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Abstract

This paper studies a class of variational problems which involving both bulk and surface
energies. The bulk energy is of Dirichlet type though it can be in very general forms allowing
unknowns to be scalar or vectors.The surface energy is an arbitrary elliptic parametric integral
which is defined on a free interface. One also allows other constraints such as volumes of par-
titioning sets. One establishes the existence and regularity theory, in particular, the regularity
of the free interface of such problems.
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§0. Introduction

In this article we study a large class of nonlinear variational problems involving both
bulk and interface energies. Such problems arise in many applied sciences, such as nonlinear
elasticity, material sciences and image segmentations in the computer version theory (see
for example [1, 5, 15, 18]). The regularity of solutions to these problems is often a rather
subtle issue. In [17], the second author first established the regularity theory for a simple
model problem. The present paper is a natural extension of that work. It has substantially
improved [17] in several aspects. For example, it allows much more general bulk and interfa-
cial energies and it also allows to have other constraints such as volume of partitioning sets.
Therefore, it makes the theory more applicable. The preprint of the present paper has been
circulated since early 1993. Both authors believed the other has submitted the paper for its
publication until recently. They found out it has not been submitted anywhere. Though
more than five years have passed, we find the work remains to be of interest. Indeed, it
is still the only work treat this sort of problem in such great generality. In the last couple
years, there are some rather nice regularity results proved for image segmentation problems
(free discontinuity problems) (see for examples [2, 3, 10]). However, the problems treated
here are somewhat different from these works and, in many aspects, it is more general. As
in [17], all results remain valid for the vector valued case. For the details we refer to section
1 below.
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¢1. Preliminaries and the Statement of Main Results

(a) The Variational Problems

Let Q be a bounded, Lipschitz domain in R™, and let ¢ : @ — R be an H'(Q2) function.
For a given constant 5 € (0, 1), we want to find a measurable subset A of {2 and a function
w in H'(Q) such that the pair (A4, ) minimizes

/ (2,1, Vu(z)) + yala) Gz, uVu(z))] dz + U(59) (1.1)
Q
subject to the following constraints

u = ¢ on 0N, and vol (4) = 3 vol (). (1.2)

Here vol (A) denotes the Lebesgue measure of A, x 4 is the characteristic function of A, and
¥ is an elliptic parametric integral (cf. [8, §5.1]) which will be specified below. Here we
also require the integrands F'; G to be in class H where we say a function H(z,u,p) =
Q xR x R" — R is in the class H if H satisfies:

(smoothness) H € C5" (QxRxR"), £>2 0<n<1, (1.3)
i.e., H has derivatives up to order ¢ which are Hoélder continuous with Holder exponent 7;

(Legendre condition) A|¢[* < Hy,p, (z,u,p) &€ < A1 € (1.4)
for some constant A € (0,1), and for all £ € R", (z,u,p) € Q x R x R™;

(controlled growth)
| Hpul + |Hpe| < ML+ [p]),  [Huul + | Huo| + | Heo| < M1+ |p|?) (1.5)

for some constant M > 0.

The typical example of integrands in (1.1) is given by

{ F(z,u,p) = a;j(z,u) p;p; + ax(z,u) p; + a(z, u), (1.6)
G(z,u,p) = > bij(z,u) pipj + bi(x,uw) p; + bz, u),

where a;;, bij, a;, b;, a,b belong to C*%" and (ai;), (bij) are positive definite, 1 <4, j < n.

Though we study only those variational problems (1.1) involving a scalar function in
this paper, readers can easily see that all the results can be generalized to the case that u
is a vector valued function. In particular, our main results valid for variational problems
(optimal design) arise in linear or nonlinear elasticity!!].

(b) The surface energy V(0A)

To explain the surface energy term ¥(9A) in (1.1) we need to introduce a few notations.
For the basic definitions and properties of normal and integral currents, we refer to the

(1. a complete account of this theory is, of course, in

classical paper of Federer and Fleming
[8]. Our currents T will be so-called oriented boundaries (see [8, §4.4]). In particular, they
will have dimensions m = n — 1. We are interested in functionals (or interfacial energies) ¥
on the space of integral currents I,,,(R™) with compact support in €.

A parametric integrand of degree m on an open set 2 C R™ is a continuous real-valued
function ¥(z, &) defined for z € 2 and & € R™ which is homogeneous of degree 1 in &, hence
U(z,td) = tW(x,d) for t > 0. Thus ¥ is determined by its restriction on 2 x S™. Moreover,
for T € I,,(R™), we can define ¥(T) = fw(x,f(x))dHTH(x) U thus defined is called a

parametric integral.
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We shall say W is of class C’, if this is so, for the restriction of the function ¥(z,a) to
Q x §™. In this paper we always assume ¢ > 2. Thus there is a nonnegative monotone
increasing function v(t), with v(t) — 0 as t — 0, with the following properties:

For z1, zo € Q and & € S™ we have

|\I/ (1[,’1,0_2)—\11(1'2,62” §A|(E2—£L'1| (17)
for some constant A > 0.

For every (g, &) € QxS™ there is a & € R with || < A such that for all (z,d) € QxS"

we have
(U (z, @) — W(zo,do) — (§o, @ — do)| < A (|lz— zo| + |a — 070|2) . (1.8)
For every o € Q and every reference frame {ej, es,---, e,} in R" centered at x¢, the
associated nonparametric integrand U*(x,y,p) (see [8, §5.1]) has the following bounds:
(i) for all (x,y) € Q and all [p| < 1, A is a common bound for ¥*, %—q;:, i=1,---,n—1,
and therein first derivatives.
(ii) for all (x,y) € Q and all |p| < 1, and for every |p°| < 1, one has

o o 0 e~ 92U 0 0
Tm(%y,p)— Tm(oaoap )_]zl M<O7Oap )(p] _pz)

< A(lz| + [y]) + v(l2] + [yl + p = °D) - Ip — 7. (1.9)

We shall also assume W is A-elliptic in €. That is, for every m = n — 1 dimensional disk
D and every integer k and a € 2, we have

A Y [M (kD)4 X — M(kD)] < (kD + X) — U, (kD) (1.10)
for all rectifiable X with compact support such that 0X = 0. Here ¥, be the integrand
V,(z,d) = ¥(a,d), for a € Q, x € R™ and here M (T) denotes the mass of the current T (cf.
[8]). Note that a special and important case of parametric integrands is the m-dimensional
area.

