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(1.2) INVERSES OF OPERATORS
BETWEEN BANACH SPACES AND
LOCAL CONJUGACY THEOREM**

MA Jpu*

Abstract

Let E and F be Banach spaces and f non-linear C! map from E into F. The main result is
Theorem 2.2, in which a connection between local conjugacy problem of f at x¢g € E and a local
fine property of f’(z) at xo(see the Definition 1.1 in this paper) are obtained. This theorem
includes as special cases the two known theorems: the finite rank theorem and Berger’s Theorem
for non-linear Fredholm operators. Moreover, the theorem gives rise the further results for some
non-linear semi-Fredholm maps and for all non-linear semi-Fredholm maps when E and F are
Hilbert spaces. Thus Theorem 2.2 not only just unifies the above known theorems but also
really generalizes them.
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§1. (1.2) Inverse and Local Fine
Property of a Family of Operators T,

Let E and F be both Banach spaces, and B(FE, F') the set of all bounded linear operators
from E into F. An operator T € B(F, E) is said to be a (1.2) inverse of T if TTTT =T
and TTTT* = T+. If T satisfies only the first condition, then T is said to be an inner
inverse of T. For any T' € B(F, F) with an inner inverse T+ € B(F, E), we have

(i) TTT,TT* are bounded projectors with the properties that R(TT*) = R(T) and
R(Ig —T*T)= N(T).

(ii) £ and F have the direct sum decompositions as follows: E = N(T)+R(T*T) and
F = R(T)+R(Ir —TT™) respectively, where R(-) and N(-) denote the range and null space
of operator in the parenthesis and Ir denotes identity in F'(see, e.g. [1]).

Throughout the paper we suppose that X is a topological space and T,, : « — B(E, F) is
continuous. Now we introduce an interesting conception for 7T, as follows:

Definition 1.1. By saying that T, is locally fine at x¢o € X, we mean that Ty = T, has
a (1.2) inverse Ty € B(F, E) and there exists a neighborhood Uy at wg such that

R(T,) N R(Ir — Ty Ty ) = {0}, Vax € U,. (1.1)
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Example 1.1. Suppose that f : U C E — F is a non-linear C' Fredholm map. If for
some xg € U, there is a neighborhood Uy at zg such that either dim N(f'(x)) or codim
R(f'(x)) is constant in Up, then f’(x) is locally fine at 9. Hereafter U is an open set in E.

Example 1.2. Suppose f : U C E — F is C'. If for some o € U, there exists a
neighborhood Uy at z¢ such that dim R(f'(x)) =finite constant, Vo € Uy, then f'(z) is
locally fine at xg.

Example 1.3. Suppose that F and F' are Hilbert spaces and, f: U C E — F is semi-
Fredholm map. If for some xy € U, there is a neighborhood Uy at zy such that either dim
N(f'(z)) or codim R(f'(x)) is finite constant, Vz € Uy, then f/(z) is locally fine at x.

Example 1.4. Suppose that f: U C E — F is C' semi-Fredholm map. If for some
xo € U, f'(x0) has a (1.2) inverse and, there is a neighborhood Uj at xy such that either
dim N(f'(z)) or codim R(f’(x)) is finite constant, Vz € Up, then f'(x) is locally fine at x.

In order to show the examples above, we need Lemma 1.1 below, which extends Lemma
3 in [2] to Banach spaces. For short, in what follows, write Ny, Ry for N(Tp), R(1p), respec-
tively.

Lemma 1.1. Suppose that Ty € B(E,F) has an inner inverse T,7 € B(F,E) and,
N :B(E,F)— B(E, Ry x Ny) is defined by

(AT = (0T Ta, (Ip - T To)x), Va € E,
then we have

(i) A is continuous,

(ii) there exists a neighborhood Vi at Ty such that
R(TyT; T) = Ry, (/\T) € B*(E, Ry x N), (1.2)

