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ON THE CONVERGENCE OF THE PARABOLIC

APPROXIMATION OF A CONSERVATION
LAW IN SEVERAL SPACE DIMENSIONS

T. GALLOUET* F. HUBERT*

Abstract

The authors give a proof of the convergence of the solution of the parabolic approximation
u§ + divf(z,t,u®) = eAu® towards the entropic solution of the scalar conservation law u; +
divf(x,t,u) = 0 in several space dimensions. For any initial condition up € L>(R¥) and for a

p

large class of flux f, they also prove the strong converge in any L;_
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§1. Introduction

space, using the notion of
entropy process solution, which is a generalization of the measure-valued solutions of DiPerna.

We give a proof of the strong convergence in Lf, ,p < oo of the solution of the parabolic

approximation
u§ +divf(z,t,u’) = cAu®, 2 € RN, t >0,
uf (x,0) = u§(z), € RY
towards the entropic solution to the scalar conservation law
u + divf(z,t,u) =0, z € RV, ¢ >0,
u(z,0) = ug(z), = € RY,
where uy € L= (RY), ug denotes some approximation of ug such that

[ugllL~ < M,
u§ — ug strongly in L (RN);

loc

and the flux f satisfies
f € CHRYN x Rt x R),
div, f(z,t,5) =0, VY(z,t,5) € RY x Rt xR,
9 ¢ WL (RN x Rt x R).

loc

(1.5)

(1.6)

The convergence of the approximate solutions (u¢) of (1.1),(1.2) towards the entropic solution
u of the hyperbolic equation with initial condition (1.3),(1.4) has been studied in several
way. In 1970, Kruzkov!® gave a proof of the convergence using the L} -compactness of the
approximate solutions (see also [9]). Our proof follows ideas of Tartar[''] and DiPernal?l.
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For any uniformly bounded initial data ug € L>(R") ([[ugl|pe@yy < M), it is classical
to see that the parabolic approximation (1.1), (1.2) admits a smooth solution, at least
C*(RN x (0,+00)), which is uniformly bounded : [[uf]| 0 ®xy xr+) < M (see [8, 10]).

Thanks to this L> estimate, as in Tartar’s work, one can construct a Young measure as
the limit of a sequence of approximate solutions (uf) : for all g € CO(RY x R* x R) and for
all ¢ : RN x [0,00) — R compactly supported, ¢ € L1 (RN x [0, 00)),

/ -/RN (z,t,uf(x,t)) @ xtdx—>/ /]RN (x, 8, A), Vet (N)) (2, ) da. (1.7)

This result is well-known for continuous functions on R (g does not depend on (x,t) €
RY x R*) and has been generalized to functions in C°(RY x R* x R) in the work of [1] by
using “process functions”, which were introduced by Eymard-Gallouét-Herbin in [3].

Theorem 1.1. Let (uy)nen be bounded in L (RN x RY), there ewists a function p €
L>®[RN x Rt x (0,1)) and a subsequence, still denoted by (u,), such that u, converges
towards p in a “nonlinear weak-x sense” as n — oo, that is for any g € C°(R x RT x RY),
and for any ¢ € L*(RY x RY) compactly supported

[ [ owttmetw i [ [ [ e tneio)swnada o

We call the function p “process function”.
Remarks.

(i) To each “process function” p can be associated a Young measure family v, ; which
satisfies (1.7) and such that

1
/0 9@t 1,1, 0)) do = (Ve (N), g1, N)) ace.(a,2). (1.9)

(ii) Conversely, to each Young measure family v, ,, associated to a bounded sequence
(un), we can associate a “process function” which verifies (1.9).

(iii) Let u be in L>°(RY x RT). We suppose that “u,, — pu 7 and so that “u,, — vy ,”,
then u, in L} & p(x,t, o) = u(z,t) ae (z,t,a) S vey =0y ae. (z,t).

Tartar!'!l shows, using compensated compactness, that in one space dimension, the Young
measure v, ; is supported in an interval on which f is affine, if uj converges weakly to ug in
Llloc'

In the next section, we prove that if u§ converge strongly towards wug, then for all lux f
satisfying (1.6), vy + is a Dirac measure at the point u(z,t) for a.e. (z,t) and by the way
the familly u® converges towards u, the unique entropic solution of the hyperbolic problem
(1.3), (1.4).

