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Abstract

In this paper, the Ext groups of Hardy modules over the polydisk algebra A(D™) are cal-
culated. Of particular importance is that the calculating of Ext-groups is closely related to
harmonic analysis of polydisks. Finally, the authors point out that Ext-groups reveal rigidity
of Hardy submodules over A(D™) for n > 1.
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¢1. Introduction

A Hilbert module is a Hilbert space H which is also a module over a function algebra
A, i.e., there is an associative bilinear multiplication A x H — H which is continuous in
both variables. The first systematic study of Hilbert modules appeared in the monograph
of Douglas and Poulsen!?. This coordinate free approach to multivariable operator theory
has some remarkable consequences. In [1], Carlson and Clark introduced one of the central
concepts from homological algebra, Ext-functor, into the discussion of Hilbert modules.
Basically, they considered the following problem of classifying extensions in the category
H(A) of all Hilbert modules over A. Suppose that H and K are in H(A). Let S(K, H)
be the set of all short exact sequences E : 0 — H —%5 J Pk — 0, where «, 3 are
Hilbert-module maps. We call two elements E, E’ to be equivalent if there exists a Hilbert
module map € such that the diagram

E: 0 H—2>, 5Lt K 0
H [ H
B 0 H—"y_ 2 K 0

commutes. The set of equivalence classes of S(K, H) under this relation is defined to be the
extension group, Ext(K, H). In fact, Ext(—, —) is a bifunctor from the category H(A) to
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the category of abelian groups, and contravariant in the first and covariant in the second
variables (see [1]). Since the categories of Hilbert modules lack enough projective and
injective objects, it is impossible to define the functor Ext as the derived functor of Hom as
in [3]. However, because of the special structure of Hilbert modules, Carlson and Clark!]
showed that Ext(—, —) has a natural form:

Theorem 1.1.1Y Ext(K,H) = U/B, where U is the set of all continuous (in both
variables) bilinear maps o : A X K — H such that ac(b,k) + o(a,bk) = o(ab, k), where
a,b € A and k € K, and B is the set of all o € U having the form o(a, k) = aTk — Tak,
where T : K — H is a bounded linear operator.

With the aid of Theorem 1.1, Carlson and Clark studied the extensions of Hilbert modules
over the disk algebra A(D). Their methods seem to be valid only in the case of the disk
algebra. In this paper, we will calculate Ext-groups of Hardy modules over the polydisk
algebra A(D™). Of particular interest is that the calculation of Ext-groups is closely related
to harmonic analysis of polydisks. Finally, we point out that Ext-groups reveal rigidity of
Hardy submodules over A(D") for n > 1.

At the end of this section, we give the following concept, which is basic for our analysis.
Let G be a semigroup. An invariant mean of G is a state p on [°°(G) such that u(F) = p(gF),
where gF(¢') = F(gg’) for all g in G and F in {*°(G). A basic fact is that every Abelian

semigroup has an invariant mean!®!.

§2. Ext for Hardy Modules over the Polydisk Algebra A(D™)

Let A(D"™) be the polydisk algebra, and H?(D") be the usual Hardy module over A(D").
By P to denote the orthogonal projection from L?(T™) onto H?(D"), for ¢ € L*(T"), a
Hankel operator Hy,: H?(D™) — H?(D™)* is defined by H, f = (I—P)(pf) with the domain
H*(D"), and a Toeplitz operator T,: H*(D™) — H?*(D™) is defined by T, f = P(pf) with
the domain H>(D"), i.e., H,, T, are densely defined operators in H?(D"). It is well known
that in the case n = 1, a Hankel operator H,, (p € L*(T) ) is bounded if and only if

(1) there is a function ¢’ € L* (T') such that H,, = H, on the domain of H, and
| Hy [|[=]l ¢ |0, if and only if

(2) there is a function ¢y € BMO () H?(D)* and some h € H?(D) such that ¢ = g + h,
and || Hy ||= || o ||Bmo, if and only if

(3) there is a function ¢1 € L (T') such that (I — P)p = (I — P)eps.

