigated in Subsection
4.2 are generalizations of the weighted homology groups investigated by Dawson [6] and Wu,
C.Y., Ren, Wu, and Xia [28-30] for weighted simplicial complexes. Let f be a real function on
V. We take t =1 and

0
QZZf(U)%

veV

in Definition 4.3, Subsection 4.2. Then the constrained homology groups of the simplicial
complex K with respect to «, which will be investigated in Subsection 4.2, give the weighted
homology groups of the weighted simplicial complex (I, f) which have been investigated in
[28-30].
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On the other hand, let £ be an independence hypergraph whose set of vertices is a subset
of V. For any v € V, we consider the adjoint linear map dv of the element a% in Ext. (V).
We define Ext* (V) as the exterior algebra generated by the dv’s for all v € V. We prove in
Subsection 4.3 that for any ¢ > 0 and any w € Ext2t+1(V), there is a constrained cohomology
group of £ with respect to w. Moreover, we prove in Theorem 4.4 that for any s > 0 and any
p € Ext? (V), the element p induces a homomorphism between the constrained cohomology
groups.

The remaining part of this paper is organized as follows. In Section 2, we introduce the
definitions of hypergraphs, simplicial complexes and independence hypergraphs. In Section 3,
as a preparation for Section 4, we discuss some differential calculus for paths on discrete sets.
In Section 4, we define the constrained homology groups for simplicial complexes in Definition
4.3 and define the constrained cohomology groups for independence hypergraphs in Definition
4.4. We prove Theorems 4.2 and 4.4. Finally, in Section 5, we give some examples for Section
4.

2 Hypergraphs, Simplicial Complexes and Independence Hypergraphs

Let V be a discrete set whose elements are called vertices. Let n > 0 be a non-negative
integer. Let S,4+1 be the symmetric group on n-letters. Then S,41 acts on the set of all the
sequences vy -« - U, where vg, vy, -+ ,v, € V, by permuting the orders of the vertices.

Definition 2.1 An oriented n-hyperedge is an equivalent class [vg,v1, -+ ,v,] where the
equivalence relation ~ on the set {vovy -~ vy | Vo, 01, , v, € V} of the sequences is given by
o(vovy -+~ vp) ~ VU1 -+ - vy, if and only if 0 € Sp41 is an even permutation.

In the remaining part of this paper, suppose V has a total order <.
Definition 2.2 An n-hyperedge on V is a sequence

5™ — vy, (2.1)

where vg < vy < --- < v, are vertices in V. For simplicity, an n-hyperedge is also called a
hyperedge and ¢™ in (2.1) is also denoted as o.

Remark 2.1 By Definition 2.2, a 0-hyperedge on V is just a single vertex vp in V and a
1-hyperedge on V is just an edge vov1 in the complete graph on V.

Definition 2.3 The complete n-uniform hypergraph A, (V) on V is the collection of all
the possible n-hyperedges on V. In other words, A,[V] consists of all the subsets of V' with
(n+ 1)-vertices:

A, (V) ={vovy - vn |vo,v1, - ,0, €V oand vg < v1 < -+ < Up }.

Remark 2.2 In particular, let n = 1 in Definition 2.3. Then the complete 1-uniform
hypergraph A1 (V) is just the complete graph on V.

Definition 2.4 An n-uniform hypergraph H™ on V is a collection of some of the n-
hyperedges on V. In other words, H™) consists of some of the subsets of V with (n+1)-vertices:

’H(”)g{vovl---vn|vo,vl,--- yUn EVoandvg < v <+ < vp}.
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Definition 2.5 A hypergraph on V is a disjoint union

H=Jn", (2.2)

n>0

where H™) is an n-uniform hypergraph on V for each n > 0.

Definition 2.6 The complete hypergraph A[V] on V is the collection of all the possible
hyperedges on V. In other words, A[V] consists of all the non-empty finite subsets of V.

Remark 2.3 It is direct that we have a disjoint union

AV = Aan().

n>0

Definition 2.7 Let Hi and Hs be two hypergraphs on V. The complement of Hy in Ho is
defined to be a hypergraph Ha \ H1 on V given by

Ho \ H1 = {0 is a hyperedge on V | 0 € Ha and o ¢ H1}.

Definition 2.8 A simplicial complex (pl. simplicial complezes) IC on V' is a hypergraph on
V' such that for any hyperedge o € K and any non-empty subset 7 C o, we always have T € K.
An n-hyperedge in a simplicial complez is also called an n-simplex (pl. n-simplices) or simply
a simplex (pl. simplices).

Definition 2.9 An independence hypergraph L on V' is a hypergraph on V such that for
any hyperedge o € L and any hyperedge T on V satisfying o C 7, we always have 7 € L. !

Remark 2.4 From Definitions 2.4 and 2.8-2.9, it is direct that

e for any n > 1, an n-uniform hypergraph is not a simplicial complex;

e for any n < #V — 1 where #V is the cardinality of V' (here #V can be either finite or
infinite), an n-uniform hypergraph is not an independence hypergraph.

Remark 2.5 From Definitions 2.6 and 2.8-2.9, it is direct that the complete hypergraph
A[V] is a simplicial complex on V' and also an independence hypergraph on V.

Proposition 2.1 Let A[V] be the complete hypergraph on V. Let K be a simplicial complex
on V. Let L be an independence hypergraph on V. Then both the followings are satisfied:

(i) A[V]\ K is an independence hypergraph on V;

(il) A[V]\ £ is a simplicial complex on V.

Proof (i) Let o € A[V]\ K. Let 7 be a hyperedge on V such that ¢ C 7. In order to prove
that A[V]\ K is an independence hypergraph, it suffices to prove 7 € A[V]\ K. Suppose to
the contrary, 7 ¢ A[V]\ K. Then 7 € K. Since K is a simplicial complex and o C 7, we have
o € K. This contradicts o € A[V]\ K. Therefore, 7 € A[V]\ K, which implies that A[V]\ K
is an independence hypergraph.

