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DARBOUX EQUATIONS AND ISOMETRIC
EMBEDDING OF RIEMANNIAN MANIFOLDS
WITH NONNEGATIVE CURVATURE IN R3**
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Abstract

The present paper is concerned with the existence of golbal smooth solutions for the homo-
geneous Dirichlet boundary value problem of the Darboux equation and the case degenerate on
the boundary is contained. As some applications the smooth isometric embeddings of positively
and nonnegatively curved disks into R® are constructed.
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§0. Introduction

As Darboux pointed out, the isometric embedding of two dimensional Riemannian man-
ifolds in R? leads to solve a nonlinear partial differential equation of Monge Ampere type
det(V?2) = kdet(gi;)(1 — g 2z;) in Q C R?, (0.1)

where V22 = (z;; — Fszk) denotes the Hessian of z with respect to the given smooth metric
g = gijdu’du’ defined on Q, g%/ the inverse of the metric tensor and k the curvature of the
metric g. Indeed, from the Gauss equations of the required isometric embedding 7= (z, y, 2),
Fij = Dyt + Qijit, 4,5 =1,2,
where €);; are the coefficients of its second fundamental form and 7 is its normal, computing
the inner products of the last expressions and the unit vector k of the z axis we have
det(V2z) = det(Q;)(7, k).

Notice that det(€;;) = kdet(g;;) and

- X1y _ -\2 y

i, k)> =1— <7Xk) =1-g"2z;.

(7, k) |7 X 7| 9" #
It turns out that z satisfies (0.1). The equation (0.1) is called the Darboux equation. Ones
are very interested in the existence of the smooth convex caps, i.e., a convex surface whose
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boundary is on some plane and the projection of this surface on this plane is a one to one
mapping. This leads to solve (0.1) and

z=0 on 02 (0.2)
with a subsidiary condition
Vz|? = gYzz; <1 on Q. (0.3)

If 2z is a global smooth solution to the problem (0.1) with (0.3), it follows that g — dz?
is a flat metric defined on Q (for details, refer to [2]) and in some conditions we can find
two smooth functions z and y in C°°(Q) (Lemma 1.5 of the present paper) such that dx?
+dy? = g — dz?, ie., ¥ = (x,9,2) is the required convex cap. There has been a counter
example in [7, Appendix 3] to show that (0.1) with (0.2) and (0.3) is not always solvable
even if (Q,g) is an analytic geodesic disk with strictly positive Gauss curvature. It should
be emphasized that the boundary of €2 in the above counter example has negative geodesic

curvature. Therefore, naturally, we assume that

the curvature k£ > 0 on Q, (0.4)

0f) has positive geodesic curvature k. (0.5)

Under the assumptions (0.4) and (0.5), a local smooth solution (in C*(Q2) NC(2)) to the
problem (0.1) and (0.2) with |[Vz|] < 1 in Q was obtained in [18, p.104, Theorem 4]. In
order to study the isometric embedding of metric with curvature changing its sign, for
example, the metric defined on a neighbourhood of 2 with curvature positive inside and
negative outside, the existence of a global smooth solution to (0.1) with (0.2) and (0.3) is
very important and necessary to smoothly extend the solution to the outside 2. If there
exists a smooth geodesically convex subsolution to the problem (0.1)—(0.3), a global smooth
solution is constructed in [4] for (0.4) and also in [12] for the degenerate case of the Gauss
curvature respectively. But up to now it is unknown whether (0.4) and (0.5) are enough or
not for getting a global smooth solution of (0.1)—(0.3). This is the motivation of the present
paper. The problem is that the factor (1 —|Vz|?) in the right hand side of (0.1) may destroy
its ellipticity. The main difficulty in getting the global smooth solution is how to obtain the
above bound over Q of |Vz| strictly less than 1. Lemma 2.1 in the present paper gives a
stable intrinsic estimation for the above bound of |Vz|. Particularly, it is worth pointing
out that this estimation obtained here only involves the lower bound of the curvature k in a
certain interior closed domain of Q2 and does not depend on the lower bound of the curvature
k on Q. So we can take this advantage to some degenerate case. Meanwhile, the existence
of global smooth solution to (0.1)—(0.3) for smooth metric is also proved.

