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The Dirac Equation on Metrics of Eguchi-Hanson Type
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Abstract On metrics of Eguchi-Hanson type II with negative constant Ricci curvatures,
the authors show that there is no nontrivial Killing spinor. On metrics of Eguchi-Hanson
type II with negative constant scalar curvature, they show that there is no nontrivial LP
eigenspinor for 0 < p < 2 if the eigenvalue has nontrivial real part, and no nontrivial
L? eigenspinor if either the eigenvalue has trivial real part or the eigenvalue is real, the
eigenspinor is isotropic and the parameter 7 in radial and angular equations for eigenspinors
is real. They also solve harmonic spinors and eigenspinors explicitly on metrics of Eguchi-
Hanson type II with certain special potentials.
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1 Introduction

Eguchi-Hanson metrics, referred as gravitational instantons, are Ricci flat, anti-self-dual
4-dimensional asymptotically local flat Riemannian metrics arisen in the Euclidean approach
of gravitational quantization (cf. [6-7]). The metrics of Eguchi-Hanson type with zero scalar
curvature were constructed by LeBrun using the method of algebraic geometry (cf. [14]) and
by the third author solving an ordinary differential equation (cf. [17]). These metrics provide
counter-examples of Hawking and Pope’s generalized positive action conjecture (cf. [11]). Fol-
lowing the idea of [17], the first and the third authors constructed metrics of Eguchi-Hanson
type II with negative constant scalar curvature (cf. [5]). They are asymptotically local hyper-
bolic (ALH for short) and also provide the positive action conjecture for negative cosmological
constant.

It is well-known that spinors and the Dirac operator play important roles in geometry (cf.

[1, 9, 13] and references therein). They are also used to describe spin-1 particles in quantum
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field theory. In [4], Chandrasekhar observed that spinors can be separated variables to reduce
the Dirac equation into radical and angular ordinary differential equations. This results in
significant physical implication that Dirac particles must either disappear into the black hole
or escape to infinity (cf. [8, 16]).

It is therefore an interesting question to study the Dirac equation on metrics of Eguchi-
Hanson type. In [15], Sucu and Unal solved the Dirac equation on Eguchi-Hanson and Bianchi
V11, gravitational instanton metrics by separating variables and obtained the solutions in terms
of the product of two hypergeometric functions. In [3], Cai and the third author investigated
the parallel spinors and the harmonic spinors on metrics of Eguchi-Hanson type. They found
that the space of complex parallel spinors are complex 2-dimensional on Eguchi-Hanson metrics,
and the harmonic spinors can be solved explicitly by separating variables on metrics of Eguchi-

Hanson type with zero scalar curvature.
Let 0, ¢, ¢ be the Euler angles on the 3-sphere S2. The Cartan-Maurer one-forms for
SU(2) = 83 are

= %(sin 1dl — sinf cospdg), o9 = %(— cos df — sin 0 sin ¢dg),

o3 = %(d’t/) + cos0dg).

Metrics of Eguchi-Hanson type II are given by

dr?

W+T2(U%+U§+chdg) (1.1)

g:

for constant B > 0 and function f >0, lim f = 1. We refer f as the potential function.
T—>00
Recall that in [5], the first and the third authors constructed the following metrics with

constant negative scalar curvature —12B,

- dr? N 2( 2 2+( V1+Br:C A) 2) (1.2)
g_(1+BT2)( \/HTC+4) T rd AL '
with the potential function
vl BQC A
\/1+ ot L2 (13)
s

where constant C' is chosen to satisfy

- d® —36d + (d* + 12)Vd? + 12

¢ 2782

or

(d* — 4)(3d + V/3d? + 24)
18B2

c >
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for certain given natural number d > 2, and constant A is chosen as

A=—rt—\/1+Br2C (1.4)

for the largest positive ro > 0 of the equation

4 — d? ac' BC?
23 22 2
_— — 1 — =0. 1.5
() + =~ 02 + T - (15)
If A =0, the metrics
dr? of 9 o V1+ Br:Cy ,
= 1 7) ) 1.6
I A Bt ey (o +oi+ (14 )i (16)
have constant Ricci curvature —3B. The potential function is
V1+ Br2C
=1 (1.7)

,
Metrics (1.2), (1.6) for

47

r>rg, 0<6<m 0<¢<2m, nggj

are geodesically complete and ALH. Topologically, the manifolds are
R>o % SU(?)/Zd = R>o X SB/Zd.

