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Estimation of ITR Systems with Binary-Valued
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Abstract Estimation and control problems with binary-valued observations exist widely
in practical systems. However, most of the related works are devoted to finite impulse
response (FIR for short) systems, and the theoretical problem of infinite impulse response
(IIR for short) systems has been less explored. To study the estimation problems of
IIR systems with binary-valued observations, the authors introduce a projected recursive
estimation algorithm and analyse its global convergence properties, by using the stochastic
Lyapunov function methods and the limit theory on double array martingales. It is shown
that the estimation algorithm has similar convergence results as those for FIR systems
under a weakest possible non-persistent excitation condition. Moreover, the upper bound
for the accumulated regret of adaptive prediction is also established without resorting to
any excitation condition.
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1 Introduction

In many practical situations such as classification, quantization, stimulus-response problems,
the outputs of systems cannot be measured accurately, and what can be known is only whether
or the outputs belong to some known sets (see [15]). A typical situation is the binary-valued
observation (BVO for short) systems, which exist widely in application fields including neural
network (see [3]), sensor network (see [15]), gas content sensors in gas and oil industry (see
[12]), traffic condition indicators in the asynchronous transmission mode network (see [10]),
switching sensors for shift-by-wire in automotive applications (see [14]) and so on.

Compared to the traditional case where the true values of the system outputs can be ob-
served or estimated directly or indirectly, the estimation problems for BVO systems are more
complicated since one only has limited information available. Nevertheless, a great deal of

research efforts has been devoted to the investigation of BVO systems, which can be classified
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into two typical classes: Finite impulse response (FIR for short) systems and infinite impulse
response (IR for short) systems.

First, for FIR systems, Wang et al. [14] considered BVO systems, which has inspired much
subsequent investigations. However, almost all the related works require either periodicity (see
e.g., [14, 19]), or independent and identically distributed (i.i.d. for short) property (see e.g., [9,
11]) or some strong persistence of excitation (PE for short) conditions (see e.g., [4, 15]) on the
inputs signals to ensure the strong consistency of parameter estimation algorithms. As pointed
out in [2], though these conditions may be satisfied for some open-loop or off-line identification,
they are difficult to be satisfied or verified for closed-loop system identification, since the inputs
are usually generated from non-stationary and strongly correlated signals of stochastic feedback
control systems. Recently, Zhang et al. [17] constructed a recursive projected Quasi-Newton
estimation algorithm, and obtained the strong consistency of this algorithm under the following

non-persistent excitation condition:

logn = o(/\min{ iqﬁiqﬁg}), a.s., (1.1)
i=1

which is equivalent to the weakest possible excitation condition for the least square (LS for short)
algorithm of linear stochastic regression systems (see [8]). In [17], the convergence of adaptive
predictors and the corresponding applications in adaptive control were also derived without any
excitation condition. Besides, the use of other methods, such as quadratic programming-based
method, can be found in [13].

Second, for IIR systems, there are extensive investigations and abundant results in the
traditional case where the true outputs can be observed directly or indirectly (see, e.g., [2]).
In particular, by establishing some limit theory on double array martingales, Guo et al. [6]
investigated the estimation of IIR systems with regular output observations and established
the strong consistency of a LS type estimation algorithm under a general non-PE condition.
Besides, other methods have also been used to estimate the parameters in IIR systems, for
examples, a stochastic approximation algorithm has been used for stochastic Wiener systems
(the noise term is outside the saturation function) (see [18]), and a kernel-based method has
been used with quantized observations in [1], however, Gaussian assumptions are needed for
either input signals or impulse responses.

It can be seen from the above overview that most of the existing works on estimation
of systems with BVO require quite strong input conditions to guarantee the convergence of
parameter estimates, and there are only a few results on adaptive prediction with BVO. To
overcome these limitations, we consider in this paper the adaptive estimation problems for
ITIR systems with BVO under a more general input signal condition which does not exclude
applications to feedback signals, by using some basic methods and results developed in [6-7,
17].

