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Abstract

The authors study the existence of periodic solutions with prescribed minimal period for su-
perquadratic and asymptotically linear autonomous second order Hamiltonian systems without
any convexity assumption. Using the variational methods, an estimate on the minimal period
of the corresponding nonconstant periodic solution of the above-mentioned system is obtained.
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§1. Introduction and Main Results

In this paper, we consider the minimal period problem for the following autonomous
second order Hamiltonian systems

P+ V'(r)=0, VzecRY, (1.1)
where N is a positive integer. V : RN — R and V' denotes its gradient. In the text of this
paper, we denote by a - b and |a| the usual inner product and norm in RY respectively, and
by Ls(RY) the set of all N x N real symmetric matrices. We also denote L (RY) = {h €
Ls(RN) | h is semi-positive definite }.

More precisely, we make the following assumptions on V.
(V1) V € C*(RN,R) and there exists hg € L (RY) such that

1 .
V(z) = Fhor -z + V(z), VreRY,
V(z) =o(|z]?) as |z|—0.
(V3) V(z) >V(0) =0, VzeRN.
(V4) There exist constants p > 2 and r9 > 0 such that
0<uV(x)<V'(z)-z, V|z|>r.

In his pioneering work[!8! of 1978, Rabinowitz proved that, under the conditions (V1)-
(V4) with hg = 0, the system (1.1) possesses a nonconstant periodic solution with any
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prescribed period T' > 0. Moreover, Rabinowitz conjectured that the system (1.1) possesses

a nonconstant periodic solution with any prescribed minimal period under his conditions.
[1-7,9—12,17,20]

7].

Since then, there are many papers on this minimal period problem Among
these results, most of them deal with convex Hamiltonian systems(®:
In the recent paper[!3], by using the natural Z,-symmetry possesses by the system (1.1),

Long extended some ideas of Ekeland and Hofer!6:"]

to the second order Hamiltonian systems
without any convexity assumptions and proved that, under the conditions (V1)-(V4) with
ho = 0, for every T' > 0, the system (1.1) possesses a nonconstant T'—periodic even solution
with minimal period not smaller than T'/(N + 2). The same ideas had been developed in
[14, 15] to study the case that V is even.

The goal of this paper is to establish an estimate on the minimal period of the corre-
sponding nonconstant periodic solution of (1.1) in the case that hg # 0.

For any 7 > 0 and h € L (RY), let
To(h) = —h, T, (h) = 2mm/7)*Ix —h for m > 1, (1.2)
where Iy is the identity matrix in £,(RY). We define the indices of h by

ZT(h’) = Z Mﬁ(Tm(h))’ VT(h) = Z MO(Tm(h))v (13)
m=0 m=0

where M1 (-), M~ (-) and M°(-) denote the positive definite, negative definite and null sub-
space of the selfadjoint linear operator defining it, respectively.

Using the ideas in [13], we obtain an estimate of the minimal period in terms of the
indices of hy.

Theorem 1.1. Suppose V' satisfies (V1)—(V4). Then for every T > 0, the system
(1.1) possesses a nonconstant T-periodic even solution with minimal period not smaller than
T/(ZT(ho) + I/T(h()) + 2)

Let wy be the greatest eigenvalue of hg. By a straightforward computation (see Corollary
2.3), ir(ho) + vr(ho) = N for every T € (0,27/,/wg). So we have

Corollary 1.1. Suppose that V satisfies (V1)-(V4). Then for every T' € (0,27//wo),
the system (1.1) possesses a nonconstant T-periodic even solution with minimal period not
smaller than T/(N + 2).

If hg = 0, we have wy = 0 and ir(hg) + vr(hg) = N for any T > 0. We go back to the

13, Theorem 1.1

results due to Long! I. See Remark 3.1 for further comparision.