For that, we prove that a “process function” u associated to the familly (u®) is an “entropy
process solution” of the hyperbolic problem (1.3), (1.4) (see [1, 3])

Definition 1.1. A function u € L®(RN x Rt x (0,1),R) is called “entropy process
solution” of the hyperbolic problem (1.3),(1.4) if, for all ¢ € CL(RN x R, RY), and for all
Kk €R,

/ / / M (p(z, t, ) (x,t) + gz, t, p(x, t, @) Vo(z, t)] da de dt
r+ JrRY Jo
+ [ wfa)ele.0)do > 0
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where

() =l p—r| and qu(z,t,p) = (f(z,t,nTk) = f(2,t, plr)), (1.10)
with aTb = max(a,b) and aLb = min(a,b).
We can check that the Young measure associated to an “entropy process solution” is a
“measure valued solution” of the hyperbolic equation (1.3) in the sense of DiPernal?l which
satisfies the initial condition in the sense:

lim / / (Vet(N), X — ug(x)|)dzdt = 0, for all compact K C RY. (1.11)
0o JK

7—0
To conclude, we use a generalization of the theorem of uniqueness of measure valued solutions
of DiPerna.

Theorem 1.2. If i is an “entropy process solution” of the hyperbolic equation with initial
condition (1.3), (1.4), then u(x,t,a) = u(z,t) for almost every (z,t,a) € RN x RT x (0, 1),
where u denotes the unique entropic solution of (1.3), (1.4).

This result, first proved in [3] and then extended in [1,4,5], enables us to deduce that the
parabolic approximation (1.1), (1.2) converges towards the entropic solution of (1.3), (1.4).

P _space for p < co.

This convergence is, moreover, strong in each Lj__

§2. Convergence of the Parabolic Approximation
towards the Entropic Solution of the Conservation Law

2.1. Convergence towards the “Entropy Process Solution”

Theorem 2.1. Under Assumptions (1.5), (1.6), the solution u® of the parabolic approz-
imation (1.1), (1.2) converges in the “nonlinear weak-x sense” towards an “entropy process
solution” of the hyperbolic problem (1.3), (1.4).

Sketch of Proof. Under Assumptions (1.5), (1.6), the problem (1.1), (1.2) has a smooth
bounded solution u® € L*®(RY x (0,+00)) N C2(RY x (0,+00)) such that [[uf]l. < M.
Moreover, we can derive an energy estimate : for any compact set K of R x [0, +00) ,

s/ |Vus |2 dz dt < C, (2.1)
K

where C' only depends on K and on M.
We can then easily check that for any function ¢ € CH(RY x [0, +00),R*) and for any
constant k € R,

/OO/ Ne(u®) o + gz, t,u%) Vo da dt —I—/ N (ug(2)) (z,0) dz > £(e), (2.2)
0 RN RN

where 7,, and ¢, are defined by (1.10) and

£(e) = 5/ / sgn (u® —k)Vwdt -0 as € — 0.
o Jr¥

Therefore

N

€@ <VE Vel [ /| w&ﬁdwdtrmes(m ,

where K denotes the support of ¢.
If (u.) converges (as e — 0) in the “nonlinear weak-* sense” towards p, we then deduce,
passing to the limit in Equation (2.2) and using the fact that u§ converges strongly in



10 CHIN. ANN. OF MATH. Vol.20 Ser.B

Ll (RN towards ug, that for any function ¢ € L'(RY x RT) and any x € R,
1
[ [ inlutenta)) eutw0) + aute.to o, t.) Vit 0] dadads
R+ JRY Jo

—|—/ 1k (u’(2)) o(z,0) dr > 0. (2.3)
RN

Hence, u® converges in the “nonlinear weak-x sense” towards an “entropy process solution”
of the hyperbolic problem (1.3), (1.4).

2.2. Convergence to the Entropic Solution

Theorem 2.2. Let ug € L¥(RY), and assume (1.5), (1.6). The solution u® of the
parabolic approzimation (1.1), (1.2) converges strongly in LY (RN x R*) for all p < oo
towards the entropic solution of the problem (1.3), (1.4).

Proof of Theorem 2.2. The uniqueness of the “entropy process solution” proved in
[1,3] ensures the convergence in the “nonlinear weak-x sense” of u® towards an “entropy
process solution” p of the hyperbolic problem (1.3),(1.4) and this entropy process solution
is given by the entropic solution u (u(z,t,a) = u(z,t) a.e.) of the hyperbolic problem (1.3),
(1.4). The strong convergence remains to be proved. So, if K denotes any compact set of
RY x R*, using the nonlinear weak-x convergence of u® towards u for g(s) = s2, we check
that u® — u weakly in L*(K) and [Ju®||z2(x) = ||l L2 (k)

We immediately conclude that u¢ strongly converges towards u in L?(K) for any compact
set K of RV x R* . As the family (u®) is bounded in L*°(K) (for any K), we deduce that
the convergence is strong in all L? | p < co.

Remarks. (i) For an initial condition ug € BV(RY), and u§ = ug a.e., Kuznetsov!” got
some estimate of the error u® — u in the space L°°(0,T; L*(RY)),

lu® = u(, )l prny < Clluoll gy eny) Vie.

(ii) For an initial data ug € L°°(RY), we can also obtain an estimate in the space
L>=(0,T; L, . (RY)), see the proof of [4,5].
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