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The Soft Point and Its Applications in Body Falling*

Zongmin WU! Ran YANG!

Abstract From the mesoscopic point of view, a definition of soft point is introduced
by considering the attributes of geometric profile and mass distribution. After that, this
concept is used to develop the soft matching technique to simulate the chaotic behaviors of
the equations. Especially, a tennis model with deformation factor a(t) is proposed to derive
a generalized Newton-Stokes equation v'(t) = A(vr — a(t)v(t)). Furthermore, a concept of
duality of deformation factor a(t) and velocity v(t) with respect to the generalized Newton-
Stokes equation is established. To solve this equation, two data-driven models of a(t) are
provided, one is based on the concept of soft matching, while the other is by using the
amplitude modulation. Finally, the related iterative algorithm is developed to simulate the
motion of the falling body via the duality of a(¢) and v(¢). Numerical examples successfully
demonstrate the phenomenon of chaos, which consists of the continual random oscillations
and sudden accelerations. Moreover, the algorithm is tested by using larger coefficients
corresponding to the terminal velocity and shows more satisfactory results. It may enable
us to characterize the total energy of the dynamical system more accurately.

Keywords Soft point, Soft matching, Newton-Stokes equation, Duality, Data-
driven model
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1 Introduction

On the occasion of the 20th anniversary of the establishment of the ICTAM Su Buchin Prize,
we would like to discuss a very elementary concept in geometry, namely, the definition of the
point. Another motivation comes from the study of the falling body, especially, a ball is falling
in the non-Newtonian fluid. The result of this paper may be generalized to discuss the motion
of the high-speed aerocraft.

The establishment of coordinates is a revolutionary milestone to describe a point mathe-
matically (e.g. Euclidean space R?). This has opened the new epoch to study the mechanical
problems rationally and quantitatively. However, any point is actually a mass distribution. We
take the point as the mass distribution of a random variable £, and propose the concept of soft
point.

Based on the definition of soft point, the K-order equivalence is introduced: & ~p n if

E¢F = En hold for all k < K at some mesoscopic level. Then a concept of the soft matching
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£Qn is proposed, more precisely, we can construct ¢ to simulate 1 based on some important
features of 7, which could be observed and estimated previously.

Furthermore, the concept of soft matching for the difference equation (uj+1 —u;) = F(u;)
will turn to be (uj11 — u;)@F(uj;). That is, the soft points {(uj4+1 — w;)} will satisfy the
distribution coincident with the important features of soft points {F(u;)}. This technique
could also be generalized to the dynamical system.

In this paper, the concept of soft point will be introduced more in details, and the idea of the
soft matching will be used to describe the motion pattern of a ball falling in the non-Newtonian
fluid.

Let us start at the very beginning, the free body falling by Galileo, that is, “the distance is
proportional to the square of time”. This helps Newton to establish the second mechanical law
of f =mu’: The force f acting on the object is equal to its mass m multiplying its acceleration
v’. Here Newton has taken the object as a mass-point abstractly, that is the point endowed
with the attribute of the mass.

These open the new epoch to study physics with mathematics, since the coordinates are the
bridge connecting physical locations and mathematical points.

In 1851, Stokes took the drag force as Fyy = 6murv, which is proportional to the velocity of
the ball (see [1]). Here p is the viscosity of the fluid, » and v are the radius and velocity of the
ball, respectively. This derived the Newton-Stokes equation

AT 47

57 pov’(t) = grgg(pb —pg) — 6muru(t), (1.1)

where py and p; are the densities of the ball and the fluid, respectively, and g is the gravitational
acceleration.

Furthermore, (1.1) can be simplified as

v'(t) = Mor — v(t)), (1.2)
where \ = 232’; - and the terminal (final) velocity vy = W. The solution of (1.2) can
~At=to) When the resultant force or the acceleration v’ (t)

be written as v(t) = vy — (vr —vg)e
tends to zero, v(t) will tend to vp, which is called the equilibrium state macroscopically.