IThe reason that we use the term “independence hypergraph” is as follows. By Proposition 2.1, the set
of hyperedges of an independence hypergraph £ on V' is the complement of the set of simplices of a simplicial
complex K on V in the set of hyperedges of the complete hypergraph A[V]. That is, K = A[V]\ L, or equivalently,
L= A[V]\ K. If we regard each simplex o € K as a relation on V, then the vertices of each hyperedge o € L
are independent from the relations in K. Since £ consists of all the hyperedges o € A[V] such that the vertices
of each hyperedge are independent from the relations in IC, we call £ an independence hypergraph.
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(ii) Let 0 € A[V]\ L. Let 7 be a hyperedge on V such that 7 C o. In order to prove that
A[V]\ L is a simplicial complex, it suffices to prove 7 € A[V]\ L. Suppose to the contrary,
7 ¢ A[V]\ L. Then 7 € L. Since L is an independence hypergraph and 7 C o, we have o € L.
This contradicts o € A[V]\ L. Therefore, 7 € A[V]\ £, which implies that A[V]\ £ is a
simplicial complex.

Example 2.1 Consider the set V' = {vg, v1, v2,v3,v4,v5}. Then

(1) 03 = vovavavs is 3-hyperedge on V;

(ii) HE) = {vgv2v3, V1VaV3, V1V3VE, VU4 U5 } 1S & 2-uniform hypergraph on V;

(iii) H = {wvo, vov1, V405, VeV V2, VU345 } 18 & hypergraph on V;

(iv) AlV] ={v; |0 < i <5} U{vw; |0<i<j<5}U{vwju |0<i<j<k<5}U
{vivjopy |0 <1< j <k <l <5} U{vivjupuus |[0<i<j<k<l<s<5}U{vgviv2v30405};

(v) K = {wg, vov1, vov2, v102, Vo102 } is a simplicial complex on V;

(vi) L = {vou1va04, Vo1 02V3V5, VeU1 V2U3V4, VeU1 V2U4V5, VoU1 V2034 U5 + 1s an independence
hypergraph on V.

Example 2.2 Consider the set V' = Z of all the integers. Then

(i) for any p € Z and any ¢ > 0, the sequence p(p+ 1) --- (p + q) of subsequent integers is a
g-hyperedge on V;

(i) for any ¢ > 0, the collection H(@ = {p(p+1)---(p+¢q) | p =1 (mod 3)} of sequences
of subsequent integers is a g-uniform hypergraph on V;

(iii) the collection H = {p(p+1)---(p+4q) | p=1 (mod 3) and 2 < g < 5} of sequences of
subsequent integers is a hypergraph on V;

(iV) A[V]Z{iQGZ}U{iQil EZXZ|i0<i1}U{i0i1i2EZXZXZ|i0<i1 <i2}U"';

(v) the collection K = {p(p+1)---(p+¢q) | p € Z and 0 < ¢ < 5} of sequences of subsequent
integers is a simplicial complex on V;

(vi) the collection £ = {p(p+1)---(p+q) | p € Z and q > 5} of sequences is an independence
hypergraph on V.

3 Differential Calculus for Paths on Discrete Sets

In this section, we review the definitions of paths and elementary paths on a discrete set
(see [15]). By applying some discrete differential calculus, we construct certain chain complexes
and co-chain complexes for the space of paths on a discrete set.

3.1 Paths on discrete sets
Throughout this section, we let V' be a discrete set. Let n be a non-negative integer.

Definition 3.1 (see [15, Definition 2.1]) An elementary n-path on'V is an ordered sequence
vov1 - - vp of n+1 vertices in V. Here for any integers 0 < i < j < n, we do not require v; < vj,
vj < v 0T V; # j.

Definition 3.2 (see [15, Definition 2.2]) A formal linear combination of elementary n-paths
on V' with coefficients in the real numbers R is called an n-path on V.

Notation 3.1 (see [15, Subsection 2.1]) Denote by A, (V') the vector space of all n-paths
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on V. Then any element in A, (V) is of the form

E Toovr v, VOUL " Uny  Topuvgev, € R.
'l)(),'l)l,"',’L/nGV

Notation 3.2 Letting n run over all non-negative integers, we have a graded vector space
oo
A(V) =P (V).
n=0

Notation 3.3 For each n > 0, we have a canonical inner product
() Ap(V) x Ap(V) = R

on A, (V) given by
(U + * + Up, VLY~ -+ V) = H&(ui,vi). (3.1)

Remark 3.1 It follows from (3.1) that
o if uguy - - - uy, and vouy - - - v, are identically the same elementary n-path, then

(Uouy - -+ U, vov1 - vp) = 1;
e if uguy - - - uy, and vouy - - - v, are not the same elementary n-path, then

(upuy -+ Up, VU1 -+ - vy ) = 0.
3.2 Partial derivatives on path spaces

Definition 3.3 For any v € V, we define the partial derivative of A.(V') with respect to v
to be a sequence of linear maps

)
5ot (V) > A (V). n=0

by letting

n

%(’Uo’ul cwy) = Z(—l)ié(v, Vi)V U r e Up (3.2)

i=0
Here in (3.2), for any vertices u,v € V, we use the notation 6(u,v) =1 if u = v and 6(u,v) =0

if u#v. We extend (3.2) linearly over R.

Remark 3.2 By Definition 3.3, for any distinct vertices vg,v1, -+ ,v, in V we have the
followings:
e If v; = v for some 0 < i < n, then
0 i ~

—(vov1 -+ vn) = (=1 g - Ty -+ - Vp;

ov
e if v; # v for any 0 < i < n, then

0
%(vovl cvy) = 0.



Discrete Differential Calculus on Simplicial Complezes and Constrained Homology 621

Lemma 3.1 (see [27, Lemma 2.7]) For any u,v € V, we have

o 0 o 0
— 00— =——0 —.
Ju Ov v Ou
Proof Since both 8 and -2 5, are linear, it follows that both o) % and = O aau are linear
as well. Hence in order to prove the identity (3.3) as linear maps from A (V; R) to Ap—1(V; R),
we only need to verify the identity (3.3) on an elementary n-path vovy - - - v,. By the definition
(3.2), we have

(3.3)

0 0
Up) =

— 60— 1y Nogy « e D5 - -
5 % 9u (vovy u( :0( 1)76(v,vj)vg - - - 0, vn)

Similarly,
9 o i(vom cvy) = Z (= 1) 5 (u, v:)8 (v, 0;) (Vo -+ Ty -+ T -+ - V)
v u n L s U s Vg 7 J n
0<j<i<n
S (DS, 0)0(0,0) (v T ).
0<i<j<n
Therefore, for any elementary n-path vgvy - - - v, on V', we have
o 0
= o=
ou v
Consequently, by the linear property of 8% a— and - a , we obtain (3.3).

