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Remarks on Sharp Interface Limit for an Incompressible
Navier-Stokes and Allen-Cahn Coupled System*
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Abstract The authors are concerned with the sharp interface limit for an incompress-
ible Navier-Stokes and Allen-Cahn coupled system in this paper. When the thickness of
the diffuse interfacial zone, which is parameterized by e, goes to zero, they prove that a
solution of the incompressible Navier-Stokes and Allen-Cahn coupled system converges to
a solution of a sharp interface model in the L>(L?) N L*(H") sense on a uniform time
interval independent of the small parameter e. The proof consists of two parts: One is the
construction of a suitable approximate solution and another is the estimate of the error
functions in Sobolev spaces. Besides the careful energy estimates, a spectral estimate of the
linearized operator for the incompressible Navier-Stokes and Allen-Cahn coupled system
around the approximate solution is essentially used to derive the uniform estimates of the
error functions. The convergence of the velocity is well expected due to the fact that the
layer of the velocity across the diffuse interfacial zone is relatively weak.

Keywords Sharp interface limit, Incompressible Navier-Stokes equations, Allen-
Cahn equation, Spectral estimate, Energy estimates
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1 Introduction and Main Results

The two-phase flow finds many applications in chemistry and engineering sciences. It al-
so produces many interesting but challenging mathematical problems from both analysis and
numerical simulation points of view. Basically, there are two widely used models: The sharp
interface model and the diffuse interface model respectively. The sharp interface model is re-
lated to a free boundary value problem. That is, the two fluids are separated by an interface
I', where the interface I is a lower dimensional surface, which will be determined together with
the motion of two fluids. In general, such a sharp interface model is hard to be handled in the

numerical simulation. Thus, the so-called diffuse interface model (also known as the phase field
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model) is introduced accordingly, where the sharp interface is replaced by an interfacial region,
which takes into account that the two fluids have been mixing to a certain extent in the inter-
facial region. Here the width of diffuse interfacial zone is parameterized by a small parameter
€. And an order parameter, which will be represented by ¢, is also introduced. It takes two
different values (for example, +1 and -1) in each phase, and changes smoothly between the two
values in the diffuse interfacial zone. The basic diffuse interface model of a two-phase flow for
two macroscopically immiscible viscous Newtonian fluids with the same density can be traced
back to Hohenberg and Halperin [20], which is named as “Model H”. Such a model is described
by the incompressible Navier-Stokes/Cahn-Hilliard coupled system in [19].

Under suitable initial and boundary conditions, this diffuse interface model for two-phase
flows of incompressible fluids was shown to admit both weak and strong solutions in 2D and
3D bounded domains in [1-2, 17-18]. And the asymptotic stability of solutions to the diffuse
interface model was given in [9]. We also refer to [17], where the authors established the
existence of the exponential attractor, and obtained at the same time the estimates of the
convergence rate in the phase-space metric.

The corresponding sharp interface model has also been extensively studied. The local in
time existence of strong solutions was established in [7], and the long time existence of weak
solutions was shown in [6]. One can refer to [21, 26-27] and the references cited therein for the
related results in this field.

There are many extensively studies about the Cahn-Hilliard equation and the Allen-Cahn
equation respectively. For the fourth-order model, the global existence and the time decay
estimates of smooth solutions in the L? sense to the Cauchy problem were established in [23].
The sharp interface limit for the Cahn-Hilliard equation was considered in [8] by the method of
matched asymptotical expansions, while the Navier-Stokes/Cahn-Hilliard coupled system was
analyzed through the Fourier-spectral method for the numerical approximation in [22].

From the work [14], we see that it is naturally related to the Allen-Cahn equation when
some complex geometric problems are considered (“motion by mean curvature”). There have
been a lot of references on this second-order equation in both one- and multi-dimensional cases,
see [10, 13, 15-16] for example. Also, the axisymmetric solutions of the Navier-Stokes/Allen-
Cahn system in R3 was investigated in [28], where the authors proved the global regularity of
solutions for both large viscosity and small initial data cases.

The vanishing viscosity limit of the Navier-Stokes/Allen-Cahn system was studied in [29],
where the authors proved that a global weak solution of the Navier-Stokes/Allen-Cahn system
converges in the L? sense to the locally smooth solution of the Euler/Allen-Cahn system on a
small time interval.

Besides the aforementioned results on sharp and diffuse interface models of two-phase flows,
it is interesting from both mathematical and application points of view to study the sharp

interface limit from a diffuse interface model to a sharp interface one. Recently, Abels and
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Liu [4] proved that a weak solution of the Stokes/Allen-Cahn system converges to the solution
of a sharp interface model over a small time interval, also see [24]. The sharp interface limit
for the Navier-Stokes/Allen-Cahn system was studied more recently by Abels and Fei in [3],
while the sharp interface limit for the Stokes/Cahn-Hilliard coupled system was dealt with in
[5]. We point out that this paper is concerned with the same sharp interface limit problem for
the Navier-Stokes/Allen-Cahn system as studied in [3]. However, the approaches used to derive
the estimates of the error functions between this paper and [3] are different. In particular, it
is diverse in estimating the derivatives of the error functions, which will be discussed in details
later.

Precisely, we are concerned with the sharp interface limit of solution to an incompressible

Navier-Stokes/Allen-Cahn coupled system in a bounded domain 2 C R?:

hve + veVve — Av, 4+ Vp. = —ediv(Ve: @ Vee) in Q x (0,71), (1.1)
divv, =0 in  x (0,7T1), (1.2)

Orce +ve - Vee = Ace — 6—12]”(05) in Q x (0,71), (1.3)

Veloa =0, cclon =—1 on 9 x (0,Ty), (1.4)

Velt=0 = Vo,es  Celt=0 = Coe in Q, (1.5)

where v, stands for the velocity vector, p. denotes the pressure, c. is the order parameter related
to the fluid concentration (for example, the concentration difference or the concentration of one
component), and ¢ is a small positive parameter which describes the “thickness” of the diffuse

interfacial region. As in [11-12], the potential function f satisfies
FEC®M), f(x1)=0, f"(£1)>0, f(c)=f(—c)>0, Vee (-1,1). (1.6)

A typical example is f(c) = %(1 — )%, which is also the potential function considered in this
paper. We believe that the main results in this paper can be extended to the general potential
function case (1.6) without any essential difficulties.

Multiplying (1.3) by e2Ac. — f’(ce) and integrating by parts, one obtains
1, 2 1,
(sAc5 —=f (cs)) doe = (EACE —=f (cs))(satcs +eve - Ve )da
Q € Q €

g? 5 g2
= / —0, [—|Vcs| + f(cs)] — —Vv.Ve. ® Ve, du,
o 2 2

where the divergence-free condition of v, is used in the last equality. Moreover, it follows from
(1.1) that

1
/ eVv.Ve. ® Ve dr = / (—3t(Vs)2 + (Vvs)Q)d$-
Q Q2

Thus, putting the above two equalities together and integrating the resulting equality with

respect to ¢, we arrive at the basic energy equality for solutions to (1.1)—(1.5):

t 1 1
E(c.(t)) —I—/O /Q (§|Vv5|2 + g|u5|2)d$ d¢ = E''(cy.) forallt € (0,TY), (1.7)
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where
L
fe = —eAce + Ef (ce) (1.8)
and
Es(cs(t)):/gswcs(;’t” +f(cs(:’t))da:, Egot(cs(t))zfgL(Z’t)' dz + Ee(c.(t).

