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Survey on Path-Dependent PDEs*
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Abstract In this paper, the authors provide a brief introduction of the path-dependent
partial differential equations (PDEs for short) in the space of continuous paths, where the
path derivatives are in the Dupire (rather than Fréchet) sense. They present the connec-
tions between Wiener expectation, backward stochastic differential equations (BSDEs for
short) and path-dependent PDEs. They also consider the well-posedness of path-dependent
PDESs, including classical solutions, Sobolev solutions and viscosity solutions.
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1 Introduction

Let us begin with the space of d-dimensional continuous paths Q = Cy([0, T]; R?) starting

from origin, and equipped with the uniform norm
lwll := e |ws|,  w e,

where T' > 0 is a fixed constant. Suppose that B(2) is the Borel o-algebra of Q and By (w) := w;
is the canonical process. In 1923, Wiener [41] introduced a probability measure P on (92, B(2)),
under which the canonical process is a d-dimensional standard Brownian motion, i.e., B is
incrementally stable and incrementally independent such that E[B;B,'] = min(s,t)I; for any
s,t € [0,T]. The probability measure PP is called the Wiener measure, the space ) is called
the Wiener space and a function defined on €2 is called a Wiener functional. Afterwards, many
interesting and important probability models has been realized as Wiener functionals on Wiener

space, for example, diffusion processes.
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The present paper is a survey to the recent developments of the following type of path-
dependent PDEs,

Diu(t,w) + %tr(Diu(i,w}) =0, (t,w)e€[0,T)xQ,
w(T,w) = §(w),

(1.1)

and its generalization to quasilinear cases, see (6.3)—(6.4). Here Dy, D, and D? are not in the
Fréchet sense but in the Dupire’s horizontal /vertical sense (see Section 3 for details). Moreover,
the solution u = u(t,w) depends only on the past history path rather than the whole path at
time t, i.e.,

u(t,w) = u(t,w.A¢) is non-anticipative.

To our best knowledge, the (first-order) path-dependent PDE has been studied by Lukoy-
anov [21], which was called functional Hamilton-Jacobi equation in the paper. Independently,
the term “path-dependent PDE” was proposed in Peng’s talk in ICM2010 (see [28, p.400]),
which provides a one-to-one correspondence between path-dependent PDEs and BSDEs (or
G-martingales). In fact, a Markovian BSDE can be seen as a semi-linear parabolic PDE via the
nonlinear Feynman-Kac formula introduced by Peng [24] and Pardoux and Peng [23]. A main
observation of [28] is that the solution to a general BSDE is in fact a non-anticipative process
on Wiener space. Thus a very interesting and long-standing problem is to interpret a classical
BSDE in the sense of Pardoux and Peng [22] as a path-dependent PDE.

The presentation of Dupire’s path derivatives have promoted the development of path-
dependent PDEs. Indeed, with the help of Dupire’s derivatives and BSDEs theory, Peng
and Wang [32] established the well-posedness of classical solutions to systems of semi-linear
path-dependent PDEs provided that some regularity conditions are satisfied. A more general
framework of semi-linear path-dependent parabolic integro-differential equations have been s-
tudied in [16, 40]. However, the path-dependent PDEs rarely have classical solutions due to
the absence of any regularizing effect, which is different from the finite-dimensional parabolic
case. Therefore, much research is devoted to various types of weaker notions of solutions of the
path-dependent PDEs.

Based on a space of smooth, cylindrical and non-anticipative processes, Peng and Song [31]
introduced P-weighted Sobolev spaces and the corresponding Sobolev path derivatives. In this
framework, each solution of the BSDE is identified with the Sobolev solution of the correspond-
ing semi-linear path-dependent PDE. In particular, it removes the smooth assumptions on the
terminal conditions compared with the classical solutions case.

On the other hand, the theory of viscosity solutions for Hamilton-Jacobi-Bellman equations
introduced by Crandall and Lions [9] is a fundamentally important approach in the research
of PDEs theory. However, the extension of the viscosity solution to the second order path-
dependent PDEs is still to be further explored. In this case the space of € is infinite dimensional

and lacks local compactness, which results in the main difficulty. Various types of notions of
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viscosity solutions to deal with the uniqueness and existence results have been introduced, see
Section 7 for details.

The paper is organized as follows. In Section 2, we start with a revisit to Wiener expectation
to illustrate the main idea of path-depend PDEs. Section 3 is devoted to the introduction of
Dupire’s derivatives. In Sections 4-5, we introduce classical solutions and Sobolev solutions
of (systems of) path-dependent heat equations, respectively. In Section 6, we discuss semi-
linear path-dependent PDEs via BSDEs in Wiener space and the development of the notion
of fully nonlinear path-dependent PDEs and the related BSDEs. In Section 7, we give a brief

introduction of the developments of viscosity solutions.

2 Revisit to Wiener Expectation

In this paper, we denote by (-,-) and | - | the scalar product and the associated norm of
an Euclidian space, respectively. For a given set of parameters a, C'(«) will denote a positive
constant only depending on these parameters which may change from line to line.

