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Abstract Let IV be a holomophic vector bundle over a compact Astheno-K&hler manifold
(M,w). The authors would prove that E is a numerically flat vector bundle if E is pseudo-
effective and the first Chern class ¢2 (E) is zero.
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1 Introduction

In [8], Demailly, Peternell and Schneider introduced the conception of numerically flat vector
bundles. Let E be a vector bundle over a compact Kahler manifold (M, w). Demailly, Peternell
and Schneider [8, Theorem 1.8] proved that E is numerically flat if and only if there exists a

filtration

0=FEyC--CE,=E

by subbundles whose quotients are Hermitian flat. Meanwile, they raised an interesting question
whether the above characterization holds in non-Kéhler case and pointed out the difficulty is
to show the second Chern number of a numerically flat vector bundle is zero. Recently, Li, Nie
and the second author (see [14, Theorem 1.4]) proved that the conjecture of Demailly, Peternell
and Schneider holds on Astheno-Kéhler manifolds and they established some other equivalent
descriptions about numerically flatness.

In [4], Campana, Cao and Matsumura showed that a pseudo-effective vector bundle over a
projective manifold with vanishing first Chern class is numerically flat (see also [12, Theorem
3.4]). This is a key lemma in the classification theory of compact Kéhler manifolds with
nef anticanonical line bundle and projective manifolds with pseudo-effecitve tangent bundle.
Recently, Wu [15] generalized this theorem to compact Kédhler manifolds. In this paper, we

would generalized this theorem to Astheno-Kéahler manifolds.
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Theorem 1.1 Let E be a holomophic vector bundle over a compact Astheno-Kdhler man-
ifold (M,w). If E is pseudo-effective and the first Chern class cPC(E) is zero. Then E is a

numerically flat vector bundle.

2 Preliminary

In this section, firstly, we recall some definitions about positivity of vector bundles.

Definition 2.1 (see [6, 8]) Let (M,w) be a compact Hermitian manifold and L be a line
bundle over M. L is called numerically effective (short for nef) if for every e > 0, there exists
a smooth hermitian metric he on L such that the curvature satisfies /—10(L,h:) > —ew. A
singular Hermitian metric on a line bundle L is a hermitian metric h which is given in any
trivialization by a weight function e~% such that ¢ is locally integrable. L is called pseudo-
effective if there exists a singular metric h on L such that the curvature /—10(L, h) is a closed

positive (1,1)-current.

Definition 2.2 (see [3, 8]) We say that a holomorphic vector bundle E is nef over M if
Ogr(1) is nef over P(E). Furthermore, we say that E is numerically flat if both E and the dual
bundle E* is nef. E is called pseudo-effective when Og (1) is a pseudo-effective line bundle and
additionally requires that the image of the non-nef locus of Or(1) is properly contained in M.

In [8], Demailly, Peternell and Schneider study the fundamental properties about nef vector
bundles in detail and give the structure theorem of compact Kéahler manifolds with nef tangent

bundle. In [15], Wu gives the following equivalent definition of pseudo-effective vector bundles.

Proposition 2.1 (see [15]) Let (M,w) be a compact Hermitian manifold and E be a
holomorphic vector bundle over X. Then E is pseudo-effective if and only if for every e > 0
there exists a singular metric he with analytic singularities on Og(1), the curvature current
i©(0g(1), he) > —em*w, and the projection w(Sing(he)) of the singular set of he is not equal to
X.

A plurisubharmonic function « is said to have analytic singularities if u can be written
locally as

«
u=log(lfil*+ -+ |A1") +v,

where v is a smooth function, f; are holomorphic functions and « is a positive constant. A sin-
gular hermitian metric h on a line bundle has analytic singularities if ¢ has analytic singularities
where e~ % is the local weight function for h.

The Bott-Chern cohomology and the Aeppli cohomology provide important invariants for
the study of the geometry of compact (especially, non-Kéhler) complex manifolds. These coho-

mology groups have been introduced by Bott and Chern in [2] and Aeppli in [1].