(¢) Main results

Our first main result concerning the existence and preliminary regularity properties of
solutions to the problem (1.1). The hypothesis on F, G and ¥ in the following theorem can
be further weakened (for the precise statements see section 2 below).

Theorem 1.1. Suppose F' and G are in the class H, i.e., satisfy (1.3)—(1.5), and suppose
that ¥ satisfies (1.7)—(1.10). Then the minimization problem (1.1)—(1.2) has a solution
(A,u). Moreover, u € H'(Q) N Cz2(Q) and DA is (n — 1) countable rectifiable.

It is clear that if (A, u) is a minimal solution of (1.1), then u has to minimize the functional

/Q [F(z,u, Vu) + xa(x) G(z,u, Vu)] dz. (1.11)

In particular, u satisfies the Euler-Lagrange equation

"9
; oz, [Fuz (z,u, Vu) + xa(z) Gu,, (z,u, Vu)} (1.12)

= Fy(z,u,Vu) + xa(z) Gy (z,u, Vu).
For the variational problem (1.11) an extensive theory has been developed and it is known
that all minimals bounded in a ball B, which does not intersect with A, belong to C*"(B).
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This is the consequence of the regularity theory for such problems. This theory is well
presented in the books [14] and [19], and it is built on the basic works by DeGiorgi and
Moser. The Holder regularity of minimals of (1.11) can also be derived from the work of
Giaquinta and Giusti (see e.g. [12]), who established that quasi-minimals, a generalization
of the concept of minimals, belong to the so-called DeGiorgi class for which DiBenedetti
and Trudinger!® proved their Hanack inequality. It will be also clear from our proof that
u € C%(ﬁ) provided that ¢ is Lipschitz on 9 and 95 is C*.

The Holder exponent % is critical exponent in the sense that the two terms in the energy
functional (1.1) locally have the same dimension (n — 1) under appropriate scalings. In fact,
if one could show that u € (C%Jr”(ﬂ), for some n > 0, then one would easily conclude that
DA is a CH@ (for some a > 0) hypersurface away from a relatively closed subset of Q of
Hausdorff m = n—1 dimensional measure zero. The latter follows from the general regularity
theory for minimizing or almost minimizing currents developed by DeGiorgi, F. Almgren,
and many others (see e.g [4, 21]). We should also point out that the singular set of an almost
area-minimizing (n — 1) current in R™ has the Hausdorff dimension < n — 8, and which is
also optimal.

Our second main result is the almost everywhere regularity of free interfaces.

Theorem 1.2. Let (A,u) be a minimal solution of (1.1), (1.2). Then with the same
hypothesis of Theorem 1.1 and, in addition, that F and G are of form (1.6), we have 0A
is a CY*-hypersurface in Q (for some a > 0) away from a relatively closed subset X of the
Hausdorff (n — 1)-dimensional measure zero.

The proof of the above theorem, though involves various arguments from the general
regularity theory for minimal surfaces aforementioned, contains several important new es-
timates. The first one is to establish the so-called mass ratio lower bound for the current
T = 0A, from which the Height Bound Lemma (cf. [21]) can be applied. The second key
point is to establish an energy-comparison lemma. Such estimate is necessary for our blow
up arguments. The third one is certain first variation estimates. It is here we noticed that
the blow-up equations (for free interfaces) does not involve any minimizing properties of the
current T = 0A but to show the convergence of blow-up sequences to the limiting func-
tions which satisfy some linear elliptic equations involving some necessary energy variation
estimates.

We should also point out that in Theorem 1.2 we have made an additional hypothesis
that F' and G are of form (1.6) due to some technical reasons (see §3 for the details). We
conjecture that the same statements remain true even without this additional assumption.
It is clearly the case if the principle terms F' and G are close to some constant multiples of
|Vu|? (cf. [17]). Also this hypothesis is only needed in proving the Mass ratio lower bound.

§2. Proof of Theorem 1.1

(a) Existence of Minimizers

From the form of the functional (1.1), we naturally seek a function v € H'(Q2) and a set
of finite perimeter A C 2 so that the pair (A, ) will minimize (1.1). Here we say A C Q
is of finite perimeter in  if x4, the characteristic function of A, belongs to the space of
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functions of bounded variations, BV (), in Q (cf. [8. §4.4]).
If xa € BV(Q), then 0A is an (n — 1)-dimension integral current. Moreover, the term
W (0A) is given by

T(9A) = /Q\I/(x,ﬁA(m))dHaAH, (2.1)

where ¥4 is the orientation unit normal vector field of dA, and ||0A| denotes the total
variation measure of 9A which by a theorem of DeGiorgi and Federer (cf. [8, Chapter 4])
is given by H" 1| 9A, i.e., the restriction of the (n — 1)-Hausdorff measure to the rectifiable
set 0A in Q.

To prove the existence of a minimizer of (1.1) subject to the constraints (1.2), we note
first that (1.3)—(1.5) imply that

(i) Both F and G are continuous in u, p and measurable in x; moreover, they satisfy the
inequalities

)\O|p|2 - CO S F(xauvp)a G(m,u,p) S )\61 |p|2 + CO (22)

for all ,u,p where Ag € (0,1), Cyp > 0 are constants which may depend on A, M, etc., in
(1.3)-(1.5).

(ii) Let {u;} be a sequence of H'(Q) functions and such that u; — u weakly in H'(Q).
Then

/ F(x,u,Vu)de < lim | F(x,u,Vu;)dz (2.3)
Q

i—oo Jo
(similarly for G).
(2.3) can be easily deduced from (2.2) and (1.4) (cf. [11]).
Next we assume that the parametric integrand ¥ satisfies

W(a,d) > Ay! for some constant Ag € (0,1) for all (a,d) € QA xS™, m=n—1. (2.4)

The condition (2.4) is implied by the A-ellipticity .