In what follows, we provide an elementary way to introduce the Wiener expectation E[-] (ex-
pectation associated to the Wiener measure) on the measurable space (€, B(€2)) from the view
of path-dependent PDE. Many more powerful nonlinear expectations such as G-expectations
may be established in this way (see [26-27, 29]).

Set Q = {w.ar : w € O} and denote by B(Q) (resp. B(€Q;)) the Borel o-algebra of
Q (resp. ) for each t € [0,T]. Consider the following space of cylindrical functions on Wiener

space:
Lip(Qt) = {QO(BtU U aBtk) NS Na tl < < tk € [Ovt]v RS Ob.Lip(RkXd)}a

and Lip(Q) := Lip(Qr), where Cp1ip(RF*?) denotes the space of all bounded and Lipschitz
functions on R¥*4. Then we could define the Wiener expectation E[¢] for each & € L;,(9).
Indeed, for each £ € Li, () with the form of

§=¢(Bt,, By, ,By,), 0=tg<ti <---<tp =T,

and for each t € [t;—1,t], i =1,--- , k, we define the conditional expectation by
]Et[g] = ui(taBt;Btu"' ?Bti—l)' (21)
Here, the function w;(t,x; 21, -+ , ;1) with parameters (z1,---,2;_1) € RE=D*4 is the solu-

tion of the following heat equation:
1
Opui(t,x; ey, -+, xi-1) + 3 tr(0%us(t, z;x1, -+ ,mi1)) =0, (t,x) € [ti_1,t;) X R? (2.2)
with terminal conditions

wi(ti, i@y, Tim1) = g1 (ti, 321, -+ @i—1, ) for i <k,
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and ug(tg, 521, - ,x5—1) = @(x1, -+ ,xp—1,2). The Wiener expectation of ¢ is defined by
E[¢] = Ep[€]. From the properties of PDE (2.2), we have the following result.

Lemma 2.1 The mappings E[] : Lip(Q)—Lip(Q4) satisfy the following: For each §{,nm €
Lip(Q)’

(i) monotonicity: Ee[€] > Een] if € > n;

(ii) constant preserving: E[§] =& for & € Lip(Qy);

(iii) linear additivity: Bi[€ + n] = E €] + Et[n];

(iv) consistency: E[E[€]] = Eql¢] for s < t.

Finally, for each given p > 1, we denote by LP(€);) (resp., LP(§2)) the completion of Li,(€;)
(resp., Lip(€2)) under the norm

I€llzo = (Bl

Then the canonical process B; = (B!)%, is a d-dimensional Brownian motion on the Wiener

space (2, L1(Q), E[]). Moreover, E;[] can be continuously extended to the mapping from L!(€2)
to L'(Q). For the sake of convenience, denote by LP(Q;;R?) (resp., LP(£;R?)) the R%valued
random vector such that each component belongs to LP(2;) (resp., LP(2)).

In the above construction of Wiener expectation, (2.2) can be viewed as a discrete type of

path-dependent PDE. Indeed, for each ¢ € [t;—1,t;), i =1,--- , k, we denote

u(t,w) = ui(tawt;wtu o 7wti—1)
and set
Dtu(ta UJ) = 8t+ui(t7 T3T1, 7xi—l)|z:wt,11:wt1,m W1 =W, 4
Dmu(taw) = 6wui(t7x;xla e 7xi—1)|m:wt,11:wt17m7w¢,1:wti717
Diu(t,w) = fﬁuz'(b‘a L3T1," 7xi_1)|1:¢0t;11:wt17'”7w'i—1:Wti,1'

Then, for each £ € L;jp(Q2), it follows from (2.1) and (2.2) that

u(t,w) = B[]

is a classical solution to the path-dependent heat equation (1.1). It is clear that u(t,w) =

u(t,w.ar) since E;[€] is progressively measurable (with respect to the filtration B(€)).
Remark 2.1 Suppose £ = ¢(Br), then it is easy to check that
u(t,w) = Ee[p(Br)] = v(t, wy),
in which v is the solution to the following heat equation
Ou(t, ) + %tr(@iu(t,x)) =0, (t,z)e[0,T) xR,

u(T, z) = @(x).
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In this case the path-dependent PDE (1.1) reduces to

1
Opv(t, we) + 5 tr(0%v(t,ws)) =0, (t,ws) € [0,T) x RY,
(T, w) = p(wr).
A natural question is how to characterize the path-dependent heat equation (1.1) for a

general Wiener functional £(w). For instance, how to define the corresponding time and space

derivatives Dyu(t,w) and D,u(t,w) for a progressively measurable function u(t,w).

3 Dupire’s Derivatives

In the seminal paper [10], Dupire introduced the path derivatives of progressively measurable
functions. An important advantage of Dupire’s derivative is that it emphasizes simply the
perturbation of the point w; instead of the whole path w at time ¢t. As a trade-off, one needs
to define the derivatives on a larger space of RCLL (right continuous with left limit) paths,
instead of on Wiener space ).