From the energy equality (1.7), we find that v. has no strong layer across the diffuse inter-
facial zone as e goes to zero. This fact will be used in the construction of approximate solution
of v.. One can refer to Section 3 for the details.

When the thickness parameter ¢ in (1.1)—(1.5) goes to zero, the diffuse interfacial zone
will shrink into a lower dimensional surface I'y C Q (which excludes contact angle problems),
which is a free boundary. And then € is separated into two smooth domains Q2+ (¢) by the sharp
interface I'; for each t € [0, Tp], where QT is the internal domain and 2~ is the external domain.
And the order parameter takes values of —1 in 2~ and 1 in Q7 respectively in the limit case.
The velocity v is expected to be continuous across the sharp interface I'y due to the diffusion
effect of the velocity. Moreover, it also satisfies a surface tensor constrain. Consequently, the

sharp interface limit problem for (1.1)—(1.5), we shall prove, is the following free boundary value

problem:
v +VVV —Av+Vp=0 in QF(t), t €[0,To], (1.9)
divv =0 in QF(t), t € [0, Tyl (1.10)
[2Dv — pI|nr, = —oHr,nr, onTy, t€[0,To], (1.11)
[v]=0 onTy, t€[0,To], (1.12)
Viga =0 on 08 x [0, Tp], (1.13)
Vr, —nr, - v|r, = Hr, on I'y, t € [0, To), (1.14)

where Dv = (Vv + (Vv)7) is the symmetric part of the velocity gradient tensor. nr, is the

unit interior normal of T’y with respect to Q7 (¢), and
[Pl(p,t) = lim [h(p + nr, (p)d) = h(p - nr, (p)d)].
—0+

And Hr, and Vi, are the curvature and the normal velocity of the interface I'y, respectively. o
is the coefficient of surface tension.
To determine o, it is necessary to introduce the following profile 6y, which is the unique

increasing solution of
=05 (p) + f'(0o(p)) =0,

together with 05(0) = 0 and 6y(p) — £1 as p — +oo.
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According to the properties on the above second order ordinary differential equation, we

know that 6 also satisfies
10 (80(p) F1)| = O(e™P1)  for all p € R, (1.15)

where & = min(y/f”(—1), /f”(1)). Then, the coefficient o is given by o = [, )(p)>dp.

To state the main theorem, it is helpful to introduce the approximate solution constructed in
this paper roughly here, which will be constructed by using the two-scale matched asymptotical
expansion method in Subsection 3.1. The approximate solution, denoted by (Va,ca), will act
as a bridge between the solutions to (1.1)—(1.5) and the solutions to (1.9)—(1.14). To this
end, we introduce the following notations. For § > 0, and ¢ € [0,Tp], we define the tubular

neighborhoods of T'y,
[0 2 {y € @ dist(y,Ty) < 0}, TO)= |J Tu(o) x {th,
t€[0,To)
and the signed distance function

dist(Q=(t),2),  ifxd Q (1),

dr(z,t) £ sdist(Ty, z) = {— dist(Q*(t), ), if z € Q7 (1),

Let ¢(s) € C*(R) be a cut-off function, which is defined as follows:
C(s)=1 for|s| <6 ((s)=0 for|s|>20; 0<—s¢(s)<4 ford <|s| <26

Then the approximate solution (v 4, ca) constructed in this paper takes the following form, also
refer to [4].

vi(p, @, t) = vo(p,z,t) +evilp,a,t) + *va(p, . 1),
vi(z,t) = vE(z,t) + evi(a,t) + e*vi(a,t),
va(z,t) = Codrvi(p,z,t) + (1 = Codr)(vi(z, t)x+ + Vi (z,t)x-), (116
Va=va+e’f,
(2, t) = i (x, ) + e2c (1) + 3 (w, 1),
cal@,t) = Codre™(,8) + (1 - Codr)(xs — x-)
with the stretched variable

dr(x
p= % — ha(S(x,t),t) — ehac(S(x, 1), 1),

where hy(S(z,t),t) and ha(S(z,t),t) are two functions to be determined later.
Now, we state the main theorem in this paper.

Theorem 1.1 Let (v, c.) be a smooth solution to (1.1)—(1.5) for some Ty > 0. For a fized

constant g9 € (0,1] and each ¢ € (0,¢0], there exists a smooth pair (Va,ca): Q2 x Q — R? xR
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which is an approzimate solution defined in (1.16) and will be specified in Section 3. Moreover,

the initial data satisfy

1
[vo.e — VA(O)”%?(Q) + 5”0075 - CA(0)||%2(Q) + llco,e — CA(O)H%‘*(Q)
+ %[V (co,e — ca(0)[Z2() + [{ea(0)(co,e — ca(0)}Z2(q)
+ [{ca(0)(co.e — ca(0))*}H|r1() < Ce* for all e € (0,1]. (1.17)

Then, there are constants R > 0 and T € (0,Ty], such that

Ive = VallLemr2@) + [IVe = VallL20mm1 @) < Re? (1.18)
and
S l[e(t) = ca®)llz2) + 1V -(ce — ca)ll2axo,1)) +€lIV(ce = ca)llz2(ax(0,1))
< Re3, (1.19)
5 1V (ex(t) = eal®)lzz@ + €3 19%(ee — ea)lzaxcory < Re: (1.20)
Moreover,

sup |lee(t) — ca()l[Faoy + sup flea(®)(ce — ca)(t)lL2@) + e — pallL2@x 0.0
0<t<T 0<t<T

+ a_%||f'(cs) — fI(CA)||L2(Q><(O)t)) < Re®> foralle € (0, &0], (1.21)

where pe is defined in (1.8) and pa = —eAca + Lf'(ca).
Furthermore,

lin% ca = +1  uniformly on compact subsets of QF,
e—

and
Va=v+0() inL>®Qx(0,T)) ase — 0.

In particular, the above results imply that

ce = £1 in L2 _(Q7F).

loc

Before proceeding, let us explain the main proof ideas in this paper. First, the construction of
the approximate solutions v 4 and ¢4 ensures that v 4 and c4 converge to v and +1 respectively,
as € tends to 0. Then, it suffices to prove (1.18)—(1.21). We should point out here that Abels
and Liu recently studied the sharp interface limit for a Stokes/Allen-Cahn coupled system in [4],
where they established the convergence of c. in the L>°(0, Tp; L?(2)) sense and the convergence
of v. in the L?(0,Ty; L4(Q)) (¢ € [1,2)) sense with well-prepared initial data. Here for the
Navier-Stokes/Allen-Cahn coupled system, we obtain the L>°(0,To; H(Q)) N L%(0, Ty; H%(R))
convergence for c. and the L>°(0,Ty; L?(2)) N L2(0, Ty; H(2)) convergence for v..