Theorem 2.1. Let 2, ¢ be as above, and suppose that F', G and ¥ satisfy the hypothesis
(2.2)—(2.4). Then there is a pair (A,u) with x4 € BV(Q) and v € H'(Q) such that it min-
imizes the functional (1.1) subject to the constraints (1.2) among all such pairs. Moreover,
we have u € W’liCq(Q) NC(Q) for some constant o > 0 and q > 2.

Proof. We use the direct method in the calculus of variations. Let (A, u;), x4, € BV (Q),
u; € H'(Q2), be a minimizing sequence for the energy functional (1.1) subject to (1.2). We
let u be a minimizer of (1.11) with x4 replacing by xa, such that uf = ¢ on 99Q. The
existence of u} is guaranteed via (2.2) and (2.3). Then (A;,u}) has clearly smaller energy
than that of (A;,u;) and hence they form a new minimizing sequence of (1.1) which satisfies
(1.2).

By (2.4) we conclude that x4,’s remain uniformly bounded in BV (). Thus we may
assume, by compactness theorem for BV -functions (cf. [8, Chapter 4]), and by passing to
a subsequence if necessary, that x4, — xa in L'(Q) and x4, — xa weakly in BV (). Here
A is a subset of Q with finite perimeter in 2. We also note that the strong convergence of
XA; t0 xa in L'(Q) implies automatically that |A| = 5 -|Q|.

Next, since u minimizes (1.11) with u} = ¢ on 99, and since F and G satisfy (2.2), we
have u} remains uniformly bounded in H'(€2). Moreover, via a theorem of Giaquinta and
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Giustil'?l we have u} remains locally uniformly bounded in C*(Q) N Wll)’cq B(Q), for some
constants « > 0 and ¢ > 2. Therefore, we may assume (by passing to a subsequence if it
is needed) that uf — w weakly in H'(2). Finally since x4, — xa in L'(Q) and (2.3) we
conclude that v minimizes (1.11) with u = ¢ on 9. Therefore (A, u) solves the minimization
problem (1.1)—(1.2).

The final conclusion of Theorem 2.1 follows again from [12, Chapter V, §3; Chapter VII,
§2].

Remark 2.1. Since A is a set of finite perimeter in 2, DeGiorgi’s Theorem (cf. [8,
Chapter 4]) says that 0A[Q is an (n — 1)-dimensional countably rectifiable set. That is,
OA[€Q is contained in a countable union of C!-hypersurfaces in Q and a set of H"~!-measure
Z€ero.

(b) The Cz-Estimate

Unless otherwise specified, various constants in this subsection and below will depend on
n, B, ¢, Q, F, G and ¥. Asin [17], in order to show u € C: (Q), we need a series of lemmas.

Lemma 2.1. Let (A,u) be a minimal solution of (1.1) and (1.2). These are positive
constants Cy, Ry with the following properties for any xo € spt(0A) NQ, there is a y €
Q\ Bg, (xg) such that

1
sup — |Vul|? de < Oy (2.5)
o<r<R: ™" JB,.(y)
and that
1 1
inf  — |B,(y) NAY] < . 2.6
ol [Bry) N A% < & (2.6)

Proof. Since u minimizes (1.11), and since F, G satisfy (2.2), one has [, |[Vu|*dz < C,
for some C which depends on ¢, Ao and Cj in (2.2). Let us consider the function f(z) =
|Vul?(z), and let

M f(@) = sup — Fw)ldy, zeQ
r>0 T JB,(z)nQ
be the Hardy-Littlewood maximal function of f. Then, for any ¢ > 0, the weak L’-estimate
holds

C(n C(n
e M@ >0 < “ e < e (2.7)
Now we choose tj so large that
Cn)C 1
We < a-piel (2.8)
0

and hence
{reA®: M@ <t} > 2a-p)ol
Next we choose Ry so small that
2 Ry < 1 (1- B[ (29)
and that
Sied=[1-ca-p)el (2:10)

iel
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Here {Q;}5°, form a decomposition of R™ into closed cubes of side length Ry, and I = {i €
N : Qz C ﬁ}
We claim there is an ig € I so that

Qic NE| = €0 [Qip], €0 =2 (1=5), (2.11)

where E = {x € A : M f(x) <t} \ Qr,(z0), Qr, (7o) is the cube of side length 2Ry and
centered at xg.

| =

In fact, if (2.11) were false for all ¢ € I, then one would have

Bl <eo Y lQil+ 2\ [J @

1 1
<ol + 5 (1-8)10] < (1 -89l
iel i€l

On the other hand, [E| > 3(1—8)[Q| — 3(1 = 8)|Q| = 1(1 — 8)|Q], by (2.9) and the
definition of the set E, this is a contradiction and thus (2.11) is valid.

Now we would like to show (2.11) implies that there is a point y € Q;, N E such that

1
. 1 > .
nE By B2 On) g (212)
for some constant C'(n). The conclusion of Lemma 2.1 will follow by simply choosing R; =
Ry and C7 = max {to, m}

To show (2.12), we simply decompose @;, diadically into 2" equal to smaller cubes
{Q1, @},---Q3"}. By (2.11) there exists at least one Q’,1<j<2" sothat |Q NE| >
€0 |@Q7|. We choose one of such @} and repeat the above process. In this way we obtain a
sequence of cubes {Q7}22; such that

(i) QX{ = Qio’

(ii) @7, is one of the 2™ smaller cubes in the diadic decomposition of @7,

(ili) |Q7 N E| = € |Q;|, for i =1,2,---.

Let now y = [, QF, we want to show y satisfies (2.12). In fact, if 27 Ry <r < 27" R
i=1
then |B,.(y) N E| > Q7 ,, N E| > € |Qf 4, | = C(n)eor™. Here kg is a constant depending

only on n so that 27%0 /n > 1. This completes the proof of Lemma 2.1.
Lemma 2.2. For 0 < p < 52— Ry <1, and z¢ € spt(0A) N, one has

2+Cl
/ xa|Vul? dy + |0A|B,(z0)| < Oz p" ! (2.13)
Bp(wo)
for a constant Cy where | - | denotes Hausdorff measure of approzimate dimensions.