The main contributions of this paper are as follows. We will introduce a projected recursive
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estimation algorithm for ITR systems with BVO, will prove the strong consistency of the algo-
rithm under a general non-PE condition on the input signals, and will show that the asymptotic

2at1 ) without

order of the accumulated regret of adaptive prediction can be bounded by O(log
any excitation condition. These results can be regarded as extensions of the related results on
FIR systems with BVO in [17], and are established by using both the stochastic Lyapunov
function methods and the limit theory on double array martingales developed in [6-7].

The paper is organized as follows. Section 2 gives the problem formulation for the estimation
of TIR systems with BVO; Section 3 introduces a projected recursive estimation algorithm;
Section 4 presents the main results of this paper, followed by Section 5 where the proof of the

main results is given; Section 6 concludes this paper with some remarks.

2 Problem Formulation

Consider the following ITR systems with BVO:

Y = Z biug_; +vi, k>0, (2.1)
=1

1, yrs1 2o

(2.2)
0, Yr+1 < ek,

Skt = I(Ypg1 > cp) = {

where ¥ € RY, u, € R, v € R! are the systems output, input and random noise, respectively,
sk is the BVO and ¢y, is a time-varying threshold sequence. It is assumed that v = ug = 0 for
all k < 0. The coefficients b; € R',7 > 0 are unknown, and satisfy the following summability

condition:

o0

> Ibi < oo (2.3)

i=1
Remark 2.1 Let us consider the following stochastic systems with rational transfer func-

tions:
yr = A7H2)C(2)up_1 + vy, (2.4)

where A(z) = 1+ a1z + -+ + ap2zP (a, # 0) is stable, i.e., A(z) # 0 for any |z] < 1, C(z) =
co+crz+--+cgz? and a;,i =1,--- ,p,and ¢;,7 = 1,--- , ¢, are unknown coefficients, z is the
backward-shift operator. Then (2.4) can be written as (2.1) and satisfies (2.3), because there
exists a A € (0,1) such that |b;] = O(\),i > 0.

We introduce the unknown parameter vector
0 =[b1,bo,bs, |7 € R™ (2.5)
and the corresponding regression vector

Gr—1 = [Up—1,U—2,up—3, |7 € R, (2.6)
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so that (2.1) can be succinctly rewritten as
Yk = 0T pp_1 +vi, k>0. (2.7)

To analyse adaptive estimation problems for the above system, we introduce the following
notations and assumptions.
Throughout the paper, let || - || denote the Euclidean norm of vectors or matrices. The

H-norm is denoted by

l9(2)llsc = esssup|g(e)],
0€0,27]

where g(z) is a complex function which is analytic in |z| < 1 and bounded almost everywhere

on |z| = 1. The Ly-norm of g(z) is defined as

1 i0\[2 191 3
={— )29} 2
@l = {5= [ late) a0}
The maximum and minimum eigenvalues of a square matrix X are denoted by Apax{X} and
Amin{ X }, respectively.

Assumption 2.1 The system input uy, € Fy. for k >0, and satisfies

sup |ug| < M < oo, a.s., (2.8)
E>0

where {F} is a sequence of non-decreasing o-algebras, and M is a constant.

Assumption 2.2 The unknown parameter vector 8 belongs to a known bounded conver set

D C R and we assume that

sup [|z] < L < oo, (2.9)
xeD

where L is a constant.

Assumption 2.3 The threshold ¢, € Fy for k > 0, and satisfies

sup |ex| < C < 00, a.s., (2.10)
E>0

where C is a constant.

Assumption 2.4 The random noise vy, is integrable and Fy-measurable. For any k > 1,

the conditional probability density function fi(-) of vi given Fy_1 is known and satisfies

inf 0, k=12, as. 2.11

where M, L and C are defined by (2.8)—(2.10), respectively.
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3 Estimation Algorithm

Let {p,} be any non-decreasing sequence of positive integers satisfying p,, < n for n > 0.
Set

0(n) = [b1, -, by,]" (3.1)
and
or(n) = [ug, - - ,Uk;_pn_l,_]_]T, k=0,1,---,n, (3.2)
the estimate 0 (n) for 6(n) can be written as
Ox(n) = [bi(k),-- by, (F)]T, k=0,1,---,n. (3.3)

We will follow the ideas in the construction of the projected recursive estimation algorithm
for FIR systems in [17], for which, we need to introduce a suitable projection operator.

