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Abstract

The authors consider the boundedness of Weyl quantization in an as broad as possible
frame and take the results already obtained as just particular cases. The notions of almost-
diagonalizable operators and boundedness modulo a regularizing operator are proposed.
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§1. Introduction

Quantization is a fundamental process in quantum physics. Among various quantizations,
the one formulated by H. Weyl associates to a certain function a(z,€) (the symbol) an
operator

Au(z) = a”(z,D)u = (2m)™" // ei(m_y)ga(x ;_ y,ﬁ)u(y)dyd{. (1.1)

Since quantized physical quantities are represented as operators in the state space H,
which is a Hilbert space, hence canonically L?(R,,), a basic problem is to consider its bou-
undedness in H, i.e., its L?(R,)-boundedness. There has been quite a lot references on
L?-boundedness of pseudo-differential operators (PsDO for short)

a(xz,D)u = (2m)~" // T (x, Euly)dydE (1.2)

(or the natural quantization of a(z,&)), and the problem is related to the symbol class and
its differentiability. See [1] of Wang and Li and [2] of Hwang for details and a rather complete
literature. N. Lerner[® uses Wigner function

H(u,v)(x,&) = /u(x + %)i(m - %)e_%wgdy (1.3)

to give an elementary proof of classical results, which are optimal in the sense that counter-
examples can be found when violating the assumptions in the results.

In this paper, we consider the boundedness of Weyl quantization in an as broad as possible
frame and take the results already obtained as just particular cases. In section 2, we consider
L2-boundedness of Weyl quantization, here we use modified Wigner function as is done in [3]
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and obtain a generalization of Hwang’s and Lerner’s result which is very close to be optimal
but we fail to find counter-examples as in the case of natural quantization. In section 3,
we prove some general propositions on Lg spaces, which are the foundation for the scales
of function spaces considered in section 4 where we consider two basic scales By , and F}
(notation of H. Triebel is used) which contain many significant spaces, e.g., Besov spaces.
Thus our results are applicable to many different spaces. In the last section 5, we propose the
notions of almost-diagonalizable operators and boundedness modulo a regularizing operator.

§2. L2-Boundedness of Weyl Quantization

(52,

we go a little further to prove the L?-boundedness of a PsDO

Au(z) = (2m)™" // ei(Ify)ga(x,y,f)u(y)dydf. (2.1)

First, we write (2.1) weakly as

(Au,v) = (2m)~ /// =9z, y, )u(y)v(x)dydede

=y [[[[[ eleere oz, a0 T dydodsandc

For the moment, we assume u and v to be in S(R,) and then extend it to the case

In Weyl quantization (1.1), a ) is just an amplitude for a PsDO. In what follows,

(2.2)

u,v € L*(R,,). Our main result in this section is
Theorem 2.1. Assume that a(x,y,£) € 594 o(Rsn), the operator A in (2.1) can be
extended to a bounded linear operator L?> — L? :
|(Au, 0)| < Cllul[L2[|v]|z2, (2.3)
where C' depends on Bgagﬁga(x,y,f) with orders up to |al, |B] < 2([3]+1), |v| < 2([5] +1).
Proof. Let u,v € L?(R,,). (2.2) is at present only a formal expression, since integrability
in £ is not guaranteed and a certain regularization is required. Since this is just a standard
practice, we would omit the details.
It is readily seen that
(14 |z = y?) 7 T = A [+ 1€ —nl*) 7T = Ag)]"
A+ =€) 7T - Ay)]uei((z*y)éwcfﬂcn) — o(@—y)é+yC—an)
Substituting into (2.2) and integrating by parts gives

(Au,v) ZIJ“’ (2.4)

Pj(€ = m)Qu(¢ — &)Rs(x — y)u(¢)o(n)dydwdednd.
Summation in (2.4) is extended to |a;| < 2p, 5| < 2u, |vs| < 2v, and it is easy to see that

where

[P ()] < W’
1Qu(t)] < W (2.6)

C
R0 < e
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hence integration by parts are legitimate. Then, we need only to consider integrals of the
form