Proof. For zy € spt(0A) N, we choose a y € O\ Bg, (z9) as in Lemma 2.1. Then
there is a p < n+y/2 + C1 p so that |B; (y) N AY| = |B,(z0) N A|. We then define a new set

A= (A~ By(20)) U (B (y) N Q) C Q50 that | 4| = 4] = 8|0

By minimality of the pair (A, u), one obtains

/B o [F(x,u, Vu) + xa G(z,u, Vu)| dx + ¥ (0A| B,(x0))

< / F(z,u,Vu)dx + ¥(0B,(z0) + Y(0B; (y)) + / G(z,y, Vu) dz.
B, (x0) B> (y) (2.14)



144 CHIN. ANN. OF MATH. Vol.20 Ser.B

Here, by (2.2), (2.4) one has

/ (Xo|Vul* = Co) xa dx + A HOAN B,(z0)| (2.15)
Bp(xo)

< A(|0B,(z0)| + [0B5(0))) +/ (A IVul® + Cp) da.

B5(y)
The conclusion of Lemma 2.2 follows easily from (2.15) by choosing Co = Ca(Ag, Co, n, A,
Bi, Ry) suitably.
Lemma 2.3. There are two positive constants M and 6 € (0, %) such that, for 0 < p <
Ry, one has either

/ Vul? dz < 67 / Vuf? da (2.16)
Be p(z0) By (o)
or
/ |Vul|?> < M Cy(6 p)" (2.17)
BGP(zo)

where zo € spt(0A) NQ and By,(xg) € K CC Q. Here M may also depend on K.
Proof. We first note that, as u is a minimizer of (1.11),
ullar @) + l[ullcex) < Ck, (2.18)

for some constants Cx and a > 0. We also have, from Lemma 2.2, that
/ xa|Vul? dz + [0A|B,(z0)| < Cop™ 1, (2.19)
Bp (zo)

for 0 < p < Rs.

In above inequalities (2.16), (2.17), 6 is a constant which depends only on n and A in
(1.4), and which we shall choose later.

Suppose that both (2.16) and (2.17) were not true, there would be sequences of p; €
(0, R2), z; € spt(0A;) N, and a sequence of minimal solutions, (A;,u;) of (1.1) so that

/ \Vul>de > iCypf ", fori=1,2,---,By, (2;) C K, (2.20)
B9Pi(wi)

and that
/ |Vug)? da > g2 / |V, de. (2.21)
Ba,, () By, (x:)
It is obvious, via (2.18), that p; — 0 as i — oo we set
vi(y) = (ui(zo + piy) —ui) /9,
6 = IVyui (o + pi Y)lz2(my), Wi = ][B,,i(x,-) u; da
Al = {y6B1 :y:pfl(m—xi), forsomeaceAi}.

Then v; and x4+ are uniformly bounded in H'(By) and BV (By), respectively (cf. (2.19)).
Thus we may assume, by passing to subsequences, if necessary, that

(i) xar = xa,, weakly in BV (B;) and strongly in L'(B;) for a measurable subset A, of

By;
(ii) v; — v weakly in H'(Bj) and strongly in L*(By);
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(iii) z; — 2* € K, as i = o0.

We claim that v is a minimizer of the functional of the form fBl F*(Vu)dx with F*
satisfying (1.4) and that v; — v in H{ (By).

We now can derive a contradiction from the above claim and (2.20), (2.21). In fact, since
v € CH for some 1 > 0 (cf. [12]), and

1 1
/ Vol < = 9"—%/ IVol2dy < = 67122
B, 2 B, 2

for some 6 = 0(n, \) € (0,1), we get, via v; — v in H'(By), that fBe |Vo;|2dy < 6" 2, and
this contradicts to (2.21).
To show the claim, we first note u;(x) is a minimizer of

/ [F(x,u;, Vuy) + xa, Gz, u;, Vu;)] de. (2.23)
By, (x4)

If we write
F(z,u,p) = F(z,u,0) + Fp(z, u,0) Vu + Qe Uge Ugk,
where agp = fol Fokpe(z,u, tVu) dt, and hence A\ < (age) < A™1 1, we divide (2.23) by

/ |V |? doe = pP= 267 > ipl ey
By, (wi)
to obtain v; is a minimizer of the functional
2
i 0i
(p) / Q <:cZ + piy, ui(z; + piy), — Vvl-> dy + 0;(1). (2.24)
9; B1(0) Pi

Here the 0;(1) term is given by

2
(?) /B F(z; + piy, ui(x; + piy), 0) dy

Pi
+5 Fy(zi 4 piy, ui(xi + piy), 0) Vui(y) dy
7 By
P2 €4
+ 5% / xa: G(z; + piy), ui(zi + piy) — Vo dy
7 B4 pl

which converges to zero as i — oo via (2.18), (2.19) and (2.20). Here the first term of (2.24)
is given by

! € ov; Ov;

L, g(ﬂ:i—i—piy,u xi + piy), t — Vvi) L1 2.25
/Bl(O) /o PP ( ) pi Oyr Oye (2.25)

Moreover, by the Caccippoli-type estimate of Giaquinta-Giusti (cf. [12, p. 161]) for v;, we

obtain that v; converges to v in H .(Bj). Finally, since the integrand of (2.25) satisfies
(1.4) uniformly (independent of i), and since z; — x*, u;(z; + p;y) — u* for some constant
u* (by (2.18)), we obtain the limiting v minimizes a functional of type fBl F*(Vv) dy with
F* satisfying (1.4)

We point out that the above claim follows from a general fact in I'-convergence theory
(see, for example, [7]). This completes the proof of the lemma.

The proof of Cz-estimate of u in © follows from the identical reasoning as in [17].

Remark 2.2. If 99 is of class C! and if ¢ : 9Q — R is Lipschitz continuous, then the
statements of Lemma 2.3 can be formulated as follows for a point xo € spt(9A) N IN:



146 CHIN. ANN. OF MATH. Vol.20 Ser.B

There are two positive constants M and 6 € (0,1) such that, for 0 < p < Ry, one has

either
/ \Vul?dz < 073 / |Vul? da (2.26)
Bep($0)ﬂﬂ Bp(Io)ﬂQ

or
/ |Vul|? dz < M Cy(0p)" " (2.27)
Bop(z0)NQ

(Here the constant will depend, in addition, on Lipschitz norm of ¢ and C!-character of
o).