First, we need to introduce a set D,, C RP» as follows:
D, = {(z1,--- ,xpn)T eRP | (21, ,2p,,0,0,- --)T € D}, (3.4)

where the set D is defined in Assumption 2.2. Obviously, D,, is also a bounded convex set and

satisfies sup |z]| < L < oo,Vn > 0.
x€D,
For the above defined convex set D,, € RP» and for any given positive definite matrix @, we

define the corresponding projection operator as

II, o{z} = argmin||z — w|lg, Yz € RP", (3.5)
weD,
where the weighted norm || - || is defined as
1
lylle = (" Qy)z, VyeRP". (3.6)

Now, for any given n > 0, the projected estimation algorithm is recursively defined for

0 <k <n as follows:

Or1(n) = Hn,pk;ll (n){é\k (n) + Brbr(n) Px(n)or(n)ers1(n)}, (3.7)

Piy1(n) = Pe(n) — Bebi(n) Pe(n)dr(n)oj (n) Pe(n), (3.8)

err1(n) = spy1 — 1+ Frpr (cr — 0F (n)01(n)), (3.9)
1

o) = T B ) B () on () (3.10)

Br+1 = min {ﬁk, ‘I‘S%l]\f“cf’“*?(x)}’ (3.11)

where ak(n) in (3.7) is the estimate for f(n) at instant k, the initial value §o(n) can be chosen

arbitrarily in D,,; F11 in (3.9) is the conditional distribution function of vi41 given Fy; By
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can be chosen in (O,min {1, ‘ \<i£11\f/f cfl (x)}) arbitrarily; Py(n) = I with real number 8 > 0
z|< +

chosen arbitrarily; II 51 (n) in (3.7) is the projection operator defined by (3.5), the well-
et
posedness of II - PO (n) is ensured by the positive definite property of P, +11 (n), because by the

matrix inversion formula, P +11 (n) can be explicitly written as
P (n) = B (n) + BRow(n)f (n). (3.12)

For convenience of analysis, we need to introduce the following notations to be used through-

out the sequel:

Or(n) = 0(n) — Ox(n),

e =Bt

Wht1 = Spa1 — 1+ Frpr(cx — 1 0), 3.15
Ur(n) = Frr1(cx — oF (0)0k(n)) — Frpa (cr — 610), 3.16
e 2
5o = ( 3 |b1-|) , (3.17)
1=pn+1
ex(n) = Z bjtg—jt1- (3.18)
J=pn+1

We also need the following notations for polynomials in the backward-shift operator z:

B(z) = sz By (z) = sz B, (z) = Z bi(n)z". (3.19)

4 Main Results

In this section, we will establish the strong consistency of the algorithm introduced in Section
3 under a weak non-persistent excitation condition on the input signals, and will analyse the
accuracy of the adaptive predictors without resorting to any excitation condition. The proof of

the main results will be given in the next section.

Theorem 4.1 Consider the system (2.1)—(2.2) under Assumptions 2.1-2.4. Then as n —
00, the upper bound of parameter estimation error produced by the algorithm (3.7)—(3.11) is as

follows:

~ 1
B,(z) — B(2)]|? :O(p—n nlogn + d02n ), a.s. 4.1
1B1(z) = B = (P {palogn -+ 8in) (@)

Remark 4.1 The related result for FIR systems with BVO in [17] can be included if we
take p, as an upper bound for the order of the FIR system, since &, = 0 and || B,,(z) — B(2)||2
is bounded by || By (2) — B(2)||so.
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Corollary 4.1 Let the conditions of Theorem 4.1 hold, {fr(x)} given in Assumption 2.4
satisfy