In the sequel, unless otherwise stated, by a smooth solution we always mean a global
smooth solution, namely, a solution smooth up to the boundary.

Theorem A. If (0.4), (0.5) are fulfilled, then (Q,g) always has a smooth isometric em-
bedding in R which is a convez cap.

Theorem B. If (0.5) is fulfilled and the Gauss curvature satisfies

kE>0inQ and k=0, dk+#0 on 09, (0.6)

then the conclusion in Theorem A continues to be true.
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If (0.6) is fulfilled and if we smoothly extend the metric g to outside Q, the Gauss curvature
will clearly change its sign. Combining Theorem B with the result in [13] on existence of
smooth solution for degenerate hyperbolic equation of Monge-Ampere type, one can obtain
a smooth semiglobal isometric embedding in R? for a Riemannian manifold with curvature
clearly changing its sign on a curve. This is a generalization of [15]. Under the present
case, the region where the curvature is positive, is global and the region where the Gauss
curvature is negative, is local. This is the reason why we call “semiglobal”.

§1. Several Lemmas

This section is concerned with some geometric consideration which are useful to the later
realization in R? of the Riemannian manifolds with positive or nonnegative curvature.

Lemma 1.1. Let g be a smooth metric defined on a simply connected bounded closed
domain Q whose boundary has positive geodesic curvature kg. Then there exists a smooth
noncompact complete extension (M, ) of (,g), which is also simply connected such that,
outside a compact set, the metric is of the form

~ 1
§ = dt? + G?ds® whose curvature =1 min kgefz(ma" ko)t
and
G, 1
Rl minkge_(ma"kg)t. (1.1)
G 2

Proof. Indeed it suffices to extend the Riemannian manifold (£, g) to a smooth complete
noncompact Riemannian manifold (M, g) for which outside a compact set (1.1) holds. Since
01 is of positive geodesic curvature, under the geodesic coordinates with the base curve 02,
the metric g can be expressed as

g=dt> + G*(s,t)ds*>, —3<t<0

with G(s,0) =1 and G¢(s,0) = the geodesic curvature k; > 0 (1.2)

for some positive constant §. Next we try to extend g to g by finding a suitable smooth
extension k(s,t) of the Gauss curvature k(s,t) = —Gy/G, t < 0 and by solving the Gauss
equation

Gy = —kG, t>0. (1.3)
Denote by k; an arbitrary smooth extension of k(s,¢) in the region ¢ >0 and by «a(s) the

smooth cutoff function with a = 1 as || < 1/2 and o = 0 as || > 1. Suppose that the
required function k is of the form

7. t 1 t . 2 —2tmax kg
k:oz(E)kl(s,t)JrZ(lfoz(E))mmkge , t>0. (1.4)
Choose € so small that for the solution G to the problem (1.3) (1.2) we have
Gi(s,t) _ 2 .
= GO > -mink, at t = e. (1.5)

Obviously e depends only on max |k;| and max k,. From (1.3) it is not difficult to derive

Wy=—k-W? t>e (1.6)
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With W~ = 1 mink, exp(—tmaxk,) we have
W <—-k—W7)?% t>e

In view of (1.5) an application of the comparison principle soon gives the assertion in (1.1).
This proves the present lemma.

Lemma 1.2. Let the assumption in Lemma 1.1 be fulfilled. Then there exists a geodesi-
cally convex function h in C™ (Q) satisfying
1
C

where the constant C' depends only on the reciprocal of mink, and the intrinsic diameter L

(V2h) > Z1>0 and |h|y <C, (1.7)
of Q and |k|o. Here and later we always denote by |k|s the C®°-norm of k.