However, in the case n > 1, the corresponding statement to (1) does not hold. For (2)
and (3) , a new function space is need, and is called the coordinate BMO , denoted by
CBMO. Let f € L?(T™), a system of functions (1,2, - -©,) satisfying for each m =
(my,ma,- - my) € Z", f(m) = @1 (m) if my <0 ,---, f(m) = Gn(m) if m, < 0 is called
a coordinate for f, where“”” denotes the Fourier transform. We say that f belongs to
CBMO, if f has a L®-coordinate (@1, @2,- - <py), i.e., every argument ¢; of the coordinate
(¢1,p2," - ~pn) of f belongs to L>(T™) (i=1,2,---n). For f € CBMO, we define

[fllcemo = inf{max(||¢1llc, [[P2lloo, - -5 lonlloo) |
all L* — coordinate (¢1, 2, - -pn) of f}.
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Writing CBMOy for all such f , f having a diagonal L*°-coordinate, that is , there is a
L*>°-coordinate (1, @2, - «¢©p) of f such that o1 = s =+ = @,.

Lemma 2.1.50 Let ¢ € L*(T™). A Hankel operator H, in Hardy space H?(D") is
bounded if and only if ¢ € CBMO and ||¢|lcemo < ||Hy| < vnll¢llcemo. In particular, a
Hankel operator Hy, is equal to some Hy (where f € L>(T™)) if and only if ¢ € CBMO,.

Lemma 2.2. Let A be a densely defined operator in H?(D™) with its domain A(D™) and

A: (AD™), || ||lso) = H%(D™) be continuous, also
Tz—lm,152m,2__,zf mp AT m1 mo _mn = A, (ml,mg, s 7’I?’Ln) S Zﬁ .

n 2y T2y 202

Then there exists a function p € L*(T™) such that A =T,.

Proof. For simplicity, the proof is sketched for n = 2 , while conclusion holds for all n. > 1.
Put A = { z7™ %™k | (m1,me) € Z2 ,h € H*(D?)}. Clearly, A is a dense subspace of
L?(T?). We define a map ® from A to all complex numbers C' by

(I)(Z_lmIZ_QmQh) <h A( m1 m2)>.
Then @ is well-defined and linear. In fact, if 27 2;™2h = ml 22m2h we notice that

D™ 57 h) = ( AGE 252)) = (T AT g g (7257)

1
= ("2 2 Ay T ) = (R AL (271 25))
= (W, Ty syma AT,z (27 25")) = (W, A(2" 25)) = (2™ ™2 1),
® is thus well-defined. It can be obtained as the above proof that ® is linear. According to
the definition of ® , we see that
B(a™ %™ h)| < | Allsll 2™ 272h],  (my,ma) € 22, he HY(D?),

where || A||o denotes the norm of the map A : (A(D?), || ||lx) — H?(D?) . The Riesz
representation theorem leads to the conclusion that there exists a function ¢ € L?(T?) such
that

(b(flmlmeQh) <h A( m m2)> = <51m152m2h,<p>.

Therefore A(27"'25"?) = T (21" 23"*), (m1,ms) € Z3. Since all polynomials are dense in
A(D?), the above equations imply that A = T,, on their domain A(D?). This completes the
proof of Lemma 2.2.