In this paper, we investigate Killing spinors and show that they are always trivial on metric
(1.6) with negative constant Ricci curvatures. We then study eigenspinors that can be separated

variables as follows

s (m+3)0 %, (r)J, (0

2 (mat3)7 IO

i(n+i 3 (M2 (1)2 r)J_ (0

W=l §2<m1+ w%Er;hEH; 4
5 (m2t3)0 G, (1) J_(6)

on metric (1.2) with negative constant scalar curvature, where mj, mo and n are integers,
and ®;(r) (i = 1,2,3,4), JL(0) are referred as radial and angular parts of the eigenspinors,

respectively. In particular, we refer them as isotropic eigenspinor if
Dy =Dy, 3= Dy (1.9)

We show that there is no nontrivial L eigenspinor for 0 < p < 2 if the eigenvalue has nontrivial

real part, and no nontrivial L? eigenspinor if either the eigenvalue has trivial real part or
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the eigenvalue is real, the eigenspinor is isotropic and the parameter 7 in radial and angular

equations for eigenspinors is real.

We also solve harmonic spinors explicitly for the potential

42 — 4)2
and solve isotropic eigenspinors with
ivB
A:il‘g—, d=3, mi=0, me=—1 (1.11)

in terms of hypergeometric functions for the potential

/ 25 /5

The paper is organized as follows. In Section 2, we introduce spin connections and prove the
nonexistence of the Killing equations on (1.6). In Section 3, we provide the Dirac equation by
separating variables and solve the angular equations. In Section 4, we prove the nonexistence of
LP eigenspinor on (1.2). In Section 5, we explicitly solve harmonic spinors for potential (1.10)
and isotropic eigenspinors for potential (1.12). In Appendix A, we provide some results for

hypergeometric functions.

2 Spin Connection and Killing Equation

In this section, we introduce spin connections on metrics of Eguchi-Hanson type IT and show

that there is no nontrivial Killing spinor on metrics (1.6). Denote the frame of (1.1),

e1 =1+ Br2fo,,

2/ cos cos ) cos
@—;(smz/}ﬁg— sin98¢+ sin @ aw)’

2 sin ¢ sin ) cos 6
63—;(—COS¢89— sin98¢+ sin 0 aw)’
€4 = 36

rf v
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The connection 1-form {w’;} of (1.1) are [5],

5 V1+Brif ,

W= ——=¢°,
3 V1+ Brif .
wlzfe,
V14 Br?
w41:(7+r Tf+\/1+Br2f')e4 1)
w34:ie27
r
w42:i637
r
2
23:(——i)e4
rf r

Note that the space of complex spinors is complex 4-dimensional. Let ¥ = (U, Uy, Uy U,)?

be a complex spinor. The spin connections are given by

Vek\l/ =epV +

Kl

4
E Vekel,ej e;j-ej-U.

In terms of connection 1-forms (2.1), we obtain

Vel U= 61\11,
Ly Ly
Ve, U =eU + §w 1(ea)er - e - U+ §w s(ea)es - eq - U,
1, 1, (2.2)
VES\I/ 263\114-5(4) 1(63)61 ceg - U+ 5&) 2(63)62 ceq - U,
1 1
Ve, ¥ =e4V¥ + §w41(€4)61 ceq - U+ §w32(€4)62 ez - U,
Throughout the paper we fix the Clifford representation
1 i
— ! — !
€1 -1 ) €2 i )
—1 i (2.3)
—1 i .
> ! > -
€3 1 ;e ;
1 —i

It is well-known that the existence of imaginary Killing spinors implies that metrics have
negative constant Ricci curvature (cf. [9]). In order that metrics of Eguchi-Hanson type IT have
negative constant Ricci curvature —3B, the Killing equations are
ivB

2

Ve, U=4t—"¢, -0, k=1,234. (2.4)

Before we study the Killing equation (2.4), we prove the following proposition.
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Proposition 2.1 The root ro of (1.5) is simple if d =2 or A =0.

