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CONSTRUCTION OF UNITONS VIA
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Abstract

A purely algebraic algorithm for constructing unitons is presented. It is shown that all
unitons can be constructed by using this algorithm.
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¢1. Introduction

Harmonic maps from R? (or its simply connected region ) to U(N) are considered
extensively. The conception of unitons are introduced by K. Uhlenbeck!”). There are a
series of papers289 devoted to the construction of unitons. In our paper the Darboux
transformation has been used to construct harmonic maps and unitons via purely algebraic
algorithm. Here the purely algebraic algorithm contains operations in linear algebra only,
and no other operations such as differentiation and integral transformation are involved.

However, the formula for unitons in the previous paper!¥ is too complicated, hence it
is not convenient for applications. Further, it has not been proved that the construction
exhausts all unitons. In the present paper we use a kind of renormalization procedure to get
a purely algebraic formula for unitons which is much easier to be worked out and it is proved
that all the unitons can be obtained by using this formula, starting with single unitons which
have been constructed explicitly in [7]. It is noted that we keep our notations in previous
papers*=6. There are differences in notations in comparison with [7] and related papers,
in particular, the order of multiplication of matrices in the Lax equations etc. is reversed.
For simplicity, we state the results for harmonic map from R? instead of simply-connected
region 2 C R?, although they hold true for  as well as for R?.

In §2 a brief review of fundamental facts is given. In §3 we use Darboux transformation
to establish a purely algebraic formula for unitons. In §4 we prove that all unitons can be
obtained by using the formula successively.
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§2. Harmonic Maps to U(IV) and Darboux Transformations
Let ¢, ¢ be complex coordinates of R?, i.e.
1 ) = 1 .
(=3@+iy), (=3@—iy) (21)
with
0 o .0

0 0 0
= - = ;= — = — 4. 2.2
o¢ " ox oy ac ox oy (22)
Consider a C*®-map ¢ : R? — U(N). Define

_9¢

A= a—gqb_l =¢c¢", B=¢co . (2.3)
Then A and B satisfy
A —B;+[A,B] =0 (2.4)
A*+ B =0.

Moreover, if A and B satisfy
AC + Bé =0, (26)

then ¢ is called harmonic maps from R? to U(N). Note that (2.4) is the integrability
condition of (2.3) which is considered as a linear system of equations for ¢. (2.5) implies

¢ € U(N) if it holds at a fixed point, say ¢ = ¢ = 0.
The Lax pair of harmonic maps from R? to U(N) is

1—u 1
<I>5:TA<I>, O =

! _2“_ BO. (2.7)

The integrability conditions of (2.7) are (2.4) and (2.5). A solution ®(u)(p # 0) with
det ® # 0 is called extended harmonic map. In particular ®(—1) = ¢-constant matrix, and
¢ is a harmonic map to U(N).

Darboux transformation is a constructive method for obtaining new extended harmonic
maps (and hence new harmonic maps) from a known extended harmonic map via purely
algebraic algorithm. We sketch it as follows.

Let ®(u) be an extended harmonic map and € be a complex number (e # 0, |¢] # 1), Ly
and Ls be N x k and N x (N — k) constant matrices respectively such that

H = [®(e)Ly, (e ")Ls] (2.8)
is nondegenerated and
(®(e 1) Ly)*®(e) Ly = 0. (2.9)

It is shown in [4] that if (2.8) and (2.9) hold at a point of R?, then they hold everywhere.
Let

1—e¢ 1—¢et
=, W= (2.10)
A =diag(wy, - ,wijwa, -+ ,wa) (with k wi’s and N — k wy’s), (2.11)
S=HA'H (2.12)

We proved that

B1(u) = (I - 1;”5) () (2.13)
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is a new extended harmonic map. The transformation ®(u) — ®1(p) is called Darboux
transformation and D = I — 525 Darboux matrix. In [4] we defined

0 0
0 In—g

and (2.13) can be written as

Oy (n) = (7 + mL)@(u)Q - 11_;;1) (r - ((16_61))((16_55)) (2.15)

ﬁ:H[ }H‘l, wl:I—WZH[I’“ O}H‘l (2.14)

0 0

We proved that

=g, 7 =mn, (2.16)

g = —wiTA + wr AT + (w1 —wo)TAT, me = Br —wenB + (wg —w1)mBr.  (2.17)

(2.17) appeared firstly in [7] and it is the differential equation for the Bécklund trans-
formation for harmonic maps from R? to U(N). In [4] it is proved that the Hermitian
projection 7 defined by (2.14) is an explicit solution to the equations (2.17).

Remark 2.1. It is easily seen that (2.17) is completely integrable and 7 is determined
by its value at a given point. Thus (2.14) exhausts all solutions of (2.17).