As mentioned above, this paper contains two main parts: In the first part, we construct the

high-order approximate solution (v4,ca), which solves the original problem (1.1)—(1.5) with
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the high order error terms with respect to . Following the arguments in [4], the approximate
solution in this paper can be constructed similarly. Here we require that the approximate solu-
tion v 4 satisfies the divergence-free condition, which implies the error function of the velocity
also satisfies the same divergence-free condition. In the second part, the error terms between
the exact solution and approximate solution are estimated. It should be remarked that the most
arguments in deriving the L? estimates of the error functions are similar to those in [4] in some
sense. However, to control |\Vu||2L2(QX(O)t)), we shall employ a (slightly) different argument by
noticing [Vul? + & f”(ca)u? = (1 — e)(|Vul* + L " (ca)u?) + 2(|Vul? + & f(ca)u?) with
U= Cc— CA.

In order to derive the estimates of the error functions, the spectrum estimate of the linearized
Allen-Cahn operator L. = —A + e~ 2f"(c4) is essentially used. It is emphasized that this
method was originally used to study the Allen-Cahn equation in [12], and also used to the Cahn-
Hilliard equation in [7]. To overcome the difficulty caused by the capillary term div(Ve. ® Ve, ),
it is necessary to derive the estimates of the derivatives. However, noticing that there are no
corresponding spectral estimates for the second derivatives, we have to handle the singular term
L[f'(cc) — f'(ca)]. To this end, Abels and Fei multiplied the equation of the error function for
u by Awu, and then close the estimates by Holder’s inequality in a very recent work in [3], which
will produce a singular factor of e2 in estimating this term. However, we come up with a new
multiplier of p. — s = —eAce + %f’(cs) +eAcy — %f’(cA) for the error estimate of derivatives.
In this way, we do not need to control the term Z[f’(cc) — f'(ca)]Au as in [3]. It converts to
estimating the term %[f’(cc) — f'(ca)]Owu. Intuitively, Au leads to a singular factor of e=2,
while d;u only produces e 1. This will improve the estimate of the error function V(c. —c4) by
2. That is, ||V (c(t) — ca(t))ll Lo (0,1;22(0)) is of order O(e) stated in (1.20). This is one of the
key observations in this paper. Moreover, by using this multiplier, some by-products can also
be obtained in this paper, which are listed in the main theorem. We believe that the optimal
convergence rate should be O(s%). However, we do not know how to achieve this optimal rate
at this moment, which is left for the future study.

This paper is organized as follows: In Section 2, we give some symbols and elemetary lemmas
to be used later. Section 3 is devoted to the construction of the approximate solution which
contains the inner and outer expansions, and to the derivation of the corresponding estimates
for the error functions. Finally, in Section 4 we establish some a priori estimates to complete

the proof of the main theorem.

2 Preliminaries

For every point = € T'; (t € [0, Tp)), there is a local diffeomorphisms X : T* x [0, To] — €,

such that the normalized tangential vector on I'y at X(s,t) is described by

_ 0sXo(s,1)
T(s,t) = 7|85X0(s, ik
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Moreover, the outer unit normal vector of interior boundary for Q7 (¢) is denoted as

n(s,t) = <(1) _01> 7(s,t) for all (s,t) € T x [0, Tp).

For convenience, we set
nr,(z) 2 n(s,t) for all z = Xo(s,t) € T'y.

Let Vr, and Hp, be the normal velocity and the (mean) curvature of T’y (with respect to n).

By virtue of the definition,

Vi, (Xo(s,t) = V(s,t) = 0; Xo(s,t) -n(s,t) for all (s,t) € T* x [0, Tp).
We choose 6 so small that dist(9€2,T;) > 36. Then, every

x €T4(30) = {x € Q: dist(x,Ty) < 30}
can be uniquely represented by
x = Pr,(z) +ror, (Pr,(z)), where r = sdist(Ty, x).
Consider the mapping

X :(=36,30) x T* x [0, Tp] + T'(38) by X(r,s,t) 2 Xo(s,t) +rn(s, t),

so that (r, s,t) are coordinates in I'(34), and let
r = sdist(T,z), s= X, (Pr,(2),t) 2 S(x,t) (2.1)

be its inverse.
Such coordinates are more convenient for the calculations that follow. For instance, noting

that dr(Xo(s,t) +mn(s,t), t) = r, we see that its derivative along r leads to
Vdr(Xo(s,t) +rn(s,t),t) -n=1,
which implies that
Vdr(z,t) = nr, (Pr,(z)), Odr(z,t) ==V, (Pr,(x)), Adr(p,t)=—Hr,(p) (2.2)

for all (z,t) € T'(3d) and (p,t) € T (see [12, Section 4.1]).
Denoting

Oru(z,t) = 7(S(z, 1), t)Vu(z,t), Vyu(z,t) = dru(e, t)r(S(x,t),t), (z,t) € T(36),
we have

V,={U-n(S(),)@n(S(-),))V. (2.3)
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Since O (I —n®n) = 0, we find that

[On, V7] 2 0n((I —n®@n)Vg) — (I —n®@n)V(Ing)
=l -n®n)0h,Vg— (I —n®@n)V(n- Vg)

— Z((I —n®n)Vn;)d,, g = —7(0-n-Vyg),

j=1

which shows that the commutator [0y, V] is in fact a tangential differential operator (see [4,
Section 2.2]).
In this paper, we shall identify a function w(z,t) with &(r, s, ), such that

w(z,t) = w(dr(z,t),S(x,t),t), namely w(Xo(s,t) 4+ rn(s,t),t) =o(r,s,t).

By using the chain rule together with (2.2), we have the following formula:
Oww(z,t) = =V, (Pr, (2))0,a(r, s,t) + 0F &(r, 5, 1),
Vw(z,t) = nr, (Pr,())0:&(r, s,t) + V' a(r, s,t), (2.4)
Aw(z,t) = 020(r, s, ) + Adr, (2)0,0(r, s,t) + AT@(r, 5, 1),

where 7, s are defined by (2.1), and

L& (r,s,t) = 0,(r, 8,t) + 84S (2, 1)Ds@(r, 5, 1),
VF(:J(’I”,S t) = (VS)(x,t)0sw(r, s,t), (2.5)
(VS)(z,1)|20%0(r, 5,t) + (AS) (2, 1)0s0(r, 5, 1).