Proof. Lemma 1.1 gives a smooth extension (M, §) of (Q, g) which is a complete simply
connected noncompact Riemannian manifold with positive curvature outside a compact set.
In [5] the authors proved that any noncompact complete Riemannian manifold has a strictly
convex function provided that outside a compact set the sectional curvature is positive.
Translating the argument in [5, Section 2] from line to line for (M, g), in view of (1.1),
without difficulty we can find a Busemann like function which satisfies (1.7) in the sense of
the second difference quotient. Meanwhile, by a smooth convolution approximate technique
given in [6] we can get a smooth strictly convex function A which also satisfies (1.7) for
another C'. The details for the construction of h are omitted here.

Lemma 1.3. Let the assumption in Lemma 1.1 be fulfilled. Then there exists a smooth
geodesically convex function v vanishing on 0 and satisfying |Vy| < % and (1.7) for
another constant C' depending only on the same quantities as before.

Proof. Under the geodesic coordinates (s,t) as used in (1.2), near the boundary 92, we
define

ho=el—1las —6<t<0.

Following [3] and [12, Lemma 2.1], setting a function g € C*°((—o0, 0]) subject to
. 30 p . 6
= = — < [—— > — -
g(0) =0, ¢(6) = —1 1f9_h0( 4), g(0)>01f9_h0< 2)

and ¢"” >0 in (—o0,0],
after constructing a smooth geodesically convex function
¥ = g(ho) + AC?L, where A is small enough and ( a cutoff function,

we can soon find the required smooth geodesically convex function by scaling 1. Hence this
completes the proof of the present lemma.

Next we shall further discuss some geometric properties of Riemannian manifold with
boundary of positive geodesic curvature.

Lemma 1.4. Let the assumption in Lemma 1.1 be fulfilled. Then Q is geodesically
convet.

Proof. Without loss of generality, we may assume that the metric g is defined in a simply
connected neighbourhood Q' of Q. First of all we claim:

for each point p € OS2 there is a geodesic
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disk Bgr(p) such that QN Br(p) is geodesically convex. (1.8)

Near 02 we take geodesic coordinates with the base curve 0f2, under which the metric g is
of the form

g =dt* + G*(s,t)ds® in N(0Q) = { —to <t < to}, (1.9)

where 0f2 is defined by t = 0 and parameterized by the arclength. By the Liouville theorem
the geodesic curvature of 9Q = Gi(s,0) > 0. Therefore, without loss of generality, we
assume G > 0 in the region considered. For each p € 9 there is a positive constant R
such that the geodesic disk Br(p) is convex and contained in N(J€). Then for arbitrary
two points p; € Br(p) NQ, i = 1,2 with the coordinates (s;,t;) there is a unique geodesic
v connecting p; and pa, lying in Br(p). Next we illustrate this geodesic completely lying
in Br(p) N €. Suppose that this geodesic (o) is parameterized by its arclength. Then the
geodesic equation provides

toe = —I2,52 = GGys2 > 0. (1.10)

This means that ¢((0)) is convex and hence, attains its maximum at the endpoints, namely,
t(o) < max t; < 0. This implies the assertion in (1.8).

Now we turn to the following arbitrary case: p; € Q, ¢ = 1,2. In order to illustrate that
any minimizing curve y connecting p; and p, completely lies in {2 we must show that ~
has no point on 9. If it was false and p € v N 9, we would find two points ¢; and go
respectively on the coming ray and outgoing ray, such that ¢; and g5 are all contained in the
convex geodesic disk of p mentioned in (1.8). Thus it follows that there is a unique geodesic
connecting g; and g, lying in €2. This contradicts the minimizing of v and completes the
proof of the present lemma.

Lemma 1.5. Let the assumption in Lemma 1.1 be fulfilled and let the metric g be of
nonpositive curvature. Then for each point p € § there is a simply connected domain w in
T, such that exp, is globally diffeomorphic from @ onto Q.