Proof If d =2, then (1.5) implies that C' # 0. Denote
B*ct 3
A= Tood + 316"
If A>0or A <0, rg must be single. If A =0, we have
4
B
This shows that rg is simple. In the case A =0, (1.4) gives that

V1+ Br?
h(r) =r*+ 1+ Br2C =r" — 71+ BTQré.
V1+ bry

ro =

Since

3+ 2Br3

h/ _ 2(
(ro) =70 l—I—Br?J

) #0,

we know that rq is simple.

Theorem 2.1 The Killing equations (2.4) has no nontrivial solution on metrics (1.6) for

C #0.

Proof Let ¥ be the solution of (2.4). The first equation of (2.2) gives

6<\Ill>_i ivB <0 1)<\Ill>
"\¥s) T2+ Br2f\ -1 0)\¥3)°

(2.5)
o (P2 _ . ivB 0 1) Wy
"\Wa) T2y BrEf\ -1 0\ Wy )"
Then the general solution are
U, e—L(r) eL(r)
<\IJ3>:Q1<ie_L(T) T Qs ez )
(2.6)

v, e—L(r) eL(r)
(m) =@ <ie_L(T) Qi ez )
where Q; (i = 1,2,3,4) are functions of 0, ¢, ¢ and

. VB
L(r) = :I:/TO mdr. (2.7)

As rg is a simple root, L(r) is convergent at r = rg.

If (gl ) is nontrivial, then the fourth equation of (2.2) gives
3

i r s a2l ivB
0ypQ1 = fg( )Ql _Infe (F(;) T )Q37 23)
i ivB : '
OypQ3 = — Tf(Fg;);E . )Ql + 1rf§(r) Qs,
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where

:\/1+Br2f+\/1+Br2f’ am— L1

F(r) o ;0 =790

Since the left hand sides of (2.8) do not depend on r, we must have
0pQi =0, i=1,3.
Hence, (2.8) reduces to

G(r) Fir)£ME  Q4(0,9)

L (F(r) F @) 2LG(r) Qi(0,9)

(2.9)

Since the third term does not depend on r, the three terms in (2.9) must be nonzero constant.

Therefore,

2 _ 2 2,2
O:F(T)Q—G(T)Q—EZBC(M 2v/1+ Br?) + BC*r '
4 16r4(Cv/1+ Br? + 1)

So that C' = 0 which gives contradiction. Similarly, (32) must also be trivial. Thus the proof
4

of the theorem is complete.

Killing spinors on standard hyperbolic metric are explicitly obtained for arbitrary dimension,

e.g. [1]. On metric (1.6) with C' = 0, they can be solved as follows:

C\F, ez smgF_ e?2 cos gF_
—i¥ 0 _iv .
CyoF _ie | eT = cosgFL ie | —eT 2 singFL
U= C?F+ +C3e 2 AL 92 +C4€2 . iy 92 )
R ie sin 5 Fy ie® cos 5Py
105 F_ ) 0 P L) 0
2 ie”2 cos 5 by —le” 2 singFY

where C; (i = 1,2,3,4) are complex constant and

F+:\/\/l—l—BTQZF\/Er—I—\/\/l—FBrQ:I:\/ET,
F_Z\/\/1+BT‘2:F\/§7‘—\/\/1+BT‘2:|:\/§7‘.

3 Dirac Equation

In this section, we study the Dirac equation

4
DU =) e, Ve, U=\ (3.1)
k=1

on metrics (1.1). As the manifold is noncompact, A is a complex number in general.
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For noncompact manifolds, there are point spectrum, essential spectrum, discrete spectrum
and continue spectrum. Denote M the spinor fields on (1.1) and L?(X M) the square integrable

spinors. The point spectrum of D is define as
Spec, (D) :={A € C| L*(SM) NKer(A — D) # 0 }.