Now we return to calculate Ext(H?(D™), H*(D")). According to Theorem 1.1, we must
determine continuous bilinear map o: A(D") x H?(D") — H?(D") with the form

o(fifa,h) = fro(fa,h) + o(f1, f2h),  fr, f2 € A(D™), h € H*(D") . (2.1)

If we define 6 : A(D") — B(H?(D")) by 6(f) = o(f,-) , f € A(D™), then ¢ is a bounded
linear map and satisfies

6(frfe) =T 0(f2) +0(f1)Ts,s S, fo € A(D™). (2.2)

A bounded linear map 6 : A(D™) — B(H?(D")) is called a derivation, if it satisfies (2.2),

where B(H?(D")) denotes the set of all linear bounded operators on H?(D™). We say that

a bounded derivation 4 is inner, if there is a bounded linear operator T on H?(D™) such

that 6(f) = TyT — TTy, f € A(D™). Thus, a map o with the form (2.1) determines a

bounded derivation ¢ from A(D") to B(H?(D")) . In another words, a bounded derivation
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§ from A(D™) to B(H?(D")) corresponds a map o: A(D") x H*(D") — H?(D") defined
by o(f,h) = 3(f)h, f € A(D"), h € H?*(D"). It is to see that o is clearly a continuous
bilinear map and satisfies (2.1). In particular, ¢ is inner if and only if the corresponding o
belongs to B in Theorem 1.1 in §1.

Lemma 2.3. Let p € CBMO. Define 6, : A(D™) — B(H?*(D")) by 6,(f) = HiH,,
f € A(D™). Then 0, is a bounded derivation. In particular, 6, is inner if and only if
p € CBMOy .

Proof. It is easy to check that J, satisfies (2.2). 6, is thus a bounded derivation. If
¢ €CBMOg, Lemma 2.1 implies that d, is inner. In another words, if J, is inner, that
is, there exists a bounded linear operator T' such that 6,(f) = TyT — TTy, f € A(D"),
then the definition of d, immediately leads to that the following is true for any f € A(D"),
T,Tf —TyT, = TyT — TTy , where two sides of the above equation are defined on A(D™).
That is, we have (T + T,)Ty = Ty(T + T,), Vf € A(D"). Set

g=(T+T,)1 e H*(D").
Then for any f € A(D™), Tf =T,_,f. We claim that g — ¢ belongs to L>(T™). In fact, if
we use k, to denote the normalized Hardy reproducing kernel at z € D", then
n (=) .

k- () :EW 0= (01,02, ,0,) €T".
Thus we get |k, (0)|?> = P(z,0) by [6, p.17], where P(z,0) is the Poisson kernel at z € D™.
Since k, € A(D™), we see that for every z € D™,

1

(Thss ko) = [(Ty-ghz, ka)| = @

[ (- olk.as)
Tn
1

— 9)(6)P(=,0)d6] < || T|].
o] | 0= 9 OPG0m] <|iT)
Furthermore, for almost every 6 € T™ | the following is true by [6, Theorem 2.3.1]

i 7 . / N !
(1= 2)0) = tim oz [ (9= @)@ P0.0)a0"
The function g — ¢ is thus in L (T™). That is, ¢ belongs to BMOy. The proof of Lemma

2.3 is completed.

According to Lemma 2.3, we can establish an injective homomorphism of groups
7: CBMO/CBMO, — Ext(H?*(D"), H*(D™))
by 7([¢]) = [ ;] , where [ ,] denotes the coset d,+D , D is the space of all inner derivations.

Theorem 2.1. The group Ext(H?(D™), H>(D™)) is isomorphic to CBMO/CBMOy, and
the correspondence is given by 7([¢]) = [6,], ¢ € CBMO.

Proof. For simplicity, the proof is sketched for n = 2, while conclusion holds for
all n > 1. According to the preceding statement, we only need to prove that 7 is sur-
jective. Let & be a bounded derivation from A(D?) to B(H?(D?)). For any C in the trace
class By(H?(D?)) , a function Fo on Z3 is defined by