Definition 2.3 The Bott-Chern cohomology of a complex manifold M is the bi-graded al-



Pseudo-Effective Vector Bundles with Vanishing First Chern Class 821

gebra
ker 9 N ker &
H (M) = ——— . 2.1
B = s 2.1)
The Aeppli cohomology of a complex manifold M is the bi-graded H%*(M)-module
ker 90
HY* (M) = —————. 2.2
AT (M) imd+imad (2:2)

Definition 2.4 Let w be a Hermitian metric on a compact complex manifold.

e w is said to be Gauduchon if 00w™ ' = 0. In this case, we can define the first Chern
number of a vector bundle E as cP¢(E) - [w™1].

o w is said to be Astheno-Kdihler if 00w™ 2 = 0. In this case, we can define the second

Chern number of a vector bundle E as B¢ (E) - [w"~2].

Gauduchon [10] proved that given any Hermitian form w there exists a conformal factor

(ii]

e? such that the new form e®w is Gauduchon metric. Astheno-Kihler metric was introduced

by Jost and Yau [13] in their study of Hermitian harmonic maps from Hermitian manifolds to
general Riemmanian manifolds.

Now, we wish to introduce the pushforward formula of Segre forms which was proved by
Guler [11] for projective manifolds and by Diverio [9] for general compact complex manifolds.

Let E be a rank r holomorphic vector bundle on a complex manifold X and
Ce(E)=14ci(E)+---+ ¢ (F) e H(X,Z)

be the total Chern class of E. The inverse of c,(F) is defined by the total Segre class
Se(E) =14 51(E) +---+s.(F) € H*(X,Z).

Given a Hermitian metric H on E, then these Segre forms s, (F, H) can be defined by the

following relation:
sp(E,H) + (B H)spg—1(E,H)+ -+ e (E,H) =0, 0<k<min(r,n).
For example,
Sl(E, H) = —Cl(E, H)

and
SZ(EvH) = Cl(EaH)2 - 02(E7H>'

Let 7 : P(E) — M be the projectivized bundle of hyperplanes of E, and Og(1) be the associated
canonical line bundle. Denote h the induced metric on Og(1) and o = %@(OE(l), h). We

have the following formula of Segre forms which is proved by Diverio.

Lemma 2.1 (see [9, 11]) For each 0 < k < n, we have the equality

T (a" TR = s (B H).
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Recently, Li, Nie and the second author established some equivalent descriptions about

numerically flat vector bundles on Astheno-Ké&hler manifolds.

Theorem 2.1 (see [14, Theorem 1.4]) Let (M,w) be an n-dimensional compact Astheno-
Kahler manifold, @ be a Gauduchon metric conformal to w, and E be a holomorphic vector
bundle over M. Then the following statements on E are equivalent:

e F is numerically flat.

o E is G-semistable and ¢PC(E) - [@" '] = chZ9(E) - [w™2] = 0.

e F is approximate Hermitian flat.

e There exists a filtration

0=FyC---CE;,=F

by subbundles whose quotients are Hermitian flat.

3 Proof of Theorem 1.1

In this section, we would prove Theorem 3.1 which generalizes [5, Theorem 1]. Theorem 1.1

is a corollary of the following theorem.

Theorem 3.1 Let E be a pseudo-effective vector bundle over a compact Astheno-Kdhler
manifold (M,w). Let @ be a Gauduchon metric conformal to w. If cPC(E) - [@" 1] = 0. Then

E is a numerically flat vector bundle.

Proof By Theorem 2.1, we just need to prove that E is &-semistable and ¢ch? (E)-[w" 2]

0. The proof of semistable is the same as the proof of [5, Theorem 1]. The key point is the
vanishing of the second Chern number. Since F is pseudo-effective, det(E) is a pseudo-effective
line bundle (see [15, Corollary 1]). We know that ¢2¢ (E) is zero since det(E) is pseudo-effective
and the first Chern number vanishes. By the Bogomolov inequality (see [14, Proposition 2.6]),
we obtain

FB) - ) > T Lepe (B ) =0, (3.1)

On the other hand, we have
s (E) - [w" % >0, (3.2)

which will be proved in Proposition 3.1. Combining the two Chern number inequalities, we
conclude that ch§“(E) - [w"~2] = 1(cfC(E)? — 2¢§(E)) - [w"?] = 0. This completes the

proof.