N(TyTy T) = /\T (0, No), VT € Vg, (1.3)

where B*(E, Ry X Np) denotes the set of all invertible operators in B(E, Ry X Ng).
Proof. (i) By the definition of A, for each z in E, (A(T — S))z = (ToTy (T — S)z,0)
for arbitrary T and S € B(E, F). Then, obviously, || A(T — 5)|| < |ToTy |IT — SJ|, and so
(i) follows.
(ii) First to show A\ Tp € B*(E, Ry x Ny). To this end, we will prove that N(A Tp) = {0}
and A Tp is surjective. We see that if
0= (/\TO)J; = (ToTy Tox, (Ig — Ty To)x) = (Tox, (Ig — Ty To)x),

then x € Ny and (I — T, Tp)z = 0, so that = 0. This proves N (A Tp) = {0}.
For each (x,y) € Ry x Ny, taking u = T, x + y, we see that
(/\To)u = (LT To(T e +y), (e — Ty To)y) = (ToTy z,y) = (z,y),
e., NTp is surjective. Thus, we have (ATy) € B*(E, Ry x No) and (ATp) (z,y) =
TJQ: +y.
Next we show (ii). Let My = Max(1, ||T;"||). Then it is evident that

{T:|T-(A\T)|| < My'} € B*(E, Ry x No)
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(note [|(A To) 71| < Mp). Set
Vo ={T € B(E,F): ||IT - To|| < (Mo||ToT5f[])~"}-
We will show that Vj is the required neighborhood in (ii). Because
IAT = ATol| < 1T INT - Toll < Mgt

for any T € Vg, we conclude AT € B*(E, Ry X Ny) for any T € V. Given T € Vjp, by
taking u = (A T)~!(x,0) for each x € Ry, it yields that (A T)u = (z,0), and so R(To T, T) =
Ry, VT € V. Given T € V, for each z € (AT) (0, Ny), obviously,

(N\T)z = (LT3 Tz, (Ig — ToT )z) € (0, No).

Therefore x € N(ToT,"T), VT € Vp, i.e., the right hand side of (1.3) contains the left one.
On the other hand, given T € Vj, for each z € N(ToT, T),

(A\T)z = (0,Ip — ToTy")z) € (0, Np).
This shows the converse inclusion. Thus we obtain (1.3).

The proof of Lemma 1.1 is completed.

In what follows, for short, write T, N,, and R, for f'(z), N(f'(z)) and R(f'(z)), respec-
tively.

Now we return to show the examples above.

Proof of Example 1.1. By the assumption of this example, dim N, and codim R, are
both finite for all x € U. Therefore, E and F have the following direct sum decompositions
E = N,+N; and F = R,+R,,Vx € U. Clearly, Ty|n- + N — Ry is onto and one-to-one,
which gives rise a (1.2) inverse T, of T}, as follows .

T.IN;)™Y, he€R,,
=G R
(see [1] for details). Thus, by Lemma 1.1, there is a neighborhood at zy contained in Uy,
without loss of generality, still written as Uy, in which (1.2) and (1.3) are satisfied.

If dim N, = dimNy < oo, Vo € Uy, then it follows from (1.3) and N(ToTyT,) D N,
that N(TpT, T,) = N,. Note that N(ToT, T) = N, + {u € E : T,[u] € Ry}, where
[u] € E/N, Ty[u] = Tpu and Ry = R(Ip — TyTy ), we conclude R, N Ry = {0}.

If codim R, = codimRy < oo, Vx € Uy, then, since R(TOTJTI) = Ry, we see that

F =Ry+Ry; = R, + Ry = R, +R,
where R satisfies Ry = R+(R, N R, ). If Ry N R, 2 {0}, it could lead to the conclusion
that codim R, = dimR < dimR, = codimR,, a contradition. Hence R; N R, = {0} and
this shows Example 1.1.

Proof of Example 1.2. Suppose dim R, = dim Ry < oo, Vz € Up. It is easy to
see that in this case, both of codim N, and dim R, are finite. Therefore E and F' can be
decomposed into the next direct sums £ = N,+N, and F = R,+R .

Thus, by virtue of the proof of Example 1.1, there is a neighborhood at xg, still written
as Up in which (1.2) holds. So we have F = Ro+R; = R, + Ry = R+R;, where R, =
R+(R, N Ry ). It yields that R, N Ry = {0}. Thus Example 1.2 is proved.

Proof of Example 1.3. In view of the fact that each of semi-Fredholm operators in
Hilbert space possesses M. P. generalized inverse, which is also a (1.2) inverse, we can follow
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Example 1.1 to complete the proof.
Proof of Example 1.4. Since the existence of T, 0+ is assumed there, the proof is entirely
similar to that in Example 1.3.

§2. Local Linearzation Theorem

We first prove the next Lemma 2.1 and Theorem 2.1, which will be needed in the sequel.