Next we consider the asymptotically linear Hamiltonian systems, i.e., the potential func-
tion V satisfies
(V5) There exists ho € LT (RY) such that
1
G(z)=V(x) — ihooa: -z =o(|z|*) as |z| — oc.
(V6) |G’ (x)| is bounded and G(z) — 400 as |z| — oco.
Theorem 1.2. Suppose that V satisfies (V1), (V2), (V5), (V6) and the following
{x e RN | V'(z) = 0} = {0}. (1.4)
Then for every T > 0 satisfying
ZT<hoo) + VT(hoo) ¢ [iT(h0>,iT(h0) + VT(h())], (15)
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the system (1.1) possesses a nonconstant T—periodic even solution with minimal period not
smaller than T/ (ir(hoo) + vr(hoo) + 1).

Theorem 1.3. Suppose that V' satisfies (V1)—(V3), (V5), (V6) and the following

(VT) hoo — ho € LE(RYN) and hooho = hohoo-
Then for every T > 0 satisfying

i7(hoo) + V1 (hoo) > iT(ho) + vr(ho), (1.6)

the conclusion of Theorem 1.1 holds.

Remark 1.1. (i) In Theorem 1.2 and Theorem 1.3, if vp(hs) = 0, then the assumption
(V6) can be dropped out.

(ii) The conditions (1.5) and (1.6) can be satisfied by many matrices. See Corollary 2.3,
Corollary 3.1 and Corollary 3.2.

§2. Computation of the Symmetric Morse Indices

For T > 0, let St = R/(TZ) and Er = W2(S,RY). Recall that E7 consists of those
z € L2(St,RY) whose Fourier series

- 2 2
z(t) = ao + ,;_1 (ak cos (%kt) + by, sin (%kt)), (2.1)
where ag, ay, b, € RN satisfies
T = /21 \2
2 _ 2 2 2
I = Thaof* + 5 3 (57k) (anl? +15e?) < oo.
The inner product in Ep is given by

T X /21 2
(2,2"y = Tag - ap + 3 Z (?k) (ak - aj, + by - by,). (2.2)
k=1
Notice that the norm || - || is equivalent to the usual W12 —norm.

We define the mentioned Zs-action on continuous functions with Zy = {09, 1} by
Sox =z, 612(t) = x(—t), Vo e C(Sr,RY), (2.3)
Define SEr = {z € Ep | §1z = z}. Then by easy computation we have

SEr = {z(t) € Ep ‘ z(t) = ao + iak cos (2%1%) } (2.4)
k=1

For A(t) € C(Sy,RY) and A(t) being even about ¢ = 0, we define an operator Ay : SEp —
SET by
T
(Arz,2") = Tag - ay + / (A(t)z-2")dt, Vz,2/ € SEr. (2.5)
0
Then A is a linear compact selfadjoint operator on SFEr satisfying
dim M~ (id — A7) < 400, dim M°(id — A7) < +o0. (2.6)

Set

T
or(y,2) = /0 [y-2—A(t)y - z]dt, Yy,z € SET. (2.7)
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Then by (2.5) we have

1
Definition 2.1. Define
sip(A(t)) = dim M~ (id — A7), svp(A(t)) = dim M°(id — Ar).

sip(A(t)) and svr(A(t)) are called the symmetric Morse indices of A(t).

Theorem 2.1. For any T > 0 and h € L,(RY), there holds sip(h) = ir(h), svp(h) =
vr(h).

Proof. Let Ar be the operator defined by (2.5) on SE7 corresponding to h. By (2.2)
and (2.4), the operator Ar has explicit expressions

=/ T \2 2m
Arz = ag + hag + ; (ka) hay, cos (?kt>,
where z(t) € SEr. Thus

= Ar)s = oo+ 3 (1 = (57) W)oweon (k). (29)

By a straightforward computation, we have
dim M*(id — A7) = Y dim M*(T,(h)), * = —,0. (2.10)
m=0

Combining this with (1.3) and Definition 2.1 yields the conclusions.
As a direct consequence, we have
Corollary 2.1. For any h € L,(RY) and T,T' > 0, we have

sigr(h) = sir((T'/T)?h), svpi(h) = sur((T")T)?h).
lim sip(h) =dim M+ (h), lim svp(h) = dim M°(h).