Let € be the space of all R%-valued RCLL functions & on [0,7]. As mentioned above, we
are interested in progressively measurable functions. Thus, we introduce the following distance
on [0,7] x Q. For each (t',&") € [0,T] x €, i = 1,2, set

1@ = sup (@], doo((th,&"), (1,3%) i= " = ]2 + sup_ [Fiapn — Dongel.
s€[0,t] s€[0,T]
Now we shall introduce the Dupire’s path derivatives. Consider a progressively measurable

function & on [0, 7] x €.

Definition 3.1 The function @ is said to be continuous at (t,&) € [0,T] x Q, if for any
e > 0 there exists § > 0 such that for each (t',&') € [0,T] x Q with doo((t, D), (',&)) < 6,
we have |[u(t,&) — u(t',&')| < e. @ is said to be in C([0,T] x Q) if it is continuous at each

(t,@) € [0,T] x €.
Definition 3.2 The function u is said to be vertically differentiable at (t,&0) € [0,T] x Q,
if there exists a vector p € R?, such that
U(t,w+ hly ) =u(t,0) + (p,h) +o(|h]) ash—0, h € R% (3.1)
Set D,u(t,w) := p. u is said to be vertically differentiable if D,u(t,) exists for each (t,w) €
[0,7] x Q. We can similarly define D2T(t, o).

Note that the vertical derivatives involve the RCLL function 1(; 7 and then the space Q is

necessary in this framework.

Definition 3.3 The function u is said to be horizontally differentiable at (t,w) € [0,T) x €,

if there exists a constant a € R, such that

Ut + h,o.n¢) = u(t,@) +ah+o(h) ashl0, heR". (3.2)
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We denote Dyu(t,w) := a. u is said to be horizontally differentiable if Diu(t,w) exists for each
(t,@) € [0,T) x €.

It is clear that Dupire’s derivatives just involve the perturbation of a single point and they

also satisfy the classic properties: Linearity, product and chain rule.
Example 3.1 Suppose (t,&) = f(t,&;) for some function f € C*([0,7] x R?), then
Diu(t,w) = O f (t,0¢), Dyu(t,w) = 0. f(t,0t),
which are the classic derivatives.
Example 3.2 Suppose u(t,w) = f(f ¢(ws)ds for some function ¢ € C1(R?), then
Diu(t,w) = p(@), Dyu(t,w)=0.

On the other hand, the Fréchet’s derivative D, u(t,w) (with respect to w) is given by

t
& Dt )5 = / Dip(@2),ds.
0

It is obvious that
D,u(t,w) = Dwﬁ(t,fu)l[tﬂ =0.

The following collections shall be used frequently in this paper.

Definition 3.4 Let u be progressively measurable function on [0,T] x Q.

(i) @ is said to be in Cy1ip([0,T] x Q) € C([0,T] x Q) if U is bounded and satisfies
u(t, @) —a(t', &) < C(@)doo (£, @), (£',&)), (t,@), (',&) € [0,T] x Q.
(i) @ is said to be in Cy1ip([0,T] x Q) € C([0,T] x Q) if
[a(t,@) = a(t',&")] < C@y L+ (@)™ + (&)™) doo (8, @), (¢, &)

Jor any (t,@), (t',&') € [0,T] x Q.
(iii) @ is said to be in Cy 1y ([0, T]xQ) C C([0, T]xQ) if , i, Dyi, D2 are in Cyip ([0, T]x
Q). Similarly, we can define C’l?.’ﬁip([O,T] x ), Cgb’fip([O,T] x Q) and Cllfip([(),T] x Q).
Definition 3.5 Given two progressively measurable functions u : [0,T] x Q=R and u :
[0,T] x Q@ = R. Then

(i) w 4s said to be consistent with w on [0,T] x Q if
u(t,w) =u(t,w), (t,w)e[0,T] x . (3.3)

(i) u is said to be in C’l}fip([O,T] x Q) if there exists u € Cgfip([(), T] x Q) such that (3.3)

holds and we denote
Diu(t,w) := Dyi(t,w), Dyu(t,w):= D,u(t,w), D2u(t,w):= Du(t,w). (3.4)

Similarly, we can define C, i ([0,T] x Q).

Lip
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Remark 3.1 By Zhang [43, Lemma 9.4.2], the path derivatives in (3.4) is independent of

the choice of @, i.e., if &’ is another smooth function consistent with w, then
D' = Dy, D, = D,u, DU = D2 on Q.

With the help of the above path derivatives, Dupire [10] introduced the the following func-
tional It6 formula. Then it was generalized by Cont and Fournié [2-4] to a more general

formulation (see also [17]).

Theorem 3.1 Let (Q, F, (Ft)iefo,r), P) be a probability space. If X is a continuous semi-

martingale and u is in Cll_fip([O,T] x ), then for each t € [0,T],

t t 1 st
u(t, X) —u(0,0) :/ Dsu(s, X) ds—i—/ Dyu(s, X)dX, 4+ 5/ tr[D2u(s, X)d(X)4] a.s.
0 0 0
In particular, if X is a Brownian motion, then each t € [0,T],

t t 1 [t
u(t, B) — u(0,0) :/ D;u(s, B) ds—i—/ D,u(s, B)dBs + 5/ tr[D2u(s, B)|ds a.s.
0 0 0
Finally, we give the non-Markovian Feynman-Kac formula based on functional It6’s formula.
Lemma 3.1 Consider the progressively measurable function u(t,w) = Ei[€] for a Wiener

functional £. Suppose u(t,w) € C’llfip([O,T] x Q). Then u(t,w) is the unique C’llfip([(),T] x Q)-

solution of path-dependent PDE (1.1).