(vovy -+ - vp) + 9 ° %(vovl---vn) =0.

Notation 3.4 We denote 7 o % as % A % for any u,v € V.

Definition 3.4 We consider the exterior algebra
Ext.(V) = A\ (g‘v € V)
) N v

and call it the differential algebra on V.

We have the following observations:
e The differential algebra Ext,. (V) is a direct sum

Ext. (V) = é Extg (V)
k=0
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e Exto(V) = R while for each k > 1, the space Exty (V) is the vector space spanned by all
the following elements

0 0 0

— A=— A A, U, v EV

Ovy  Ovg vy, Y1, Y2 Uk

modulo the relation
i/\ /\a/\ 4 A /\i——i/\ A\ 0 /\a/\ /\i
8111 81)1- 8Ui+1 8Uk n 3’U1 8Ui+1 81)1- 8vk

forany 1 <i:<k-—1;
e the exterior product

A Extp (V) x Exty (V) — Extp(V), k,1>1

is the composition of linear maps. It is given by

(iA._.Ai)A(iA._.Ai)_iA_._/\iAi/\._.Ai
ovy vy, Ouq v,/ O Ov,  Oup oy

which extends bilinearly over R.
e For any k > 1 and any a € Ext,(V'), we have that « gives a sequence of linear maps

an: Ay(V) = Ak (V), n>0. (3.4)

Here we adopt the notation that A_, (V) = 0 for any n > 0. Precisely, if we write

= E — A—A N — eR
o = T T
V1,02, ,Vk 91]1 9’(}2 91}]@’ V1,2, " ,Vk ?
V1,02, UK EV

then for any elementary n-path ugus - - - u, on V with n > k, we have 2

Toy g on o A —— A -
DETER Gur T O Ov,
V1,02, , 0 EV

§ : Tuio’(l)7uig(2)7vvv7uig(kj) Sgn(U)

0<iy <o < <ip<n oc€Sk

(_1)7’1+7‘2+”'+7’ku0...'6;-\1...@...@...un.

Here Sy, is the permutation group on k-letters and for any permutation o € Sy, we use sgn(o)
to denote the signature of o.

2The expression of a(uout - - - un) follows from the following two observations:
(i) For any 0 <11 < ig < --- < i < n, by applying (3.2) for k-times, we have

9 9 .y )
A EERWA wou - up) = (—1) VRt TRy T U
anl aui2 aulk ( ou1l n) ( ) 0 i1 12 T )
(ii) for any o € Sk, by applying (3.3) iteratively, we have
0 17} 17} 0 17} 0
A Ao A = sgn(o) Ao A .
8uig(1) 8“2‘0(2) 8“ia(k) Ougy Oug, Oug,,
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3.3 Partial differentiations on path spaces

Definition 3.5 For any v € V, we define the partial differentiation dv with respect to v to
be a sequence of linear maps

dv: Ap(V) = A (V), n>0,

such that dv is the adjoint linear map of % for each n > 0. Precisely, for any n > 0, any
Ee A (V), and any n € Apy1(V), we have

(2 (n),€) = tn, dv(e). (35)

The next lemma gives an explicit formula for dv.
Lemma 3.2 (see [27, Lemma 2.10]) For any n > 1, any v € V, and any elementary
(n — 1)-path uguy - - - up—1 on V', we have

n

dv(uoul N ~un_1) = Z(—l)iuoul U1 VUUG 41 0 Up—1 - (36)
=0

Proof In (3.5), we take 7 to be an elementary n-path vovy - - - v, € A, (V) and take £ to be

an elementary (n — 1)-path wouy - up—1 € Ayy—1(V). Then

<U001 ©Un, dU(U0U1 e 'un—1)> = (Uovl ce 'Un)auOul i 'un—1>

T T
-8

(—=1)5(v, v;)vg - -+ 0y -+ - U, QU+ - Un—1>

1=0
n i—1 n—1
:Z 0(v,v; H(S(vj,uj) H5(0j+1,uj).
j=0 j=i
Consequently, we have
dv(uouy -+ Up—1) = Z (vou1 -+ - Uy, dv(uguy -+ - Up—1))vov1 - - - Uy,
V0,01, 0 €V
n i—1 n—1
= Z (Z( 1) (v, v; H5 (vj,uy) H(Svjﬂ,uj))vovl---vn
V0 ,V1, 0,0 €V 1=0 =0 Jj=t
n i—1 n—1
:Z(—l)l( Z (5(v,vi)H5(vj,uj) H(S(vj+1,uj))vov1---vn
=0 V0,V1, ", Un €V 7=0 Jj=t
n .
= Z(—l)zuoul U1 VU U1 Up—1- (37)
i=0

We obtain (3.6).
The next corollary gives the case n = 1 in Lemma 3.2.
Corollary 3.1 For any u,v € V, we have dv(u) = vu — uv.

Similarly to the proof of Lemma 3.1, it is direct to verify the next lemma.



624 S. Q. Ren
Lemma 3.3 (see [27, Lemma 2.7]) For any u,v € V, we have

du odv = —dv o du. (3.8)

Proof ? For any n > 0 and any elementary n-path vov; - - - v, € A,(V), by (3.6), we have

n+1

du o dv(vovy -+ vp) = du( Z(—l)ivo V0V vn)
i=0
n+1
= Z(—l)idu(vo S VUV e Up)
i=0
n+1 i—1
_ Z ( (—1)700 -+ vj_1uv; - Vi VV; -V

I\
o

J

+ (=D - - vi_quvw; - - - v + (1) g - v jvuv; vy

n+1
+ E 1)ty -vi_lvvi---vj_luvj---vn)
Jj=i+1
while
n+1 i—1
dv o du(vovy -+ - vp,) = E (—1)1( (—=1) v vj_1vvj - - VUV, - Uy
i=0 §=0
+ (=) g - vimgouv; - - v + (=1) g - v _quvn; oy,
n+1
1,
+ E 17+ -vi_luvi---vj_lvvj---vn).
J=1+1
Thus
duo dv(UOUI T Un) =—dvo d’u(’l}o’Ul cee ’Un)

for any n > 0 and any elementary n-path vovy - - - v, € A, (V). Consequently, sine both du o dv
and dv o du are linear, we obtain (3.8).