FC(mJL) = <T§mu—)n6(2§mwn)7 C> = tr(szwn(S(Z’mwn)C), (m,n) S Zi
Then
IECl < 181 1C e (2.3)
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Let p be an invariant mean of Z2. Defining a bounded functional § on the trace class
B1(H?(D?)) by 3(C) = u(F¢) , C € B1(H?*(D?)), we see that there exists a bounded linear
operator T such that S(C) = (T,C) = tr(TC), C € Bi(H?(D?)). Therefore, for every
(m,n) € Z% and C € By(H?*(D?)), we have
<Tz”mwnT - TTmen 5 C> - <T, Cszwn - Tz7nwnC>
= C\}(Oszw" - szw"C) = M(FCszwn—Tz7nwnC)'
Since, for (k,1) € Z2,
FCszwn—szu,nC(k7 l) - <T2kﬂ;l6(zkwl)7 Cszw" - szw"C>
= <szwnT2sz(5(zkwl), C) — <T2k@15(zkw1)szwn,C’>
= (Tomun Toegi6(zF0"), C) = (Torgud(2MTMw™), C) + (5(z™w™), C)
= <szw“Tzkw’5(2kwl)7 ) — <P(m,n)T2kwl5(Zk+mwl+n)vC>
— Tomn Tonsm grend(ZE M) C) + (5(2™w™), O),

c
C

where P, ) is the orthogonal projection from H?(D?) onto (z™w™H(D?))* . For each
(m,n) € ZJQr ,and C € By(H?(D?)) , defining a function Fém’n) on Zi by

FE™™ (k1) = (Pl Tor g6 (2507, C), (k1) € 22,
we have

(TomunT = TTomun, C) = p(Fotmvn—Tommc) = (6(z"w™), C) — p(FS™™).
Denoting TyT — TTy by dr(f), f € A(D?), we have
(0= dr)(zmw™), C) = W(FE™™),  (m,n) € 23, C € By(H*(D?)).
Clearly, by the definition of F| ém’"), the following
((6 = 07)(2™w™), CTymuyn Tomgn) =0, (m,n) € Z3, C € By(H*(D?))
holds. Thus, for all (m,n) € Z% , we have
Tomgn (6 — 07)(z"w™) = 0. (2.4)

Writing 8’ for § — 67 , an operator A in H?(D?) with its domain A(D?) is defined by
Af = 8(f)1, f € A(D?), that is, A is a densely defined operator in H?(D?) . For every
f € A(D?) , it is easy to check that the following is true , where two sides of (2.5) are seen
to be defined on A(D?).

8'(f) = ATy — TrA. (2.5)
By (2.4) and (2.5), we see that on the domain A(D?) of A , the following holds
Tsmgn AT ymyn = A, (m,n) € Z3.

Using Lemma 2.2, we see that there exists a function ¢ € L?(T?) such that A = T,,. By
(2.5), this implies that for any f € A(D?) , the following equation holds, where two sides of
equation are seen to be defined on A(D?),

§'(f) = T,Ty — TyT, = —H}3H,.

What we shall do next is to prove that H, can be continuously extended onto H?(D?). Let
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h € A(D?). Since
16" (=™ w™)R|[* = [|P(z"w" Hoh) |

= Y (PG W Hoh) )P =y [(Hh, M),
(k,)ez3 (k,)ez3

bl = Tim |5/ )h] < 1))
n—oo
This implies that H, can be continuously extended onto H?(D?). Therefore ¢ belongs
to CBMO by Lemma 2.1. That is, we have shown that § = 07 + ¢’ = ér +d_, . The
homomorphism 7 is thus surjective. This finishs the proof of Theorem 2.1.

Remark 2.1. In the case n = 1, Ext(H?(D), H*(D)) = 0. This was first proved by
Carlson and Clarkl!). However, the techniques from [1] fail to work for higher dimensions.
In the case n > 1, Ext(H?(D™), H*>(D")) # 0.

Our next goal is to calculate Ext(H?(D™)/M, H?>(D™)) over the polydisk algebra A(D"),
where M is a non-zero A(D™)—submodule of H2(D™). We may identify the quotient module
H?(D™)/M with H?(D")& M. The action of A(D™) on H?(D™)& M is given by the formula
foh = Py2prnysr(fh) , where Pyz(pnys s is the orthogonal projection from H?(D™) onto
H?*(D™)o M.