Proof Applying functional 1t&’s formula (Theorem 3.1) yields that for each ¢ € [0, 7],

t t t
u(t,w) — u(0,0) = / Dsu(s,w)ds +/ Dyu(s,w)dBs + %/ tr[D2u(s,w)]ds,
0 0 0

which together with the fact that u(¢,w) is a martingale indicates that
1
Dsu(s,w) + 5 tr[D2u(s,w)] = 0.
Note that u(T,w) = {(w). Thus u is a C;' 3, ([0,7] x Q)-solution of path-dependent PDE (1.1).
Suppose u' € Cl%fip([O,T] x ) is also a solution of path-dependent PDE (1.1). Tt follows

from Theorem 3.1 that u' is a martingale,
du'(t,w) = D,yu'(t,w)d By,
ie.,
U (t,w) = E[€] = u(t,w),
which completes the proof.
Remark 3.2 Note that u(t,w) = E[¢] = E[{(B%*)] for each (t,w) € [0,T] x €, in which
BY¥ = wiljoy + (Bs — By +wi)l ), s €[0,7].

Then we could prove that u(t,w) is in Cll_fip([O, T] x ; R?) under some appropriate assumptions

on the terminal condition &, which will be stated in Section 4.
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4 Classical Solutions of Path-Dependent Heat Equations

In this section, we will prove the path-dependent PDE (1.1) admits a classical C'*:2-solution

when the terminal condition is smooth enough.

Remark 4.1 In order to simplify the presentation, in this section we consider only C’l}fip—
solutions. By slightly more involved estimates, we can extend our results to the case of Cll_fip-

solutions (see [32]).
The following directional derivatives will be used frequently in the subsequent discussions.

Definition 4.1 Given an R-valued function E defined on Q.
(i) € is said to be in CX(Q), if for each & € Q and t € [0,T), there exists a vector p € RY

and a symmetric matriz A € R4 such that,

E@+ M) = E@) + (p,h) + %(Ah, h) +o(|h|?) ash—0, heR

We denote DE(t,&) = p and D2E(t, &) := A. Similarly, we can define (Cﬁ(ﬁ)
(ii) € is said to be in C%.Lip(ﬁ) C (CZ%(KNZ) if there exist some constants C > 0 depending only
on E such that for each @,&" € Ot t € [0,77,

@) — E@)| + IDE(t, &) — DE(s,&")| + [DE(t, &) — D*E(s, )]
SC(t =]+ [l@ =)

Similarly, we can define Cp 1ip(2) and C%_Lip(ﬁ).
Lemma 4.1 Suppose that Ee (C?)_Lip(ﬁ). Then the function
a(t,@) = E[§(B")] = EE(@:1p,q + (Bs — Br+ &) 1,1)
is in Cyy ([0, T] x ).
Proof The proof will be divided into the following two steps.

(1) @ € CyLip(0,T] x Q). For any &,& € Q,t,t' € [0,T],

E(@s1j0,0 + (Bs — By + @)1 (1.1)) — E@s1 (0,00 + (Bs — By + @)1 er.1)|

< C(E)(”UNJM — &l + sup |Bs — Bt/\t/|),
AL <s<tVi!

It follows that

a(t,&) — (t' &) < CE) (I@ne =D +E|  sup |B, = Biavl])
AL <s<tVit/

= C(§)doo((t, @), (', &),

which is the desired result. In particular, u is progressively measurable.
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(2) Dy, D2t € Cy1ip([0,T] x Q). For each h € R%, by Taylor’s expansion we have

g@sl[o,t] + (Bs — Bt +h+ @)1 1)

= &(Ws1jo + (Bs — By + i) 1(1,17)

1 ~
+ h/ Dg(t,a}sl[o’t] + (BS - Bt + Oh + Uut)l(t’T])dG,
0

which together with dominated convergence theorem indicates that

Ut @ + hlpp) — U(t,@
D, u(t,@) = lim u(t,w 7)) — u(t,w)

lim - = E[DE(t, B')]

Then for any w,&’ € Ot t € [0, 7], we have

|]D)§(t,asl[01t] + (BS - Bt + at)].(tﬁT]) - Dg(tl,a)sl[o’t/] + (Bs - B; + ‘Dt’)l(t’,T}”
<O@ (It =11+ 1Bre = Tpoll +  sup By = Byne),

A <s<tVt'

which indicates that

|D,u(t,w) — Dya(t', @)

S CE(|t —t'| + doo((t, @), (t',@)))
< C(€, T)doo(,), (', &),
By a similar analysis, we could deduce that
DZiu(t, &) = E[D*¢(t, B'®)]

and D2% € Cy1ip([0,T] x Q). The proof is complete.