However, in applications, it has been observed that the falling body behaves with random
oscillations when it’s speed approaches to the terminal velocity (see [2-6]). Such phenomena
will happen in physics, economics, biology and many other fields, such as the perturbation of
earth orbit, the falling ball in shampoo and the fluctuation of stocks index, etc. The random
phenomenon of a falling ball through a non-Newtonian fluid can be observed more clearly as
shown in Figure 1 (e.g. [7]).

Lee [8] takes the fluid as spider nets layer by layer, and adds a periodic force caused by the
action of the ball which first pushes the spider nets together and breaks through them after.
When the ball enters the equilibrium state, the motion pattern is approximatively a harmonic

oscillation coupled with the terminal velocity.
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Figure 1 Oscillations of a solid ball falling through a wormlike micellar fluid.

The models above are all under the framework of Newtonian mechanics and can be described
by some second order ODEs (ordinary differential equations). Discretize these ODEs, the related
iterative algorithms can be obtained to simulate the motion of the falling ball in the category
of Newton.

However, people have already observed a lot of non-Newtonian fluids such as shampoo,
toothpaste, cream, slurry and so on. In fact, all fluids will exhibit it’s non-Newtonian properties,
if the falling ball approaches to the terminal velocity and is deformed easily, and the fluid
possesses a strong viscosity.

The researches of [9-10] developed a data-driven model of the falling ball by using the LASSO
(Least Absolute Shrinkage and Selection Operator) approach. Moreover, we can develop the
soft LASSO approach based on the concept of soft matching of soft points.

This paper generalizes the concept of soft point by considering not only the geometric profile
but also the mass distribution and consists of four sections. In Section 2, a generalized concept
of soft point of order (N + M) is introduced. Based on this concept, the soft matching technique
is developed in order to simulate the chaotic behaviors of the equations and some simple cases
are discussed. In Section 3, taking the deformation of the ball into account, a tennis model is
proposed to derive a generalized Newton-Stokes equation to describe the motion of the falling
ball. Meanwhile, a dual concept of deformation factor a(t) and velocity v(t) with respect to the
generalized Newton-Stokes equation is suggested. Two data~-driven models of a(t) are derived at
some mesoscopic level, one is based on the concept of soft matching, while the other is by using
the amplitude modulation. Furthermore, the related discrete iterative algorithm is developed

to simulate the trajectory of the velocity. The algorithm is tested by using different values of
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coeflicient d corresponding to the terminal velocity vr. The results are more satisfactory when
we use dvr instead of v in the algorithm with a lager d. It may enable us to characterize the
total energy of the dynamical system more accurately. Numerical examples are provided and
show the chaotic phenomena with the behavior of the continual random oscillations coupled

with sudden accelerations. Some conclusions are given in the last Section.

2 A New Concept: Soft Point

In this Section, we will generalize the concepts of point in mathematics and mass-point in
physics, which will be called “soft point” from a more mesoscopic perspective.

A point P in mathematics is abstractly represented only by using its position with some
coordinates, but having no size, no shape and no mass. A mass-point (P, m) in physics contains
not only the position in mathematics but also the mass. However, in the real world, a point
would coincide with two attributes, the geometric attribute (size and shape) and the physical
attribute (mass and its distribution). Roughly speaking, a point P is a distribution of mass
in a certain geometry. Therefore, there could be at least two kinds of way to observe a point
mesoscopically. The key feature of difference of the concepts in geometry and in physics is that,
the mathematician takes the uniform distribution yq(z) on some geometry region €2, while the
physicist takes the mass distribution m(z) to describe the concept of the point.

The concept of the generating function is used to generalize the definition of the point
mesoscopically. We define the “soft point” of order (N + M), where N and M are the orders

of the generating function with respect to geometry and physics, respectively.