>
2
£l
=
w
I

When T is smooth enough, then |V.S| < C, see [12, Section 4.1].
As in the previous construction, the leading term ci*(z,t) = 6y(p) of c4 is a function of the
stretched variable p, which is defined as follows:

dp (1‘, t)

. — he(S(x,t),t),  he(s,t) 2 hi(s,t) + cha(s,t). (2.6)

pla,t) 2

The reason why the factor hc is introduced in the definition is to circumvent the obstacles and
difficulties caused by the error of c., which will be discussed later.
Set

191l eoe (1, (26)) = (/Tl ess sup |[¥(Xo(s,t) 4+ rn(s,t))|? ds) v

Ir|<26

Denote the function space
Xr 2 L*0,T; H3(TY)) N H*(0,T; H? (T")) (2.7)
equipped with the following norm:

s = ol + 1 oy 103
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Recalling
X < BUC(]0,T); H? (T")) N L*(0, T; H*(T")), (2.8)

one sees that the operator norm of the embedding is uniformly bounded in 7.
Let X7 be the function space defined in (2.7). For hq, ha = ho . presented above, we require
the following a priori assumptions:
hi € C°(T' x [0,Tp]),  sup |hoellxy < M
0<e<eg (2.9)
for some eg € (0,1), M >1, T € (0,Ty],

where we keep in mind that only he = ha . depends on €. The a priori assumptions in (2.9)
will be verified later.
To describe the properties of the leading term 6 of ¢4, which depends on the stretch variable

p, it is convenient to introduce the following function spaces.

Definition 2.1 For any k € R and o > 0, Ry, o is the space of functions 7. : RxT'(2) — R,
e €(0,1), such that

|04 Felp, )| < CemVIeb for all p € R, (x,t) €T(26), j=0,1, £ € (0,1),

where C' > 0 is a constant independent of (p,z,t) and €, and the equipped norm || - ||, . can
be defined as

H(?a)se(o,l)”Rk,a = sup |8£rt?€(p,x,t)|eo“p‘g_k,
€€(0,1),(z,t)er(26),pER,5j=0,1

Besides, we regard ro(z,t) as ?E(M — he(S(w,t),t),2,t) for all (x,t) € T'(26). Finally,

£

(T2)ee(o,1) € Rg)a means that 7. have value-zero on x € I'y in the usual sense.
Based on the above definition, we have the following.

Lemma 2.1 Under the a priori assumptions (2.9), set

M= sup |he (s, t)] < .
0<e<eo,(s,t)ETIx[0,T]

Let (72)ze(0,1) € Ri,a- Then,

‘ sup |?5(4,x,t)|}
(z,t)€T(26) €

where the positive constant C is independent of M, T and €.

< Celta, (2.10)
L2(R)

Proof In view of the exponential decay properties of 7., we have

o0 2a|7| o0
< Ost/ e” e dr= Cé‘2k+l/ em20lldy = Oe2h L,
—c0

2
N CE]

(z,t)€T(20)

— 00
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Remark 2.1 (1) The L?-norm in (2.10) can be replaced by LP-norm for any p with 1 <
p < 00, and correspondingly, the right-hand side will become eFty.

(2) Moreover, if (72).c(0,1) € Rk)a, then there is a constant C' > 0, depending on M, such

lhal
e

Proposition 2.1 Suppose that 7. € Rg. for some a > 0. Let j =0 ifr. € Roo and j =1
if 7e € R o Then, under the assumptions (2.9), there is a constant C = C(M) > 0, such that

sup
(z,t)€T(20)

< C(M)Ek+%+1'
Lr(

la(Pr,()reellzr .26 < Ce ol i @yllallpzm,),

la(Pe, (el 2(ri 2 < O flall oy
uniformly for all o € HY(Q)) and a € L*(Ty).

Proof By the coordinate transformation (z,t) — (r,s,t), we obtain

IIG(Pn(-))Tawl\um(za))

/ Ja(Xo(s, )7

< Clla (XO(S D)z, oy sup
(a.t)€T(26)

(— — he(s,t), X(r,s,t) )‘ |p(X (r,s,t))]J(r, s)dsdr

m(2at)
9

® (X (ry s, 0)) || L2001, 26))
< Ce" gl i llall Laery

for all a € L?(I';) and ¢ € H'(2), which implies the first inequality.

Using a straightforward calculation, the second inequality can be gotten as follows:
26 1
Ja(Pr,rclezasy = ([ ] 10l )P (X5, 0) BT, s
—25JT

: 2 \} "
(L), ) <cetn
(20| o) < OHNalaey

sup
(z,t)€T(26)

< C(Jla(Xo(s, )32, 25)

for all a € L(I'y).
The following Gagliardo-Nirenberg inequality will be used frequently.

Lemma 2.2 (Gagliardo-Nirenberg inequality [25]) Let u be a suitable function defined in

R™. For any 1 < q,r < 0o and a natural number m, « and j satisfying

lzl-i-(l—m)a'i‘l_aa L <a<i,
ron q m

there are positive constants Cy and Cy depending only on m,n,j,q,r and c, such that
D7 ull e < CrID™ul|g: [l 17 + Collu] La-

A special but important case of the above lemma reads as the following remark.
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1 1
Remark 2.2 ||ul|p=~ < Cllul|}.|ul 7. follows from taking m =n =1, j = 0, p = oo and

r=q=2.
For any t € [0,7], any small ¢ > 0, and the approximate solution ¢4, the spectrum of the

self-adjoint operator £. = —A + e~ 2f"(ca) has a lower bound. More precisely, we have the

following estimate.

Proposition 2.2 Let ca be the approzimate solution, and the a priori assumptions (2.9)
be satisfied for some M > 0. Then, there are constants C' and 9 > 0, independent of M and
ca, such that for every t € [0,Ty] and € € (0,&0],

/ (V@) + 2" (ealr, )2 (@))dz > —C / @t / Voo de, Vo e HY(Q).
Q

Proof The proof can be found in [4, Theorem 2.13].

Finally, it is convenient to introduce the following property which follows directly from the

construction of the approximate solutions.

Lemma 2.3 Let the assumptions (2.9) be satisfied, and ¢2 and ¢s be defined in (3.1). Then,
for any given 0 € (0,1), we have

5 3
2

e |1(c5", Vrch) | oo (0,1522(1, 28))) < C(M)e?, €2 (|0nch || Lo 0,7502(Ty (26))) < C(M)e?,
-6

|V e || Lo (0,7:02(T0 (26))) < C(M, 0)e i

5

VeS| n20,7:2(r 26))) < C(M)e>.

Proof We refer to [4, Lemma 4.3] for the proof of this lemma.

3 Estimates of Solutions to the Error Equations

In this section, based on the matched asymptotical expansion method, we first construct the
approximate solution used in this paper. Then, we derive the estimates of the error functions
by the a priori energy estimate method. For p4 and cy4, we shall adopt the construction in [4],

while we shall take a small adjustment for v 4 to make it satisfy the divergence-free condition.

3.1 Construction of the approximate solution

The approximate solution contains two main parts: The inner layer part and the outer part,
which are constructed by the matched asymptotic expansion method. First, we define the inner

approximate solution as follows:

VO(paxat) + Evl(paxat) + E2V2(pax7t)7

Vi (p.a,t)
PR (p,z,t) = 'p_i(p,x.t) + polp, 2, t) +epi(p,z, ),
™z, t) =" (p, s,t) = Oo(p) + €2Ca(p, S(x,t),t) + 3C3(p, S(x, 1), 1)
£ el (w,t) + 2 (x,t) + 3y (x, 1),

(3.1)
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where s = S(z,t), and

o= M — hi(S(z,t),t) — eho (S(x,1),1).