70+ T—0+
By (1.2), (1.3), and an elementary computation, we have
Corollary 2.2. (i) For hy,hy € L,(RY), if hy — hy € LI (RY), then
sir(h1) + svr(hy) > sizp(he) + svp(he), VT > 0.
(ii) If h € LF(RY), for any T' > T > 0, we have
sir:(h) + svp(h) > sir(h) + svp(h) > N.

Moreover, if h =0, we have sip(h) + svp(h) =N, VI > 0.
Corollary 2.3. Suppose h € L,(RY) and w is the largest eigenvalue of h.
(i) If w <0, for T > 0, there holds sir(h) =0,  svr(h) = dim M°(h).
(i) If w > 0, for 0 < T < 2mw/+/w, there holds

sir(h) = dim M (h), svr(h) = dim M°(h).
(i) If w > 0, for T > 27 /\/w, there holds
sir(h) + svp(h) > dim M (h) 4 dim M°(h) + 1.
Moreover, for T > 2 /v/w, there holds sir(h) > dim M (h) + 1.
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Proof. Let A\ < Ay < -+ Ay = w be the eigenvalues of h. By (1.3) and Theorem 2.1 it
is easy to show that

sip(h) = #{(k,m) | (Q%kf <Am,l<m< N E=0,1,2,- (2.11)

..}7
sup(h) = #{(k,m) | (Q%k)z = Am 1 <m <N k= 071,2,---}. (2.12)

By (2.11) and (2.12), we get (i). If T < 27/y/w, then Ay = w < (28)2. By (2.11) and
(2.12) we obtain (ii). Similarly, (2.11) and (2.12) imply that the conclusion (iii) holds.

For every T'—periodic solution z of (1.1) which is even about ¢ = 0, let A(t) = V" (x(t)).
Then the symmetric Morse indices of z, denoted by sip(z) and svp(z), are defined to be
symmetric Morse indices of A(t), i.e., sip(x) = sir(A(t)), svr(x) = svp(A(l)).

We also denote by O(x) the greatest positive integer k such that z is T'/k-periodic. The
following theorem, which estimates O(z) in term of sip (), is given by Longl!3 Theorem 4.2],
Theorem 2.2. Suppose V € C?(RN R). For T > 0 and every non-constant even (about

t = 0) C?(Sp,RN)-solution x of (1.1), there holds O(x) < sip(x) + 1.

§3. Minimal Period Problem for Hamiltonian Systems

In this section, we study the minimal period problem for the system (1.1). For T' > 0,
let Zy = {60,01}, BEr = WH2(Sp,RY) and SE7 be defined as in Section 2. For z € Er, we
define

T
f(z):/o [%|2|2—V(z) dt. (3.1)

Then f is Zo-invariant, i.e., f(d12) = f(2), ¥z € Ep. In [13], Long proved the following
proposition.

Proposition 3.1.['31  Suppose V € C?(RY,R). Then for every T > 0, we have

(1) f € C?>(SEr,R), and there hold

@)= [ = V@) de, Yoy €SB (32)
T
(f"(x)y,z) = /o [g-2—V"(2)y-2]dt, Vx,y,z€ SEr. (3.3)

(2) If z € SEr is a critical point of f on SEr, then x is a C*(St,RY)-solution of (1.1),
and is even about t = 0.

(3) Conversely, if x € C*(St,RY) is a solution of (1.1), and is even about t = 0, then
x € SEr and x is a critical point of f on SET.

In order to find T—periodic even solution of (1.1), we need the following saddle point
theorem which was proved in [5, 8, 16, 19, 21].