Proof. As mentioned before we can extend this metric to a neighbourhood ' of Q where
O has positive geodesic curvature either. If p € Q, we define

w' = {(p,9)|p < sup {slexp,sv C Q'}, v € T, ¢ is the polar angle of v},

where v is a unit vector. So the exponential map exp, is a surjective smooth map from w’
onto €. Besides

((dexp)pvv, (dexp)puv) =1
and if the Gauss curvature of the metric is nonpositive, an application of Jacobian equation
tells us

((dexp) ppw, (dexp) ppw) > 1

for all v,w € S' and w L v. These two expressions imply the exponential map exp,, locally
diffeomorphic. Lemma 1.4 tells us that the exponential map exp,, is surjective from w —
Q. It remains to illustrate exp,, to be injective. Indeed, suppose there are two unit vectors
v; € T}, and real numbers p; such that

q = exp,p1v1 = exp,pava  and exp,pvi # exp,p’va
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for 0 < p < p; and 0 < p’ < pa. On the region @ enclosed by
71 = {exp,pv1|0 < p < p1} and 2 = {exp,pv2| 0 < p < pa},

using the Gauss-Bonnet formula we have
27T:/k+/ kg+91+92§91+92, —m < 61,00 <m,
Q 0Q

where 0; and 6, are the angles between 7; and 7, at the points p and ¢ respectively. It
turns out that §; = 0 = w. This implies that they coincide with each other. This is a
contradiction.

Thus we have proved that exp,, is globally diffeomorphic from w’ onto €', so is the map
from w = (expp)_lﬁ to Q. This completes the proof of Lemma 1.5.

Remark. When the metric is flat, Lemma 1.5 is just the consequence of [4, Theorem 1].

Lemma 1.6. Let z € C*(Q) be a geodesically convex solution of (0.1) with (0.3) and let
0z/0n > 0 on O for the unit vector n pointing to outside Q and perpendicular to 9 in
the given metric. Then if Q) has positive geodesic curvature, so does the boundary 0 with
respect to the metric ¢ = g — dz°.

Proof. Take the geodesic coordinates with the base curve 012, as done in (1.2). Then by
the hypotheses in this lemma we have, on 950,

V2|2 =22+ 27 < 1. (1.11)
It is easy to see that the metric § is of the form, near 012,
G=g—dz* = (G? — 22)ds® — 2z,zdsdt + (1 — 22)dt? (1.12)
and
€1 = G;—zga&

e = ! ( FEt 9, + /G2 = 22 at) (1.13)

VEA—B -2\
form a smooth unit orthonormal frame. Furthermore, e; is tangent to 9€2 and running in
the anticlock direction and es is the interior normal. It turns out that the geodesic curvature
of Q) with respect to g

];‘g = <627 v6161>
_ hg(1— [V2?) + 2e(2s — T1y2s — T 2)G 2
V(= [VzP)(1 = 22)%/2
kA=)
ST

since z; > 0 and z is geodesically convex. This proves the present lemma.

at t =0, (1.14)

Lemma 1.7. Let g € C?(Q) be a positive curvature metric and let OQ be of nonnegative
geodesic curvature. Suppose that a C?-convex cap ¥ : Q — R> is an isometric embedding
in R3 of (9,Q), then the total mean curvature of 3,

1
< _ .
LH—C@%kaaA“) (1.15)

where L is the intrinsic arclength of 0S2.
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Proof. Suppose that ¥: ¥ = (z,y, z) is convex with respect to the axis z and 9% lies on
the plane z = 0. Denote by II the projection on the plane z = 0 of ¥. First of all we show
that II contains a disk with radius ry of positive lower bound depending only on fz k, L
and max k. Indeed Lemma 1.6 tells us the geodesic curvature k, (indeed, curvature) of OII
is nonnegative and hence II is convex. And we can directly compute the area of II,

dw

|11} :/cos(ﬁ,ﬁ)ds:/ cos(7, k) —
D) ) k

zm(/&)?

where G is the spherical map: ¥ — S2. On the other hand, the arclength of Il = the
arclength L of 0¥. Then the width of the convex domain II, d > |II|/L and it is easy to
find a triangle in IT for which one side > d and the height to this side > d/2. It turns out
that there is a disk in this triangle with the radius ro > d?/8L > |11|?/8L3. Thus we have
proved the previous assertion.