The proofs of these statements are similar to (2.16) and (2.17). One does need an addi-
tional fact that if v minimizes a functional of type [ F*(Vv)dz in BT = {x € By : z,, > 0}
with v = 0 on {z,, = 0} and F"* satisfying (1.4), then v € C’l’”(B;), for some i > 0 (cf. [17]).

It follows from (2.26), (2.27) that u € C'2(2). We leave the details to readers.

§3. Mass Ratio Lower Bound

Let m =n—1, and T = 0A|2. We will always use B,(x) to denote the ball centered at
xo and of radius r in either R™ or R™ (but it will be clear in each context).

We assume the origin o € spt(7") N Q, and let {e1,- - €m,41} be an orthonormal frame in
R 1. With respect to such a frame, we can write any point z € R"*! as z = (x,y) € R* xR.
Let P be the orthonormal projection from R"*! onto R™ x {o}, and let C,, = B,.(0) x R C
R"*1 0 < r < co. Then the cylindrical excess of T is given by

ET,r)y=r " [M(T|C,) - MPxT|C,)]. (3.1)
As in [17], we also define the Dirichlet Integral access of a function u by

D(u,r) = r*m/ [F(z,u, Vu) + xa G(z,u, Vu)] dz, B,.(0) C R 0 < r < o0. (3.2)
B.(0)

The starting point of the proof of the regularity of interfaces in [17] is the following.

Mass Ratio Lower Bound

There is a positive constant ¢y depending only on €2, ¢, K CC  and n such that for all
x € KNspt(T), 0 <r < dist (z,00),

M(T|B,(x)) > cor™* (3.3)

Here T = 9A|Q and (A, u) is a minimal solution of (1.1) with ' = G = |Vu|?, u = ¢ on
09 (no volume constraint on A) and with ¥(T) = M(T).

Here we want to prove the similar estimate as (3.3) for a minimal solution of (1.1), (1.2)
with F' and G being given by (1.6). To simplify the presentation, we proceed with the proof
in three cases with increasing generalities.

Case I. We assume, in this case, that
F(x,u,Vu) = G(z,u, Vu) = |Vu|> and that ¥(T)= M(T). (3.4)

We should point out the following proof works also in the case that both F' and G are
given by constant multipliers of |Vu|? and, that W(T) = CM(T) for some constant C' > 0.
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Let (A,u) be a minimal solution of (1.1), (1.2), and suppose that Bg,0) C Q. We let
AT = iy A (2) = (u(rz) =) [

for 0 < r < Ry. Here pu, is the map R"*t — R"*! defined by p,.(z) = R™! x z, and u, =
fap, u. Then (A", u") is again a minimal solution of (1.1), (1.2) in B;(0) subject to suitable
boundary conditions on u” and A", and some suitable volume constraint on A”. Thus one
may assume that By (0) C Q via a proper scaling and o € K Nspt (7).

Next, by a theorem of DeGiorgi (cf. [11]), we have that for H"~!-a.e., z* € spt (T)N K,
there is a hyperplane Il passing z* with respect to this hyperplane E(T, R) — o™ as R — o™.
Moreover, if one denotes H, the two half spaces in R**! separated by II, then

”XHJr - XA”L'(B,,(QJ*)) r soasr—ot.

Similarly

HXH, - XilllL’(Br(m*)) r" Soasr—ol.

For a given z* € spt(T) N K, we let y* € spt(T) N K be so chosen that z* € By(0) C
By(0) C Q (after a suitable scaling) y* € (B2(0) \ B1(0)) Nspt(T). Moreover, we need
all three quantities |[xm, — xallL/(B,@*))»  [IX#_ — XallL/(Bs(2v)) and E(T,2) at z* with
respect to I to be much smaller than 1 say, €(n), e(n) = 107"

By choosing a suitable coordinate in R"*! we may assume that II = R™ x [0], and
Hy={z€eR" 2= (z,y) e R" x R} }.

Let § € Cg°(R") be such that 0 < {(z) <1, { =1 on Bi(o) and £ = 0 outside By (o).
Moreover, [€|lc2(B, (o)) < Co and fBl(O) &(x)dx > %) for some Cy > 0.

For any such &, we introduce a diffeomorphism f. of B;(0) C R™ as follows

felw,y) = (z,y +e&(x) E(y))
for (z,y) € Bi(0) C R"™! and small € € (—1,1). Let T. = fey (T|B1(0)), Ac = feyr A and
ue(z,y) = uo f(x,y), then it is easy to verify that

M(T.) < (1+ ce) M(T| B (0)). (3.5)

/ (14 xa) [Vael? (2)dz < (1 + ce) / (14 xa) | Va2, (3.6)
Bi1(0) Bi(o)

A < (1—c/e) |A, (3.7)

where ¢ = ¢(n) > 0. In fact, the first one is trivial (cf. [8, §4.1]), the second one follows
from a change variable formula and, the third one follows from the fact that

Ixz, — xalleyss) + lIxa- — xacllLis,) + E(T,2) < 1,
and the nonparametric approximation theory of F. Almgreen (see nonparametric approxi-
mation lemma below).

The above diffeomorphisms and estimate (3.5)—(3.7) are needed in our comparison esti-
mates. Our construction of a comparison pair (g, u) will satisfy right energy estimates and
preserves the volume constraints. This additional construction is not needed in [17] (see
proof of Lemma 3.1 of [17]).

Lemma 3.1. Let (A, u) be a minimal solution of problem (1.1) and (1.2) in the unit ball
of R"*1. Suppose (3.4) valids and

M(T|B1(0)) + D(u, 1) < ¢ (3.8)
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then the function

Jiﬂ (1-cB)= )nfl (3.9)

is monotone increasing on (0, 1] for some constant C' whenever e < ¢y € (0, %), for a positive

constant. Here
E(r) = M(T|B,(0) +/ (1+x4) [Vul*d.
B,.(0)
Proof. We observe that E(r) is a monotone increasing function of r € (0,1]. Moreover,
one has then

lim  M(T|B.(0)) = M(T|B,,(0)),

T—T0,T>T0

lim  M(T|B,.(0)) > M(T|B,,(0)),

r—=70,7<T0
where B,(0) is a closed ball of radius r centered at 0 and that fp_(0)(1 + xa)|Vul? is an
absolute continuous function of r € (0, 1).
To show (3.9), it suffices to show

EWQSE%TEWO+CEUF5 (3.10)
for a.e. r € (0,1). In fact, we note that E(r) < Cor"~! via Lemmas 2.1 and 2.3. If (3.10)

valids, then, after a simple integration, one has
E(r) E(p) !

n—1 -1
(1 —CE(r) ) ( —CE(p ) "
prove that 1 — (:E(p)ﬁ > 1 and 0,7 < p < 1. In particular, we obtain
E
Tn(ff < (3.11)

1 n—1
<l—ceﬁ>
for0 <r<1.