{fe(@)} >0, as, (4.2)

|w|<LM+C k>1

and let |b;] = O(A\) hold for all i > 0 and for some 0 < X < 1. If we take p, = [log® n],a > 1,

where [x] is the integer part of x. Then as n — oo,

1Bu(z) — B(2)[% = O Pn logn ). as (4.3)
Amin BT+ X 01(n)6T ()|

Remark 4.2 From (4.3) we know that the estimation error will converge to zero if we have

p2 logn = o(/\min{ ”il i (n)qf(n)}), a.s. (4.4)
i=0

This condition is much weaker than the usual PE condition, and is a natural generalization of
the non-PE condition (1.1) for FIR systems with BVO in [17].

Next, we analyse the accuracy of the adaptive prediction. Note that for any n > 0 and

0 < k < n, the system output yi in (2.1) can be rewritten as follows:

Yk+1 = (bg(n)a(n) + Ek(n) + Vk+1, k= 07 N, (45)

which can be regarded as a linear stochastic regression model of order p,, plus a residual term
ex(n) defined in (3.18). Taking conditional expectations on both sides of (4.5), we can obtain

the best prediction for yi41 in the mean square sense:
Elys1lZ2) = 65 (n)0(n) + ex(n) + B(vesa| Z), k=0, . (4.6)

Replacing the unknown 6(n) in (4.6) by its estimate Oy, (n) and omitting the residual term e (n),

we can define the following adaptive predictor for the output:
D1 (n) = of (0)0k(n) + E(vpi1|Zr), k=0, n. (4.7)

Usually, the difference between the best prediction and the adaptive prediction is referred to as
regret. From (4.6) and (4.7), the regret can be defined as follows:

Ri(n) = [E(yes1| ) = Yrrr (0)]?
= {0F (n)gr(n) +ex(n)}?, k=0, ,n. (4.8)
Naturally, we hope that the regret is small in a certain sense. Fortunately, this can be

realized by analysing the asymptotic upper bound for the accumulated regret as will be shown

in the following theorem.
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Theorem 4.2 Consider the system (2.1)—(2.2) under Assumptions 2.1-2.4. Then the ac-

cumulated regret has the following upper bound as n — oo :

Z Ry(n) = O(y2{p, logn + 57%77,}), a.s. (4.9)

k=1
According to Theorem 4.2, we can immediately deduce the following corollary.

Corollary 4.2 Let the conditions of Theorem 4.2 hold and {fi(x)} given in Assumption
2.4 satisfy (4.2). Then the following result holds as n — o0 :

Z Ry (n) = O(py logn + 57%71), a.s. (4.10)
k=1

Remark 4.3 Consider the case in Remark 2.1. If we take p, = [log”n],a > 1, then it
follows from Corollary 4.2 that

ZRk O(pnlogn), a.s. (4.11)

The result (4.11) coincides with the related result for ARMAX models with regular outputs in
[7], where it has shown that the asymptotic order O(p, logn) of the accumulated regret is the
best possible.

To make the above results on the accumulated regret conveniently applied to adaptive

control, we need to get an upper bound for the following accumulated “synchronized regret”

f: Ry (k).
k=1

Theorem 4.3 Under the conditions of Corollary 4.2, let |b;| = O(\) hold for alli > 0 and
for some 0 < X\ < 1. If we take p, = [log” n],a > 1, then the accumulated “synchronized regret”

of adaptive prediction has the following upper bound as n — oo :

Z Ri(k) = O(p2logn), a.s. (4.12)

5 Proof of the Main Results

We need the following lemmas to prove the main results in Section 4.