Lift the center of this disk along the z axis to the plane z = ry and take this point as
the new origin. If no confusion occurs, we still denote the position vector of ¥ by 7. Set
w = —|7?/2. The Minkowsky function of %,

p=(—Ffg) =+ —2w— |[Vw|?,
where 7y, is the interior normal of 3. By the geometric meaning of p and the special choice

of the origin, we know p > ro and p, |Vw| < |F] everywhere on . Using the Gauss equation

we have
Vijw + gij = Qip, 1<14,5 <2,

which implies H = (Agw + 2)/2p. It turns out that, after the integration by parts,

w/—?w— |Vw| o5

for some constant C' depending only on the quantities mentioned in (1.15).

§2. The Existence of Global Smooth Convex Cap

In this section we shall use the continuity method to construct the required solution to
the problem (0.1) with (0.2) and (0.3) and the isometric embedding in Theorem A and
Theorem B. First of all we shall give a family of conformal metrics of the given metric g.
Without loss of generality we may assume that € is just the unit disk D and moreover by
the uniformization theorem, in global isothermal coordinates the metric g is of the form

= E(du® + dv®) in D
for some positive function E € C°°(D). Set
x = EAE0N(du? + dv?), A €[0,1], where E = (9 —12)2. (2.1)
By a direct computation it is easy to see the curvature of the metric g,

ko = 36/(9 — r*)* > 1/200
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and the geodesic curvature of 0D, ky, = 3/32. Furthermore, for each gy its curvature

(1-3) =\ 2
FE FE

and the geodesic curvature in gy of 0D,

(1-X)/2 =\ V2
E E
kg, = Ak, (E) + (1= kg, <E> .

Therefore there are two positive constants C' and § independent of A such that for all A € [0, 1]
lkxlz < C and ky > %min{ko,k} on D, ky, > é on 0D (2.2)
and
g\ = dt* + G3ds?, —35 <t <0, where G5(s,0) = 1 and 8;G(s,0) = kg, -

Set S = {\ € [0, 1]| for gy the problem (0.1) with (0.2) and (0.3) has smooth solution z,}.
Obviously S is not empty since both of gy and the domain D are all radius symmetric and
it is easy to find the radius symmetric solution to the problem (0.1) with (0.2) and (0.3)

ZO/: \/leXp {/OTW%W} (9 — r?)dr.

Lemma 2.1. Let (0.4),(0.5) be fulfilled. Then for each A € S the following inequality

1 1 11
<o(L, |k do,——— ) <1 2.3
Vel < ( 1 |1’kada’minaDkg’/D o minDJk’5) < (2.3)

holds, where ¢ is mentioned in (2.2) and Dg denotes the set of all the points of the distance
> 0 in gx from the boundary 0D and L is the intrinsic arclength of OD.

Proof. From Lemma 1.6, Lemma 1.5 and the definition of S, it follows that for each

A € S one can find z) and yy in C°°(D) (i.e. the normal coordinates corresponding to the

exponential map in Lemma 1.5) such that (xy,,) is a diffeomorphism defined on D and

the graph 7 = (zx,Yx, 2x) is an isometric embedding of (gx, D) in R3. Under the geodesic
coordinates, by (2.2) we have

2G>\k)\

_35<t<0 0;Gx

< M(L, |klo, 1/ min k).

Set
0
¢ = _/ V1 — e MEBE)dr —35 <t < 0. (2.4)
t

A simple computation yields
det(V3¢) > kaG3(1 — |Va9|?), =36 <t <0 (2.5)

for arbitrary R > 36.