Definition 2.1 Assume that a point whose mass distribution is m(x) defined on some region
Qe R and u(z) = xo(x) is the uniform distribution on Q. We define

ji= ZZ?jUZZT X 11 = ZZ?kaIJ X .
N.—/Q (z)dz and My /Q (z)dz, (2.1)

where x7 = J:Jf . --xff is the notation of multiple variable, with x = (x1,--- ,x4) € R? and

j= (1, ,j4), k = (k1,--+ ,ka) € Z% Furthermore, the values of {N;, My} characterize
a soft point in a mesoscopic level of order (N + M), where |j| := j1 + -+ ja < N and
|kl :=F1 4+ kg < M.

For example, when d = 1, N = 1 and M = 1, Ny is the area of the region Q, M, is the
total amount of mass, N1/Ny is the geometric center P,, and M /M is the mass barycentre
P,,, respectively. P, and P,, are most used in the application of mathematics and physics to

define the position of a point.

Remark 2.1 The concept of soft point can be generalized to equations (e.g. algebraic e-
quation, differential equation, difference equation and so on), if both sides of the equation are
regarded as points in the Hilbert space. In this way, we can derive an algorithm to characterize

the left-hand side by using some important features of the right-hand side. For example, for
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the difference equation (w11 —u;) = F(u;), based on Definition 2.1, we will solve this equation
by collecting and using the key features of F'(u;) such as a soft point of order (N + M) and
setting them in the iteration. This means that (u;11 — u;) satisfies the distribution coinci-
dent with some key features (information about generating function) of the soft point F'(u;)
for any j. We call this technique as ‘the soft matching of the equation’, which is denoted as
(ujr1 — uj)QF (uy).

We will give some simple cases about the soft point as follows. The mathematical point is
in fact a soft point of order (1 + 0), where its position is defined to be the geometric center
P, = (N;/Ny), |j] < 1. The physical point is in fact a soft point of order (0 + 1), where its
position is defined to be the mass barycenter P,, = (M, /M), |j| < 1.

To represent the mass-point located at the position P with the mass m, we would like to

mP
m

m; P; XmibN  mp,
()= ()= ()

introduce the Grassmann coordinate (") (see [11-13]). Then the superposition of mass-points

is

J

where m = )" m; is the total amount of the masses and
J

>_m; P
J

Pp=-=—
J
is exactly the position of the barycentre. The physical meaning of the superposition is that all

the mass-points (mﬁf j) accumulate on the mass barycentre P,,. Therefore, Definition 2.1 of

um)'

the soft point is a generalization of Grassmann mass-point ( .

Now there are two concepts of position of a point: The geometric center P, and the mass
barycentre P,,. A serious problem is raised, which position should be taken? Nevertheless,
these two positions are usually not the same.

If we have decided to use Pj or F,,, based on the second mechanical law, the motion equation
should be v/(t) = g for the free falling body. The solution can be written as v(t) = v(0) + gt
and P(t) = P(0) + v(0)t + 1gt>. Since the body is not in vacuum, Stokes takes the resistance
into account which is proportional to the velocity of the falling body. Then an ODE can be
gotten in the form of v/(¢t) = A(vr — v(¢)). The velocity will tend to a constant vy which is
called the terminal velocity. Figure 2 shows the motion pattern of the body in the framework
of soft point of order (0 + 1) or (14 0).

The trajectories of Py(t) and P,,(t) are usually different, however, vy(t) = vy, (t) and P,(t) —
P, (t) = P;(0) — P, (0) always hold.

As just mentioned, mathematicians ignore the mass and take it to be uniformly distributed,
while physicists focus on the mass barycenter and usually ignore the geometry. It would be

better to combine two concepts of mass and geometry. From a mesoscopic point of view, it
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requires to consider at least two essential factors: The geometric center and the mass barycentre
(Py, Py,), which is involved in the concept of soft point of order (1 + 1).

If the mass distribution of a point P is m(z) on a geometric region Q and wu(x) is the
characteristic function xq(z) of the region 2, then the Grassmann coordinate of soft point of

order (1 + 1) could be represented as

()= () = (i) ()= () = (i)

An example of soft point of order (1+1) is the egg model, whose geometry profile is difficult
to be deformed, however, the mass barycenter P, = My /M, satisfies the dynamical equation
such as the Newton-Stokes equation. What we have observed is the position P, = Ny /Np.
The relation of two concepts P, and P,, of the point can be described as pulling a jelly with
non-Newtonian characters: P, will take the regression to P, because of the material memory.
Then an oscillation will happen. |P,, — Py| < 1, if the radius r is normalized to be 1, since the
egg yolk oscillates only in the egg.