Lemma 5.1 (see [7]) Assume that {wy,, %#,} is a martingale difference sequence satisfying

sup Ef[lwj|* | Fj] <oo and [wnll = o(e(n), as., (5.1)
J

where ¢(+) is a deterministic, positive, nondecreasing function and satisfies

sup p(e" 1) /(") < co. (5.2)
k
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Let{f;(k)},j,k=1,2,--- be a Fj-measurable random sequence. Then for p, = O([log" n]),a >
1, the following property holds as n — oo :

| nax - max Zl [i(B)wjtq H = Ol(aplogay) + o(anp(n)loglogn), a.s., (5.3)
=
where
%
. = . 2 =
a;= max gi(k). [anj IE+1]7 golk) = 1. (54)

Lemma 5.2 (see [6]) Let {fx(n)},1 <k <n be a Fy-measurable random vector sequence

k
in RP" p, > 1, and My(n) =~I+ > fj(n)f;f(n),’y >0,1<k<n. Then as n — oo,
j=1

D i n)fr(n) = O(log " {det(Mn(n))} + 1), (5:5)

k=1

where det (Mn(n)) denotes the determinant of M, (n), and log™{-} denotes the positive part of

log{-}.

Lemma 5.3 (see [7]) Assume that wy, ¢(-), fr(n), Mr(n) and p,, are the same as those in
Lemmas 5.1-5.2. Then as n — oo,

> A )M () fr(n) [ wrsa |
= o(¢?(n)loglogn) + O(pn log™ Amax{ M, (n)}), a.s. (5.6)

Next, we present a fundamental lemma, which can be regarded as an extension of those in
Guo et al. [6], Guo [5] and Zhang et al. [17].

Lemma 5.4 Let Assumptions 2.1-2.4 be satisfied for the system (2.1)—(2.2). Then the
estimation error produced by the algorithm (3.7)—(3.11) satisfies the following property:

n—1
TL )P () + (1= 2 ) 3 B o)) = Opulogn +6dn), as,  (57)
k=0

where b > 2 is a constant.

Proof For any given n > 0, we consider the stochastic Lyapunov function Vi(n) =
9T( )P (n )0x(n). By the properties of the projection operator, and by (3.5)—(3.8), (3.12)
and (3.15)—(3.16), we have

5 2
Virs(n) = [ )10
= 110(n) =10, ps () {0k (2) + b () B P () ér (M)ensa (MHIE1 )
< [10(n) = Ox(n) — br(n) Be P (n) e (n)ex 1 (n)]|%,
o1 (M)
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= {0k(n) — bi(n) Br P (n) () [tk () + wie11]} T Py ()
{0k(n) — b (n) B P (n) i (n) [thr () + wie41]}
= 0 (WPl (n)Br(n) — 2k (n
— 2b(n) B0 (n) P, () Pe(n) e (n) w41
+ b7 () BR (n) by, (n) Py (n) Pty (n) Pi(n) g (n)
+ b (n) By, (n) Pro(n) Py () Pe(n) g (n) w4
+ 263 (n) Bibr (n) by, (n) P (n) Py (n) Py () i (n) wpe1.
We first simplify the terms in (5.8). By (3.10) and (3.12), we have
O () Py (m)0k(n) = 05 (n) P ()i (n) + BRI (n) b (n)]P,
b (n) Py (n) Pe(n) ¢y (n) = ¢1.(n).

Substituting the above into (5.8), we know that

)
i

Vir1(n) < Vi(n) + BR10F () dx (n))?
— 2840 (n) ¢ (n)k (n)
— 28403 (n) b (n)wi 11
+ by (n) i bp (n) Pre(n) ¢ ()13 ()
+ by (n) B dj (n) Pre(n) i (n)wit 4
+ 2by,(n) B 1 (1) Pi(n) 1. (n) ok (n) w1

)
)

— ~—

Moreover, by the definition of ¥ (n), we have

b (n)]* <1,

which implies that

bio(1) B b (n) P (n) i (n) v (n) < bi(n) B (n) Pe(n)pre ().

By the differential mean value theorem, from (3.11) and (3.16), we see that

[k (n)] = Bil0F () (n) + ex(n)].

B0 (1) Pty (n) Pi(n) e (n) o (m)

(5.9)
(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

By (3.16) and the differential mean value theorem again, we know that 1y, (n) and [0 (n)dy (n)+

ex(n)] have the same sign, and from (5.14) we get

—284 [0 (n)g1.(n) + 2k (n)]hr(n) < =270 (n) ok (n) + ex(n)]*.