To show (3.10) we follow the cone-comparison arguments in [17]. That is, for a.e. r €
(0,1), we replace A| B,.(0) by A|B,(0), and replace u by . Here A is the cone over the slice of
T by the function f(x) = |z| at the level f = r and @ is the minimizer of [ (1+x7) |Val|?
subject to u = u on 9B,.(0). We show in [17] that E(r) < -5
constraint on A|B,(0). Considering the volume constraint in (1.2), we have to deform A

(r) if there is no volume

somewhere to preserve this constraint.
Since, when A|B,(0) replaced by A|B,(0) the volume change is at most

c(n) M(T|B,(0))7T,
the latter follows from the relative isoperimetric inequality as in [17]. Now we apply
the defro-mentioned f5 inside Bj(z*) and apply the estimates (3.5)-(3.7) where |§] =~
1. In this way we obtain (3.10) with the error term cE(T)ﬁ deduced

c(n) M(T|B,(0)) =
from the estimates (3.5)—(3.7).

Following the exact same argument as in [17, Lemma 3.3] we can derive the following
Mass Ratio Lower Bound.

Theorem 3.1. Let (A, u) be a minimal solution of (1.1), (1.2), and K CC 2. There
is a constant Ao depending only on Q, ¢, K and n such that for all x € K N spt(T),
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0 < r < dist(x, 090).
M (T|By(x)) > Aor" (3.12)

provided that the assumption (3.4) verified.
Case II. In this case, we assume that

F and G are of the form given in (1.6) and ¥(T) = M(T). (3.13)

Since F and G are of form (1.6), and since u € C'2 (Q), we obtain that for any 0 € K CC €,
and §p > 0, there is an ro(K, ) > 0 such that

|aij (z,u(z)) — aij(0, u(0))| + [bij (z, u(x)) — bij(0, u(0))| < do (3.14)
whenever |z — o| < rg (similarly for lower order terms).
After the scaling p,, at o we may assume ro = 1 in (3.4). Suppose now that (3.8) is also
true, then as in [17], we obtain either |A| < ¢(n)em-T or |A°| < ¢(n)en-T.
In the former case we introduce a suitable linear change of coordinates of R™ so that the
resulting F', which is again of form (1.6), satisfies
(%71 (0, U(O)) = 5ij- (315)
In the latter case, we perform a linear change of coordinates to make
bij(0,u(0)) = di;. (3.16)
Also, we note that the assumption (3.8) implies in either of cases, that

M(T|By, (0)) + D(u,r1) <ri " te, (3.17)

(=1 ¢ « 1 for a suitable constant r1 (depending only on the coefficients of leading

€1 =T
terms of F' or G). Here By, (0) is the ball of radius r; centered at o in the new coordinates
system obtained by one of these linear changes of coordinates.
Now, because of (3.14), one can easily verify as in [17] that
/ (F+xAG)da:§”_1/ (F+xaG) (3.18)
B,(0) " JoB.(0)
provided that M (T|B,(0)) < eg ™, for some ¢y > 0.
To obtain in monotonicity estimate as for (3.9) we have to fix one of the cases in the

above analysis.

For this purpose, we may assume that |A| < ¢(n) en-1. Then, after a linear transform we
also assume that (3.15) is true.

Following the proofs of [17, Lemma 3.1] and Lemma 3.1 above, and by using (3.18), we
obtain that

E(r) (1 — (:E(r)ﬁ)n_1

Tn—l
is a monotone increasing function of r in interval (r¢,rg]. Here r. > 0 is chosen so that
1
|A| B, (0)] < 3 |B,|, for all r € (re,10].

We claim that r. can be chosen to zero. In fact, the monotonicity of the quantity

E(fz (1 - cEﬁ(r))?%1

,rTL
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implies, in particular, that
M(T|Br(0))

1
- <€ (1—67"1 61"1> =K1

for r € (re, 7o)

Thus, |[A[B,(0)| < 3 |B,(0))]is valid for all r € (0,7¢] via relative-isoperimetric inequality.

To summarize, we have proved the following

Lemma 3.2. Suppose (3.8), (3.13) and (3.14) are true for a minimal solution (A,u) of
(1.1), (1.2), then the function defined in (3.9) (see also (3.2)) is monotone increasing on
(0,71]. Here the balls B.(0o) in definition (3.9) must be those balls with respect to a new
coordinate system obtained from a suitable linear change of the original coordinates system.
As a consequence, we have the mass ratio lower bound (3.12).

Case III. Here we assume that U is a parametric elliptic integral satisfying (1.7)—(1.10),
and that F', G are of form (1.6).

In dealing with general parametric integrals ¥, the mass ratio lower bound cannot be
obtained through an argument of the monotonicity of mass ratio (even for ¥-minimizing
currents). In other words, cone comparison will not work. Instead, we shall combine an
isoperimetric-type inequality for WU-minimizing currents (cf. [21]) with our estimates on the
Dirichlet integral growth. For this purpose and for simplicity, we shall consider only the
case F'= G = |Vu|>. When F and G are given by (1.6), the arguments in Case II and the
proof given below apply. We leave this to the reader, however.