The difference P,, — P, can be regarded as the deformation of the mass, which will cause a

reacting force and can be written in the following equation about the internal force f;:

fi /" 7 2
=P — Pl =—w (P, — Pp). (2.2)
m
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Figure 2 The Newton-Stokes trajectory of the velocity.

Then its solutions will be vy(t) = v, (t) + Awsinwt + Bwcoswt and Py(t) = P, (t) —
Acoswt + Bsinwt (A% + B> < 1), where A = P,(0) — P,(0) and Bw = P;(0) — P},(0) depend
on the initial relative position and velocity, respectively. From another side, P, (t) satisfies the

Newton-Stokes equation with respect to the external force fe:

Lo v, 0) = Awr — vn), (23)

where f. is composed of the gravity and the resistance. By solving the coupled equations (2.2)—
(2.3), we obtain that v,(t) = vr — (vr — vo)e * + Awsinwt + Bw coswt. Figure 3 shows the
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pattern of vy(t) with the green curve by the egg model and the pattern of v,,(t) with the red
curve. v,,(t) is just the solution of Newton-Stokes equation which is shown in Figure 2. That

means, v,(t) is a more mesoscopic description compared with vy, (t).
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Figure 3 A special example of egg model.

Another example of soft point of order (1 + 1) is the tennis model, whose geometry profile
will be deformed to spheroid, while the mass keeps uniformly distributed m(z) = u(z). This

will be discussed more in details in the next section.

3 Tennis Model-A Further Discussion

The equilibrium state is an important concept in the study of mechanical systems, as it
represents a relative stable situation of a moving body. The dynamical equilibrium state is
the common state in many fields, such as chemistry, physics, economics and physiology. Chaos
phenomenon is ubiquitous in dynamical equilibrium. The ball falling in the non-Newtonian
fluid in equilibrium state shows chaotic behavior without exception, that is, the motion of the
ball behaves randomly but satisfies some physical laws. An example of chaos is the logistic
equation zpy1 = kxy (1 — x¢).

During the falling, the motion patten of the ball in equilibrium state demonstrates the am-
plitude modulated oscillations, sometimes with sudden accelerations (e.g. Figure 1). These
sudden accelerations indicate sudden decreases of the resistance. The research in [7] has pro-
posed that the non-transient oscillation is caused by the flow-induced structure (FIS for short)
formed in the area around the ball, and the sudden acceleration of the ball is due to the rupture
of the FIS. Similar oscillation phenomenon (see [14]) has occurred with a bubble rising in the
fluid, that is, its velocity also oscillates non-transiently. This oscillation phenomenon may be
due to the deformation of the bubble to form the cusps as it rises through the fluid (see [15]).
At the moment the cusp forms, the bubble suddenly “jumps” to release the cusp, which then
creates a strong negative wake behind the bubble.

Now we use the data sampled from the experiment in [7] as the entry point to study the ball

falling in non-Newtonian fluid. For these data, we take t > foquilibrium as the equilibrium state
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of the motion and the sudden accelerations occur in the time interval [tsudden—; tsuddent]- The
velocity of the sudden acceleration in [tsudden—, tsudden+] 18 distributed in [Umin, Umax], Otherwise,
is distributed in the interval of [Vmin, Vmid], and Vmin < Umid < Umax- People often use statistics
such as the mean value, the median value, the variance and so on to describe the statistical
characters of physical properties or to find new physical relations and equations.

The purpose of this section is to establish a mathematical model based on the Newton-Stokes
equation, discuss the physical relation of the ball falling in a non-Newtonian fluid in details, and
construct proper iterative algorithm to simulate the mechanical behavior of the velocity. We
hope that the simulated velocity trajectory can exhibit chaotic phenomena including continuous
random oscillations and sudden accelerations, and reproduce some of the statistical characters
of the experimental data.