If there exists a sequence (¢;) C L?(XM), which are orthonormal with canonical L? inner

product, the essential spectrum of D is define as
Spec, (D) :=={A e C| Jim (D — N)gkl|2 =0}
The discrete spectrum of D is defined as

Spec, (D) := Spec, (D)\Spec, (D).
The continue spectrum of D is defined as
Spec.(D) := Spec,(D)\Spec, (D).
The spectrum of D is
Spec(D) = Spec, (D) U Spec, (D) = Spec, (D) U Spec,.(D).

Spectrums of the Dirac operator are studied extensively, and we refer to [9] and references
therein for many interesting results. In particular, Spec,(D) is empty on the real hyperbolic
space (cf. [2]), and either empty or {0} on Riemannian symmetric spaces of non-compact type
(cf. [10]).

For metrics (1.2), with respect to Clifford representation (2.3), the Dirac equation (3.1) are
2 2 i ,

(\/1 + B0, — 150y - G_(r))\Ill _ e (ag - ,—96¢ + 1c0t98w)\112 = AU,
r r

(\/ 1+ Br2fo, + il&z, —G_(r )\Ilg + —e_‘w Oy + —8¢ —icot 0y = -0y,

rf (
(\/1 ¥ Br2fo, + %aw + G+(r)) Uy + ge‘w (ag
(

(\/1+Br2fﬁr—i%6w+(¥+( )\114——e W (9 +

(3.2)

¥
)m:wh
)

6¢ —icot 961/, \113 \112,

sin 6

where

3V1+ Brif N \/1—|—Br2f’)

Gi(T‘) —+i:|:( o 5

B rf  2r
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Let

1
®;(r) = Xi(r), i=1,2,3,4. (3.3)

r(L+VITBR)f

Substituting (1.8) into (3.2) and absorbing functions involving r to the left hand side and
involving 6, ¢, 1 to the right hand side, we find that both sides must be equal to certain

complex number 7 in order that the equality holds. It yields the radial equations

(Wf + m1+ 1) "X2+AX3—0

(\/1+Br2f—— m2+ +1)X ”X1+AX4_0
J (3.4)
(\/1+Br2f5— (m1+ +£)X3——X4+/\X1_O
d
(\/1+Br2f%+ (m2+ +£)X4——X3+/\X2—0
and the angular equations
_1 _ 1 d 1 — i(%(m2—m1)+1)¢
R0 (89 (n+2)csc9+2(m1+2)cot9)J+(9)—ne , )

JL(@(— 0p — (n + %) cscl + g(mz + %) cot G)J_(G) — ne_i(%(m2_m1)+1)¢,
L

Moreover, as the right hand sides of (3.5) do not depend on 6, it must be a constant. Therefore,

it is either
n =20, my, my arbitary
or
) d
n arbitary, E(mg—m1)+1:0<:>d:2, my =mg + 1. (3.6)

Thus the angular equations reduce to, for d > 2,

Op— (n+ =) csc+ —(m1+ =) cotd)JL(0) =0,
(3 o+ )+ S+ o) .
—0p— (n+=)cscO+ —(ma+ =) cotd)J_(0) =0,
(=0 (ns5) et 5 (mat 5) cor0)
or, for d = 2,
(89 — (n + %) cscl + (m + %) cot 9)J+ =nJ_, 59

(—89— (n—l—%) cscl + (m—l) cotG)J_ =nJy.
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Proposition 3.1 The solutions of (3.7) are

_ O\rtamg(mity) 0\ 25 (mity)
Ji = (sm 5) (cos 5) ,
(3.9)
O\ —n—zt5(maty) O\tz+s(ma+sy)
J_ = (sin—) (cos—) ,
2 2
which are reqular if
2 1 1 2 1 1
<-Z —|—-= > = l 1
= d‘”+2‘ 2 mQ—d‘”+2‘ 2 (8.10)

Proof Note that (3.7) reduces to

OpJy = ((n—i— %) csch — g(ml + %) cotH)J+,

OgJ_ = (— (n—i— %) csc O+ (—Zi(mg + %) cotG)J_.