1= [[[[[ e e mate. .o Pe - @l - R - y)dydrdsdndc, (2.7
where b(x,y, £) is bounded, P, @ and R satisfy (2.6). Denote

A& = [A0QC - Oerde, B = [Tmr(E - ne

It is easy to see, A and B € L?(Ry,) when 4u > n and

IAl 22 (Ron) = lull2ro) 1QN 22 (R0)s  1BllL2(Ron) = IVl 2RI P L2(R,)- (2.8)

For I, we have for 4pu > n,2v > n,

1= [[ 1R - y)idedy [ 1446 B, €)1
< OBl 1) 1Pl 2 (roo |Q1 L2 (R 10l L2 (R 0] 22,0
< Cllull 2 (g0l L2(R,)- (2.9)
Hence, finally we have
[(Au, v)| < CllullL2(r,) V]| 22 (8. (2.10)
From (2.10) we have that A can be extended to a linear operator L? — L? with norm

[|A]| < C, where C depends on 8?8582@(%%5) with orders up to |al,|8] < 2u,|v| < 2v
and p = [§]+1L,v=[5]+ 1.

3. Lg and Fundamental Propositions

Now consider our problem in Besov spaces and other related spaces. Their definitions are
based on that of Lg.

Definition 3.1. Lg is the set of f € S'(Ry,) which belongs itself to LP with spectrum
concentrated in a compact set Q C Ry, :

Ly ={f; f €S8 (Rn)()L"(Rn),suppf(£) C Q CC Ry} (3.1)

Proposition 3.1. When a(x,§) € 5’275,0 <p,6<1 and

a(z,§) =0 for |¢| > kR, (3.2)
the Weyl quantization A = a*(z, D) of (1.1) is a bounded linear operator LP — LP(1 <p <

00) with norm
Al < CR™. (3.3)
C is independent of R but depends on Og'a(z,§) up to order |a| < 2\ with A = [5] + 1.

Proof. Using integration by parts and the Young’s or Schwarz’s inequality, one can write
the proof easily.

Now consider the case when the symbol vanishes in a ball centered at £ = 0. We have

Proposition 3.2. Let a(x,§) € 5275,0 <p,6<1,0 <1 and

a(z,§) =0  for || < hR. (3.4)
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Then A =a"“(z,D) : Li} — LP is bounded and

|A| < CR™210 (3.5)
Here 1 < p < oo and Q = {§; €| < R}, C is independent of R but depends on 355‘?&@,{)
with |af < 20X = [3]+ L8| < 2p, 1 = [5%5] + L.

Proof. It is well-known that S(R,) ﬂL;2 is dense in Lg (see [4, p.24]), where Q is
required to have a ‘segment property’ which is true when 2 is a ball. Hence we may assume
for the moment that v € S(R,) ) Lf} and a standard density argument would lead to the
final result. Integrating by parts in y gives

Aua) = (2" [ [ 4 1eR)a,) (o T € ulw))dude

This is legitimate since u(y) € S(R,,) causing all terms outside the integral in y vanishing
and the fact that a(z, &) = 0 for |¢| < hR makes the factor [¢|~2# harmless.
Now, we can rewrite Au(z) as

Aua) = @n) " [[ ez S0 0y D a( T3 6) D ulw)duds

[B1+B2|=2p
Since § < 1, when || > 0 we may apply to each term of Au(z) the fact

(I = BP0 = (14 [a = yf?)eile08

and integrate by parts in £ to reduce each term of Au(z) to the form

I (@) = @) " Cop [ [ = 8Pl 2D} a( T2 €) }Duty
(1 [o = yf*) e dydg

I
2 [ e P ays, (5 26) (1t = o) D uly)dud

Since a(x, &) € Sp,aa we have

T+y —2u(1-5)
- < < 12
‘a)\ﬁ1( 9 ,5)‘ = C|£‘ ’

where C' depends on 8582‘ a(x,§) with orders as high as |a| <2X\ X =[] + 1;|8] < 2u,p =
[2(1 5)] + 1. Estimating the integral in £ we will obtain

s < CRY0-9 [ 1D2uy) (14 fo = ). (36)
Integrate |Jg, |P in z, by Young’s inequality
76, l[e < CR™ 2= D2 u(y) || o
Using the Bernstein’s inequality(see [4, p.17]) and u € Lg, we obtain
| Aul|Lr < CR™ 2 [u| L.