By the definition of pseudo-effectivity (Proposition 2.1), for every ¢ > 0, there exists a
singular metric h. with analytic singularity on Op(g)(1), such that the curvature current

i

2 O(Op (k) (1), he) > —em* (e~ Dw)
™
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and 7(Sing(h.)) is not equal to M. By a classical result of Gauduchon [10], we can find a
unique smooth function ¢ such that max;; ¢ = 0 and @ = e®w is Gauduchon. Choose a smooth
Hermitian metric / on F, denoted by A the induced metric on Op(g) (1), let a = ¢1(Opgy(1), h)

and consider the singular metric h. = he™%<, where ¢ is a function in P(E). Then we have
o +100p. + en* (e VW) > 0.

When the metric on Opg)(1) is singular, we could not just follow Lemma 2.1, we define

new currents S5 . with bounded potential functions:
S5 = o+ en* (e V0) + 108 log(e?s + 9),

where 4 is a positive constant. The S5 . have a positive lower bound that does not depend on
6§, we have
S5+ Kr*(e" Do) > 0.

By the definition of Monge-Ampere operators (see [7]), we know that
(S5.c + Kn* (e Dou))r+t > 0.

By the positivity of (Ss. + K7*(e" )%w))"*! and some careful calculation, we have the fol-

lowing proposition.

Proposition 3.1 Let E be a pseudo-effective vector bundle over a compact Astheno-Kdhler
manifold (M,w). Let @ be a Gauduchon metric conformal to w. If P (E) - [@"~1] = 0. Then
53 (B) - W% > 0.

Proof

0<

06 (S50 + K (e D3))r+1 A rtgn=2
(2)

— 5

w*nES’g’il AT*W" 2 4 (r + 1)K/ TS5 . At (efw)"
(E) P(E)

1)K?2
+u/ 77562("_1)¢wn. (3.3)
2 M

For each ¢ > 0, we can choose a smooth function 0 < 7. < 1, which is equal to 1 in a domain

of m(Z:) (Z. are singularities of ¢.) such that
1)K?
u/ N2 Deyn < g (3.4)
2 M

Since the support of 1 — 7*7. belongs to P(E) \ Z., by the continuity of Monge-Ampere
operators (see [7, Corollary 3.6]) along the bounded decreasing sequences, we can choose § > 0

small enough such that

e

/ (1—m*n) S5t AT w2 > —2 (3.5)
P(E) ’ 3
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and

3

1—m*n)SE AT o™ b > - —————. 3.6
[, 0TS AT > s (36)

The reader can refer to [5, Page 529] for details.

S5 A (efw) ! = S5 A (@)
P(E) P(E)

. / (@ + V=108 log(c?* + ) + en* (™ Do) A wo5" !
P(E)

- / (@ + v =T00log(c?* + §))" A ma" !
P(E)

2(n—1)

+ T‘E/ (+ V=100 log(e? + )" Ar*(e™ 7 Yw)"
P(E)

2(n—1)

= / Q" AT 4 T‘E/ QAT T Pw)"
P(E) P(E)

:/ sl(E,H)/\@"_l—i—ra/ (=D n
M M

:rg/ 2=y, (3.7)
M

2(n—1) 2(n—1)

The fourth equality comes from d0r*(e™ n  ¢w)" = 7*dd(e” = %w)™ = 0, 90" ~! = 0 and
Stoke’s theorem. The fifth equality comes from Theorem 2.1, in the last equality, we use the
condition: sPY(E) - [@" 1] = —cPY(E) - [0"~!] = 0. Combining with (3.3)(3.7), we get

2
0<e+r(r+ 1)K£/ 2=y 4 = SEHA TR w2, (3.8)
M 3 P(E)

Now we would calculate the second Segre number sZ¢(E) - [w™~2]. Since d0w™ 2 = 0, we have
SEOE) - "2 = [ sa(BLH) n 3.9)
M

where H is a arbitrary Hermitian metric on E and the second Segre number does not depend

on the Hermitian metric H.