Let (A,u) be a minimal solution of (1.1) and (1.2) which satisfies (3.8). We replace
T = QA|By(0) by T. Here T is a U-minimizing current in Bi(0) with 8T = T That is

U(T) < ¥(Q) for all Q € L,_1(R™) with 0T = 0Q = 7. (3.19)
It is easy to verify that T = A| B (o) for some subset A C By (o).
Next, we let ¥ be a minimizer of fBl(o) |Va|?(1 + x 7) dz such that & = u on 9B;.
By (3.8), one has either |A| + |A| < c(n) e T or |[A°| + |A¢| < ¢(n)en 1. This is an
easy consequence of the relative isoperimetric inequality (cf. [17, §3]). Then by the same
argument as that in [17, §3], we may assume that

/ (1+xg)|Vﬂ|2d:c§(1+5(e))/ (14 xa)|Vul* dz
Bl(O) Bl

(3.20)
<4002 [ (14 x) Vi
B
(here 6(¢) — 0 as € — 0) and
fBl(O)(1+XA)|VU|2dI S éfaBl(lJFXA)‘VUPa (3 21)
fBl(o)(lJrXZ)Wdex S ﬁfaBl(lJrXA)\VM? '

Both (3.20) and (3.21) follow from the fact that, as € — 0, both v and u converge strongly
in H'(B1) (after a suitable normalization, say faBl(l +x4)|Vrul|?> = 1) to a same harmonic
function on By (o) for which (3.21) is valid with n —  replacing by n on the right hand of
(3.21). We also note that for the general F' and G of form (1.6), one can apply exactly the
same argument as above by using the fact that « is uniformly Hélden continuous on K € Q.
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By an isoperimetric inequality for U-minimizing current (cf. [21]), one has

v (T) < e(M((T, £,1))7

where (T, f,1) is the slice of T by f(z) = |z| at the level f = 1 (as in [17, §3], we should
assume this exists).

Now we have two possibilities:

(i) M(T|B1(0)) < g5y D(u, 1), and (if) M(T|B1(0)) > gy D(u, 1).

In the case (i), we have

M(T|B;(0)) + D(u, 1) #)D(u, 1)

IA
~
—
+
s
S
I
=

/ (14 xa)|Vul? (3.22)
OBy

< ﬁ{M«T,f, 1>)+/6 (1+XA)|VU|2]

B
In the case (ii), since (4, u) is a minimal solution, one has, as for (3.10) that

n

(T B1) + D(u, 1) < W (T B1) + D(@,1) + c(n) M (T[ By) ™

L ) (3.23)
<cM (T, f,1))"=2 +cM (T|By)"* + D (u,1).

By (3.20), (3.8), and (ii) above, we obtain from (3.23) that

M (T|Bi(0)) < e (M (T, £,1)))"2 , (3.24)
M (TLB(0) + Dl 1) < e[M (T £+ [ () V]
0B, (3.25)
From (3.22), (3.25) and a scaling we see that either

E(r) < # E'(r) (3.26)
B(r) < e (E'(r)", (3.27)

for a.e. 7 € (0,1), such that E(r)/r"~! < ¢. In other words,

EM) _ . (3.28)

rnfl

E'(r) > min {(n -1) E£T)7 c(n) E(T)g} for a.e. such r € (0,1) that

We want to show when fn@ < ¢o(n), we have E'(r) > (n — 1) @ for a.e. such r. In

n— n—1
fact, otherwise c(n) E7=1 (r) < @ E(r) by (3.28), and therefore E(r) > (c(")> L

n—1

n—1
This will contradict to TEJI{ < ¢o(n) whenever ¢y < (%) .

As a consequence, we have

Lemma 3.3. Let (A,u) be a minimal solution of (1.1), (1.2) and satisfy (3.8). Then
E(r)/r"~1 is monotone increasing function for v € [0,1] provided that E(1) < ¢.

Remark 3.1. The above proof for the Case III fails when n = 2. But in the case that
n = 2, the main ratio lower bound is trivial. Therefore, we have established the mass ratio
lower bound (3.3) for any minimizer (A, u) of (1.1) and (1.2).
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¢4. Proof of Theorem 1.2

(a) Intermediate Remarks

The following two lemmas are fundamental in the regularity theory for minimal surfaces.
Both of them follow from the mass ratio lower bound on the current 7. For this reason, we
shall assume in the remaining parts of this paper that all currents T' we refer to satisfy the

following hypothesis:
M(T|B(x)) > Xor™ ! for some A\g > 0 (4.1)

and all r € (0,1),z € spt(T) N B1(0).

If (A, u) is a solution of (1.1), (1.2) and K € € is an open set with compact closure in €,
then there is an R = R(K) positive number (which may depend on § and ¢) such that for
any o € K, pz, g # T satisfies (H) for some A\g > 0. Here j1,, p(z) = R~ (2 — z0).

Height Bound Lemma. %3 Let T be an (n — 1) dimensional integral current in R™
with spt(0T) C R" — C,, and satisfy (H). Suppose that ©"~ (|T||,z) > 1 for |T|| almost
all x € C,, and that Py (T|C,) = E"*|B,(0). Then there is an ey > 0 so that

sup |, — al,| < c(n) pe /2

whenever x = (x1, -+ ,Tp-1,Tn), and &’ = (Q:’l, e,z T n) belong to spt(T) N C, /o and
E=E(T,p) <e<e.

Nonparametric Approximation Lemma.88-31 Let T be as above, and let 0 < p <1,
0 <7 < oo be two numbers such that

(i) E<:EY? < |BI‘71(0)| /6 = a(n)/6 where E = E(1);

(i) E/a(n) < TEf < 1;

(il) 7 B < 3(7 E*)Y/2 < a(n) /6.
Then there is a Lipschitz function f : B7/8 (0) — R together with a partition of B7/8 (0)
into L™ 1-measurable sets A and B with the following properties:

( ) hp (f) ( ) 1/2(n—1) Ep/2(n—1)’,

(2) for each x € A, [[z]] x f(z) =3 {@”_1 (ITl, @) [[a]] : @ € spt(T) N {z} x R};
(3) L Y(B) < c(n) Tt E'4;

(4) |T|(B x R) < E+c(n)rT 1 E'=7;

(5) (T[(Ax R)) = (1a x f)u (E"|A);

(6) M ((I x f)* (E"|B)) < (1+ bp® f)»=D/2 L 1(B).