Combining Proposition 3.1 and Proposition 3.2, we obtain the following
Theorem 3.1. Let a(z,§) € 52,5,0 < p,6 < 1,0 < 1. Then the Weyl quantization
A =a"(z,D) is a bounded linear operator LI? — LP with norm
1Al < CR 2, (3.7)

where Q is the ball Q = {&;|¢| < R}, C depends on 8/380‘ (x,€&) with orders |a| < 2X\, X =
[3]+ L8] < 2p,p = [2(1 5)] + 1 and is independent ofR
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Proof. Construct a function ¢(&) € C§°(R,,) such that 0 < ¢(£) <1, and

_ L Kl <hR,

and denote

a1(z,§) = p(§a(z,§), az(z,€) = (1 - @(§))a(z, ).
Apply Proposition 3.1 to A; = a¥{’(x, D) and Proposition 3.2 to As = a¥ (z, D), then (3.7)
is proved immediately.
Corollary 3.1. If a(z,§) € S}’ with all the assumptions on a(z,§) as before, then
A: Lg — L? is bounded with
||A|| < C’Rm+n+2“5,

C depends on 050ga(x,€) and o] <20\ = [3]+1;18] < 2u,p = [27(”17%] + 1.
84. Boundedness in Scales of Function Spaces

Many function spaces which are important in mathematical physics, PDE and harmonic
analysis can be organized into various scales, the most remarkable are By , and F;  (for
notation, see [4, 5]). These scales are defined through the Littlewood-Paley dyadic decompo-
sition in frequency domain (see [4, 6, 7]): let ® denote the set of vectors ®(&) = {p;(§)}52,
such that ¢;(§) € Cg° and

suppyo(§) € {& €] < 2}, |
suppy; (€) € {ofo; 27 < g < 2

©;(€) =0, gowj(ﬁ) =1,

(G >0), (4.1)

and moreover
219010%¢;(€)] < Ca (42)
where C,, are independent of j. Usually, we always take ¢ € C§° such that {p;(§)}52; =

p(2 )l satisfy (4.1). With the help of vectors ®, we can associate to every f € S'(R,
Jj=1
a vector

{fi} = {i(D)f}320 (= {wo(D) f, (277 D) f, j > 0}), (4.3)
and we obtain Littlewood-Paley decomposition in S’(R,,):
f(x) =3 fi(@). (4.4)
3=0

Now we can define two scales of function spaces in L?P frame. Namely,
Definition 4.1. (1) B; . is the set of f € S'(Ry) such that f; in (4.3) are in LP and

p,q

oo ] 1/ o0 , 1/
10, = (D027 5502, ) " = (12 F s Flie, ) <00, (45)

j=0 §=0

or more directly, the weighted (by 2°7) L-P decomposition of f belongs to l4(LP(Ry)).
(2) Fj, is the set of f € 8'(Ry) such that ('Y |25jfj|q)1/q € L? and
j=0

LP

191, = (ZRonm)”| <o (46)
=0
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By Paley-Wiener theorem, we see all the sums and integrals above make sense.
We assume now —oo < s < 400,1 < p < +00,1 < g < +0o. We can prove that both

B, , and Fj = are Banach spaces with || f] in (4.5) and || f]

.y rs in (4.6) their norms
respectively.

B, , is called the Besov space.

Remark 4.1. We can prove that for various ¢ € C§°, the norms in (4.5) (or (4.6)) are
equivalent, hence the structure of the resulting Banach spaces are equivalent. This is why
we omit a mark for ¢ such as [|f||¥, in our notations (4.5) and (4.6).