The most researchers considered FIS model (e.g. [7]), that is, the non-uniformity of the fluid
in the area around the ball. From another perspective, we take the fluid as a reference object
and relatively regard the variation of the fluid around the ball as the deformation of the ball
itself. That is, we take the falling ball as a tennis of soft point of order (1 4 1) mesoscopically.

The Tennis Model: The geometric profile will be deformed easily when a tennis with radius
r after a huge hit, then it will change into a spheroid with equatorial radius requat(t) and polar
radius 7porar(t). However, the mass will always keep uniformly distributed in the geometry of
the spheroid. Therefore, Py, = P, and v, = v,,, which is a special case of soft point of order

(14 1). The conservation of the volume of the spheroid keeps

Tzquat (t)Tpolar (t) = TB .

Now we use the tennis model to analyse the falling ball. The deformation of the ball to the
spheroid is caused by the difference of the gravity and the resistance. An oscillation of geometry
will happen, that the spheroid would always intent to regress to the original ball due to the
material memory.

Recalling the Newton-Stokes equation, the force acting on the ball will be macroscopically
written into two terms. One is caused by the gravity which relates to the volume V of the ball,
while the other is caused by the resistance which relates to the radius r of the ball (see [1]).

More in details,
mv'(t) = (py — pr)gV — 6mpro(t). (3.1)

The deformation will lead to the oscillation of the equatorial radius requat(t) and the polar
radius rporar(t). The oscillation of the velocity will respond to the oscillation of the geometric
shape of the ball. Because the volume V' of the ball is conserved during the deformation, (3.1)

can be reformed as

mv'(t) = (pp — pf)gV — 6T prequat (t)v(t). (3.2)

Denoting the ratio
a(t) _ Tequat (t)
r

)
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(3.2) can be simplified to
V'(t) = Mot — a(t)v(t)), (3.3)

where A and vr are the same as in (1.2). The terminal velocity vr is a macroscopic description
of the ball in the equilibrium state. Based on Ergodic theory, vy could be taken as the mean
value (e.g. geometric mean, arithmetic mean, harmonic mean and so on). Pay attention to the
balance of the number of the data, we can also choose the median value as vr.

The ratio a(t) describes the deformation of the ball and is called the deformation factor.
From macroscopic point of view, Newton-Stokes equation (3.1) ignores the deformation of the
ball and always takes a(t) = 1.

If we know a(t), then coupled with (3.3), we can simulate the falling motion by an implicit

form of discrete iterative algorithm
Up — Up—1 = ANvp — anvy) (3.4)

and an explicit form of iterative algorithm

b = Un=1 + Avr
" 1+ Aa,

The next step at n of velocity will be a convex combination of v,,—; and the terminal velocity

(3.5)

v with the weight of 1 : A when a,, = 1 in Newton-Stokes equation, now it will be collaborated
with a deformation factor of a,,.

In the following, based on the idea of data-driven, we construct the model of a(t) by the
dual concept of v(t) with respect to the Newton-Stokes equation. More in details, two methods
are proposed, one is the soft matching model, while the other is by using the deterministic

frequency with the amplitude modulation.

Dual Relation Now we will discuss the relation of the velocity and the deformation factor
of the falling ball. Denoting

uT
Newton-Stokes equation (3.3) can be reformed as

7(t) = A(1 — a(t)B(t)). (3.6)

When the ball enters the equilibrium state, that is, the resultant force acting on the ball is equal
to zero and the acceleration is zero macroscopically. This derives a macroscopic dual relation
of

a(t)o(t) = 1. (3.7)
Taking the logarithm on both sides of (3.7) gives the following equation
Ina(t) +Ino(t) = 0. (3.8)

It can be concluded that under the macroscopic framework of Newton-Stokes equation, when

the ball enters the equilibrium state, Ina(t) and Ino(¢) will keep a mirrored relation.
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Definition 3.1 (Mirrored random variables) Two random wvariables & and n are called

mirrored with each other, if their density functions f(t) and g(t) satisfy

Remark 3.1 If the density function f(t) of a random variable £ is an even function, then

¢ is called self-mirrored. For example, the uniform distribution %X[—l,l] (t) on [—1,1] and the

1
V2o

Corollary 3.1 If £ and n are mirrored random variables, then their distribution functions
F(z) and G(z) satisfy

_ 2 .
Gaussian distribution e 202 are self-mirrored.