To write the formula for v; and p;, we require n(p) £ —1+ % ffoo 04 (s)? ds for all p € R, which
means
n(p) ¥ 1| = O(e™ ), when p =0

for some o > 0. Let v; and p; take the following form:

Vi(paxat) = Vi(pa {E,t) + n(p)df‘(xat)vl(xat% 1=0,1,2,
pj(p7x7t) ij(p,l',t) +77(p)dp(x,t)]3j(x,t), J=-10,1,

where v;, V;, p; and p; are defined as those in [4, Section 3.1].

To get the approximate solution, we require that the outer expansion satisfies
vi(z,t) = vE(x,t) +evi(a,t) +e¥vi(a,t), pr(x,t) =pi(a,t) +epf(e,t), =+l

Here p*, = 0, vi and pF are defined by vi £ V]o=(+) and i 2 pla+ (s respectively, where
(v,p) is the smooth solution of (1.9)—(1.14). Moreover, vi-, vi and pi are defined in the same

way as in [4, Section 3.1]. In addition, we select a smooth cut-off function ¢ satisfying
C(ry=1 if|r| <4, ((r)=0 if|r] > 20,
0< —r('(r) <4 ifd <|r| <20.

In summary, we “glue” the internal and external expansions together to construct the approx-

imate solution (va,pa,ca) in Q x [0, Tp] as

VA(:E,t) =(o dFVZl(p,x,t) +(1—¢o dF)(Vz(xvt)X-i- +Vy (z,t)x-), (3.2)

pA(ZZ?, t) = CO deT(Pvl"vt) + (1 - C © dr)(pX(Ji, t)X-l- +p2($7t)X—)7

ca(w,t) = Codre™(z,t) + (1 = Codr)(cq x4 +c2x-)

= g+ X+ (M (1) — Xy — )¢ o dr, (3.3)
where y4 £ XQ= (1)
Lastly, let us assume that v 4 takes the form of vy = v + ef. Asin (3.2), we have
divva = div(¢odr) (v — vixs —vaix-) + (Codr)div v
+ (1= Codr)(div vixs +divvyx-) 2 L + L + I.

For I, one sees div(¢ o dr) = 0 within I'(§); while outside I'(8), v/f — vix+ — v x— decays

exponentially with respect to the stretched variable p. Accordingly, vi7! —vj; X+—VaX— ~ O(g?).

Thus, we infer from the matched asymptotic expansion of divergence equation that

div vi§ = e(—(p + h1)n' (p)V' b1 - Vor + hanf (p)Vom + (p+ k)7 (p)Vim
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—drn/ (p)V hy %1, — dr (p)VE ha - Vo.1)

(G hl)hzn’(p)v;?—: — hat (p)V' i - Vo,r

+ hon (p)Vin — drny' (p) V' ha - V1 7

= V' he - 0pVar + (p+ he)n (p)Vam(@,t) — droy (9) V' he - Bo,(, 1)

+ div(¥e(p, z, 1) + Vol t)dpn(p))), (3.4)

where the detailed calculations are omitted for the sake of simplicity, and can be found in [4,
Appendix].

Since (3.4) vanishes on I" and dr = e(p+ h.), we replace dr by e(p+ h.) in (3.4). Moreover,
by virtue of 1'(p), I can be viewed as power of €2. To proceed further, we obtain I3 =

e2(1 — ¢ odr)div VQiXi. Hence, an appropriate f can be selected, such that
va ZVA—|—62 f, (3.5)

where v 4 is required to satisfy the divergence free condition, which is useful in computing the

error function of the pressure p.

3.2 Estimates of the error equation for the velocity

In this subsection, we consider the estimates of the error function of the velocity. Let (ve, p:)

be a solution to the equation
Ove + veVve — Av, 4+ Vp. + ediv(Ve: @ Ve ) = 0. (3.6)

Based on the construction in the previous subsection, we can carry out calculations similar to

those in the proof of [4, Theorem 3.5] to find that the approximate solution (V4,p.) satisfies

Ova+VvaVVae —AVA + Vpsa +e div(Vea ® VCA)
= (Codp)O; + 2 div[(¢ 0 dr)Os] + O3 + e div Oy, (3.7)

where the lower-order term ©; decays exponentially with respect to the stretched variable, ©3

and ©4 are the higher-order error terms. Moreover,
Q2 =V @ Vg+Vga Vel and |[|(03,04)| r=(0,1:12(0)) < Ce (3.8)
with g = ¢4 + eci". From Lemma 2.3 it follows that
1059 Lo (0,7:12(02) < Cer i, IVrglleo,1:22(0)) < Ce?. (3.9)

Assume (vl', p', ¢') takes the form in (3.1). Then, inserting (vf, pit', ¢™™) into the equation
of (1.1), we find that there is no essential difference in the expansions between the Stokes

equations considered in [4] and the Navier-Stokes equations here, at least for the expansions up
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to the order of !. So, we are able to follow a process similar to that used in [4, Appendix] and

utilize [4, Lemma 3.4] to deduce that

01 2 V'] + V- VVE — AV + V'l + ediv(Ve" @ Vi)
df —~ dF 2 i‘i/ ./ i i/ . .’
=1 (T —hewt) e (T —hoat)+ Y ERIT(@.0)(0hha) (9lha)

1<2;0<4/,5,5' <1

+ > 2RIM I (2 4)(00hy)" (o)’ (0% he)*  in T4(36), (3.10)
0<i,j,k, i’ ,j' k' <1

where h, is defined by (2.9) and the other functions satisfy the following properties:

(re)oce<1 € RYqy  (Fe)oce<1 € Ro and  [[(RYVT RIMIHY| 1o ryxr@sy < C (3.11)

for some o and C' > 0.
To get the estimate stated in (1.18), we shall proceed through this subsection to derive a

bound for the term sup [[wl|7. . Set
W=V.—V4a, U=Cc—CAa. (3.12)

Proposition 3.1 Let (w,u) be defined by (3.12), and the assumptions (2.9) be satisfied.
Then, there is a constant C(M) > 0 and a suitably small constant nn > 0, such that for any
given t € (0,T), the following inequality holds:

1 3/
SV + 7 [ 19wy

1
< §HW(O)H%2(Q) + C”W”QL?(QX(Oﬂf)) + WEHVUHQLz(Qx(m))

HVTUH%%Qx(o,t))

+ CaHvu”%W(O,t;L%Q)) + OngAu”%g(QX(Oi)) + 054. (313)
Proof Recalling that
Vea = (Codp)Vel" +R = (Co dp)%(p)(g — VI he(r, s,t)) +R. (3.14)