Solving them we obtain (3.9). The regularity follows if the power indices of sin % and cos g are

nonnegative.

The solutions of (3.8) are solved by Sucu and Unal [15] in terms of hypergeometric function.

4 Nonexistence of Eigenspinor

In this section, we investigate nonexistence of eigenspinor ¥ on LP spaces implicated by

radial equations (3.4).

Theorem 4.1 On metrics (1.2) with constant negative scalar curvature, there is no non-

6

trivial LP eigenspinor taking the form (1.8) with eigenvalue R(A) # 0, where 0 < p < 5,

2[R
g > JB
Proof Denote

X = (X1,X2, X3, X4)".

From (3.4), we obtain

i|X|2:_ 2(77+ﬁ)
dr 1+ Br2f
2
-~ _ (IX 2+ X 2
rm“ 3| | 4|)
2d(my + 1) — 2
/1 + Br2f?
+2d(m2+%)+2
/1 + Br2f2
A+ )

- W(lez-i-x)fz — X3X4 — X3Xy). (4.1)

(X1 X2 + X1Xo — X3X4 — X3X4)

(12X = 1X5]%)

(IX2l* — | Xa]?)
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Therefore there exists a large r1 > ro with |X|(r1) # 0, and for r > r1, € > QI%—\/%‘)‘,

d €
—[X]* > —=|X]*
Sixp > -Six|
Integrating it from r; to r, we obtain
X|(r) > Cr™E, > (4.2)
for some positive constant C;. Denote by du the volume element of (1.1) and

4
D={0<0<m0<o<2m 0<y< L

Integrating (4.2) , we obtain

/ / U Pdy
D J{r>ri}

[ ] 2
= [ 01090 —dr
D R {r>ri} V14 Br?
2 2 P
20/2% r |X|
2 (py/(1 4+ VI B2 f)

>C”/ TQ_(%+%)pdr > 00
{r>r}

dr

for0<p< 3%. Thus the proof of the theorem is complete.

Theorem 4.2 On metrics (1.2) with constant negative scalar curvature, there is no non-

trivial L? eigenspinor taking the form (1.8) with eigenvalue R(\) = 0.

Proof By (4.1), there exists a large r; > ro with |X|(r1) # 0, and for r > rq,

26

r2

d
— X2 > X|? 4.3
SIXP = -] (43)
with some positive constant C;. Integrating it from r; to r, we obtain
C1
| X| > Coer >Co 1 >r1.
Therefore
2 i 1
||*dp > C —dr > occ.
D J{r>r1} {r>r} T

The proof of the theorem is complete.

Theorem 4.3 On metrics (1.1) with constant negative scalar curvature, there is no non-
trivial L? isotropic eigenspinor taking the form (1.8) satisfying (1.9), and with real eigenvalue

A, real 1.
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Proof For isotropic eigenspinors, we can assume

Xi=Xo=X,, X3=X4=X_.

Then (3.4) gives that

iX - _2777)( _ #X
T I Bref T Vit Bref )
dy XA x4 ( 21 )X .
dr V14 Br2f * 1+ Br2f 1+Br2/
With 7, A real numbers, we obtain
4y, ¥ X, x )= L x,X -X,x)
T R sy 7 AR
This implies that either
XX —X,X_ =0 or X;X_—-X,X_#0, r>r.
In the first case (4.1) gives that there exists a large r1 such that, for » > rq,
d 2C4
—|X? > =X 4.
SIXP > -] (15)
for some positive constant C. In the second case
¥ _¥ v v 1+ V14 Br?)r
(X, X =X )(r) = (X, X = X, X )(r) VL BT
(1 + 1+ BTO)T
This gives that
S S roVB
X X — X X | > X X — X1 X |(rg)) ———— > 0.
|+ + |7|+ + |(0)(1+m)
Therefore
X, P+ X P> XX — X, X_|>Cy>0. (4.6)

Similar to the proof of Theorem 4.2, we know that ¥ is not L2.