Compared with the case of vertical derivatives, it is difficult to prove u is horizontally
differentiable due to the path-dependency. In order to prove the existence of D, we need the
following results.

First, for a fixed constant ¢t € [0,7) we introduce an approximation procedure: For any

wE ?2, we set
(T)gn) = (:381[0,,5)(8) + qutyl[th,t?)(s) + &Tl{T} (s)
i=1
with ¢ = ¢+ L(T'—t),i=0,--- ,n. Then set

@) == E@™)

and

a™ (r, @) == E[£™(B™®)], (r,®) € [t,T] x Q.
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Lemma 4.2 Suppose that & € C%.Lip(ﬁ)' Then D,a™ (r,&) and D2u™ (r,&) exist for any
(r,@) € [t,T] x Q. Moreover

@) (r, &) — (r,@)| + D™ (r,@) — Dy(r,@)| + | DZa™ (r, &) — D2a(r, o)
< C(ET) (% + [|o%) — @arll)

Proof The proof is similar as in Lemma 4.1 (see also [32, Lemma 3.13]) and we omit it.

Lemma 4.3 Suppose that £ € (C%Lip(ﬁ), Then ©™ € C;fip([o, T) x ). Moreover

D™ (r, ) + %tr([)gu(n>(r,a)) =0, (n@)eltT)xQ, (4.1)

ul(T,&) = €M (@).
Proof Note that §<"> (w) depends only on @.a¢,Wn,Wep, - -+ ,wr, which can be seen as a
cylindrical function on [t,T]. By a similar analysis as in Section 2, (4.1) is a discrete type of

path-dependent PDE on [t, T] and then 2™ (r,&) is the unique C;fip([o, T x €)-solution.

Now we are in a position to prove that path-dependent PDE (1.1) has a C’l}fip([o, T] x Q)-
solution.

Theorem 4.1 Denote u(t,w) = u(t,w) for each (t,w) € [0,T] x Q. Then u is the unique
O;.’Eip([O,T] x Q)-solution of the path-dependent PDE (1.1).

Proof For each § > 0 satisfying t 4+ < T and for any w € €2, according to the independent

increment of Brownian motion, we get

u(t,w) = E[Ers5[E(ws Lo, + (Bs — By +wi)1.1)]]
= E[E[§(w}1j0,t46) + (Bs — Brys + Wers Liers)w—pte
= E[u(t + 6, By, 5)]

It follows that
w(t + 0, w.np) —ult,w) = u(t + 6,w.ay) — Elu(t + 9, BF}\QEH(;))]-
With the help of Lemma 4.2, we obtain
|ﬂ(") (t+ 0,w.pnt) —u(t+ §,war)| < C’(g7 T)n_i
and

E[Ja™ (t + 8, B, 5) — ult + 8,852, ;)]

< C(E,T) (n_% + E[Ses[ltl)l;) ‘Bs - ;Btgl[t;gpt;g)(s)u)

=

< C(E,T)n" 7.
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Thus, we conclude that

u(t+6,w.e) —ult,w) = lim E[@™(t+6,wne) = @™ (t+6, B, 5]

In view of Lemma 4.3 and Theorem 3.1, we have

™ (t+ 6,w.p0) — ™ (E+ 6, BF/)\“()t-i-é))
= T (E+ 6,w.00) — T (,w) + T (t,w) — 8™ (¢ + 6, B5, )
t+9

A(t+6)
t+6

D™ (s, w.n¢)ds — D™ (s, Bii{)ds

t

t
t4+4d

_ 1
D,u"™ (s, BY)d B,

t+5
-5 / tr(D2u™ (s, BYY))ds.
t ¢

(4.2)
Applying Lemmas 4.2-4.3 again, we get

E[|D,u™ (s, B'X)) — Dyu(s, BUS)| + |D2a™ (s, BX2) — D2u(s, BYY)|]
< C(E,T)n"1,
E[| D™ (s,w.ns) — D™ (s, B59)]]

As
<CETE[ swp |B,— B
sE[t,t+0)

=

< C(E,T)8

)

which together with (4.2) implies that

t+5
u(t + 0, w.pp) — u(t,w) = —§E[/ tr(D%u(s, BY%))ds| + o(6).
t

Using dominated convergence theorem, we have

ult+dwar) —ult,w) 1 )
151},101 5 - _5 tI‘(Dw’UJ(t,UJ)),

which implies that Dyu € Cyp 1ip([0,T] x ). Therefore, u € C;vfip([O,T] x Q) satisfies (1.1),
which ends the proof.

Remark 4.2 Using the above argument, we can also deal with the classical solution of a
system of path dependent PDE (1.1), namely, u(t,w) can be R"-valued.