Remark 4.2. B? and F? acl‘éiqlally can be defined even for —oo < s < +00,0 < p <

D.q p.q
+00,0 < g < 400 (but for FZ, ,, a slight modification is needed). Many function spaces
are their particular cases, e.g., Zygmund spaces Z° = B, ., (s > 0), Sobolev space Hp =

F;o (—00 < s < 400,1 < p < 400), inhomogeneous Hardy space and inhomogeneous BMO
space etc. Particularly LP(R,) is equivalent to F, (this is just the classical Littlewood-
Paley theorem for LP), while L?(R,,) (i.e., H°) is equivalent to B ,. Hence LP(R,,) is not a
Besov space, which helps to explain, at least partially, why the LP-boundedness arguments
are different from that of L?-boundedness. For more details see [4, 6, 7].

Now deal with the boundedness of A in B, ,. For u € B, ,, consider
Au = Z Auwuy, (4.7)
j=0

which will be shown later to be convergent in LP. Our goal is to prove the following
Theorem 4.1. Let a(x,€) € S%5,0 < p,§d < 1,6 < 1, then the Weyl quantization

A =a"(x,D) is a bounded linear opggtor A: B, , — LP with norm
Jaj < C.
C' depends on 858?61(%5) with o] <2\ X = [§]+1,(8] < 2u,p = [ﬁ] + 1. Here we
also assume
s>0 =n+2ud. (4.8)

Proof. We first prove the convergence of (4.7) in LP. Actually, by Theorem 3.1, Au; € L?
and

s _
1Ausll,p < COT2 sl = C27 |-

Note that u; € L and Q = {¢; || < 277}, hence we may replace R by 27. Since s > o, we
have

HAujHLP < CQj(ng) : 2js||uj||1,p
and Schwartz’s inequality gives

o0 oo ) , / ’ oo ) /
> sl < (32 ) T (S l,00) < il
Jj=0 7=0

Jj=0

Bpq’
7
A1, < Cl

where ¢’ is the dual index of ¢: % + = = 1. This prove the convergence of (4.7) and

(4.9)

s .
BPsq
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Remark 4.3. This proof is also valid for p = co and ¢ = 0o, the modification needed
is very easy.

For the boundedness of A in F,; , we have
Theorem 4.2. Let a(z,§) € Sg75,0 < p,6 < 1,0 < 1. Then the Weyl quantization
A = a¥(x,D) is a bounded linear operator A : Fj, — LP, here —0o < s < +00,1 < p <
400,1 < g < 400 with norm

jal <c. (4.10)
C depends on afaga(x,f) with |a| <2\, A = [%] + 1,18 < 2u, p= [ﬁ] +1, and we
also assume s > o =n + 2ud.

Proof. Tt is well-known that there are continuous embeddings (see [4, 4.46])

B;,min(pmc——» FpeCo ;,maX(p,q)' (4.11)
A = a"(z, D) can also be defined on B) ax(p.g)- Thus for u € F7 l(u) € B} nax(p.g): AU
can be written as
Au =(Aol)u .
ueFy, weF;,

By Theorem 4.1, the conclusion of Theorem 4.2 is immediate.

In Theorems 4.1 and 4.2 we note the decreasing of the upper index s. In fact, LP = FI?,Q.
Since in a certain sense, s is a measure of differentiability, the action of A causes loss of
differentiablity. Thus, in order to make the action A more precise, it is well that we introduce
differentiability of function into the definition of function space. Thus we introduce

Definition 4.2. Let Dy denote the completion of the set of vectors f = { fo, f1,- -,
fit fj € C(Ry,) with respect to the norm

oy = (izsm( > IID"“fjHLp)q)l/q. (4.12)
j=0

la|<m

/]

Since || - | pm is evidently a norm, we see that D, 7" is a Banach space when 1 < p <
00,1 < g < 00,1 < s < 400 and the proofs of the following facts are staightforward.
Proposition 4.1. (1) B;, C D0 in the sense that f = {fo, f1,--, [, 1, f; =
©(277D)f.
(2) When m' < m, D;if]"/ C Dyt

s A s,m g ; ;
(3) Dy, = QDWI is a Frechet space with (4.12) as semi-norms.

(4) H® = D3 5(s > 0) and C* = DL

The last statement is just the Littlewood-Paley decomposition of H*(R,,) and C*(R,,)
(see [8, Theorems 2.1.4 and 2.1.7]).