5 Exact Solution

In this section, we study exact solutions of the harmonic spinors and eigenspinors for certain

special potentials.
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Theorem 5.1 On metrics (1.1) with constant negative scalar curvature where the potential

f is given by (1.10), harmonic spinors W taking form (1.8) can be solved explicitly for d > 3 as

follows
d(mi+t)—1)H, (—d(mi+3)+1)
eld(mi+3)=1)m | !
o, = 7
W(r‘l ‘1126342) )%
o e(—d(mg—%)—l)Hl +H( (matd)+1)
, =
VI VT Bre(rt — by
(5.1)
5 VIV Bl >+1)H11 1 glelmra) 1)y
2 __ 2\ & I’
r(rt - (d16342) )’
(1)4 _ \/W(e(d(m2—%)+l)Hl +H2(_d(m2_%)_l))
1 bl
(= )T
where
. Nz
Hy(r) = arcsin (7\/43:12%)
4y/d% -8 ’

Hy(r) (2\/1+Br2 —d)ﬁ
g W1+ Br?+2

and Jy are given by (3.9). Moreover, the spinors ¥ are singular at ro = 1/%.
Proof Since d > 3, we have n = 0. Thus the radial equations (3.4) with A = 0 reduces to

1y _
d ma + 5
(5_ TWfQ)
(i_d(ml-i-%) 1 )X B
=)

(5.2)

dr 7‘\/1+Br2f2 r 1—|—Br2 o
(4 dlma I
7‘\/1—|—Br2f2 r 1—|—Br2

Solving these ODEs, we obtain (5.1).

Xy

In the following we assume the potential function f of metric (1.1) is given by (1.12). We

will solve the isotropic eigenspinors under condition (1.11). Let

X, = v 1+ Br? + 1_12 -1 arctan(2\/ 1+ Br?) U. 5.3
T \\irBr-2 = 53)
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Then the radial equations (3.4) become

AU\ 1 0 R (U, (5.4)
dr \U_ 1+ BT‘2f ii\/fr 1—ff U ) .

Let
3
=1+ Br?, ng, (5.5)
then

1 1
0 < arctan — < arctan —.
2x 3

Throughout the section, we fix branches of the following complex logarithmic functions in

terms of integers k1, ko and ks,

In(2z +1) =Inv422 + 1+ 1arctan — —i— 2k,
1

In(22 — i) = In /422 + 1 — iarctan o + 2iko, (5.6)
x

Inz = In|z| 4 2iks7.

Then the following functions of complex exponentiation appeared in the section are given as

3

-\a+bi alnvV4zZ+1—barctan -+ —2bky 7 _i(bln V4z2+1+a arctan s=+2ak;
(233 + 1) =e 2@ e 2@

-\a+bi aln VAzZF1+barctan £ —2bkon .i(bln V4z2+1—aarctan st +2akem
(2z —1) =e 22 e 2z ,

1 (ko—k)w (1 1 k1w 2kgm
i :(41; +1) : %61(§arctanﬁ+7— 5 )’

m\»—A

(20 —1)" 3574 (22 +1)

@l

+

ol

X

_ Yetmgi(3mlel+257)

where a, b are real numbers.

Using (5.5), we can reduce (5.4) to the following equation

48z* + 1623 — 802? — 162 +7 (2) - 4(x% —1)
(x+1)(22 —3)(22 +3)(4x2 +1) T (422 4 1)(422 — 9)

U (z) + Up(z)=0. (5.7

Theorem 5.2 On metrics (1.1) with constant negative scalar curvature where the potential

f is given by (1.12), isotropic eigenspinors U taking the form (1.8) satisfying (1.9) and (1.11)
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can be solved explicitly as follows

o, ( (@ — %)%f%+%e—%amtan21 )(F R IRER _9)
VIta(e+3)°(2e+i)i(2z —i)its 6 473 4737 4022
. , .