Example 4.1 Given a function £ : 2 — R by

T
£w) = / o(wy) ds

for some real valued function ¢ € CF; (R?). Then, we set
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It is easy to check £ € C} Llp(Q) with

~ T
]Dg(t,@):/ Opp(ws)ds and D2E(E, D) / 2o(ws) d
¢

In this case,

u(t,w) = IE[/OT o(B) ds} = /Ot o(ws) ds + /TIE[cp(wt + Bs; — By)]ds.
t
On the other hand, by the classic Feynman-Kac formula, we deduce that
u®(t,z) = E[p(x + Bs — By)], (t,z) €[0,5] x R?
is the solution of the following parabolic PDE:

tr[02us(t,z)] =0, (t,z) € [0,s) x RY,

It follows that

u(t,w) = /Ot p(ws)ds + /tT u®(t,wy) ds.

According to the definitions of Dupire’s path derivatives, we obtain
T T
Dyu(t,w) = / O (1, w(t)) s, Dau(t,w) = / D, (, w(t)) ds
t t

D2u(t,w) = /tT O2u®(t,w(t))ds.

Consequently,
1
Dyu(t,w) + 3 tr(D2u(t,w)) =0,

which is the path-dependent PDE (1.1).

Remark 4.3 Compared with the finite-dimensional parabolic case, it is difficult to prove the
path regularities of solutions of the path-dependent PDE (1.1) for general terminal conditions
due to the absence of any regularizing effect. Thus, various types of weaker notions of solutions
were introduced to deal with the path-dependent PDE (1.1).

5 Sobolev Solutions for Path-Dependent Heat Equations

Based on Dupire’s path-derivative, Peng and Song [31] introduced a new type of Sobolev
path-functions and the corresponding path derivatives. One advantage of this framework is
that it removes the smooth assumptions on the terminal conditions.

We first give some notations. Let (F;)o<i<7 be the natural filtration generated by the
Brownian motion B augmented with the family .4 of P-null sets of Fr. Then, for each p > 1,

we consider the following collections:
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e MP(0,T) is the collection of R?-valued F-progressively measurable processes (z1)o<t<T

satisfying
T 1
- E[/ jelpde]” < oo
0

e HP(0,7) is the collection of R?-valued F-progressively measurable processes (z;)o<i<r

satisfying

|| £re :E[(/OT |zt|2dt)g]% < 005

e SP(0,T) is the collection of real-valued F-adapted continuous processes (y:)o<i<7 satisfy-

ing

S

Ivlls» =E[ sup_lyl?]” < oo.
t€[0,T]

e Denote by MP(0,7;R%) the Re-valued process such that each component belongs to
MP(0,T). Similarly, we can define H?(0,T;R?) and S%(0,T;R%).

For a given p > 1, the classical Sobolev space W1?(R%) is the completion of C§°(R?) under
the norm [|ul| p.r(ra) + ||zl 1o (ra), Where C§°(R?) is the space of all infinitely differentiable real
functions uw with compact supports. From the view of this point, we introduce the counterpart

in the space of continuous paths.

Definition 5.1 A progressively measurable function u is said to be in C*°(0,T) if there exists
a time partition (t;)1—o with 0 =tg < t; < --- <ty =T, such that for each k =0,1,--- ,n—1
and t € [tk,tk+1),

u(t,w) = up(t,wi; Wy, - 5 Wey )

Here for each k, the function uy : [tg, tpe1] x R&FHD) 5 R is a O -function with
u(te, w321, 2p—1,2) = up(tp, T3 21, -+, Th—1),

all of whose derivatives have at most polynomial growth.

For any u € C*°(0,T), by Itd’s formula, we have

u(t,w) = u(0,w) + /Ot Au(s, w)ds + /Ot Dyu(s,w)dB,, t€[0,T],
where A is the following heat differential operator:
A(s,w) := Diu(s,w) + %tr(Dgu(s,w)). (5.1)
Then we define the following norm:

1
lull 400 = Allullse + [ Aulli + [ Dol v
A
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1 9.
Denote by Wj’l’p(o, T') the completion of C*>°(0,T") with respect to the norm || - HW%’“)' It

A

1 9.
is easy to check that Wj’l’p(o, T) is a subspace of SP(0,T'). Moreover, the differential operators

D, and A can be continuously extended to this space:
D, W3P(0,T) = HP(0,T), A:W3i(0,T) — M?(0,T).
Then Wfl"l;p (0,T) is said to be a P-weighted Sobolev space. We have the following result.

Theorem 5.1 (see [31, Theorem 2.9]) For each given u € SP(0,T), the following two
conditions are equivalent:

(@) ue W20, 1T);

(ii) there exists (ug,n,v) € R x MP(0,T) x HP(0,T) such that

t t
u(t,w) = ug +/ nsds —|—/ vsdBs. (5.2)
0 0

Moreover, we have
Au(t,w) = n(t,w), Dyu(t,w)=v(t,w).

From the above theorem, the Itd’s process u of the form (5.2) gives us a generalized path-

dependent It6’s formula:
t t
u(t,w) = uo—|—/ Au(s,w)ds—l—/ D, u(t,w)dBs.
0

Based on the above discussions, in the P-Sobolev space Wj’l;p (0,T) the path-dependent coun-
terpart of (1.1) is formulated as:
Au(t,w) =0, (t,w)€[0,T) x Q,
u(T,w) = §(w).

Now we are in a position to show the well-posedness of the path-dependent PDE (5.3).