(5.15)

Substituting this and (5.13) into (5.11), and summing both sides of (5.11) from k =0 to n — 1,

we obtain

Va(n) < Vo(n +Zﬁk9T —2Zﬁk9T n) +ex(n)]?
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n—1

+2 Z ﬁk’t/Jk (n + Z bk ﬁk¢k (n)¢k (TL)
-2 Z /8]9916 wk+l
+ Z bi(n) Bi b1, (1) P (n) dr (n)wit 44

+ 22 bi () Bk () Pi (n) e (n) o () w1 (5.16)

We now estimate the right-hand side of (5.16) term by term. By (3.17)—(3.18) we have
> ckin) < Z (3 Iillucsal)’ = 0tum) (5.17)
k=0 =0 j=pn+l

Moreover, by this, the boundedness of both S and ¥ (n), and the Schwarz inequality, we have

Zﬁwk (Zsk )z ({ Zi ]%)z (&%n). (5.18)

By the elementary inequality 2zy < % + by?, we know that for any given b > 2 we have

n—1
—4251355(”)@@ b Z 24 2bZBkEk (5.19)
k=0 k

I l\D

Note that 87 <1, from (5.17) and (5.19) we obtain

—QZﬁk [0F (n) g (n) + e (n)]?
n—1
< (5 -2) X BB on(ml” + (20 2) Zﬁm
k=0
= (2 2) S SBEm)en(n)? + O6um). (5:20)
k=0

We proceed to estimate the fifth term in (5.16). Let fi(n) = Srdr(n) in Lemma 5.2, since
br(n) < 1, we obtain

Zbk VBT () Pe(m) o ()

<3 AP )
k=0

= O(log™ {det(P; " (n))})
= O(pnlogt Amax{ P, 1 (n)}). (5.21)
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Moreover, by (5.21) and the fact that by (n)B2¢} (n) P (n)¢r(n) < 1, we have

n—1

> k()RR (1) Pe(n)di ()] = O(pn log™ Amax{ Py (n)})- (5.22)

k=0

Next, we estimate the sixth term in (5.16). By the definition of wg41 we obtain

E(wp 1] Fr)

= Elsk1|Fx] — E[P(yr+1 > ck| Fk)|Fi]

= E[I(yr+1 = )| k] — E[EI(Yrt1 = cx)|Fk)| T

0, (5.23)

which implies that {wg,.Z;} is a martingale difference sequence. Since |wy1| < 1, we know

that

|wy, | = o([log log(n + e)]%) and  sup Ellwj1* | Fj] < oo, as. (5.24)
J

Consequently, by (5.24) and Lemma 5.1, we get

nz_:lﬁkok( )6r (1) w41
k=0
= ({nf[ﬁkek( )¢ (n)]? }%)+o({1§[ﬁk5§( )i (n))? }%[k,glogn]%)
k=0 k=0
:0(" 1[@@91@( )¢k(n)]2> + o([loglogn]?®), a.s. (5.25)
k=0

We now estimate the seventh term in (5.16). Note that by(n) < 1, by (5.24) and Lemma 5.3,

we see that

Z bi(n ﬁk(bk Py(n)or (n)wi_,_l
= O(pn logt Amax{ P, 1(n)}) + o([loglogn]?), a.s. (5.26)

As for the last term in (5.16), by (5.12), (5.22) and Lemma 5.1 again, we know that

Z be(n)Bedp (n) Pr(n)dr (n) e (n)wi1

n—1
= o Y_[b(m)B26F (M) Puln)éx(m)]?) + o(loglog n]?)
k=0
= 0(pn log¥ Amax{ P 1 (n)}) + o([loglogn]®), a.s. (5.27)

Note that by (3.2) and (3.12), we have

10g+ )\max{Pn_l(n)}
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n—1
< 10g+ tr [Po_l(n) + Z 53@(”)@%”)}
i=0

n—1 Pn—1
=log® [tx(Py (n) + Y 82 > wl ]
i=0 §j=0

= 0(10g+ (Pn + pun))

=O(logn), a.s.