(G- )0+ 2G5 15 0 )
()
(35 1) (g (= ) k) (G~ o - 5+ i)

2

+( 57 811)(1+ 3)( 3)%hF(11 i4 18 4 —9)
5120 5120/ \z3 = 224 * 2 ? 6 4’3 473 4022 /)’
where F is hypergeometric function (cf. Appendiz A), x is given by (5.5) satisfying (5.6),

5
2 3\~ % 2 in(@—=23)° /1 iy (z—2
w38 D S ) T
=3 7g) Tlt3Tg) s T3t e)
1 i
i(x_|_%)3(2x+i)ix%+§e—%arctan2w

VBry1+z(2z —i)it2 ’

—340i,.2 , 9433 5+15i
3 L1+ T+ e
(422 + 1)

ho ==+

hs =

and

Ji = (sing)n_

IS
/~
Q
o
w0
N |
N—
|
3
|
o
™
I
/~
w0
=
B
N D
—
|
3
|
o
/~
Q
]
0
O |
N—
3
|
i
—
ot
Ne)
S~—

Moreover, the eigenspinors ¥ are singular at r = ,/%, r1x9—plane and x3xys—plane.

Proof Using the homotopic transformation of dependent variable
3\ 3 N—l_i o Lpd
Uy = (x—§) (2 —1)73 712z + 1) Ty (5.10)

and the transformation of independent variable

4022
x y>1

YS9z r1)y Y

we reduce (5.7) to

u(y) + Tu (y) + Mu(y) =0, (5.11)
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where

I=6y(y —1)(10 - 9y)(3\/y + 2/10 — 9y),
I = (60 4 1801)\/y — 60/10 — 9y + (263 + 27i)1/10 — 9yy + (—180 — 27i)1/10 — 9yy>
+ (237 — 342i)1/10 — 9yy? + (—270 + 162i)y3,
I, = 300(64 — 57i),/y + 100(59 — 271)/10 — 9y + 90(—91 + 31),/10 — 9yy

+1350(—25 + 21i)y® + 648(4 + 31)y/10 — 9yy° + 243(61 — 48i)y*.
Now we seek the solutions of (5.11) which have the following form
u=w; + s(y)ws (5.12)
with
o 1
wy =y F(0z71+0<—7;1+0<+ﬁ—7;1——)
Y

and

1
wQ:y_(o“”)F(oH—1,1+o¢—’y;2—|—0¢—|—ﬁ—’y;1—;),

where a, 8 and v are complex number to be determined in the following.

By (A.3), we know that w satisfies

Dy —
w'll—l—(a—i_ﬁ—’— v T+ ap wy =0, (5.13)

y(y — 1) Yoyly—1)

and woy satisfies

+8+3)—(vy+1) a+B+aB+1
w4+ (L wh + (EEE AT )y, = 0. 5.14
o y(y—1) i+ ( y(y—1) ) (514
By (A.4), we get
d af
— W] = ——————————W2. 5.15
dyw1 1+a+6—7w2 (5.15)
Substituting (5.15) into (5.13), we obtain
yy—1) d (a+B+1Ly—~
= . 5.16
! 1+a+6—7dyw2 l+a+p—7v . (5.16)
Substituting (5.12) into (5.11), and using (5.15) and (5.16), we obtain
v, 1 ’ af y(y — 1)gq ’
(9 _
w2—|—s(s—|—ps l+a+p5—7v 1+a+ﬁ—7)w2
17 / af (O‘+ﬁ+1)y_'7 -
—i—s(s +p(s 1+a+ﬁ_7)+q(s+ I — ))w2 =0. (5.17)
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Since wy satisfies (5.14) and (5.17), we obtain

, (a+B+3)—(y+1) af yy—1lg
29+ (r - y(y—1) )S_l—i—a—i-ﬁ—v ThatB—7 0 (5.18)
and
i ’ at+f+af+1 (a+B8+1)y—vy ap _
s +ps+(q— yly — 1) ) l+a+p8-—7v q_1—|—04+ﬁ—'7p_0' (5.19)