According to Theorem 1.1 in §1, we must also determine the following continuous bilinear
map o : A(D") x (H*(D") © M) — H?(D") with the property

O'(flfg,h) :TflU(fQ,h)+0'(f1,f20h). (26)
For all f € A(D") we define 6 : A(D™) — B(H?*(D") & M,H?*(D")) by 6(f) = o(f,").
Then ¢ is a bounded linear map and satisfies

8(f1f2) = Ty, 0(f2) + 6(f1)Paz(pmyemTr,s  f1,f2 € A(D™). (2.7)

In another words, a bounded linear map § from A(D") to B(H?(D") © M, H?>(D")) with
the property (2.7) determines a map o : A(D") x (H?*(D") © M) — H?*(D") with the
property (2.6) by o(f,h) = 6(f)h , f € A(D") , h € H*(D") © M. Let ¢ € CBMO, then
ker H,, is an A(D™)— submodule of H%(D™). Denoting the set {¢ € CBMO : ker H, O M}
by KK(M), K(M) is clearly an A(D")—module. For ¢ € K(M) , we define §, : A(D") —
B(H*(D™) & M, H?*(D"™)) by 6,(f) = H7H,. Then the following conclusions hold.

(I) 4, is a bounded linear map from A(D™) to B(H?*(D™) & M, H?(D™)), and satisfies
(2.7).

(II) If there exists an operator A € B(H?*(D™) & M, H*(D™)) such that §,(f) = TfA —
APz (pryenTy for all f € A(D™), then §, =0, ie, ¢ € H?(D").

In fact, for (I), it is immediate from the definition of d,.

For (II), it is easy to check that ¢ € BCMOg,. Lemma 2.1 implies that there exists a
function ¢’ € L>(T™) such that H, = H, . It follows that

Tchp/ — TW'Tf = TfAPHz(D")eM - APHz(Dn)@N[Tf, fe A(Dn)

Then we see that there exists a function h € H*°(D") such that T,y — APg2(pryer = Th-
Because ¢’ belongs to (M) and M # {0} , the above equation implies that ¢’ = h. That
is, H,(= H,) is equal to zero. This leads to , = 0.
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From the previous discussion, we can establish an injective homomorphism of groups
7 K(M)/H?(D") — Ext(H?*(D™)/M, H?(D™)) by 7([¢]) = [0,] for ¢ € K(M), where [,]
denotes the coset d, + D , D is the space of all such §, for which there exists
A € B(H*(D"™) & M, H?*(D™)) such that 6(f) = TfA — APz pmyemTy, f € A(D™). In
fact, 7 is also surjective, and its proof is similar to that of Theorem 2.1. Thus we get the
following

Theorem 2.2. Let M be a nonzero A(D™)— submodule of H*(D™). Then the group
Ext(H?(D™)/M, H?(D"™)) is isomorphic to K(M)/H?*(D™) . The correspondence is given
by 7(1¢]) = [8,] , where € K(M).

Corollary 2.1. Let M be of finite codimension, and n > 1. Then

Ext(H*(D™)/M, H*(D™)) = 0.

Proof. For ¢ € K(M), since
Hy(H*(D")) = Hyo(M & (H*(D") © M)) = Hy(H*(D") © M),
we see that H, is of finite rank. What we shall next do is to prove that ¢ € H*(D") . In
fact , for each § € T™ | an operator Uy on L2?(T™) is defined by
Up: L*(T") — L*(T™) , (Uaf)(0') = f(0' —0), ¢ cT™, fecL*T").
Clearly U;H,Up = H,,, 6 € T", where ¢y is the function ¢(6 +-). If p ¢ H?*(D") ,
then there exists some m = (my - - - my) ¢ Z7 such that ¢(m) # 0. Since H,, is weakly

measurable on 7", we can define a bounded linear operator H(™ by
1

—imb
H, do
2m)" /T ‘ po

where the integral is taken in the sense that for f € H2(D") and g € H2(D")",

e ™ m,,do)f,g) = [ (e7"™H,,f,g)do.
(/. Jro) =

A simple computation shows that H(™ = @(m)H,, , where ¢,,(8') = ™, 6’ € T". Since