Remark 2.2. Let S’ = (wy "7+ + wi 7). we have

1—p

(I=ASYI=AS) = (1= MNwy ' +wy )+ Nw oy DI, A= —

Hence I — AS’ provides the inverse of the Darboux transformation (2.13) and 7+, 7 can
be constructed from ®;(u) via the formulas similar to (2.14), Thus we conclude that the
inverse of a Darboux transformation (2.13) for harmonic maps from R? to U(IV) is a Darboux
transformation too.

An extended harmonic map ®(u) satisfying

(@) eW)=1I (b) (1) =€ UW);
© @)= X T (@) o) =1

is called extended uniton and ¢ is called uniton (see [7]). It is known that a single extended
uniton has expression

(2.18)

O(p) =7+ prt. (2.19)
Here 7 is Hermitian projection to k planes of C*V which constitute an antiholomophic section
of the trivial boundle Gy (N) x R
It is also known!” that

D1 () = (7 + pr) D () (2.20)
is an extended uniton iff 7 satisfies
2mz + mA)mt =0, 7 AT =0 (2.21)

provided that ®(u) is an extended uniton. (2.21) is the limit of (2.17) as ¢ — 0. The
transformation (2.20) ®(u) — ®;(u) is also called flag transformation!®.

§3. Algebraic Construction of Flag Transformations

Let ®(u) be an extended uniton. We construct its Darboux transformation (2.13). Instead
of (2.15) and (2.8) we use the notation

@) = (re+ ey o(0) (1 7—24) (3.1)

H. = [®(e)Ly, ®(e ) Ly). (3.2)
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Here 7, is defined by (2.14) with H = H.. Without loss of generality we assume that
[L1,L2] € U(N) and ¥(e)L; is of rank k everywhere. We also have

Li®(e 1) *®(e)Ly = 0. (3.3)
We can calculate H! explicitly

1 Ci(e)Li®(e)*
H; —{ CQEE)L;I)(E_l)* : (3.4)

where C(e) and Cy(e) are k x k and (N — k) x (N — k) matrices defined by
Ci(e)Li®(e)*®(€)Ly = I, Coe)Li®(e ) ®(e MLy = In_p (3.5)
respectively. Then

7. = H, {0 0 } H' = ®(e 1) LyCy(e) L3P ()",
0 In_g
Tt = H, [% 8] H7' = ®(e)L1Cy(e) L D(e)*. (3.6)
The Darboux matrix is
=—1
_ 1y (B €
De = (me +reme) <1 — 6_1> (3.7)
with
e 1)y —
_E=bw=9 (= p as e—0). (3.8)

Te = 70—~ - v
(=) —1)
Consider the limit of 71 (resp. 7.) as € — 0. At first we see that the k columns of ® ()L,
are invariant vectors of 7. In fact
72 ®(e) Ly = ®(e)L1Cy (€)LD (e)*®(e) Ly = D(e) L. (3.9)
Denote the image of 71 which are spanned by the k columns of ®(¢)L; by Pj(€).
The expansion of ®(€)L; as a polynomial of € is denoted by

d(e)L1 = X% = X + X% + - + X0, (3.10)
where X§,---, X% are N x k matrices. Choose some columns of X° to constitute a matrix
X'=X 4+ Xlet 4 XLen (3.11)

such that X{ consists of linearly independent columns of X§ and all other columns of X
are linear combinations of them.

The other column of X©, after subtracting suitable linear combinations of the columns of
X1 from them, constitute a matrix of the form

21 21 ozl
eX =e(Xg+Xe+--1). (3.12)
Let

X' = [Xl,X'l]. (3.13)
X1 is of rank k and its columns span the plane Py (¢) too. Using the same transformations
as XY to X! successively, we obtain a series of matrices
X2=X2+ Xie+ -+ X2, X3=X3+ X3et -+ X3,
Finally, we obtain a matrix
X=Xo+ Xie+ -+ X,€e" (3.14)

such that X is of rank k and the columns of X span Pj(e). Evidently, the columns of X
span a plane Py which is the limit of Py (e) as € — 0. Consequently,

T = Xo(X§Xo) Tt X] (3.15)
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is the limit of 7, hence 7 = I — 7 is the limit of m. and (2.21) is satisfied by 7. We have
Theorem 3.1 The algebraic formula

™ = Xo(X3Xo) ' Xy, m=1I—n" (3.16)

gives a solution to (2.21) and ®(u) = (7 + punt)®(u) is an extended uniton.

Remark 3.1. The procedure to obtain 7+ and 7 from ®(e)L; (or ®(¢71)Ls) is purely
algebraic. In order to obtain ®;(u) we use ®(u) only, i.e., in the algorithm, we do not need
A, B or the differential of ®(u).