Finally, substituting (5.18), (5.20)—(5.21) and (5.25)—(5.28) into (5.16), we have

TP () + (1 2) 3 GRE (m) ()
k=0

= O(py logn + (loglogn)? 4 (loglogn)® + 57% n)
= O(pn logn + (5,%71), a.s.

Hence Lemma 5.4 is true.

Proof of Theorem 4.1 Noticing that
Amin{ P () }|6 () |[* < 0 (n) P ()6 (1),
it follows from this and Lemma 5.4 that

10) = Bl = O(—pmrss

Combining (3.17), (3.19), (3.1) and (3.3) with (5.31), we have

I1Baz) - B
= 1Ba(z) ~ Bu(2) + Bale) ~ BG)I
< 2 Bu(2) — Ba(2)I + 21 Ba(2) — BRI
<2 Y lnm) —vdl] +o[ S0 ]
i=1 i=pn+1

Pn

< 2p, Z[bz(n) — ;)% + 26,
i—1

< 2p,)|0(n) — O, (n) % + 26,

_ Dn 3 ,
= O(/\min{Pn_l(n)} {pnlogn + 63 n}), a.s.,

where the last equality holds because 6,, = O(1) and Apin{P;(n)} = O(n).

{pnlogn + 57%71}), a.s.
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(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

Proof of Corollary 4.1 By the fact that dj is non-increasing, and by the choice of p,, and

property of |b;|, from (3.17) we have

§in < ;55 = 0(;2%) = O kler MU ) < o,

= k=1

(5.33)
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Noticing that (4.2) implies 8 - 0, by Theorem 4.1 and (5.33), we see that the assertion of
Corollary 4.1 holds.

Proof of Theorem 4.2 From Lemma 5.4 we know that

n—1

3 B20F ()gr(n))> = O(pa logn + 63n),  as. (5.34)

k=0
Noting that [T ()¢, (n)]2 = O(p,), by the non-increasing property of i, and 3, = 1, we

have

SUBF (n)ér(n)” = O(2{pnlogn+ 63n}), as. (5.35)
k=1

Combining this with (5.17), it is not difficult to see that

Ri(n) = O(v2{pnlogn + (5,%71}), a.s. (5.36)

NE

k=1

Proof of Theorem 4.3 Since 5 — 0, it is not difficult to see from (5.33) and (5.35) that

> [0F )¢k (n)]? = O(log* ! n),  aus. (5.37)

k=1

Note that by the definition of py, pr = [log” k],a > 1. Let us denote the “inverse” function

1
of pr. as qx = [ek“ |. Now for any integer k > 1, there exists an integer ¢ > 0 such that
4 <k <dgiy1. (5.38)

It is not difficult to show that py = 7 for all suitably large integer k or 7, hence by the definition
of B (n) and ¢y (n), we know that

O (k)on (k) = OF (i1 — D(gir1 — 1). (5.39)

Now, for any n > 1, let m be the positive integer such that ¢, < n < g¢m+1 , by (5.37) and
(5.39), we obtain

(0% (a1 — Dl — 1} +0(1)

p2logn), a.s. (5.40)
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Moreover, by (3.17)—(3.18), the choice of p,, and property of |b;|, we have

k
=0(1). (5.41)

n—1
Z Ry(k)
k=0
<2 Y OF R+ ik}
k=0 k=0
=O0(p?logn), as. (5.42)

6 Conclusions

This paper has considered the estimation problems for IIR systems with BVO, by using
a projected recursive estimation algorithm. The convergence and the convergence rate of the
estimation algorithm have been established under a general and weakest possible excitation
condition. Moreover, the accumulated regret of adaptive prediction has been shown to be
bounded by O(log2a+1 n), which implies that the averaged regret converges to 0. For further
investigation, it will be interesting to consider adaptive control problems, and to extend the
related results to IR systems with more general observations, such as saturated observations

recently considered in [16].
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