(5.3)

Theorem 5.2 Assume £ € LP(Q) for some p > 1. Then u(t,w) = E4&] is the unique
1 9.
Wj’l’p(O,T)—solution to the path-dependent heat equation (5.3).

Proof It follows from martingale representation theorem that there is a process Z €
H?(0,T) such that

t
u(t,w) = E[¢] +/ Z.dB., Vit e[0,T].
0
Applying Theorem 5.1, we have u € Wi"l;p((), T) and
Au(t,w) =0, Dgu(t,w)=Z(t,w).

1 9.
On the other hand, assume u’ is also a Wj’l’p (0, T')-solution to the path-dependent PDE
(5.3). It follows that
¢
u'(t,w) = ug —|—/ D,u/(s,w)dBs,
0

which implies that u/(¢,w) is a martingale, i.e., v/(t,w) = E¢[¢](w). The proof is complete.
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Remark 5.1 Remark that in the P-Sobolev space we do not need to define the path deriva-
tives on a larger space of right continuous paths with left limit. Moreover, the path-dependent
PDE (5.3) can be also a system of PDEs.

6 Nonlinear Path-Dependent PDEs

In this section, we will generalize the path-dependent heat equation (1.1) to the nonlinear
linear case through BSDEs theory (see Peng [28]).
Consider the following backward stochastic differential equation (BSDE for short):

T T
Ytzf—l—/ g(s,w,Ys,Zs)ds—/ ZsdBs, te]0,T], (6.1)
¢ t

where ¢ € LP(Q;R") and the driver g : Q x [0,7] x R" x R™*? — R" is an F-progressively
measurable process satisfying the following conditions:
(i) For each (y,2) € R x R?, g(-,y,2) € HP(0,T; R");

(ii) there exists some positive constant L such that for any (y, 2), (i, 2') € R x R"*4,

|g(t,y,z) - g(tvy/az/” S L(|y - y/| + |Z — Z/|)

Theorem 6.1 (see [22]) Suppose that conditions (1) and (ii) are fulfilled. Then, the BSDE
(6.1) admits a unique solution (Y,Z) € SP(0,T;R™) x HP(0,T; R"*%).

The BSDEs provide a probabilistic interpretation of a system of semi-linear PDEs. Indeed,
when £(w) = p(wr) and g(t,w,y, z) = f(t,wt, y, z) for some smooth functions ¢ and f, it follows
from Pardoux and Peng [23] that (Y, Z;) = (u(t, B:), O, u(t, Bt)), where u is the solution to the

following semi-linear PDE:

Opu(t, z) + %tr(@iu(t,x)) + f(t,x,u,0pu) =0, (t,x) € [0,T) x RY,
u(T,z) = ¢(x).

In particular, the authors introduced a probabilistic approach to prove the regularities of solu-

(6.2)

tions to semi-linear PDEs in [23]. Thus a very natural problem is to interpret a general BSDE

as the following semi-linear path-dependent PDE:
1
Dyu(t,w) + 5 tr(Dgu(t,w)) + g(t,w,u, Dyu) =0, (t,w) € [0,T) x 2,
u(T,w) = §(w).

With the help of Dupire’s derivatives, Peng and Wang [32] studied the well-posedness of

(6.3)

classical solutions to the semi-linear path-dependent PDE (6.3). Under some regularity as-
sumptions for the terminal condition and the driver, we first apply Kolmogorovs continuity
criterion to obtain the differentiability of the solution to the BSDE (6.1) through the “frozen
method”, which is introduced by Peng [25-26] to construct nonlinear expectations. Next, using

an approximation method based on discrete types of path-dependent PDEs as in Section 3,
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we obtain the path regularity of the solution Z. Finally, with the help of the aforementioned
results, we prove that the BSDE (6.1) can be formulated as the solution of the semi-linear
path-dependent PDE (6.3). Indeed, the path-dependent function u(t,w) := Y;(w) is the unique
solution of the path-dependent PDE (6.3).

Theorem 6.2 (see [32]) Under some reqularity conditions on the terminal value £ and
the driver g, the path-dependent PDE (6.3) admits a unique solution u € Cll_fip([O,T] x Q).
Moreover,

u(t,w) =Y (w), Dyu(t,w)=Zi(w), (t,w)e[0,T]xQ,

where (Y, Z) is the solution to the BSDE (6.1).

The above theorem provides an alternative method for the study of the BSDEs theory.
For instance, we could study more general semi-linear path-dependent PDE through forward
and backward stochastic differential equations (FBSDEs for short) as in [23]. Indeed, Wang
[40] obtained the uniqueness and existence of classical solutions to general semi-linear path-
dependent parabolic integro-differential equations (see also [16]), which generalized the results of
[23] to the path-dependent situation. However, we usually cannot obtain the classical solutions
to the path-dependent PDE (6.3) when the coefficients are only Lipschitz functions.