Remark 3.2. As € — 0, Ci(€)(or C3(e)) may not have a regular limit, while the limit of

(or ) exists. The procedure to obtain X from ®(e)L; is a kind of renormalization.
Remark 3.3. By using (3.14) we have 72 = X(X*X)"1X*. As ¢ — 0, X approaches
to Xo and X is of rank k. Hence ij approaches to wé.

L

Te

§4. Construction of all Unitons

In this section we prove the following theorem

Theorem 4.1. All unitons can be constructed from single unitons via purely algebraic
algorithm.

We need following lemmas

Lemma 4.1. Let ®(u) be a polynomial of u of degree n, valued in GL(N,C). If ®(u)
satisfies (i) ®(1) =1, (ii) ®(u)*®(a~ ') =1 (u # 0), then

() = (m1 + pri) - (7 + py), (4.1)
where Ty, , 7, are Hermitian projections and wi,--- , - their complementary.
Proof. For n = 1, it is proved in [7]. For general n, it can be proved by induction
a=n-+1
as follows. Suppose that Lemma 4.1 holds for n. Let ®(u) = T, u® satisfy (i), (ii).
=0

We assume Ty # 0,741 # 0, otherwise, the conclusion follows im;nediately. We note that
det @ () # 0 for p # 0. In fact, if det ®(uo) = 0 (1o # 0), then ®(uo)*®(fig ') = I is impos-

sible. Thus det ®(p) = 0 iff 4 = 0. Hence det Ty = 0. Let P be the kernel of Ty and 73,4

1L f
ﬂ-n-‘rl) 1S

be the Hermitian projection on P. Then Tym;-,; = 0 and B(p) = O(p)(mpyr + p~
a polynomial of degree n. Evidently, ®(u) satisfies (i), (i) and ®(p1) = ®(u)(mpt1 + pmi )
Hence ®(y) admits a factorization with (n + 1) factors, since the factorization of ®(y) holds
from the hypothesis of induction.

Remark 4.1. Lemma 4.1 is an algebraic proposition, since we do not assume that ®(u)
to be an extended uniton. For extended unitons, the factorization is established in [7].

Lemma 4.2. If ®(u) is an extended uniton of degree n, then there exists an Hermitian
projection 7, such that

D1(1) = (7 + ) (1) (4.2)
is an extended uniton whose degree is at most n.
Proof. By Lemma 4.1, we have
() = To+ Tap+ -+ + Top™ = (w1 + pri) - (7 + py). (4.3)
Hence
To=m1""Tp, Tn:ﬂfu-ﬂ'i. (4.4)

Let rank Ty = k and take [Lg, L1] € U(N) such that rank(TyL;) = k. Hence rank®(0)L; =
k. From the definition of C(€), we see that lir% C(e) = C(0) is a regular matrix
e—

C(0) = (LT3 ToLy)~" (4.5)
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and hence
7t = ToL1C1(0) LTy (4.6)
On the other hand,
7 T, = ToL C(0) LT Ty, = To Ly C(0)Lims - - - wimy - -k = 0. (4.7)

The degree of ®; (1) cannot greater than n.

Lemma 4.3. If ®(u) is an extended uniton of degree n (n > 1), then there exists an
Hermitian projection o such that

O(p) = (0 + po™) @1 (1) (4.8)
and ®_1(p) is an extended uniton of degree < n — 1.
Proof.
1
() = (o + ;aL)@m). (4.9)
By calculations it is seen that ®_;(u) is an extended uniton iff o satisfies
ot Ao — 20J‘05 =0, ocAct=0. (4.10)

It is easily verified that if 7 is a solution to (2.21), then 0 = 7+ (0% = 7) is a solution

to (4.10). Hence ®_y(u) = (7 + %77)@(/1) is an extended uniton. We take the Hermitian
projection 7 of Lemma 4.2, then

D1 (p) = (m+ pr)® = (w4 prt ) (7 + pm) @1 (1) = p®-1 ().
Hence the degree of ®_1 () is less than n.

Thus, by using the procedure of Lemma 4.3, any given extended uniton can be reduced to
an extended uniton of lower degree via purely algebraic algorithm. Continuing the algorithm
successively, we will reach a single uniton. From Remark 2.1 it can be seen that 7, 7 can
be constructed from ®_;(u) by the algebraic algorithm in Section 5. Hence starting from
single unitons we can obtain all unitons via purely algebraic algorithm. The proof of the
theorem 4.1 is completed.

The study of U(N) unitons has been generalized to compact symmetric spaces!]. Tt is
interesting to find an algebraic algorithm for obtaining these unitons. The method of this
paper has been already extended to the study of unitons of the noncompact group U(p, q)

(see [3]).
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