We utilize Lemma 2.3 to obtain that R = V(¢ odr)(c™ — x4+ + x—) + (Codr)(e2Vei® + 3V i)

and

IR || L~(.r:z2()) < Ce?  and  ||R| L~(@x (o) < Ce. (3.15)

It follows from (3.6)—(3.8) and (3.14) that

Ow +wVva +v.Vw — Aw + V(p:. —pa)

= —(Codr)®; —e div(Vu ® Vu) — (¢ o dr) div(Ve" @ Vu + Vu @ Vel
—eV(Codr) (Ve @ Vu+ Vu® Vi) — [ediv(R ® Vu + Vu @ R + 04) + 03]
— 3 div[(¢ o dr)(Vei" @ Vg + Vg @ Vi) (3.16)



678 S. Jiang, X. X. Su and F. Xie

The Gagliardo-Nirenberg inequality in Lemma 2.2 implies that

1 1 1
HVUHL‘I(QX(Onﬁ)) < C(||vu|‘zw(07t;L2(Q))||AU’H22(Q><(0)1§)) + T4 Hvu||L°°(O,t;L2(Q)))a (3.17)
1 1
||VUHL2(O¢;L4(F,5(26)) < C||VUH22(QX(0_¢))HAU||22(QX(0¢)) + C||VUHL2(Qx(0,t))

for any given ¢ € (0, Tp].

Thus, we can apply the energy method to (3.16), namely, we first multiply (3.16) by w and
integrate the resulting equality over  x (0,¢); and then we have to estimate term by term.
Notice that the capillary term (Vu® Vu)Vw can be bounded by employing a similar argument
to that in the proof of [3, Theorem 4.1], while the remaining terms can be handled in a similar
way to that used in the proof of [4, Theorem 3.5 and Proposition 3.6]. Based on the facts that
Vu = V,u+ndpu and n @ n : Vw = dpwy,, = —div, w, we arrive at (3.13) by combining
Proposition 2.1 with (2.9), (3.8)—(3.11) and (3.15). The details will be omitted for simplicity

of presentation.

3.3 Estimates of the error equation of the order parameter c.

Let v4 be defined by (3.5) and the assumptions (2.9) be satisfied. Based on Theorem 4.5

and the proof of [4, Theorem 1.3], we are able to obtain
~ 1
Orca+va-Vea—Acy + ?f/(CA) + W|r Veao = C+ W|p Q, (3.18)

where ca0 = (o dprc*(z,t) + (1 — ¢ o dp) (3 x4 + ¢®“x_). Moreover, the following desired

estimates hold:

ICI| L2 (r, (26)x (0,1)) < Ce?  and QI Lo (0,12, (26))) < Ce3, (3.19)

where C' is a positive constant depending only on M.
Next, we come to estimate the error function of the order parameter c¢.. From (1.3) and
(3.18) we get

1
Ou+wVes —wir Veao + veVu — Au + E—Q[f’(ca) — f'(ca)] = —-C—w|r Q. (3.20)
In this subsection, the main task is to prove the following proposition.

Proposition 3.2 Under the a priori assumptions (2.9), there exists a generic constant

C (M), such that for any given t € (0,T), the solution to (3.20) satisfies the following estimate:

1 3 3
% () |72y + EHVTUH%%QX(O,)&)) + ZaHvu”%%Qx(O,t))

1 [l 0
< o () By + ClIw I 0. + 1V 30 0.y + O 20
2e

+CT <

+ Ce* (3.21)

for a suitably small constant 7.
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Proof To prove this proposition, it is convenient to rewrite (3.20) to the following form:

Owu +v.Vu — Au + 8—12f”(c,4) i
— L) = Flen) = flea)u] — C — [wVea — wir Veao] — wir Q. (3.22)

u

Now, we multiply (3.22) by % in L? and integrate by parts to get

1 1 K 1
oIy = 5O oy + [ [ w9 (5oe) das

I 1
+ —/ / [Vul? + = f"(ca) v® dz ds
€Jo Ja 9

- /0 | { = F1re) = len) = £/(ea) ] =€ — wVea = whr Vea) - wir @)

x L da dg.
€
By the following decomposition:
1 ! 2 1 " 2
- [Vul|* 4+ = f"(ca)u” dz ds
gJo Ja 3

1—-¢g2 [* 1 ! 1
/ / |Vul? + —2f”(c,4)u2 dzds + 5/ / |Vu|? + —2f"(c,4)u2 dz dg,
£ 0 /9 £ 0JQ €

where the second term on the right-hand side will be used to cancel the term of 775||Vu|\%2(QX 0,0))
in (3.13).

Recalling (3.7) and the definition of ¢4, to control Vey g, it suffices to estimate Vey o for
the case |d| < 24. For |d| < 2§, we have

VCA = VCA,O + V[(C o dF)(éngn + 53Cén)] = vCA,O + Qv
Veao 2 (Codr)Vel' +Q= (Codr)ty(p)(Z - Vih(rst) +Q.  (3.23)

where Q and Q satisfy
1(Q, eQ)l| (0. r:22(r 2oy < Ce? and [(Q,eQ) ]| Lo~ (1, 26y (0.7)) < CE (3.24)
due to Lemma 2.3. By [6, Lemma 3.9], we obtain

1 1
H“Hi?’(rt(%)) < CH(VT%“)HZ%Q(%)) H(an“au)||z2(rt(25)) ||u||2L2(Ft(25))'

Furthermore, according to the divergence-free condition, we have d,wy, + div, w = divw = 0.

Keeping in mind that divv. = 0, and employing the trace theorem, Proposition 2.2, (3.19)
and (3.22)—(3.24), we can adopt calculations similar to those used in the proof of [4, Lemmas
5.1 and 5.3] to deduce (3.21). This completes the proof.
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3.4 Estimate of derivatives of solutions to the error equations

As aforementioned, to handle the capillary term div(Ve. ® Ve,), it suffices to derive the
estimates of the derivatives. However, there is no desired spectral estimate as in Proposition 2.2
for the estimates of the derivatives, we have to deal with the singular term of % [f'(c.) — f'(ca)]
directly. To this end, Abels and Fei multiplied the equation of the error function for u by Au
in [3]. Instead, in this paper we come up with the new multiplier u. — u4 = —eAc. + %f’(cg) +
eAca — 1 f/(ca) for estimating the error of the derivatives. This leads to estimating the term

= [f'(cc) = f'(ca)]O¢u. Intuitively, the second order derivative of Au leads to a singular factor of

1

€72, while the first order derivative of d;u only produces e !, which will improve the estimate

of the error function V(e —ca) by 2. This is one of the key observations in this paper.

For this purpose, the error equation (3.20) is rewritten as
~ He — 1A
Ou + (veVee —VAVCA)-Ff =w|rVeao—wirQ-_=_C. (3.25)

It suffices to prove the following.