Under more general conditions, Peng and Song [31] established the uniqueness and existence

of Sobolev solutions to the following semi-linear path-dependent PDEs:

{Au(t,w) +g(t,w,u, Dyu) =0, (t,w)€[0,T)xQ, (6.4)

u(T,w) = ¢(w),
where A is the extended heat operator of D:u + %Dfm

Theorem 6.3 (see [31, Theorem 2.11]) Assume that conditions (i) and (ii) are satisfied.
19
Then the path-dependent PDE (6.4) admits a unique solution u € Wj"l’p(O,T). Moreover,

u(t,w) =Y (w), Dyu(t,w)=Z(w), (t,w)e[0,T]xQ,
where (Y, Z) is the solution to the BSDE (6.1).

According to the above theorem, the BSDE (6.1) can be directly seen as a well-posed path-
dependent PDE (6.4). Thus the results of existence, uniqueness, monotonicity and regularity
of BSDEs, obtained in the past decades can be directly applied to obtain the corresponding
properties in the PPDEs framework.

Remark 6.1 As far as we know, there is no such literature to study classical solutions
to fully nonlinear path-dependent PDEs, which is much more difficult due to the complicated
structure. On the other hand, in the framework of P-Sobolev space, the time derivative Dyu
and the second order space derivative D?u are ‘mixed’ together to Au = Dyu + %tr(Diu).
Thus only the derivatives A and D,u are well-defined, which cannot be applied to study a fully
nonlinear PPDE.
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In order to deal with fully nonlinear PPDEs, [31] and [37] introduce the G-expectation
weighted Sobolev spaces, or “G-Sobolev spaces”. In the second order G-Sobolev space Wé’Q"p (0,
T), the derivatives Dyu, Dyu and D2u are all well defined separately due to the unique decompo-
sition of G-1t6 processes. Furthermore, the unique decomposition of generalized G-1t6 processes
makes it possible to well define the derivatives Agu := Dyu + G(D2u) and Dyu for u in the
first order G-Sobolev space Wé’l;p (0, T) without requiring the existence of Dyu and D2u. As
an application, [37] proved the wellposedness in Wé’l;p (0, T) of the following fully nonlinear
PPDE:

Agu+ g(t,w,u, Dyu) =0, (6.5)

and established the one-to-one correspondence between fully nonlinear path-dependent PDE
(6.5) and the BSDE driven by G-Brownian motion (see [15]).

7 Viscosity Solutions

The theory of viscosity solutions for Hamilton-Jacobi-Bellman equations was introduced
by Crandall and Lions in [9]. Since then, important progresses have been made in the field
of viscosity solutions theory, as it has rich connections with stochastic control, mathematical
finance and so on (see [14, 42]). An important advantage of a viscosity solution is that we
only need it to be a continuous function compared with classical solution (see [8]). Motivated
by this, many experts have been devoted to the study of viscosity solutions of path-dependent
PDEs.

In path-dependent case the main difficult comes from the fact that the space of 2 is infinite
dimensional and thus lacks local compactness. Then the viscosity solutions theory introduced
by Lions [18-20] cannot be applied to the path-dependent case, which is not a separable Hilbert
space. Note that the viscosity solutions for first order path-dependent PDEs have been inves-
tigated in Lukoyanov [21] through adapting elegantly the compactness arguments. However,
there is no an unified framework for viscosity solutions of second order path-dependent PDEs
at the moment.

In [30], Peng firstly proposed a notion of viscosity solutions for path-dependent PDEs on
the space of right continuous paths and established the comparison theorem using compactness
argument. Then, Tang and Zhang [38] formulated a different notion of viscosity solutions for
path-dependent PDEs on the space of RCLL paths. They proved that the value function of a
non-Markovian stochastic optimal control problem is a viscosity solution of the related path-
dependent Hamilton-Jacobi-Bellman equations. However, they did not consider the comparison
theorem.

In [11], Ekren et al. firstly established the uniqueness and existence results of viscosity
solutions for semi-linear path-dependent PDEs with the help of BSDEs theory. In this setting,

they used the optimal stopping approach to define viscosity solutions in order to avoid the local
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compactness. Unlike the classical case, supersolutions and subsolutions are defined through a
larger set of tangent test functions. Specifically, the tangency condition is not point-wise but
in the sense of mean with respect to an appropriate class of probability measures. Afterwards,
Ekren, Touzi and Zhang [12-13] extended the results of [11] to the fully nonlinear case by some
more delicate and involved estimates. For more research on this topic, we refer to [33-36, 39]
and the references therein.

On the other hand, Cosso and Russo [7] established the well-posedness for viscosity solutions
to path-dependent heat equation (1.1) using classical Crandall-Lions notion. The arguments
of [7] rely heavily on the so-called Borwein-Preiss smooth variant of Ekeland’s variational prin-
ciple, which exploits the completeness of the space instead of the missing local compactness.
They constructed a gauge-type function and then obtained the comparison theorem of viscosity
solutions to the path-dependent heat equations. We refer the reader to [5, 44] and the references
therein for more research on this topic.

Finally, we would like to mention that Barrasso and Russo [1] proposed the notion of decou-
pled mild solutions to semilinear path-dependent equations, and Cosso and Russo [6] introduced
the so-called strong-viscosity solution, which is quite similar to the notion of good solution for

PDESs. There are still many questions and many difficulties to be solved in this field.
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