Notation 3.5 We denote du o dv as du A dv for any u,v € V.

Definition 3.6 We consider the exterior algebra
Ext*(V) = A(dv | v € V)

and call it the co-differential algebra on V.

3An alternative proof for Lemma 3.3 follows from Lemma 3.1 directly: Let u,v € V. For any n > 0, any
&€ Ap(V) and any 1 € Apy2(V), we have

(n,du A do(©) = { 2= (n), dv(€)) = %A%(m,s}

:_%Aa >——<8 u(€)) = —(n, dv A du(®)).

This implies (3.8). Nevertheless, the proof for Lemma 3.3 in the main-body consolidates (3.6) in Lemma 3.2.
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We have the following observations:
e Ext*(V) is a direct sum

Ext*(V) = é Ext* (V)
k=0

e Ext®(V) = R while for each k > 1, the space Ext*(V) is spanned by
dvy Advg A -+~ Adog, v1,v9,--- 0 €V
modulo the relation
dvy A~ ANdvy Advjeg A--- Adog = —dog A -+ Advipeg Adog A--- Adog

forany 1 <i¢<k-—1.
e For any k£ > 1 and any w € Extk(V), we have that w gives a sequence of linear maps

wn: Ay(V) = Ay (V), n>0. (3.9)

Definition 3.7 Let k > 1, o € Exty(V) and w € Ext®(V). We say that o and w are
adjoint to each other if for anymn >0, any £ € A, (V) and any n € A1 x(V), the identity

(a(n), &) = (n,w(§))

is satisfied.

Proposition 3.1 Let k > 1 be any positive integer. Let o € Exty (V) be given by

= E — AN =—A N — eR
(&% T T .
V1,02, ",V 91]1 91]2 9'Uk7 V1,02, ,Vk
v1,V2, 0 EV

Suppose w € Ext® (V) is adjoint to a. Then w is given by

w = sgn(k) Z Tog e, U1 Adv2 A Advk, Ty vy, 0 € R, (3.10)

V1,02, 05 EV
where sgn(k) =1 if k = 0,1 (mod4) and sgn(k) = —1 if k = 2,3 (mod 4).
Proof Let n >0, ¢ € Ay (V) and nn € Apyr (V). Then we have

0 0
<Of(77)af> = Uhv%“Z.)UkGV Tv1,v9,- <8_1;1 8_112 A 8_1%(77)’€>
0
B Uhuzr'Z',vaV fonee <8—1}2 Vk (n),dU1 (€)>
0
— Z Tvy vz, v <8_113 k( ),dUgAdU1(§)>

v1,V2, 0,0 EV
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= Z Ty waee g (1, QUK A dvg_1 A -+« A dvg (€))

V1,02, 0 €V

= Z Ty s, 0, S80(K) (n, dvg Advg A -+ A dog(§)).

V1,02, , U, EV

The last equality follows from the fact that the permutation (k,k—1,---,1) of (1,2,--- , k) has
the signature

1,2,k ke-1)
) & ) — (-1 (k=1)+(k—2)+--+1 — (1)
s, 200 ) = (1)

for any k > 2 and the permutation (k,k—1,--- 1) of (1,2,--- , k) has the signature 1 for k = 1.
In other words, the permutation (k,k—1,---,1) of (1,2,--- k) has the signature 1 for k =0, 1
(mod 4) and has the signature —1 for k = 2,3 (mod 4). Therefore, we have that w given by
(3.10) is adjoint to . The proposition follows.

3.4 Some chain complexes and co-chain complexes on path spaces

Proposition 3.2 Let t be a non-negative integer. Let oo € Extor1(V) andw € Ext2t+1(V).
Then for any 0 < g < 2t, we have a chain complex

(03

=2 A1) +q(V) ——= Ap—1y 264 1)+4(V) ——

== Aot )+q(V) = Ay(V) = 0

and a co-chain complex

e An(2t+1)+q(V) —— A(n—l)(2t+1)+q(V) ——

- —— Aarr1)44(V) = Ag(V) = 0.

Proof Lett > 0. Let a € Exty,1(V) and w € Ext* T (V). Let 0 < ¢ < 2t. Note that for
each n > 0, the maps

Qa: An(2t+1)+q(v) - A(n—l)(2t+1)+q(v)
and
w: Angari1)+q(V) = Mgy @e+1)+¢(V)
are well-defined. By the anti-symmetric property of exterior algebras,
aha= (—1)(2t+1)2a Na, wAw= (—1)(2t+1)2w ANw.
Since (2t + 1)? is odd,

aoca=aNa=0, wow=wAw=0.
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Thus for any 0 < ¢ < 2t, we have the chain complex as well as the co-chain complex given in
the proposition.

Notation 3.6 Let 0 < ¢ < 2t. Let a € Extoy1(V) and w € Ext* (V). We adopt the
following notations:
(i) Denote the chain complex in Proposition 3.2 as

A*(‘/a «, q) = {An(2t+l)+q(v)7 a}nZO;
(ii) denote the co-chain complex in Proposition 3.2 as

A (V,w,q) = {An@2t41)+4(V), Whnzo.

Notation 3.7 For any integer m, there is a unique integer A (not necessarily non-negative)
and a unique integer 0 < ¢ < 2t such that m = A(2t+1) + ¢. We adopt the following notations:
(i) Denote the chain complex

[e3

= A e D+a(V) = Aot @i 1)+ (V) ——

[e3

= Ay e (V) = Mg 1)4q(V) ———0

as
A(V,a,m) = {A(n+A)(2t+1)+q(V)a }n>0;
(ii) denote the co-chain complex
= A+ (V) — Mot eern g (V) ——
e Aarnee+n)+q(V) — AA(2t+1)+q(V) ——0
as

A (V,w,m) = {A(n+A)(2t+1)+q(V)aW}nZO'
Here in both (i) and (ii), we use the notation Ax(V) =0 for k£ < 0.

Proposition 3.3 Let t,s be non-negative integers. Let m € Z. Let o € Extorr1(V) and
w € Ext? (V). Let B € Extog(V) and p € Ext®*(V). Then B gives a chain map

B: A(Vya,m) = Au(V, e, m — 28)
and [ gives a co-chain map
w: A(Viw,m) = A" (V,w,m + 2s).
Proof Note that as linear maps,

B Apman@ea1)+e(V) = Mgy @es1)+q—2s(V)
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and

t Ay +o(V) = Amny @i 1) +qr2s (V)

are well-defined. By the anti-symmetric property of exterior algebras, we have (see [4, p, 53,
Anticommutative Law])

aAB= (13 A0 =FAa.
That is,

aof=pFoa.