F(x)+ G(—x) =1. (3.9)

Proof

—x —x

T +oo +o0
Flz) = /_ Ft)dt = / F(—t)dt = / g(t)dt
:1—/_wg(t)dt:1—G(—x). (3.10)

Remark 3.2 If £ and n are mirrored random variables, then F(£ +7n) = 0, in other words,
£ + n is a soft point of zero macroscopically or £ and n are a pair of symmetric points with

respect to zero mesoscopically.

Definition 3.2 (Duality of random variables) e¢ and e" are called dual random variables
with each other, if & and n possess a mirrored relation. At this time, Eln(eS -e") = 0 from

mesoscopic point of view.

Soft matching model For the functions v(t) and a(t), mathematicians take them as the
points in Hilbert space. After discretization, (vo,---,v,) and (ag,--- ,a,) are the points in
R™1. Then recall the concept of soft point in Definitions 2.1 and 3.1-3.2, the problem to solve
(3.5) will turn to be a soft matching problem (see Remark 2.1 in Section 2 of this paper). (3.7)
and (3.8) will turn to be

a(t)a—L (3.11)
and
Ina@ — Inw. (3.12)

Then from (3.11), we can construct a random number generator of a,, by using the empirical
distribution of the velocity. Setting the generated a, into the iterative algorithm (3.5), we
get a simulated trajectory of the velocity of the falling ball. Figure 4(a) uses the empirical
distribution of velocity and the terminal velocity is learned by LASSO. In order to show the

sudden acceleration more clearly, a coefficient d with respect to vp is designed and dvp is used
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T T T T ——the simulated trajectory of velocity
 [z=—the original trajecto of velocit
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(b) dvy =~ 60,d = 15.

Figure 4 Trajectory of v by generating a,, from empirical distribution of velocity.

instead of vy in algorithm (3.5). We have chosen a lot of different d and found that when
d > 10, the simulated trajectory is more consistent with the experimental data as shown in
Figure 4(b).

Remark 3.3 The above example shows that if we choose a large value of d and use dvr
instead of vr in generalized Newton-Stokes equation (3.3), then the dual relation between the

deformation factor and the velocity should be

and

anp =—— > 1.

This means that the ball is mostly in a flattened state which is consistent with the reality.
This phenomenon shows that the resistance is mostly less than the gravity during the falling.
The resultant of gravity and resistance determines the falling of the ball, while the value of
resistance determines the flattening of the ball. The phenomenon that taking a larger d will

get a better trajectory also happens in the next model, and will be discussed in more details.

Amplitude-modulated model In logarithmic space, many physical processes will become

more stationary. Meanwhile, in mathematics the dual problem can be easily solved by taking the
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logarithm and transforming it into a mirror problem. So we study the characteristic properties of

Inv in logarithmic space. The trajectory of w = Inv which comes from the physical experiment

in [7] is shown in Figure 5.
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Figure 5 Trajectory of w = Inw.