Next we choose R so large that ¢ is a subbarrier as —30 < ¢ < 0 to (0.1) with (0.2). Since
7\ is a convex cap, Lemma 1.7 and (2.2) provide us with uniformly above bound for the
total mean curvature [ Hy for all A € S. Thus Heinz’s interior estimation [8, Satz 3] (also
[18, p. 102]) provides us that

|D?7\| < C on Dy
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for some constant C' depending only on 1/4, L, |k|;, the total mean curvature and the
reciprocal of the lower bound of k over Ds. Thus with the aid of Lemma 1.7 it is easy to
see this constant C' controlled by the quantities mentioned in (2.3) and independent of .
So their principal curvatures k%, i = 1,2 satisfy

C>ki> % on 7(Das)

for another constant C' depending only on the same quantities in (2.3). Therefore the
distance of the image of the spherical mapping G(7\(0D3s)) from the equator > §/(2C)
since 7 is a convex cap and the spherical mapping for convex surfaces is homeomorphic.
Consequently

Lo . J
|Vazal? = 1 — (iiy, k)2 < 1 — sin? <%> =¢q¢ <1 on dDss. (2.6)

Now let us fix the constant R so large that
V1—e M(E=30) > g, (2.7)

which implies
¢y > Opzy ont = —30. (2.8)

With the aid of (2.5), (0.1), (2.8) and the fact that ¢ = 2z, = 0 on 0D, an application of the
maximum principle to ¢ — z) on the region —3§ < ¢ < 0 provides at once

¢ <z as —30 <t<O0. (2.9)

Thus, we have
1> ¢:(0) =+V1—eME > gupdz,.
oD

This completes the proof of the present lemma since |Vz,| attends its maximum on 9D.

The following a priori estimates are very useful and, indeed, do not depend on Lemma
2.1.

Lemma 2.2. Let (0.4),(0.5) be fulfilled and let = € C*(Q) be a geodesic convex solution
to (0.1) with (0.2) and |Vz| <1 in Q. Then

1
max |D?z| < C’(max|D2z|,L7|k|2,.7). (2.10)
kel o0 mingg kg

It is worth pointing out that the bounds given in (2.10) are independent of the lower
bound of the Gauss curvature. We can take this advantage to the nonnegative curvature
case.

Proof of Lemma 2.2. Throughout the argument in proving the present lemma, we shall
use the orthonormal frame e; and its dual frame w;, ¢ = 1,2 at the point considered and all
the derivatives are covariant derivatives. Denote by A the Laplace-Beltrami operator A,.
A differentiation of (0.1) yields, with f = k(1 — [Vz|?) and F¥ = §det(V?z2)/0zj,

Fizy = fr, k=1,2. (2.11)
A differentiation of (2.11) again gives

. 1 . . .
Fil s = fur — ?(F"”F” — F'" FY) 2k 2t (2.12)
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By means of the Ricci identity and the chain rules we have
Zijk — Zikj = ZmBmijk, (2.13)
Zijkk — Zkkij = 22mkBmijk + Zmj Rmkik + Zmi Rmkjk
+ szmijk:ﬁ + ZmRmkik,j7 (214)
where Ry,;;r and Rpijk,, are the components of Riemannian tensor and their covariant
derivatives. Inserting (2.13) (2.14) into (2.12) one can obtain
FY 2ikij = frr — ?(leF” — F"™FY9) ik 2t — 2F9 21, R
- 2fk - (ZmRmijk,k + ZmRmkik,j)Fij7 (215)
and
Yin = —2kz(Az), — 2kz(Az)2 +0(1)(Az+1).
Now we are in a position to estimate the above bounds over Q for |D2z|. Consider an
auxiliary function
w=1InAgz+ Y,

where 1) is the function constructed in Lemma 1.3. To prove (2.10) we only need to discuss
the case where w attains its maximum at some point p € Q. If at the point p,

|[Az| <max{1,/8f},
(2.10) is trivial. Therefore it remains to discuss the case |Az| > max{1,+/8f) at the point
p. Under the orthonormal frame near this point, without loss of generality, we may also
assume z13 = 0 at p. It turns out that

1 1
|211 — 2’22| = (Az)2 —4f > §AZ > 5, at p, (2.16)
and
o (AZ)Z
Wi = Az
On the other hand, solving the following system, k = 1,2,