Lemma 2.1. If T, satisfies that R, = Ry,Vx € X and Ty = T, possesses an inner
inverse Tg’ € B(F,E), then there exists a neighborhood Uy at x¢ and a family of bounded
projectors P, with R(P,) = N,V € Uy, such that lim P, = (Ig — TJ‘TO).

Tr—rT0o
Proof. Let Uy = {z € X : | T, — To|| < ||T;,7]|7t}. Obviously, Uy is an open set in
X by the continuity of 7T,. Noting that TQTOJFTQC = T, in the case R, = Ry, we see that
T, = To(Ig — T, (Ty — Ty)),Va € Up. Thus we get

N, = (Ig — Ty (To — T)) "' No, Yz € Up. (2.1)

Put S, = (Ip — T (To — T)) " YUp — Ty To), Sa = (Iz — Ty To)Ip — T (To — Th)).
Clearly, S, and §; are both in B(F) and depend continuously on z. It is also clear that
P, = 8,5, is projector in B (E) and depends continuously on z. It follows from (2.1) that
R(Szg) = N.. So P, is the required. The proof is completed.

Theorem 2.1. If T, is locally fine at xg € X, then there exist a neighborhood Uy at x¢
and a family of bounded projectors P, with R(P,) = N, such that lim P, = I — T, Tp.

r—x0

Proof. The local fine property of T, at xo implies that Ty has an inner inverse T, €
B(F, E). Thus,by Lemma 1.1, there is a neighborhood Uy at x¢ such that R(TyTy T,) =
Ry, Vx € Uy. Let S, = T0T0+Tm. Obviously, Sz, = Tp and S, depend continuously on x. By
Lemma 2.1, in order to complete our proof, we only need to show N(S,) = N,. For this,
let us observe that N(S,) = N, + {u € E : T,[u] € Ry}, where T, and [u] are the same
as in the proof of Example 1.1. Since R, N Ry = {0}, we then conclude that N(S,) = N,.
Hence, Theorem 2.1 is proved.

Now we shall give our local linearization theorem. First recall the following

Definition 2.1.81 Suppose that f : U ¢ E — F is C'. By saying that f can be locally
linearizated at xo or f is locally conjugate to f (xo) near xg, we mean that there exist two
neighborhoods Uy at o and Vy at 0, with two maps u and v, such that

(i) u: Uy = u(Up) and v : Vo = v(Vh) with v(0) = f(xo) are both diffeomorphisms.

(i) /() = (vo f'(z0) 0 u)(), Y2 € Ty,

Theorem 2.2.  Suppose that f : U C E — F is Ct. If T, = f'(x) is locally fine at
xg € U, then f can be locally linearized at xq.

Proof. By Theorem 2.1, there are a neighborhood Uj at zg and a family of bounded
projectors P, with R(P,) = N, for any = € Uy, such that

lim P, = Ig — T, Ty, (2.2)

T—xTo
where Ty = f/(z0).
Let u(x) = ToM (f(z)— f(w0))+ (T =T, To ) (x—x0). Obviously, u(zg) = 0 and v (2¢) = Ix.
Moreover, we shall show the following results:



No.1 MA, J. P. (1.2) INVERSES OF OPERATORS BETWEEN BANACH SPACES 61

(i) There exists an open disk DE(0) such that

u: ufl(DE( )) = DZ(0) is a diffeomorphism, (2.3)
= (u'(y))"'No, Vyecu Y (DE(0)). (2.4)
(i) There exists an open disk D (1) in uw='(DF(0)) such that
Ty (f(z) = f(20)) € DF(0), ¥z € D (wo), (2:5)
w: DpE(xo) — u(Df(mo)) is a diffeomorphism, (2.6)
(f ou™ NIy (f () = f(wo)) + (Ip — Tg To)(z — o))
= (fou )T (f(z) = f(20))), Va € Dy (o). (2.7)
(iii) There exists an open disk Df(0) such that
T o € u(DF (x0)), Va € D (0). (2.8)

In fact, by the inverse map theorem, (2.3) is direct. Since D} (xo) C u™'(DF(0)), (2.6)
is a direct result of (2.3).

Now we show (2.4). By differentation,

W (y) =Ty f' )+ Up = Ty"To) = T Ty + (Ip = Ty To),
which induces ' (y) N, = (Ig—Ty To) N, Vy € u=(DE(0)). Further, (2.2) bears a neighbor-
hood at zy contained in u~!(DF(0)), without loss of generality, still written as u~(DF(0)),
such that ||P, — (Ig — T Ty)|| < 1 for each y € u=1(DF(0)). Hence, by [4, Section 4.6],
the range of (Ip — Ty To) P, is Ny (note R(Ig — T, Ty) = No), and so u'(y)N, = Ny, which
gives (2.4).