/ so(B,H) Aw" ™2 = / A T2
M P(E)

= / (Oé + 183 log(e%’s + 5))r+1 A w*w"—Q
P(E)

= / (Ss5.c — Eﬂ'*(e("—lww))rﬂ A ¥ =2
P(E)

= Sg:l ATrwn 2 — (r+ 1) S5 N W*(e¢w)"_1
P(E) P(E)

1
I T’(T + )82/ Sg;l A W*(GQ(H_l)(’bwn). (310)
M

2
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It is easy to see that
/ Sg;l /\W*(e2(n—l)¢wn) :/ ar—l /\ﬂ*(e2(n—l)¢wn)
P(E) P(E)

= / =Dy, (3.11)
M

So the integration above is bounded. Combining with (3.10)—(3.11) and (3.7), we obtain
/ so(E,H) Aw" ™2 = / nggl AT —r(r + 1)62/ e2(n=1)¢ n
M P(E) M

1
+M52/ =Dy, (3.12)
2 M

Conmbining with (3.12) and (3.8)—(3.9), let € — 0, we have

sBE(E) - [w" %] > 0. (3.13)

Remark 3.1 By [14, Theorem 1.4], there exists a filtration
O=EyC---CE=FE

by subbundles whose quotients are Hermitian flat. Hence, all Chern classes ¢, (E) and Segre
classes s (E) vanish. Unlike the Gauduchon metrics the Astheno-Kéhler metrics impose some
constraints on the underlying manifold. It is still unknown that is a numerically flat vector

bundle equivalent to the existence of a filtration
O=FEC---CE=F

by subbundles whose quotients are Hermitian flat in non-Astheno-Kéahler complex manifold.

Declarations

Conflicts of interest The authors declare no conflicts of interest.

References

[1] Aeppli, A., On the cohomology structure of Stein manifolds, Proceedings of the Conference on Complex
Analysis, Springer-Verlag, Berlin, 1965, 5870.

[2] Bott, R. and Chern, S. S., Hermitian vector bundles and the equidistribution of the zeroes of their holo-
morphic sections, Acta Math., 114, 1965, 71-112.

[3] Boucksom. S., Demailly, J. -P., Paun. M., and Peternell. T., The pseudo-effective cone of a compact Kéhler
manifold and varieties of negative Kodaira dimension, J. Algebraic Geom., 22(2), 2013, 201-248.

[4] Campana, F., Cao, J. Y. and Matsumura, S., Projective klt pairs with nef anti-canonical divisor, 2019,
arXiv:1910.06471.

[5] Chen. Y., A note on pseudo-effective vector bundles with vanishing first Chern number over non-Kéhler
manifolds, C. R. Math. Acad. Sci. Paris, 359, 2021, 523-531.

(6] Demailly, J. -P., Singular hermitian metrics on positive line bundles, Proc. Conf. Complex Algebraic
Varieties (Bayreuth, April 26, 1990), edited by K. Hulek, T. Peternell, M. Schneider, F. Schreyer, Lecture
Notes in Math., 1507, Springer-Verlag, Berlin, 1992.



826

[7

8

[9]
(10]
(1]
(12]

13]
[14]

[15]

Y. Chen and X. Zhang

Demailly, J. -P., Complex Analytic and Differential Geometry, https://www-fourier.ujf-
grenoble.fr/demailly /manuscripts/agbook.pdf, 2012.

Demailly, J. -P., Peternell, T. and Schneider, M., Compact complex manifolds with numerically effective
tangent bundles, J. Algebraic Geom., 3(2), 1994, 295-345.

Diverio, S., Segre forms and Kobayashi-Liibke inequality, Math. Z., 283(3-4), 2016, 1033-1047.
Gauduchon, P., Le theoreme de lexcentricite nulle, C. R. Acad. Sci. Paris Ser. A-B, 285, 1977, A387—A390.
Guler, D., On Segre forms of positive vector bundles, Canad. Math. Bull., 55(1), 2012, 108-113.

Hosono, G., Iwai, M. and Matsumura, S., On projective manifolds with pseudo-effective tangent bundle,
J. Inst. Math. Jussieu, 21(5), 2021, 1801-1830.

Jost, J. and Yau, S. T., A nonlinear elliptic system for maps from Hermitian to Riemannian manifolds and
rigidity theorems in Hermitian geometry, Acta Math., 170, 1993, 221-254.

Li, C., Nie, Y. C. and Zhang, X., Numerically flat holomorphic bundles over non-K&hler manifolds, J.
Reine Angew. Math., 790, 2022, 267-285.

Wu, X. J., Strongly pseudo-effective and numerically flat reflexive sheaves, J. Geom. Anal., 32(4), 2022,
61 pp.