Thus f is a chain map from A.(V,a,m) to A.(V, a,m —2s). Moreover, we also have (see [4, p,
53, Anticommutative Law])

wAp= (=)D Aw=pAw.
That is,
Wou=[ow.

Thus p is a co-chain map from A*(V,w, m) to A*(V,w, m + 2s). The proposition follows.

4 Constrained Homology for Simplicial Complexes and Constrained
Cohomology for Independence Hypergraphs

In this section, we define the constrained homology groups for simplicial complexes and
the constrained cohomology groups for independence hypergraphs. We prove that any element
B € Extog(V), where s > 0, induces homomorphisms between the constrained homology groups
for the simplicial complexes on V. We also prove that any element p € ExtQS(V), where s > 0,
induces homomorphisms between the constrained cohomology groups for the independence
hypergraphs on V.

4.1 Some auxiliaries

Throughout this section, we let V' be a finite set. Let A[V] be the complete hypergraph on
V. For each integer n > 0, let

Cn(A[V];R) = SpanR{a(”) e A[V]}

be the vector space consisting of all the linear combinations of the n-hyperedges on V. Consider
the direct sum

C.(A[VE;R) = D Cu(A[VER). (4.1)

n>0

Note that since V' is assumed to be a finite set, the direct sum in the right-hand side of (4.1) is
a finite sum.
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Lemma 4.1 Let t be a non-negative integer. Let m € Z. Suppose m = X\(2t + 1) + g where
X € Z and the integer 0 < q < 2t. Then for any o € Extar1(V), the graded vector space

Contn@i+1)+q(A[VER), n >0 (4.2)

equipped with the boundary map « gives a sub-chain complex of A.(V,a,m), which will be
denoted as C.(A[V], o, m).

Proof For each n > 0, the vector space C(,,4x)(2t+1)+¢(A[V];R) is a subspace of the vector
space A1) (2t+1)+q(V). Hence in order to prove that (4.2) equipped with « is a sub-chain
complex of A, (V,a,m), it suffices to prove that the map

a: C(n+/\)(2t+1)+q(A[V]3R) - C(n—1+A)(2t+1)+q(A[V]3R) (4.3)

is well-defined for each n > 0. This follows from the observation that for any [(n+A)(2t+1)+¢]-
simplex

VOV V(g n) 2041)+q € Clntny@er1)+q(A[V]; R)

and any
0 0 0
o= — - “ e
Ouy  Ous Ougiy1
where uy,ug, -+ ,ug41 € V and u; < ug < - -+ < ugy1, we have

a(VoV1 * V(ngn) 2t41)+q) € Cltn—14n) 2t+1)+¢(A[V]; R).

By a calculation of linear combinations, it follows that the map (4.3) is well-defined. Therefore,
the graded vector space (4.2) equipped with « is a sub-chain complex of A, (V, a, m).

Definition 4.1 For any n > 1 and any elementary n-path vovy---v, on V, we cal-
l vovy -+ vy a non-simplicial elementary n-path if there exist integers 0 < ¢ < j < n such
that either v; < v; or v; = v;.

Definition 4.2 Let O, (V) be the vector space spanned by all the non-simplicial elemen-
tary n-paths on V. Then O, (V) consists of all the linear combinations of the non-simplicial
elementary n-paths on V.. We call an element in O (V) a non-simplicial n-path on V.

Lemma 4.2 Lett > 0 be an integer. Let m € Z. Suppose m = \(2t + 1) 4+ q where A € Z
and the integer 0 < q < 2t. Then for any w € ExtQtH(V), the graded vector space

Om+n@+1)+¢(V), n=0 (4.4)

equipped with the co-boundary map w gives a sub-co-chain complex of A*(V,w, m), which will
be denoted as O*(V,w, m).

Proof It suffices to verify that the map

w: Oman@t+1)+9(V) = Otr4x) 2t4+1)+4(V) (4.5)

is well-defined for each n > 0. This follows from the observation that after adding some vertices
to any non-simplicial elementary path, we still get a non-simplicial elementary path. Hence for
any non-simplicial elementary [(n 4+ A)(2t + 1) + ¢]-path

VoU1 -+ U(n+)\)(2t+1)+q S O(n+>\)(2t+1)+q(v)
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and any
w =duy Adug A --- A duget
where uy,ug, -+ ,ug41 € V and u; < ug < - -+ < ugy1, we have

w(vovy - - - U(n+)\)(2t+l)+q) € O(n4142)(2t+1)44q (V).

By a calculation of linear combinations, it follows that the map (4.5) is well-defined. Therefore,
the graded vector space (4.4) equipped with w is a sub-co-chain complex of A*(V,w,m).

Lemma 4.3 Lett > 0 be an integer. Let m € Z. Suppose m = \(2t + 1) 4+ q where A € Z
and the integer 0 < q < 2t. Then for any w € Ext?**! (V), the graded vector space

Contn@i+1)+q(A[VER), n >0 (4.6)
equipped with the co-boundary map w gives a quotient co-chain complex
A (V,w,m)/O*(V,w,m),
which will be denoted as C*(A[V],w, m).

Proof Note that the canonical inclusion of the sub-co-chain complex O*(V,w, m) into the
co-chain complex A*(V,w, m) gives a quotient co-chain complex A*(V,w, m)/O*(V,w,m). On
the other hand, for each n > 0, the quotient vector space

A(n+>\) (2t+1)+q (V)/O(n+>\) (2t+1)+q (V)

is canonically isomorphic to the vector space C(,,4 1) (2t+1)+¢(A[V];R). Therefore, the quotient
co-chain complex A*(V,w,m)/O*(V,w,m) is given by the graded vector space (4.6) equipped
with the co-boundary map w. The lemma follows.

With the help of Proposition 3.3, the next proposition follows.