Theorem 3.1. Let E be the Hilbert space with orthogonal decomposition E = X @Y,
where dim X < co. Suppose that f € C?(E,R) satisfies the (PS) condition and the following
conditions:

(F1) There exist p and o > 0 such that f(w) > «, Vw € 0B,(0)NY.

(F2) There exist e € dB1(0) NY and r1 > p such that f(w) < 0, Yw € 0Q, where
Q=B,O0)NX)®{re|0<r <mr}.
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Then

(1) f possesses a critical value ¢ > «, which is given by ¢ = irelfﬂglgé( f(h(w)), where
={heC(Q,E) | h=id on 0Q}.

(2) There exists an element wy € K. = {w € E | f'(w) =0, f(w) = ¢} such that the
negative Morse index i(wo) of f at wo satisfies i(wg) < dim X + 1.

Proof of Theorem 1.1. For T > 0, let Ay be the operator defined by (2.5) on SET
corresponding to hg. By (V1), (2.8) and (3.1) we have

1 T _
7(2) = 3{(id ~ A0)z,2) —/O V(2)dt, V= c SEr. (3.4)

We carry out the proof in several steps.
Step 1 Let X = M~ (id — Ap) ® M°(id — Ay), Y = M*(id — Ap). Since hy € LI (RY),
by (2.9) we have % fOT y(t)dt =0, Vy €Y. Thus Sobolev inequality implies that

T\3%
= 1] < (—) Wyev. 35
Iyl max, ly(t)] 13 lyll, Yy e (3.5)

Combining this with (V3) yields that, for y € Y,
Fl) = {0~ Ao)yy) +ollyl?) asy—0.

This implies that there exist p,a > 0 such that

)2 a, VyeoB,O)nY. (3.6)

Let e € 0B1(0)NY and set Q = {re | 0 <r <711} ® {B,,(0) N X}, where r; is free for

the moment. By (V4) we have

V(z) > c|z* — ¢y Vo eRY, (3.7)
where ¢1,¢0 > 0. For 2z € 2_ + 29 € X, by (3.4), (3.7) and (2.6) we have

1 1 T
flre+2z) = §<(id —Ag)z—,z_) + §r2<(id — Ap)e,e) — / V(z+re)dt
0
Loy L. #—1 2 T
< 5" lid — Aol| — §|\(1d — A" =) — a1 |z + relt dt + coT
0
< egr? —callz- | = es([|zol* + ) + 6.
Then there exists 1 > 0 such that
flz) <0, Vzedq. (3.8)
Step 2 f satisfies the (PS) condition on SE7, i.e. any sequence {uy} C SET satisfying
|f(uk)| < M and
fllug) =0 as k— oo (3.9)
possesses a subsequence convergent in SE7p.
In fact, for large k and w = ug, by (V4), (3.4) and (3.7) we have
1

T
Mol > 1) = {0 = [ 570w V)]

11 T
> <7 — 7)/1,/ V(U) dt — M1 > MQH””%Q - M3 > M4|UO|N - M37
0

2o (3.10)
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where u® = % fOT udt. This implies

WO < Ms(L+ [[ul))#, [ullze < Ma(1+ |[ul))s. (3.11)
Now by (2.4), (2.5), (3.4), (3.9)-(3.11), we have

lul|? = 2f (u) + (Agu, u) + 2/0 f/(u) dt

T
gm4+ﬂwF+Wmmw§+2/ ¥ (u) dt
0

< Mz + My(1+ [ul)*/* + Mol[ul.
This implies that {u} is bounded. A standard argument shows that f satisfies (PS) condi-

tion.
Step 3 Now by Theorem 3.2 there exists a critical point © € SEp of f with f(z) =¢ >
a > 0 and the Morse index m™~(x) of f at x on SEr satisfies

m~(z) < dim M~ (id — Ag) + dim M(id — Ap) + 1. (3.12)

By (V2) and Proposition 3.1, z is a non-constant C2(Sy, RY)- solution of (1.1) and is even
about t = 0. Thus by Definition 2.1, Theorem 2.1, Theorem 2.2 and (3.12) we have

O(z) < sir(z)+1=m"(x) + 1 < ir(ho) + vr(ho) + 2.
This means that the minimal period of  is not smaller than T'/(ir(ho) + vr(ho) +2). The

proof is complete.