Hm —

for every 6 € T, H,, is compact and uniformly bounded, we get that H, , is compact by
[7, Lemma 12]. This is impossible. Thus ¢ belongs to H?(D"). Immediately from Theorem
2.2, we get Ext(H?(D")/M, H?(D")) = 0.

Remark 2.2 (1) Corollary 2.1 is true only for n > 1. The inverse of Corollary 2.1
does not hold in general. For example, taking M = (z — w)H2(D2), we can prove that
Ext(H?(D?)/M, H*(D?)) = 0, but M is of infinite codimension.

(2) In [1], Carlson and Clark calculated Ext(H?(D)/M, H*(D)). It is easy to see that
this is a corollary of Theorem 2.2 by Beurling’s theorem. However, the techniques from [1]
fail to work for n > 1.

§3. Application to Rigidity of Hardy Submodules over A(D") (n>1)

In this section, we shall point out that the calculation of Ext-groups for Hardy modules
over A(D™)(n > 1) can reveal the rigidity of Hardy submodules. Firstly, we give the
following
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Theorem 3.1. Forn > 1, let My be of finite codimension in H*(D™) and My C My C
H?(D™). Then Ext(H?(D") & My, M) = H*(D") & Ms.
Proof. For the exact sequence

E: 0— M, - H*(D") =5 H?(D")/My —> 0,
where 4 is the inclusion map and 7 the quotient map. We use [1, Proposition 2.1.5] and
Corollary 2.1. This gives the following exact sequence

0 — Hom(H?2(D™)/M, M) - Hom(H?(D™) /My, H*(D™))
= Hom(H2(D™)/My, H*(D")/My) -2 Ext(H2(D™)/M, M3)—>0,

where 0 is the connecting homomorphism. Let 6 be an A(D™)-Hilbert module map from
H?(D")/M; to H*(D"), i.e., § € Hom(H?*(D™)/My, H*(D")). It is easy to check that
0 can be extended into a Hilbert module map 6 from H2(D™) to H2(D™) by setting
é(hl + hy) = 0(h1), hy € H*(D") © My,hy € M. This implies that there exists an
f € H>®(D"™) such that § = Mj. Since §(M;) = 0, we sce that f = 0. Therefore
Hom(H?(D")/My, H*(D")) = 0. It follows that the above connecting homomorphism
§ gives an isomorphism from Hom(H?2(D")/My, H*(D")/Mz) to Ext(H?(D™)/My, Ms).
Using methods in [8], we see that H?(D") © M; and H?(D") © My are contained in
H>(D™). For § € Hom(H?(D™)/M;, H*(D™)/M>), it is easy to see that 6 can be ex-
tended into a Hilbert module map 6 from H2(D™) to H?(D™)/M, by setting 8(hy + hy) =
0(h1), b1 € H?>(D") & My, hy € M,. Notice that 8 is completely determined by (1) and,
(1) € H*(D") © My (C H>(D™)). In another words, for ¢ € H?(D™) & My (C H*®(D™),
since My C My, it follows that ¢M; C Ms. Thus ¢ induces a Hilbert module map from
H?(D™) & M; to H?(D"™) & M,. This completes the proof of Theorem 3.1.

From Theorem 3.1, one finds that for n > 1, a finite codimensional Hardy submodule
M (# H?(D")) is never similar to H2(D"). The reason is that Ext(H?(D")o M, H?(D")) =
0, but Ext(H?(D") © M, M) = H?(D") © M. Of course, this observation is not new, and
we may compare it with that of [9].
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