Proposition 3.3 Let (w,u) be defined by (3.12) and the a priori assumptions (2.9) be
satisfied. Then there is a generic constant C(M) > 0 independent of €, such that for any given
t € (0,T), the following estimate holds:

g? 3 3
5 HVU(t)HQLz(Q) + ZHME - NA”QL?(QX(Oﬂf)) + ZESHAU”QLz(Qx(m))
1 1 3 1
+ gllU(t)||i4(Q) - ZHu(t)H%%Q) + ZH(CAU)(t)H%%Q) + gl\f/(cs) — f'ea)llZ2cax (0.

< SIV0) 3y + 21O ) — SOy + SN Oy + Sl ear)O)lzrie
+ C”W“%?(Qx(mt)) + 77||VWH%2(Q><(O,1&))
+ C(YIVullZo 0,102 1 AU T 2 (0 (0.1 + Toe VUl Lo 0.4:22(02))
+ &2 Vul| Lo 0,62 ) [ AU L2 0,6)) + Toe2 IVl Foe (0,022 () ) IW I Zos 0,122 (2))

Ul 0,6:22(2))

+ Ce(|lull (0,622 (2)) + [IVUll Lo (0,602 (02))) .

+C(1 + JJull 2@+ |u|%w<0’t;m(m)) oy
Le2(0,t;L2(2)) e2 c

+ nEHV’U’H%?(Qx(Qt)) + 057 (326)
for a suitably small n > 0.

Proof It is easy to check that

[ =0-2) [ (o= paPao e [ (o - pafao

Q
= (1= 9)llpe — palFago) + ¥l Aul3 2o

2 e = el =2 [ 17(e0) = Flea)Auda,
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Then, we multiply (3.25) by e(ue — pa) in L? and integrate by parts to infer that
2 3 2 1 / / 2
3tu —pa)dz + (1 —e)|lpe — pallzz) + €[ Aullzo) + ng (ce) = fl(ea)llzz(o
= 28/ [f'(cc) — f(ca)]Audx — 5/ (veVee —vaVea)(pe — pa)dz
Q Q

+ E/ [W|rVeao — wlr Q] (pe — pra) dz — 5/ Clue — pa)de. (3.27)
Q Q

Since pie — pia = —eAu+ 1[f'(c.) — f'(ca)] and f'(s) = =5

/ / (e — pa) dede

3
()||L2 ——||Vu )32 Q)—I—//atu (u® —u) + 2(6124u+c,4u2)} dz d¢

[
L
<
§

< 1
> IVu(®)l|7 20y + §||u(t)||‘i4(m - Z|\U(’5)H%2(Q) - EHVU(O)”%HQ) - gHU(O)HLE&(Q)
1 tr3
4 IO ey + [ [ S0+ can) deds
4 o Jo 2

To deal with fotfﬂ %&u(ciu + cau?) dx ds, we integrate by parts to find that

/ / —0u( cAu+cAu ) dx dg

1
// —0( cAu + Bt(cAu) BtcA(cAu2+§u3)dxd§

1
:§/ciu2dx—§/c,4(0) u(0)?dx + = // —0y(cau®) — atcA(cAu +-u )dxd(
1/, 4 3

Consequently, integrating (3.27) over [0, t], we arrive at

2
€
b} Hvu(t)||2L2(Q) + (1 —¢)llpe — /LAH%2(Q><(O¢)) + ESHAU||2L2(Q><(O¢))
1 1 3 1
+ gl\u(t)l\i4(g> - ZIIU(t)II%m) + ZH(CAu)(t)Hiz(Q) + 2l (ee) = Flellzx0.0)
e? 2 1 4 1 2 3 2
= 5 IVu(0)llz20) + gllu(0)lza@) — _||u(0)||L2(Q + 1 lcauw)(0)Z2 o)
— —/ / =0( cAu atcA(cAu + u dxd<+2£/ / (ce) — f'(ca)]Audx ds

—5/ /(VEVCE—VAVCA)(;LE—,uA)dxdg—l—E/ /[W|FVCA10—W|F QJ (e — pa)dads
0 Ja

—E//C — pa)dads

g2 1
2 EHVU(O)”%HQ) + gHU(O)HLE&(Q) - Z”U( )||L2(Q) +7 H(CAU HL2 @t ZJk

Here the terms Ji (k=1,---,5) will be bounded below.
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e For Jy and J5, we use Holder’s inequality and (3.19) to have

1l = 2= [ [ 1760~ Fentduanac

< Cell f"(co)ll Lo @x 0,6 1l L2 (2x (0,0) 1A% L2 (2 (0,1)

[ullZ2(x 0,¢
< O84S Aulf a0 (3.28)
and
t 7
|J5] = ‘ - 5/ / Clpe — ,UA)dIZTdC‘ < Ce2||(pe — pa)llLzx (0,6))
0 JQ
< Ce” 41l (ue — NA)||2L2(Q><(O,t))' (3.29)

e To control J;, we take into account that

; 1% ) )
Ohca = 0y(Codr)(c™ — x4 +x-) +(Co dr)%(ﬂ)( T 3ch6) + (Codr)(e?0icy + £%0,c5™)
to conclude [|9;cal| L (ax(0,¢)) < Ce™'. Consequently,
311 1
|J1] = ‘ - 5/0 /Q gat(CAU?)) — Orca (CAu2 + gug) dxdg‘

A

1
< 5 [ a@u(? do -+ Cllull=o s el o i
+ Ca_l(||u||2L2(Q><(07t)) + ||u||L°°(07t;L2(Q))||u||2L2(07t;L4(Q)))'

1 1
Noticing that [lupsn) < C||u||z2(ﬂ)||Vu||22(Q) + Cllul|z2(q), we obtain

1

|| < 3 /Q ca(0)u(0)* dz + C(|Vul| oo (0,622 ) ull T os (0,222 (62)) + 12l F 00,4222 (02)))
+ Ce7 M ([[ullZ2x 0.0 + 1ell oo o.ts22 1)l L2 0.0 VUl L22x 0,))
+ 05_1(||u||L°°(0,t;L2(Q))||u||%2(ﬂ><(07t)))

1
< B /Q CA(O)U(O)3 dx + C([Jul| Lo 0,:2(0)) + ||vu||L°°(0,t;L2(Q)))||u||%oo(0)t;L2(Q))

+C(1 + [lul| 2() HUH%M(O’W(Q))) i acion)
Lo=(0,t;L2(2)) e2 c

+ 0l Vull 220 0.1))- (3.30)

e The term J3 can be bounded as follows:

t
|J5] = } - 5/ /(VAVu—i-chA +wVu)(pe — uA)dxdg}
0 JQ
< Ce([Vallzoe @x 0,0) I VullL2(x 0,6)) + IWll L2 (0.6 [ Veall Lo x 0,4)
+ Wl La@x 0.0y [ Vull Lax 0,01 te — pallL2(@x 0,6)
< Ce(||Vull2ax(0.6)) + €M IWll L2(x 0.