Remark 3.1. (i) Corollary 1.1 is a direct consequenc of Theorem 1.1 and Corollary 2.3.
We omit the proof.

(ii) In [13, Theorem 1.2], Long got a similar result as our Corollary 1.1. But he required
that 0 < T < 1/,/wg. So Corollary 1.1 extends Theorem 1.2 in [13].

In order to prove Theorem 1.2, we need the following the definition and the theorem
introduced and proved in [8], respectively.

Definition 3.1.8]  Let E be a C?-Riemannian manifold, D is a closed subset of E. A
family F(a) is said to be a homological family of dimension q with boundary D if for some
nontrivial class « € Hy(E, D) the family F(«) is defined by

F(a) ={G C E:«a isin the image of i, : Hy(G,D) — Hy(E,D)},

where iy is the homomorphism induced by the immersion i : G — E.

Theorem 3.2.81  As in the Definition 3.1, for given E, D and a, let F(a) be a homo-
logical family of dimension q with boundary D. Suppose that f € C?(E,R) satisfies (PS)
condition. Define

c=c(f, Fla) = Geigf(a) 18121(); f(w). (3.13)

Suppose that sup f(w) < ¢ and f' is Fredholm on
weD

Ke={ze€E: f'(z)=0,f(x)=c}. (3.14)

Then there exists x € K. such that the Morse indices m~(z) and m°(z) of the functional f
at x satisfy ¢ —m®(z) <m~(z) < q.
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Proof of Theorem 1.2. For T' > 0 satisfying (1.5), let f be defined by (3.1) and A
be the operator defined by (2.5) on SEp corresponding to heo. Set X = M~ (id — Ax) @
M%(id — As), Y =M"*(id— Ay). For z € Y, by (V5) and (V6), we have

1, . T I _
£2) = 5(6d = Ax)zz) = [ Gt = 510 = A)FI el = a2
> 5= (i~ Aw)* | (3.15)
For z = z_ + zp € X, by (V5) and (V6), we have
T
f(z)= %((id —As)z_,2_) —/ G(z)dt
0
1 T
<~ d = A # [P el = [ Geo) (3.16)
0

By (V6) and (2.6) we have

T
/ Glz0) dt — +00 as ||z0 = oc. (3.17)
0

Combining this with (3.16) yields that there exist 71 > 0 and 8 < § such that
f(z) < B, Vze0Q, (3.18)

where Q = {z € X | ||z|| < r1}. It is well known that, under the conditions (V'5) and (V6),
f satisfies (PS) condition (see [5, 22]).

Let S =Y, then Q and S are homologically link®®. Let D = 0Q and o = [Q] €
Hyi(SEr, D), where k = dim X. Then « is nontrivial and F(«) defined by Definition 3.1 is
a homological family of dimension k with boundary D (see [5, 8]). It is well known that f’
is Fredholm on K. defined by (3.13) and (3.14). By (3.15) and (3.18) we obtain

sugf(z) <B<d<c=c(f,Fla))

z€
(see [5]). Thus by Theorem 3.2, there exists z € K. such that the Morse indices m ™ (z)
and m°(z) of f at x satisfies dim X — m%(z) < m~(x) < dim X. Combining this with
Proposition 3.1, (1.4), (1.5) and Theorem 2.1 yields that x is a nonconstant even ( about
t =0) C?(Sp,RYN)- solution of (1.1) which satisfies sit(z) < i7(hoo) + v1(hoo). Thus by
Theorem 2.2 we get the conclusion.