In Figure 5, the ball enters the equilibrium state when n > toquilibrium- The five horizontal
lines from bottom to top represent the lower bound wy,, the expectation value w,, the median
value w,,, the middle bound wy,;q and the upper bound wpya.x of the velocity in logarithmic
space at the equilibrium state, respectively. It behaves as continuous random oscillators dis-
tributed in the interval [wmin, Wmid], With occasional sudden accelerations up to wpax when
N € [tsudden—» tsudden)-

Since the behavior of w(t) = Inwv(¢) has mainly shown as a harmonic oscillation in the

interval [Wmin, Wmid], we first use the model

wi(t) = C + Asin(wst) (3.13)

to simulate it, where
(wmin + wmid)

C = 5

and
A= (wmid - wmin)

2
are the median (mean) value and the amplitude of the oscillation, respectively. The frequency

wy can be estimated by many statistical methods, here we use wq learned by LASSO (e.g. [9]).
The model (3.13) maintains the lower bound wpyin, the middle bound wp,iq and the median

value of the data of Inv. To improve the model to show the random behavior, a random factor

€1 is added to serve as the amplitude modulation:
w5 (t) = C' + Aeq sin(wit), (3.14)

where the distribution of £; is supported on the interval [0, 1].

The location where the sudden acceleration occurs may be indeterministic. In our example,
the sudden acceleration happens in [tsudden—» tsuddenst), and we can construct many different
models to simulate this phenomenon. For example, we design the term

(b — sin(wat) 2k
1+
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to cause an impulse to characterize the sudden acceleration. The values of frequency ws, the
amplitude B and the parameters (b, k) characterize the position, the height and the width of
the impulse, respectively. To demonstrate random phenomenon, we use the same method of

the amplitude modulation, and the model

b sl 19

wi(t) = C + Aey sin(wit) + BEQ( =
is constructed to simulate the function w(t), and e*3() to simulate the function v(t) in the
sense of the soft matching. The distribution of e2 is supported on the interval [0, 1].

The sudden acceleration simulated by model (3.15) occurs periodically. However, to describe
the sudden acceleration in more details is a more interesting and difficult problem. More pre-
cisely, why, when, where and how often the sudden acceleration will happen has attracted a lot
of scientists. For example, if we take the sudden acceleration as a single extreme phenomenon,

the Gaussian model with appropriate parameters can be used.

Based on the dual relation

ew(t)
a(t) - =1, (3.16)
vr
we have
a(t) = vpe™v®,

Recalling the concept of the soft matching in Remark 2.1, a generator of the deformation factor

is constructed as:
a, Qupe~ M), (3.17)

Then set a,, obtained by (3.17) into the iterative algorithm (3.5) to simulate the trajectory of
the velocity of the falling ball. The result is shown in Figure 6(a) which exhibits the random
oscillations, but lacks the sudden acceleration. We design a coeflicient d with respect of vy and
the iterative algorithm (3.5) is suggested as

Up—1 + Advor

3.18
1+ Aa, ( )

Up =

We have tried many different value of d and found that the simulated trajectory matches the
data better when the larger d has been taken. The numerical experiments show satisfactory
results when d > 10. The algorithm (3.18) with the new coefficient d enriches the representing
ability of the algorithm (3.5), in particular, encouragingly consists of the sudden acceleration
phenomenon. Figure 6(b) shows the result of d = 15.

We would like to point out that this phenomenon has already happened in the soft matching
model of the paragraph above.

In fact, the total energy of the system consists of the energy of the inertial motion and

oscillations, which will be larger than the energy of inertial motion described by the classical
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9 T-—the original trajectory of velocity
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Figure 6 The simulated trajectories of velocity.

Newton-Stokes equation. The reason for taking a larger d in (3.18) may be more in line with
the law of conservation of energy. The value of d had better to be chosen larger than 10, which
inspires us that the total energy %md%% of the system of generalized Newton-Stokes equation
is larger than %mv% of the classical Newton-Stokes equation. This implies that the generalized
Newton-Stokes equation brings back the factors which may not have been observed, detected
and considered by classical Newton-Stokes equation. The violation of classical Newton-Stokes
equation may be compared with the discovery of the dark matter. d > 10 means that the
total energy should be 100 times greater than the energy of classical Newton-Stokes equation.
According to the Einstein’s mass-energy equivalence E = mc?, this implies that the mass of

dark matter accounts for at least 99% of the total mass of all matter in the universe.