As an application of this function space, we consider the boundedness of PsDO of ST
class. As is well-known, classical PsDO of S? | class is not bounded in H° = L?. E. M. Stein
proved that it is bounded in H® when s > 0, but the proof is not published. L. Hérmander!®!
offered a proof of this fact (see [10, 11] for more details), and we want to offer another proof
here.
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First consider the PsDO
Au(z) = (2m)~ / / =98z, y, ) u(y)dyde (4.13)

with ST amplitude a(z,y,§). Its Littlewood-Paley decomposition is

oo

a(z,y,€) = Y a;(z,y,6) = ng a(w,y,§).

§=0
We first prove the

Lemma 4.1. Let A; be the PsDO with amplitude a;(x,y,§) replacing a(x,y,§) in (4.13).
Then DS A; is LP-bounded with norm

IDS Ajull,y < Ca2HVull . w e S(Ry). (4.14)

Proof. It is easy to see (integrate by parts) that
D2 Ajule) = (20) " [ [ €, o, uty)dyd,

where b o(r,3,) = (€ + D) ay(a,y,€) € ST Since
suppebjo(,y,&) C {62771 < ¢ < 2071}

the inequality (4.14) is easily derived by a simple calculation.
Theorem 4.3. Let a(x,§) € ST Then

alr, Dyu= (2m)>" [ e"a(z, )a(€)de
is a bounded linear operator from By , to D, ™ and
late, Dyull, ., < Cllul . (4.15)

C' depends on sup|9ga(z,&)(1+1¢[%) % |, la] < 2([53] +1).
@€

S U = > up with

J=0 k=0
suppetix (§) C {&;2871 < [¢] < 27}, We have

o)
a(z, Dyu =) a;(z, D)ur, (4.16)
k,5=0

where a;(z, D)uy = (2m)~ fe””gaj (z, &)uk(&)dE. Since a;(z, §)uk(€) = 0 whenever |k —j| >

j+2
2, we have a;(x, D)u = E aj(z, D)uy. By Lemma 4.1, we have

k=j—2

Proof. Let a(z,§) = ) aj(«,€) as in Lemma 4.1, then for v € B}

Jj+2
HD?CL]'(LL‘7D)U||LP SC&2](m+|a‘_s) Z 2]S||uj||LP’
k=j—2
ie.,

o0

Z(QJ(S m- |aD||Dan(x Dul|,,)* < C, Z 2% ul )
j=0 7=

That is identical with (4.15).
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Remark 4.4. When s > 0,p = ¢ = 2,a(z,D) : H*(R,) — H*"™(R,) (m < s) is
bounded, thus generalizing the result of E. M. Stein.

Remark 4.5. B3 (R,) = C*(R,) is the Hélder-Zygmund space, thus our theorem
also gives a boundedness result of PsDO on C*(R,) — C*"™(R,) (m < s).

§5. Almost Diagonalizable Operators

There is a problem left open until now, i.e., the problem if the Weyl quantization a* (x, D)
will map Li} into Lf}/ where Q CC Q. Actually, this is a question of deep relevance. Since
u € Lg has spectrum concentrated in a compact domain 2, and after acted by a*(x, D), the
spectrum would be smeared, except when the symbol a%(z,£) is of very special form, for
instance when a(x,£) = a(§) and the Weyl quatization becomes convolution. In this sense
we should say that a(z, D) is not localized. This is just the result of the appearance of
x-variables together with &-variables in the symbol. Thus it is clear that this phenomenon
is connected with a deep-lying fundamental law of the nature, the principle of uncertainty.
Thus, we should give a more reasonable formulation of our question: Can we decompose
a”(z, D) in two parts

a*(xz,D) = A(z, D) + R(z, D), (5.1)
where A(z, D) : L} — LY, Q = {& €] < R} Q' = {§¢] < kR} with k > 1 and R(z, D)
is in a certain sense negligible, for instance, R € S~>°7 If so, we say a"(z, D) is almost

diagonalizable and the main goal of this section is just to provide an affirmative answer.
By Littlewood-Paley decomposition of u,