F'"2up = fr and 2y = (A2)y,

+; =0, i=1,2, atp. (2.17)

we have
fk‘ — F22(Az)k
Ak = T par (2.18)
fr = FM(Az)g
Z99k — W (219)
Hence

- %(leFij — F"™FY) 2450 2mik
= 2(219p%12k — Z116222k)
AzF(Az)F — fiD2(Az); — 2F*(A2)ifi + 2fifi
=2
(FIT — F22)2
FY(Az)121 — F?2(A2)220 + 22fo — 211
(FIT — F22)2

+ 4k + 2k%|V2|?
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which, in view of (2.16) and (2.17), is bigger than or equals
AzF"(Az)?
(FIT — F22)2
for some constant C' depending only on bounds on € of k, [Vk| and |V#|. On the other
hand, combining (2.15) with (2.20) we have, at the point p,

2 —C(1+Az) (2.20)

. 3 Fi(A2)2 y
0 Z AZF”’LU“* Z F“(AZ)“‘ — % + AZF”’lﬂii - C(l + AZ)
Az+4f
> WF (A2)7 + Amin(D*Y)(A2)? — C'(1 4 Az), (2.21)

where the constant C’ also depends on, in addition to the quantities mentioned above, the
bounds on Q of |[D?k|. Thus we have proved (2.10) if we note that the bounds for |[V1| and
the reciprocal of the lower bound of Ay, (D?t) are controlled by some constant depending
on L, |k|i, 1/ mink,. This ends the proof.

Naturally one also expects to get an estimation for the above bound on 9§ of |D?z|,
independent of the lower bound of the Gauss curvature. This is possible for the solutions to
the problem (0.1) with (0.2) and |Vz| < 1 in 2. Consider the following problem

Agzz = 2Vk, in Q and with ¥ =0 on 9.
Define
v* =9/\/1+max|DyJ2.
From the Hopf lemma it is easy to see
min T >0 (2.22)
as long as k is not identically zero. And a direct computation at once provides

At <2k — [V ]2), in Q with ¢ = 0 on 0. (2.23)

Lemma 2.3. Let the assumption in Lemma 2.2 be fulfilled. Then the following inequality

1 1
22 < ( —_ 7) .24
I%%X|D z| < C L,|k:|2,minkg,rIlin@g)Jr (2.24)

is valid.
Proof. For a given point p € 902 we take the normal coordinates centered at p and the
interior normal at p as the y axis. Sometimes denote (z,y) by (z1,22). It is easy to see

222(0) + 24(0)kg(0) =0
and hence |z,,(0)| is controlled by the right hand side of (2.24). To estimate |z;,(0)| we
take a smooth tangent vector field X = b79; and act it on (0.1). As a result, we can get,
with F = 9(det(V?z2))/0z;; and g = det(gi;),
L(X2) =g 'FiV;;(Xz)
= (Xk)(1 — |Vz|?) + Aof + F9A;; + g P F90%(Vijnz — Viiy2).

Here and later A;, A;; 4,5 = 0,1,--- always denote the constants under control and A;, A;;
may be different from line to line. By the Ricci identity (2.21) we have

L(X2) =g 'FIV,;;(X2)
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for other A;;. Since X is a tangent vector, it turns out that | Xk| < CV'k. By the geometric
and arithmetic mean theorem it is easy to see

|fil < C(/f+FM + F2) < O'(F" + F2).

With the aid of the geodesically convex smooth function ) obtained in Lemma 1.3, without
difficulty, one can show that (X z)4 A are the subbarrier and the superbarrier for sufficiently
large A which is also controlled by the right hand side of (2.24). Thus the bound of |z, (0)]
can be obtained by a simple application of the maximum principle to the above subbarrier
and superbarrier. To estimate the bound of |z, (0)|, from (0.1) we first derive

Agz > 2y/k(1 —|Vz|?) in Q with z =0 on 0. (2.26)

With the aid of (2.23) and (2.26) the following inequality
Uyt (T — 2) + gz (U — 2
+2\/Eg ’(/}z (1/}] ]) g J(’L/}’L )

+

Ay —2) TN i S (2.27)

is valid. Thus in view of (2.27), the maximum principle implies

+ +
ngsi)n a(;pn < a@in < g—z on 0f). (2.28)
Therefore, under the geodesic coordinates as used in (1.2),
V12 = 2es + kg2 = kg% > min kg min oyt on 0
ot on

Combining the last inequality with (0.1) yields the above bound for |z, (0)| which is also
controlled by the right hand side of (2.24). This completes the proof of the present lemma.