Therefore, we obtain

1 My
_ My 5.20
5() l+a+8—vM (5.20)
where
aBI atB+1)y—1 d [ yly=1I
iy 2(28h — (appdtlu-nile) | d (uee ) +}( yly — 1)1y —aﬁ)
1= 11 (a4B+3)y—(r+1) 2\24(10 — 9y)I ’
I y(y—1)
2(gra2 _ a6+a+6+1) — 4 w)
M, — 24(10-9y) 1 y(y—1) dy\ T y(y—1)
2T L (atB+3)y—(3+1)
I y(y—1)
L (@+B+3)y—(v+1)
21 2y(y — 1) '
Substituting (5.20) into (5.18), with the help of Mathematica, we find that
1 i 1 i 1
- _-_ =4 = . 5.21
a=—c-p B=3+3 1=3 (5.21)
Substituting (5.21) into (5.20), we obtain
1-—3i
s(y) = 16 (VY10 — 9y +y). (5.22)
Thus, we obtain, for r > % or x > %,
3\ N 1 i1 i 24a2-9
U= ((2-3) @o-0 A ) (P(- g - 15 75 507 )
1 3i 3 5 i1 i 5 422 -9
LSy Bypd L s ey 523
g w2 G135 75 0 (5.28)

and

Finally, we obtain

/QB —Larctan 2z
@j: = c’ Uj:.

VI+a(z - %)%(x—i— %)é(4x2 + 1)1
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(5.9) for J1(#) can be derived from (3.9).

Since h; is singular at r = />, we find that ®_ is singular at r = %. On the other

hand, the polar coordinate {r, 0, ¢,1} could be transfer to Cartesian coordinate {x1, z2, x3, x4}

by, cf. [17],
x —rcosgcosw+¢ T —rcosgsindH—(b
e 2 2 ' P 2 2
$3=TSiHQCOS¢_¢ u:rsingsin _(b.
2 2 2 2

It is straightforward that
0 .0
cos§:O<:)x1:x2:O, s1n§:O<:)x3:x4:0.

So J1(0) are singular at zyx2—plane and zsz4—plane. Thus the proof of the theorem is com-

plete. Q.E.D.

A Hypergeometric Function

In this appendix, we provide a short introduction to hypergeometric function (cf. [12] for

details). The hypergeometric function is defined as

Pl g = IR <, (A1)

where «, 3, v are arbitrary complex number and - is neither zero nor a negative integer, (, )

is the Pochhammer symbol. Such a series in (A.1) are absolutely convergent if
Ry —a—-5)>0

and F satisfies the following hypergeometric equation

a+p+1l)z—7v , af

R u'(z) + mu(z) =0. (A.2)

u/I(Z)—"_ (

There are 24 different hypergeometric functions solving (A.2) with different domain of con-

vergence respectively. For example, if v — a — 8 is not integer, (A.2) has a solution

. (A.3)

N —

1
u:z_o‘F(a,l—i-a—v;l—i—a—i—B—'y;l——), R(z) >
z

The following proposition is not found in some references, and we provide the proof here.
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Proposition A.1 Denote w = z_o‘F(a, By, 1 — %) Then w satisfies

d _ O‘(’Y_ﬁ) —(a+1) . . 1
o= R (o LBy 11 - ), (Ad)

Proof Since [12],

d af
—F(a, B;7;2) = —F 1 Ly+1;
Gl firz) = ——Flat+l,f+1Liy+1;2),

1 1
éF(oz—Fl,ﬁ—l—l;’y—Fl;l——) :LF(Q—I—I,B;W;I——)
z z z—1 z

1
i F(Oé,ﬁ,’}/,l——),
1 z

P
—(V_B)W(Z_l)F(a—kl,B;'y—i-l;l—%) A C R %)
—F(a—l—l,ﬁ;'y;l—%),
we obtain
dizw: —ﬁ(wF(a,ﬁ;v;l— %) —gF(a—i-l,ﬁ-i-l;v—i—l;l— %))
S S I )
= —Mz_(aH)F(oz—l— 1L,By+1;1— 1)
vy z

Thus the proof of the proposition is complete.
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