Au = Z Auy. (5.2)
=0
By Littlewood-Paley decomposition of Au again, we have
Au-ngk Au—z k(D)Ap;(D U—ZA;W
k,5=0 k,j=0 (5.3)

Apj = <Pk(D) Az, D)p;(D).
It is clear that Ay; is the composition of ¢ (D), A(z, D) and ¢;(D). Hence we may turn
to the asymptotic expansion of Weyl quantization, which is given by Hérmander (see [12,
Chapter 18, 18.4-18.6]). If a;(x, &) € S(A™,G), where G is a slow-varying metric, A™: the
weights, then a¥(x, D) o a¥ (x, D) will have a symbol (a1#az)(z, ) and
-1
(m#a)(@,)~> > ( ' B)' Dgolay(z,£) DL 0% as(x, €). (5.4)
ko |a|+|8l=k
In our case, let ¢, = 0%p, then
— —1)° —k|a]—j - fe% —J
o O alw O oi() ~ > oy, 0o ae, a2 ).
la|+|g]=0

At present, we have, at least formally, an expansion for the symbol a(z, ) of A(x, D) as

Z Z ,5, Pa(271)07 P a(a, €)ps(277€)27 ML (5.5)

k.j=0|a|+|8|=0
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We should prove that, roughly speaking, in the expansion (5.5), the summation in « and
B is asymptotic, while that in k& and j is convergent. To this end, we should notice that (&)
being contained in C§°(R,) lies in S} ° = () S7. We may consider () belonging to the
class S% for arbitrary M.
For definite a and 3, let sup |pa| - sup |¢g| = Mag, since 1+ [¢| ~ 2F on suppg (2 —k¢)
and 1+ [£] ~ 27 on suppgp(277€). Tt is easy to see that
(_l)ﬁ —kla|—j — e —J
TB!Q e ﬂm@a@ k€)6$+6a(a:,£)<p5(2 &)
< CaﬂMaﬁg—k/\\al—jklﬁl (1+ |§|)(/\+5—1)\a+ﬁl’

(5.6)

where C, 3 are the suitable constants depending only on « and . Substituting into (5.5),
we see that the summation in k, j is convergent. Denoting the sum as aqng(x,€), we have

oo

a(x, &) ~ Z aap(,§). (5.7)

|a+B]=0
Again, using (5.6) we see for A small enough such that A+ < 1,

|aas(x,€)| < Aap(1 + |¢)) Ao Dlathl, (5.8)

Thus, (5.7) is an asymptotic expansion of a(z,§) € Sg,(;, here 0 < §; = 6 + A < 1. Hence for
any definite integer N > 0, we can write
N-1 'S}

(a(z,§) ~ Z aa/a(i,f)—F Z aa,@(mag)

|a+B|=0 la+8|=N (5.9)

— An(2,€) + Rn(2,6), Ru(2,€) € SCIN,

By noticing that suppe(275¢) N suppp(277¢) = 0, whenever |k — j| > 2, (5.5) can be

rewritten as
oo k42

IDS Z lﬁl Pa(2756)00 P a(x, &) pg(277 )27 Mol =181

k=0 j=k—2|a|+|5]|=0

Using the same procedure as above, we have an operator

= Ay(z,D), (5.10)
k=0
k+2
Ag(z,D) = > @r(D)A(z, D)g;(D). (5.11)
j=k—2

Convergence of (5.10) would be established later. At present we have asymptotic expansion
of (5.11) as

oo k+2
1=0 j=k—2
N—-1 k+2 oo k42
= ok(D)Ai(z, D)p; (D) + Y Y wr(D)Ai(x, D)p;(D)
1=0 j=k—2 I=N j=k—2

I
o
>
Zb
5}
B\
+
oy
=
Z
w
S
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Substituting into (5.10), we have A(z, D) = Ay(z,D) + Ry(z, D). Since A(x,D) and
A(z, D) have symbols with the same asymptotic expansion (5.5)