4 Conclusion

From the mesoscopic point of view, the definition of soft point of order (N + M) is introduced
by considering the attributes of both geometric profile and mass distribution. Based on this
concept, the soft matching technique is developed to simulate the chaotic behaviors of the
equations. Especially, the tennis model of soft point of order (1 + 1) is proposed and the

generalized Newton-Stokes equation

v'(t) = Mor — a(t)o(t))
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with deformation factor a(t) is derived. More in details, a dual concept of deformation factor
a(t) and velocity v(t) with respect to the above equation is established. Two data-driven models
of the deformation factor are provided, one is based on the concept of soft matching, while the

other is by using amplitude modulation. Discrete iterative algorithm of coupled models of

Un,
ap-— =1
vr

and
Un_1 + Avp
1+ Aa,

under the concept of soft point is developed to simulate the trajectory of the velocity. The

Unp =

algorithm is tested by using different values of coefficient d corresponding to the terminal
velocity vp. The results are more satisfactory when we use dvr instead of vy in the algorithm
with a lager d. It may enable us to characterize the total energy of the dynamical system more
accurately. Numerical examples show the behavior of chaos of the continual random oscillation
and sudden acceleration satisfactorily. The concept of soft point and soft matching as well
as the method developed in this paper are expected to be generalized into a wide range of
applications, such as the study of trajectory of the high-speed aerocraft, the stock index and

SO O1.

Acknowledgement The authors thank the anonymous referees and the editors for their

helpful comments on the manuscript.

Declarations

Conflicsts of interest The authors declare no conflicts of interest.

References

[1] Batchelor, G. K., An Introduction to Fluid Dynamics, Cambridge University Press, Cambridge, 1967.

[2] Bird, R. B., Armstrong, R. C. and Hassager, O., Dynamics of Polymetric Liquids, 1, Fluid Mechanics,
Wiley Interscience, New York, 1987.

[3] Chen, S. and Rothstein, J. P., Flow of wormlike micelle solutions past a confined circular sphere, J.
Non-Newton. Fluid., 116, 2004, 205-234.

[4] Chhabra, R. P., Bubbles, Drops and Particles in Non-Newtonian Fluids, CRC Press, New York, 1993.

[5] Mckinley, G. H., Steady and Transient Motion of Spherical Particles in Viscoelastic Liquids, Transport
Processes in Bubble, Drops and Particles, Taylor & Francis, New York, 2002.

(6] Rajagopalan, D., Arigo, M. T. and McKinley, G. H., The sedimentation of a sphere through an elastic
fluid part 2, Transient motion, J. Non-Newton. Fluid., 65(1), 1996, 17-46.

[7] Jayaraman, A. and Belmonte, A., Oscillations of a solid sphere falling through a wormlike micellar fluid,
Phys. Rev. E., 67(6), 2003, 065301.

[8] Lee, Y. J., Modeling and Simulations of Non-Newtonian Fluid Flows, PhD Thesis, The Pennsylvania State
University, University Park, PA, 2004.

[9] Wu, Z. M. and Zhang, R., Data-driven modeling for the motion of a sphere falling through a non-Newtonian
fluid, Commun. Math. Sci., 16(2), 2018, 425-439.



718
[10]
[11]
[12]
[13]
[14]

(15]

Z. M. Wu and R. Yang

Wu, Z. M. and Zhang, R., Learning physics by data for the motion of a sphere falling in a non-Newtonian
fluid, Commun. Nonlinear. Sci., 67, 2019, 577-593.

Goldman, R., On the algebraic and geometric foundations of computer graphics, Acm. T. Graphic, 21(1),
2002, 52-86.

Goldman, R., The ambient spaces of computer graphics and geometric modeling, IEEE Comput. Graph,
22(2), 2000, 76-84.

Goldman, R., An Integrated Introduction to Computer Graphics and Geometric Modeling, CRC Press,
New York, 2009.

Belmonte, A., Self-oscillations of a cusped bubble rising through a micellar solution, Rheol. Aata., 39(6),
2000, 554-559.

Hassager, O., Negative wake behind bubbles in non-Newtonian liquids, Nature, 279(5712), 1979, 402-403.