In the following, we denote by wy and wy, the greatest eigenvalue of hy and h., respec-
tively.

Corollary 3.1. Suppose the assumptions in Theorem 1.2 hold. Moreover we assume hg
is positive definite and wo > weo > 0. Then for every T € (2w /\/wo, 27 /\/Wss), the system
(1.1) possesses a nonconstant T—periodic even solution with minimal period not smaller
than T/(N +1).

Proof. For T € (27//wo, 27 /\/Ws), by Theorem 2.1 and Corollary 2.3 we have

iT(ho) >N+1>N= ZT(hoo) + VT(hoo)-

Thus Corollary 3.1 follows from Theorem 1.2.
Proof of Theorem 1.3. For T > 0, let f be defined by (3.4). Let X = M~ (id —
Ap) ® MO(id — Ap), Y = M*(id — Ap). Using the same arguments as Step 1 in the proof of
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Theorem 1.1, we get (3.6). Let A be the operator defined by (2.5) on SEp corresponding
t0 hoo. By (1.6), Definition 2.1 and Theorem 2.1 we have

Z = (M~ (id — As) ® M°(id — As)) N M+ (id — Ag) # {0}.

Let e € 0B1(0)NZ and set Q@ = {re : 0 <r <r}@{B,(0)NX}. By (V7) we have that
Ao — A is semi-positive definite and

(id — Axo)(id — Ag) = (id — Ap)(id — Awo).
This implies that
(id — Ax) (M (id — Ag)) € MT(id — Ap).
Especially, we have (id — Ay )e € M+ (id — Ap). Hence for any z € X, we have
((Aso — Ap)e, 2) = —((id — Ao)e, 2) + ((id — Ag)e, z) = 0. (3.19)
Thus for any z =re+ z_ + zp € Q, by (V5), (V6) and (3.19) we obtain

flz)== ((1d Aso)z, 2) /G

_ %r (id — Aw)e, e) + 5<(id ~ Ag)z,z)

1

T
- 3l = Ao)(a +20). - +20) - [ Gl

I _ r
<~ = Ao # |+ Moo = [ a0+ re)a. (3.20)
0

Let X’ = M°(id — Ap) ®span{e}. By (2.6) we know that dim X’ < +o0. Therefore by (V6)
we have

/ G(zp +re)dt — +oo as ||z + re|]| = +oo. (3.21)
0
So there exist M7, My > 0 such that

1. _ — /s
—§||(1d—Ao)#|| Heoll? + Ml[z—|| < My, Yz € M~ (id — Ao),

T
/ G(zo+re)dt > —My, Vzo+reec X',
0
By (3.21) there exists r2 > 0 such that

T
My — / G(zo+re)dt <0, if ||zo+re|| > ro. (3.22)
0
There also exists r3 > 0 such that
1. _ .
L A) I Iz |1 4+ M|z || + M2 <0, if [J2—[| > 73. (3.23)

Ifr=0,ie,z=2_+20 €Q, by (V3) we have
1 T
£(2) = 5{(id — 4o)z,2) - / V(2)dt <0. (3.24)
0
Now let r; = ro + 3. By (3.20)—(3.24) we know that (3.8) holds. By a standard argument,
(V5) and (V6) imply that f satisfies (PS) condition[®'722l. Using the same arguments as
Step 3 in the proof of Theorem 1.1, we get the conclusion. The proof is complete.
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Corollary 3.2. Suppose that V satisfies (V1)—(V3), (V5)—(V7) and wee > wo > 0. Then
for every T € [21/\/ws, 27/ /wg), the system (1.1) possesses a nonconstant T—periodic
even solution with minimal period not smaller than T/(N + 2).

Proof. For any T € [27/\/w,27/\/wg), by Theorem 2.1, Corollary 2.2 and Corollary
2.3, we have

ZT(hoo) + VT(hoo) >N = iT(ho) + VT(h()).

The conclusion follows from Theorem 1.3.
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