Proposition 4.1 Let t,s be non-negative integers. Let m € Z. Let o € Extor1(V) and
w € Ext? (V). Let B € Extog(V) and p € Ext®*(V)). Then 8 is a chain map

B: Cu(A[V],a,m) = Cu(A[V], a,m — 25) (4.7)
and [ 1s a co-chain map
w: C(AV],w,m) = C*(A[V],w, m + 2s). (4.8)

Proof By a similar argument in the proof of Lemma 4.1, it can be verified that as a linear
map, ( in (4.7) is well-defined. Thus by Proposition 3.3 and Lemma 4.1, it follows that § in
(4.7) is a chain map. On the other hand, by a similar argument in the proof of Lemma 4.3, it
can be verified that as a linear map, p in (4.8) is well-defined. Thus by Proposition 3.3 and
Lemma 4.3, it follows that w in (4.8) is a co-chain map.

4.2 Constrained homology for simplicial complexes

Let K be a simplicial complex with its vertices in V.

Notation 4.1 For each non-negative integer n, let C,,(IC;R) be the (real) vector space
consisting of all the linear combinations of the n-simplices in .
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Theorem 4.1 Let t,s be non-negative integers. Let m € Z. Suppose m = A2t +1) + ¢
where A € Z and 0 < q < 2t. Then
(i) for any o € Extoi41(V), the graded vector space

Clnrn@ir1)+q(GR), n>0 (4.9)

equipped with the chain map « gives a sub-chain complex of C.(A[V],a,m), which will be
denoted as Cy (K, a,m);
(ii) for any B € Extos(V), there is an induced chain map

B: Cu(K,a,m) — Cu (K, a,m — 25). (4.10)

Proof We prove (i) and (ii) subsequently.

(i) For each n > 0, the vector space C(,4x)(2t+1)+4(/C; R) is a subspace of the vector space
Cintr)@2t+1)+¢(A[V];R). Hence in order to prove that the graded vector space (4.9) equipped
with the chain map « is a sub-chain complex of C,(A[V], «, m), it suffices to prove that the
map

a O(n+/\)(2t+1)+q(’C§R) — C(n—1+)\)(2t+1)+q(IC;R) (4.11)

is well-defined for each n > 0. This follows from the observation that for any [(n+\)(2t+1)+¢|-
simplex

VUL " " U(n4A)(2t+1)+q € O(n+)\)(2t+1)+q(lc; R)

and any
0 0 0
o= — e e ,
8u1 8u2 6U2t+1
where uy, ug, -+ ,ue41 € V and ug < ug < - -+ < ugsy1, we have

a(vovy -+ U(n+A)(2t+1)+q) € Cln—140)(2t+1)+q (K R).

By a calculation of linear combinations, it follows that the map (4.11) is well-defined. There-
fore, the graded vector space (4.9) equipped with the chain map « is a sub-chain complex of
C.(A[V], at, m).

(ii) Similar with the verification that the map « in (4.11) is well-defined for each n > 0, we
can prove that the map

B Cogny2t41)+q (K R) — C(n+A)(2t+1)+q—25(’C§R)
is well-defined for each n > 0. Therefore, with the help of (4.7) in Proposition 4.1, we have
that /3 gives a chain map in (4.10).

Definition 4.3 Let t be a non-negative integer. Let o € Extory1(V). Let m € Z. Suppose
m=A2t+ 1)+ q where \ € Z and 0 < g < 2t. Let K be a simplicial complex with its vertices
in V. For each n > 0, we define the n-th constrained homology group H,(IC,c,m) of K with
respect to o and m to be the n-th homology group

H,(K,a,m) = H,(C.(K,a,m))

_ Ker(a: Cninemrng(KiR) = Cin14n61)1 (K5 R))
Im(ev : Clny143)264+1)+¢ (K R) = Cingry2641)+4 (K5 R))

of the chain complex C..(IC, o, m).
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The next theorem follows from Theorem 4.1 and Definition 4.3 immediately.

Theorem 4.2 (Main Result 1) Let t,s be non-negative integers. Let m € Z. Suppose
m = N2t+1)+q where A € Z and 0 < g < 2t. Then for any o € Extoy11(V) and 8 € Extas(V),
there is an induced homomorphism

Bi: Hy(Kya,m) = Hy(K,ay,m —2s), n>0 (4.12)

of the constrained homology groups.

Proof Apply the homology functor to the chain complex in Theorem 4.1(i) and the chain
map in Theorem 4.1(ii). We obtain the homomorphism S, of the constrained homology groups
in (4.12).

4.3 Constrained cohomology for independence hypergraphs

Let £ be an independence hypergraph with its vertices in V.

Notation 4.2 For each non-negative integer n, let C,,(L;R) be the (real) vector space
consisting of all the linear combinations of the n-hyperedges in L.

Theorem 4.3 Let t,s be non-negative integers. Let m € 7Z. Suppose m = A2t +1) + ¢
where A € Z and 0 < q < 2t. Then
(i) for any w € Ext*t1(V), the graded vector space

Clarn@i+1)+q(LsR), >0 (4.13)

equipped with the co-boundary map w gives a sub-co-chain complex of C*(A[V],w, m), which
will be denoted as C*(L,w, m);
(ii) for any p € Ext®*(V), there is an induced co-chain map

p: C(Ly,w,m) = C*(L,w,m + 2s). (4.14)

Proof We prove (i) and (ii) subsequently.

(i) For each n > 0, the vector space C(pyr)2t+1)4¢(L;R) is a subspace of the vector space
Cinry@2t+1)+¢(A[V];R). Hence in order to prove that the graded vector space (4.13) equipped
with the co-boundary map w is a sub-co-chain complex of C*(A[V],w,m), it suffices to prove
that the map

w: Cappn@t1)+q(LiR) = Clnpipn@e+1)+q (L5 R) (4.15)

is well-defined for each n > 0. This follows from the observation that for any [(n+A)(2t+1)+¢]-
hyperedge

VUL V(g )2t 41)+q € Clngn)@e41)+q (L5 R)
and any
w =duy Adug A --- A duget
where uy,ug, -+ ,ug41 € V and u; < ug < - -+ < ugy1, we have

W1+ V(g a)y2e41)4q) € Clns142)2t41)+q (L5 R).
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By a calculation of linear combinations, it follows that the map (4.15) is well-defined. Therefore,
the graded vector space (4.13) equipped with the co-boundary map w is a sub-co-chain complex
of C*(A[V],w,m).

(ii) Similar with the verification that the map w in (4.15) is well-defined for each n > 0, we
can prove that the map

B Cogay@2t41)+q(LsR) — C(n+A)(2t+1)+q+2s(£§R)

is well-defined for each n > 0. Therefore, with the help of (4.8) in Proposition 4.1, we have
that u gives a co-chain map in (4.14).