1 1
+ ||V“||L4(QX(0¢))||W||zoo(o7t;L2(Q))||VW||22(Qx(o,t))
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1
+ IVl Lagax 0,0 To Wl Loe 0,622 (0))) | 1te — 14l L2(02x (0,6)) »

where in the last equality, the following estimate is used:

1 1 1
||W||L4(Qx(0,t)) < C(||W||£°O(()’t;L2(Q))||VW||22(Q><(0¢)) + Ty ||W||L°°(O,t;L2(Q)))= vt € (0, To].
Moreover, thanks to (3.17), we have
2 4 4 5 2 2 2

|J3] < CllwllZ20x (0,69 T CENIVUllLaax 0,0y + Lo IVl Lo 0,00 W Lo (0,622

+0lIVWIZ2ax 0.0y + CEXNVUllT2 0 (0.0 + Mlltte — pallTz 0 0.0))

< ClwWllZ2ax0.0)) + MVYWIZ2(0x0.00) + CENVuUll2x 0.0y + Mlite — tallF2x (0.0

+ C(E4||VU||2Loo(o,t;L2(Q)) ||Au||2L2(Q><(O7t)) + T054||vu”%°°(0,t;L2(Q))

+ 2| Vull oo (0,452 ) 1 Aull L2 0 (0,0))

+ Toe?||VullF oo 0,122 Wl Foo 0,1 22002 (3.31)

for a suitably small 7.

e We use (3.14) and (3.23) to write Jy as

J4—// (C o dr)Wlrd)(p)(n — eV he) (e — pa) dads 2 Jyg + Jia,
T (26)

where the term J4; can be estimated as follows:

gl = | t [ Godrwleth(omiue - ua)dods
0 JI;(26)
< CeT(|0 || Lo (0,609 () I Low (1o (26 % 0,0) 1 WD | 220,224 (04 26 | e
- ﬂAHL?(n(zé)x(mt))
< Ce® | VWl 2 (ax o, It — pallz2@x 0.
< Ce VW30 0.y + Mllite — 1all32 (0 0.00)-

As for Jys, noticing that he = hy + €ho, one finds that

t
il =[ = [ [ oCodrWIc(p) Vel — )

< Ce|[wlrllz2r, 25)x (0,0) 106 VP | oo (1, 25) x 0,0 11te — 14l L2 (D, (25) % (0,0))
+ Ce?||\Wlr |l L2 (0,602 (0, (26))) 160 | oo (0 (26 (0.00) | VB2l Low (0,652 (1)) | e
- NA||L2(F,5(25)><(0¢))

< 052||VW||%2(Q><(0¢)) +nllpe — MA||2L2(Qx(o,t))-

Consequently, putting the above two estimates together, we conclude that

1
[Ja| < CeZ VW1 F2ix (0. + 1llite = allF20x (0,0))- (3.32)

From the estimates (3.28)—(3.29) and (3.30)—(3.32), we obtain Proposition 3.3.
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4 Proof of Theorem 1.1

Based on the prior estimates established in Section 3, we are ready to prove Theorem 1.1
by the a priori energy estimate method.
Proof Putting the estimates (3.13), (3.21) and (3.26) together, and choosing 1 > 0 suitably

small, we obtain

1 ) 11 9 g2 9
B W ()72 + (2—8 - Z) () Z20) + > IVu()lZ2 0

1 1 € 3

+ §||VW||2L2(Qx(o,t)) + 2_E||v‘ru||%2(ﬂ><(0,t)) + §||Vu||%2(ﬂx(o7t)) + 153||AU||2L2(Qx(0¢))
3 1 3

+ ZHﬂs — tall72x (0, + §||u(t)||i4(ﬂ) + ZH(CAU)(t)H%z(Q)

1
+ £ () = flea)llzzax 0.

1 5 11 9 g2 9 1 4
< 5 IW(O0) 22 + (52 = 7) 1O 2@ + S IVuO2) + 5lu(0) 10y
3
+ Zleaw)(0) 220y

1
+ §||(CAU3)(O)||L1(Q) + C||W||%2(Qx(o,t)) + 05||VU||ioo(o,t;L2(Q)) + CEBHAU'H%?(QX(O,)&))
+ CENVUlT oo 0,122 1A T2 00x (0,0) + ToE IVl T o0 0,422 (02))
+ &2(|Vull e 0,622 () | Aul| L2 (@ 0,6)) + Toe VUl Foe (0.1 220 W 1 70 0.4:2202))

||“||2Loo(o,t;L2(Q))

+ Ce(llull (0,622 (2)) + [IVUll Lo (0,4522(02))) -

+ 0(1 + llull Lo (0,422 (02))

86 + Cg E4.

+C1 T

||“||%oo(o,t;1:2(9))) ||”||%2(Qx(o,t))
52

In the calculations that follow, we further require the following a priori assumptions:
5 7 3
||U||Loo(0)t;L2(Q)) < Rez, ||V’UJ||Loo(07t;L2(Q)) < Res and ||Au||L2(Q><(O,t)) < Res. (4.1)

Let Cp = max{C,C1,Cs} < % and the initial data satisfy

1 ) 11 9 g2 9
S Iw(O)llz2(0) + (2—8 - Z) [u(O)lz2(@) + 5 IVu(0)[Z2(q)

1 3 1
+ §||U(0)||i4(9) + Z”(CAU)(O)HQH(Q) + §||(CAU3)(0)||L1(Q) < Coe.
Then, we have
1 2 1 2 e 2
1 ||W(t)||L2(Q) + 1e ”u(t)”L?(Q) + 9 ||vu(t)||L2(Q)
1 2 1 2 £ 2 e 2
+ §||VW||L2(Qx(o,t)) + 2_€||VTU||L2(Q><(O¢)) + §||VU||L2(Qx(o,t)) + EHAUHLz(Qx(O,t))

1 1 3
+ §||Ma — pall2x 0,0 + g”“(ﬂ”@(n) + Z”(CAU)(t)”%?(Q)
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1
+ ng'(Ca) — f'(ea)llZ2ax 0.0y

||U||2L2(Qx(0,t

< Collw22(ax (0.1)) + Co Dy Co(1+ T3 RYE"

Consequently, an application of Gronwall’s inequality to the above inequality leads to

1 1 g2

1 [w ()1 72q) + = w720 + > IVu(®)l|72 0
1 2 1 2 € 2 e 2

+ §va||L2(Q><(07t)) + 2_6||VTU||L2(Q><(O¢)) + §Hvu”L2(Q><(07t)) + EHAUHLZ(QX(O@)
1 1 3

+ 5”% — tall72(@x 0. T g”u(t)ﬂi%ﬂ) + ZH(CAU)(UHQL%Q)
1

+ ng/(Cs) — F'(ea)ll72(ox 0.6

R2e4

< Co(1+ T2 RYeA(1 + Coteot) < T

for all ¢ € [0, T,
provided that 7' is sufficiently small. Hence,
1 s 1
lull o200y < sReZ, | Vullpeorzzy < Re, [ Aullrziax o) < Re?.
2

Therefore, the a priori assumptions (4.1) are satisfied. Moreover, the a priori assumptions (2.9)

are also valid by virtue of [4, Lemma 4.2]. So, the proof of Theorem 1.1 is complete.
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