Proof of Theorem A. Obviously, the set S is open. It suffices to prove the closeness.
Indeed, from Lemma 2.1 it follows that

[Vza] <g<1 on Q forallAe S

and hence, the right hand side in (0.1) has uniformly positive lower bound for all g5 , A € S.
And Lemma 2.2 and Lemma 2.3 with the concrete construction of g, guarantee that the
linearized operator of (0.1) for each gx , A € S is uniformly elliptic. Therefore so is (0.1).
A standard C?*® estimation for completely nonlinear uniformly elliptic problem soon gives
the closeness of the set S. This proves that if (0.4) and (0.5) are satisfied, (0.1) with (0.2)
and (0.3) always admits a global smooth solution. Combining Lemma 1.5 and Lemma 1.6
one can soon completes the proof of Theorem A and moreover, (2.3) holds for the solution
z.
Proof of Theorem B. Let ¢ be a smooth solution of the equation

Agjo=-1 in Q@ and o <0.

2e0

For the conformal metric g. = e“““g, its Gauss curvature satisfies

1
ke=e2(k+e) >0, ko> ks (2.29)

for sufficiently small e. Similarly we can define ¢ for g. as before and assume that

ove > 1min o
on — 2 on

if € is very small. Denote by {25 the set of all the points of the distance in the metric g, from

on 0f) (2.30)

02 > §. Obviously, we may also assume that there is a positive constant ¢ such that the
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geodesic coordinate system with the base curve 9 for each metric g. covers Q \Qs if € is
very small. Let (0.5) and (0.6) be fulfilled. Then by the continuity we can also assume that

. 1 1 .
ki > el and |Vke| > o on AN if € € (0, €] (2.31)

for some positive constants C' and ¢y. Using Theorem A, we can find a smooth isometric
embedding: Q — 7, = (2, ¥, 2c) subject to

det(Vi;2e) = kege(1 — |Vez|?) in Q with 2z =0 on 09, (2.32)
and furthermore, Lemma 2.2, Lemma 2.3 and Lemma 2.1 provide
1
|D?2| <C, 1—|V°]* > ol (2.33)

for another constant C since under present circumstance, the above bounds of L., |kc|2, and
the reciprocals of the mink{ over 92, mink, over {25 and the total curvature over 2 are

bounded above by a constant independent of ¢ and meanwhile
Oze _ T _ 1 oYt
> ¢ > _min —— on.
an = an 2" op on
The main difficulty we are faced with consists in the curvature k vanishing on 9. It is

impossible to find a uniformly positive lower bound for the eigenvalues of the Hessian V2z,.
To bypass this difficulty we note that the present degeneracy on df2 of k is just of order 1,
ie., dk # 0, and hence the assumptions in [11, p.417] and [12, Theorem B] are satisfied.
Thus one can find a function w(t): Ei — Ri with w(0) = 0 and w(t) — 0 as t — 0,
such that

|DY2.(p) — DY2.(p)| < Cw(lp —p'|), p,p’ on Q and |a| =2 (2.34)

for some constant C' depending only on the following quantities

1 1 1 1 q 1
5 S ar - .
fQ kdo’ min k, " min ‘95/’7‘*‘ mingg |VE| ming; k

La ‘k|37

So far we have proved the set {z.}, ¢ € (0,¢] equicontinuous in C?(f2), namely, after
extracting a subsequence we have z. —» a solution z in C?(Q) to the problem (0.1) with
(0.2) and (0.3). Moreover

1—|Vz|* > 1/C.

Now [14, Main Theorem] (also [10, Theorem 3.1 and Theorem 3.2]) tells us that this geodesi-
cally convex solution in C?(2) is smooth up to the boundary. This ends the proof for
Theorem B.
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