Definition 4.4 Let t be a non-negative integer. Let w € Ext* ™ (V). Let m € Z. Suppose
m=A2t+1)+q where A\ € Z and 0 < g < 2t. Let L be an independence hypergraph with its
vertices in V. For each n > 0, we define the n-th constrained cohomology group H™(L,w,m)
of L with respect to w and m to be the cohomology group

H"(L,w,m):= H"(C*(L,w,m))
_ Ker(w : Cingny@i+1)+¢(L£5R) = Clngpin)2t41)+4 (L5 R))
Im(w : Cn—142)2t4+1)+¢(L3 R) = Clniny@e+1)+¢(L5R))

of the co-chain complex C*(L,w, m).
The next theorem follows from Theorem 4.3 and Definition 4.4 immediately.

Theorem 4.4 (Main Result IT) Let t,s be non-negative integers. Let m € Z. Suppose
m = \N2t+1)4q where A € Z and 0 < q < 2t. Then for any w € Ext** (V) and p € Ext*(V),
there is an induced homomorphism

e H™(L,w,m) — H*(L,w,m+2s), n>0 (4.16)

of the constrained cohomology groups.

Proof Apply the cohomology functor to the co-chain complex in Theorem 4.3(i) and the co-
chain map in Theorem 4.3(ii). We obtain the homomorphism g, of the constrained cohomology
groups in (4.16).

5 Examples

We give some examples for Theorems 4.1-4.4.

Example 5.1 Let V be any finite set. Then we have the followings.
(i) Any element « € Ext1 (V') can be expressed as

o= fw) > (5.1)
veV

for some function f: V — R. Let K be a simplicial complex with its vertices in V. Then for
any n > 0 and any n-simplex vgvy - - - v, in K, we have

a(vouy + -+ vy) = Z f(v)%(vgvl e Up)

veV
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n
g vvl {}\zvn

UGV =0
n

:g ( 61}1}7] )O{);’U’ﬂ
i=0 veV

(_1)if(Ui)U0 DUy,

|

-
i
=]

In [28-30], « given in (5.1) is called the f-weighted boundary operator on K and the (a,0)-
homology of K is denoted as the weighted homology H. (I, f) of the weighted simplicial complex
(K, f). Particularly, if f takes the constant value 1 for all v € V, then « is the usual boundary
operator 0, given in (1.1) and H, (K, f) is the usual homology H.(K) (see [24, Chapter 1] and
[20, Section 2.1]) of K.

(ii) Any element w € Ext'(V) can be expressed as

w= Z f(v)dv (5.2)
veV

for some function f : V — R. Let £ be an independence hypergraph with its vertices in V.
Then for any n > 0 and any n-hyperedge vov; - - - v, in £, we have

w(vgvy -+ - vy) = Z f)dv(vovy -+ vp)

veV
n+1
= Z f Z U()Ul *V;—1VUVi41 * * * Un
veV =0
n+1
= Z(_l)l(zf(v)/uo ...... vi_lvvi...fun).
i=0 veV

Similar with (i), we call w given in (5.2) the f-weighted co-boundary operator on £ and denote
the (w,0)-cohomology of £ as H*(L, f). Particularly, if f takes the constant value 1 for all
v € V, then we denote the w as d.. denote the H*(L, f) as H*(L).

Example 5.2 Let V = {vg,v1,v2}. Let f: V — R be a function on V.
(i) Let
K = {vo,v1,v2,v0v1, vov2, V102 }
be a simplicial complex with its vertices in V. Then we have
Co(K;R) = Spang{vg, v1,v2},
C1 (KC;R) = Spang{vgvy, vove, v102 },
Cr(K;R) =0 for all n > 2.

e Lett=1. Let
0 0 0
o= f(UO)a—UO +f(”1)8—v1 +f(v2)8—02'

With the help of Example 5.1(i), we have

a(vg) = a(vr) = alvy) =0,
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a(vovy) = f(vo)vi — f(v1)vo,
a(vovz) = f(vo)va — f(v2)vo,
a(vivz) = f(vi)ve — f(v2)v1,
a(vovive) = f(vg)vive — f(v1)vovs + f(v2)vovy.
Note that
dim Ker(a : Co(K;R) — 0) =3
and

2, if f(v;) # 0 for some i = 0,1, 2;

dimIm(a : C1(KC;R) — Co(IGR)) = {07 if Fvg) = F(v1) = f(va) = 0.

Thus
H, ) = HollE,0,0) = {5 100 7 prsomer = 021
Note that
dim Ker(a : C1(IG;R) — Co(K;R)) = {:1; ﬁ ﬁio))i(}fiffin}féjié "
and
dimIm(a : C2(K;R) — C1(K;R)) = 0.
Thus

_ IR, if f(v;) # 0 for some i = 0,1,2;
MK, f) = HK, e, 0) = {RB, if f(vo) = f(v1) = f(v2) =0.

e Let s=1. Let

ﬁ:bmﬁivo 88 Thog, 62+b1288 6?}2
Then
Bv))=0 for0<i<2
and

B(viv;) =0 for0<i<j<2.

Thus the induced homomorphism £, between the homology groups is identically zero.

(ii) Let
L = {vov1, vov2, vov1va}
be an independence hypergraph with its vertices in V. Then we have

OO(L; R) =0

635
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C1(L;R) = Spang{vgvy, vova },
C2(L;R) = Spang{voviva},
Cr(L;R) =0 for all n > 3.

e Lett=1. Let
w = f(vo)dvo + f(v1)dvy + f(ve)dve + f(vs)dus.
With the help of Example 5.1(ii), we have

w(vovy) = f(v2)vov1v2,
w(vova) = — f(v1)vov1ve,

w(vgvrve) = 0.

Note that

1, if f(v;) # 0 for some i = 1,2;

dim Ker(w : C1(£;R) = C5(L;R)) = {2, if f(v1) = f(v2) =0

or equivalently,

1, if f(v;) # 0 for some ¢ = 1,2;

dimIm(w : C1(L£;R) = Co(L;R)) = {0, if f(v1) = f(v2) = 0.