A(z,D) = A(z, D) mod (S™°°),

we have finally

A(z, D) ~ Y Ay(z, D) mod (S). (5.12)
k=0
Apg(z, D) is very remarkable, since we have Ay : L;j — sz by (5.11), where Q; =
{& 1] < 249),1 = j, k. We give
Definition 5.1. An operator A : L; — L;/ ,Q C QY is called a diagonalizable (localizable)
operator. An operator which can be expanded asymptotically as sum of diagonalizable oper-
ators

A~ A mod (ST, (5.13)
k=0
is called an almost diagonalizable operator.
The discussion above can be summed as a
Theorem 5.1. Leta(x,§) € 5275,0 < p,0 <1,6 <1, then its Weyl quantization a* (z, D)
is almost diagonalizable.
Definition 5.2. If A(z,D) = a"(z,D) can be expanded asymptotically as A(x,D) ~

kzo Ay (z, D) mod (S~°°), while Ay(z, D) are bounded linear operator (mod S=*°) : By = —

B;:q, Fy,— Fz‘ffq, we say A(x, D) is bounded asymptotically.
Theorem 5.2. Leta(x,§) € 5275,0 < p,0 <1,0 <1, then its Weyl quantization a* (z, D)

is an asymptotically bounded operator: By . — B;:q with ' = s —n.

Proof. By Theorem 5.1, we have A(xz, D) ~ > Ap(z, D), and Ag(x, D)’s are defined by
k=0
(5.11).

Now we can apply the same argument used in the proof of Theorem 5.1 to the operator
or(D)A(z, D) and we have

Pr(©#a(z,6) ~ S oMol (2700 a(a, €)

v o (5.14)
= 3 2 ea (270 0@, §) + Rl €),

la|=0

with Ry, € S™V. Summing Ry, in k, and denoting Ry (z,&) = Y. Ryw(x,€), we can
k=0

prove as before that Ry (z,£) € S™V. Here we make use of the fact that 28 ~ 1+ |¢| on
suppgp(27F¢).
We shall prove now boundedness of Ay (z, D) : B, , — B;:q with 8’ = s — n. Actually

k+2

Ag(w, D) = > or(D)Au;.
j=h—2
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Since ¢ (D)A as a PsDO has a symbol supported on Q = {&;[¢] < 28!} and expandable
asymptotically as (5.14), we can use the methods in section 3 to each term of (5.14) and
note that 28 ~ 1 + |¢],

| [[ e mepazronza(* 12 € uiwdude] < c2 2w,
since 29 ~ 2¥ when |k — j| < 2. Assuming u; = 0 for j < 0, we see
1Ak (2, D)ull < C25* (flug—2l o + -+ + sl
= C2F ) 20wy o), + -+ 25Dl ).

k2
Hence for Ay mod (S~%°), 2k6=")||Ay(z, D)ul|,, < C > 27%||uj||,,. Denote w = Au,
j=k—2

then
k42 k42
’ 1 q
(2wl ) < [0 30 2wl | <€ > (@)
j=k—2 j=k—2
Summing up in k, we have ||w||BS, < Cllu|lzs ,1i-e., for Amod(S™*), ||Au|| §C||u\|55 ,
P.q p.q P.q

and the theorem is proved.

Next, we are to consider asymptotical boundedness of A" (x, D) in F; , here 0 < p <

+00. We also use the embedding of the scales of function spaces as follows (see [4, §2.3.2,
Proposition 2])

F;(R,)C_ B,

— ' p,max(p,q) (R’ﬂ)7

BS . (R,)C_ B:°(Ry), £ >0, B**  (R,)C_ F°(Ry).

P,q0 —— D, q1 p,min(p,q) — " D,q
Theorem 5.3. If a(x,§) € 5'275,0 < p,6 <1,0 <1, then a¥(z,D) = A(x,D) is an
asymptotically bounded linear operator F;  — F;:q_s. Here s’ = s —n,e > 0 is arbitrary,
1<p<+00,1<g< +o0.
Proof. The mapping A: F,), — F;’:q_g can be splitted into four steps:

# BS . (qo = max(p,q)), B A By (s' =5 —n),

P.q0 P;q0 P90

B Bse (¢ =min(p,q)), Bi.® S Fse

p g0 pP,q1 ;D q1
All mappings are continuous with norms depending only on a( ,€). The theorem is proved.
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