According to the continuity of T4 (f(z) — f(20)) at xo, (2.5) is immediate.

Since 7570 = 0 € u(DF (x0)) and T € B(F, E), (2.8) is obvious.

Next we show (2.7). Let y; = Ty (f(x) — f(w0)) and yo = yi + (Ig — Ty T)(x — o)
(so y2 = u(x)). From (2.5) and (2.6) (note DZ(zo) C u='(DF(0)), we see that for any
x € DF(x0), both of y; and y; belong to DF(0), so that

tyr + (L—=t)ya =y1 + (1 — t)(Ig — Ty To) (z — m0) € DF(0)
for any « € D () and each t € [0,1].
Consider ®(t) = (fou™ ) (y1 + (1 — t)(Ig — T, To)(z — x0)) : [0,1] — F.

By differentiation,

jtq)( )= (f ou ) (tyr + (1 —t)y2) - ()" ou™ ) (tyr + (1 = t)ya) - (T To — I).

Noting that R(Ty Ty — Ig) = No and (2.4), we obtain 2 = 0 vt € [0,1]. Then (2.7)

follows.
We now proceed to construct v required by Definition 1.1.
Because of (2.8) and (2.6), we can define v(x) = (fou™t o Ty )(2) + (Ir — ToTy )z, Va €
DF (0). Obviously, v(0) = f(xo) and
v'(0) =Ty~ (w1)(0)- T + (Ir — ToTy) = ToTy + (Ir — ToTy) = Ik, .
By the inverse map theorem we assert: there is an open disk DZ (0) with 0 < m < [, such
that

v: DF(0) = v(DE(0)) is a diffeomorphism. (2.9)
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Because of the boundedness of Ty, there is an open disk D (z) C D} (x0) such that
Tox € DE(0), Vze u(Df(xo)). (2.10)
Noting that (2.6) and (2.7) keep valid in D[ (xo) since DE(zo) C D} (x0), we have
f@) = (fou ou)(a) = (f ou Y (I§ (f(2) — f(20)) + (I — Ty To) (@ — o))
= (fou )T (f(z) = f(z0)), Va € Dg(o).

Since (2.10), (2.9) and D[ (0) € DF(0), (v o Ty o u)(x) is determined for each = € DE (zo).
Thus we have

(voTyou)(w) = (voTo)(Ty (f(z) — f(x0)) + (Ip — Ty To)(w — w0))
= v(ToTy (f(x) — f(x0)))
= (fou NI ToTy (f(2) = f(20))) + (Ir — ToTy ) (ToTy (f(x) = f(x0)))
= (fou™ )Ty (f(2) — f(x0))

for any « € DF(xo). Combining the two results above, we see that

f(@) = (vo f'(zo) ou)(x), Va € Dy (xo).
By (2.9) and (2.6), u : DF — w(DEF(x0)) and v : D, (0) — v(DF (0) are both diffeomor-
phisms. The proof is finished.

Because of Examples 1.1-1.4, the following are direct results of Theorem 2.2.

Theorem (Finite Rank).m Suppose that f : U C E — F is C'. If there is a
neighborhood Uy at xg € U such that dim R(f'(xz)) = finite constant, V& € Uy, then f can
be locally linearized at xq.

Corollary 2.1. Suppose that f : U C E — F is C* Fredholm map. If there is a
neighborhood Uy at xg € U such that either dim N (f'(z)) or codim R(f'(x)) is finite constant
for any x € Uy, then f can be locally linearized at .

Corollary 2.2. Suppose that f : U C E — F is C' semi—Fredholm map. If f'(xo) has
a (1.2) inverse Ty € B(F,E) and, there is a neighborhood Uy at zg € U such that either
dim N(f'(z)) or codim R(f'(x)) is finite constant for any x € Uy, then f can be locally
linearized at xg.

Corollary 2.3. Suppose that f : U C H — Hy is C' semi-Fredholm map, where Hy and
Hy are Hilbert space. If there is a neighborhood Uy at xg € U such that either dim N(f'(z))
or codim R(f'(x)) is finite constant, then f can be locally linearized at x.

Remark. In [5], when f: U C H — H is C* and f'(x) has close range, where H is a
Hilbert space, we gave a theorem on local linearizations for f.
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