Thus
HY (L, f) = H'(L,w,0) = {ﬁé, if }[((;}13 i %E;Sinée b
and
_ _J0, if f(v;) # 0 for some i =1, 2;
H*(L,f) = H*(L,w,0) = {R’ it Fu1) = f(vs) = 0.
Moreover,

H™(L, f) = H"(L,w,0) =0

for any n # 1,2.
e Let s =1. Let

n= uogrdvg A dvy + ugedvg A dvg + uiadvy A dos.
Then

/’L(UOU1’U2) = M('UO'U]_) = M(UOUZ) = O
Thus the induced homomorphism g, between the cohomology groups is identically zero.

Example 5.3 Let V = {vg, v1,v2,v3}. Let t = 1. Then any « € Exts(V') can be expressed
as

0 0 0 0 0 0

N =— + f(’UQ,’Ul,’Ug)— A

o= flvo, v, v2) 5 A g A 500 " 501 " 50a
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0 0 0 0 0 0

+f(v0’v2’v3)8—v0 A 90s A 50s +f(v1’U2’U3)8—v1 A 903 A 30,

where
f:VxVxV =R

is a real function on the 3-fold Cartesian product of V. By Proposition 3.1, the adjoint w €
Ext?(V) of a is given by

w = —f(vg, v1,v2)dvg A dvy A dve — f(vg, v1,v3)dvg A dug A dug
— f(’l}o, Vg, ’Ug)d’l}o A dvs A dvg — f(’Ul, Vo, ’U3)d’U1 A dvg A dws.

Let s = 1. Then any 8 € Exto(V) can be expressed as

ﬁ_ ( )i/\i_F( )i/\i_F( )i/\i
= 9, 11 6'[}0 6’1}1 g\vo, 2 a’UO 8@2 givo, Y3 6'[}0 6’03
+ ( )i/\i_F ( )i — 4+ ( ) i
g(v1, V2 ov; | vy g(v1, U3 o o g(v2, U3 ) dvs’
where
g: VxV >R

is a real function on the 2-fold Cartesian product of V. By Proposition 3.1, the adjoint u €
Ext?(V) of § is given by

p = —g(vo,v1)dvg A dvy — g(vo,v2)dvg A dva — g(vo, v3)dvg A dus
— g(v1,v2)dvy A dve — g(v1,v3)dvr A dug — g(va, v3)dug A dus.

Consider the complete hypergraph

A[V] = {UO, V1, V2, U3, VoU1, VoV2, VoV3, V1V2, UV1V3, V2U3,

VoV1V2, VU173, VgU2V3, V1V2V3, U0U1U2U3}~

Then A[V] is a simplicial complex and is also an independence hypergraph.
e By a direct calculation,

a(v)) =0, i=0,1,2,3,
=0, 0<i<j<s3,

=0, 0<i<j<k<3,

0+1+2f( 0+1+3f(

vo, V1, v2)v3 + (—1) V0, U1, U3)V2
+ (=1)°F243 £ (g, ve, v3)v1 + (1) f (01, va, v3)v0
= —f(vo,v1,v2)v3 4 f(vo, v1,v3)v2 — f(v0,v2,v3)V1
+ f(v1, v2,v3)v0.
It follows that

dimIm(a : C3(A[V];R) — Co(A[V];R))
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1, if f(vi,vj,08),0 <i < j <k <3, are not all zero;
10, if f(vi,vj,vr) =0 forany 0<i<j<k<3,

or equivalently,

dim Ker(a : C3(A[V];R) = Co(A[V];R))
<

_ 07 if ,f('Ui,’ij'Uk),O
L, if f(vi, v, k) =

1 < j <k <3, are not all zero;
Oforany 0<i<j<k<3.

Consequently,

R3, if f(vi,vj,v),0 <i < j<k<3, are not all zero;

Ho(AlV], 0, 0) = {R"‘, if f(vi,vj,vp) =0forany0<i<j<k<3

and

0, if f(vs,vj,vk),0 <@ < j <k <3, are not all zero;

H3(A[V], @, 0) = {R, if f(vi,vj,vp) =0forany 0 <i<j <k <3,

By a similar calculation, we have
Hi(A[V],a,0) =RS,  Hy(A[V],a,0) = R*.
Moreover,
H,(A[V],a,0) =0

for any n #0,1,2, 3.

e It is direct that S o a(v;) =0 for any 0 < i < 3, foa(vv;) =0 for any 0 < i < j <3,
Boa(vivjug) =0 for any 0 < i < j < k < 3, and o a(vgvivavs) = 0. Therefore, the induced
homomorphism [, between the homology groups is the zero map.

e By a direct calculation,

w(vg) = —f(v1,v2,v3)dvy A dvg A dus(vg)
= f(v1,v2,v3)v0v10203,
w(v1) = —f(vo,v2,v3)dvg A dvg A dus(vr)
= —f(vo, v2, v3)vov1V2v3,
w(vg) = —f(vo,v1,v3)dvg A dvy A dus(vg)
= f(vo, v1,v3)v0v10203,
w(v3) = —f(vo,v1,v2)dvg A dvy A dvg(vs)
= —f(vo, v1, v2)vov1V203,
w(viv;) =0, 0<i<j<3,
w(vivjor) =0, 0<i<j<k<3,

w(vgvivvg) = 0.
It follows that

dimIm(w : Co(A[V];R) — C5(A[V];R))
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1, if f(vi,vj,08),0 <i < j <k <3, are not all zero;
10, if f(vi,vj,vr) =0 forany 0<i<j<k<3,

or equivalently,

dim Ker(w : Co(A[V];R) = C5(A[V];R))

I3, if f(vi,vj,v8),0 <i< j <k <3, are not all zero;
4, if f(vi,vj,vp) =0 forany 0 <i<j<k<3.

Consequently,

and

R3, if f(vi,vj,v),0 <i < j<k<3, are not all zero;

0 _
H(AV],w,0) = {R"‘, if f(vi,vj,vp) =0forany 0<i<j<k<3

0, if f(vs,vj,v),0 <i<j <k <3, are not all zero;

3 _
H*(A[V]w,0) = {]R, if f(vi,vj,vp) =0forany 0 <i<j<k<3.

By a similar calculation, we have

HY(A[V],w,0) =RS, H*A[V],w,0) =R*

Moreover,

H™(A[V],w,0) =0

for any n # 0,1, 2, 3.

e It is direct to see that the induced homomorphism . between the cohomology groups is

the zero map.
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