These two lemmas will be needed.
As was mentioned earlier, if we know u € C'/217(Q) for some 7 € (0, 3), then it is easy

to check that, for any open set K with compact closure in €2,
/ |Vul?dy < Cr" 121 0<r<dg, z€K,
(x)

where 0 = dist (K,99), C is a constant depending on K, ¢ and 9. Let T = 0A|Q as

before, then (H) implies M (T | B,(x)) > X\or™~ !, for 0 < r < dk, and for x € spt(T) N K.
We claim T is (¥, w, 6 )-minimizing in K (cf. [4]). In fact, for any A C Q with AAA =

(A—A)U(A—A) C By(z) and z € spt(T) N K, 0 < 1 < 6, we let T = HA|Q. Then

U(T|B,(z)) < U(T|B,(x)) + w(r) M(T|B.(x)).
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whhere w(r) = S} : 72 for 0 < r < dx. The latter is valid because (A,u) is a minimal

solution of problem (1.1), (1.2) and that
/ Ix1— xa| [Vul*dy < cr™ 21 < w(r) M (T| B, () .
B, (x)

It can be shown as in [4] that if T is (V,w, 0k )-minimizing in K, then spt(7) in K is
a Cl%hypersurface away from a relatively closed subset of spt(7) of Hausdorff dimension
(n — 1) measure zero.

Next, we let (A, u) be a minimal solution of problem (1.1), (1.2) and let T = 0A|Q, K CC
Q be as above. DeGiorgi’s Theorem!™] implies that for H" '-a.e. o € spt(T) N K, there
is a hyperplane with respect to which F(T, R) < €g, for some R > 0. By the mass ratio
lower bound (H), one then concludes (as in [8, §5.3]) that 0 (Tv\_(CgR) C R™ ~ Cyg, where

f = T\_BR(Q)y and 0 = H(n) c (07 %)
We also note for some 6 = 6(n) € (Oai), D(u,0R) < €y/o (by Lemma 4.1 below).

Therefore, if we set 7 = 0 R, we have that
E(T,r)+ D(u,r) <e<e(n), Pu(T|C,)=FE"|B.(0), 9T|Ca=0

provided E(T, R) is sufficiently small.

(b) Energy Comparison Estimates

Let (A,u) be a minimal solution of (1.1), (1.2), and let T = 0A|By. Suppose that T
satisfies the hypothesis of the Height Bound Lemma with p = 1. Then, we have the following

Lemma 4.1. There are two positive constants 0, e, € (O7 %) such that

Gfm/ (F(z,u,Vu) + xa G(z,u, Vu)) dz
By (0)

[N

<40 / [F(z,uVu) + x4 G(z,u, Vu)| dz (4.2)
B1(0)

whenever E(T,1) < e, and 0 € spt(T). Here, we have also assumed that
|F(x,u,p) = F(0,u(0),p)| + |G(z,u(x),p) = G(0,u(0),p)) < e(1+[p[*)  (4.3)
for all x € B1(0).

Remark 4.1. Before giving the proof of Lemma 4.1, we note that (4.3) follows from
Cz-Holder regularity of u in z, (1.3)—(1.5), and a proper scaling as indicated in the previous
section. For this reason and for the simplicity of presentation, we should assume below that
F =G = |Vu|?. Tt will be clear from the arguments showing below that the general case
follows.

Proof of Lemma 4.1. By the Height Bound Lemma, we have that x4 — xg+ — 0 in
L'(B1(0)) as E(T,1) — 0. Here HT = {(z,2™"}) e R™ x R : 2™T! > 0}.

Next we note that a solution v € H!(Bj) of the equation

div [(1+ xg+)Vu] =0in By (4.4)
is Lipschitz continuous in Bj.

To prove (4.2), one only needs to notice that if fBl \Vul?dz =1, and if [[xa—xz+ | 125, <
d, then there is a solution v of (4.4) with [, [Vu|*dz <1, and [|v — ul (3, ) < 1(5). Here
2

n(6) — 0 as 6 — 0. By the Lipschitz continuity of v, we see that there is a 6 € (0, 1—10) S0



154 CHIN. ANN. OF MATH. Vol.20 Ser.B

that
m 2 1 1 2 1 1
0 Vol de < =: 02 Vol de < =: 02. (4.5)
Bo(0) 2 B, 2

We fix such 6, then there is a dp > 0 such that §—™ fBe(O) IVv|2dz < 62 provided that

Ixa — Xa+lr(B,) < Jo-
Remark 4.2. One can also easily check that any minimizer of

/ [F*(V0) + xus G (V)] da (4.6)
B1(0)
is Lipschitz continuous inside By (0). Here

F*(Vv) = F(0,u(0), Vu), G*(Vv) = G(0,u(0), Vv).

Energy Comparison Lemma. Let A,u,T be as above. There are positive constants 0
and €, € (0,1) such that

E(T,0) + D(u,0) < 5 (E(T,1) + D(u, 1)) + ¢(n) H(1),

N |

whenever €2 = E(T,1) + D(u,1) < €2. Here H(1) = fc, |y —y]?d||t], y=a™"

Proof. The proof of the Energy Comparison Lemma uses so-called “squashing-deforma-
tion” (see for example [16]). To do so, we will fix u in our comparison and deform A to A
by a squashing deformation with the following properties:

(i) A = A outside Cs;

(i) T LCy = E™ LB, with B = {(z,7) : |z| < 6}.

Here in H(1) and below, we assume g = 0 (by translating the horizontal plane up or down).
The value 7 is chosen so that [A| = |A|. This is essentially equivalent to the requirement
| @ u@)ydiry~o (&7
Cy
with error which can be controlled by [E(T,1) + D(u, 1)]1+5, for some &g > 0. Here u(x) =
I (.231, e ,a:m) is the function used in the squashing deformation of T to the horizontal
plane ™1 =7 (see [4, 16]).
Let T = &A|B,. Then, by the minimality of (4, u) we have
wr|sy) + [

; (1+XA)|VU|2dx§/B (1+x5) |vu|2dx+\1/(ﬂ31). (4.8)

We should point out that under the hypothesis on T we have via the Height-Bound-
Lemma, that

i 1
sup ly -7 < Cn)ei™ Y < — (4.9)
(w.y)€spt(T)NCy 16
(if €, is small enough). Also d(T|B;) = d(T|By).
We therefore conclude from (4.8) that
¥ (T|By) - W(T|By) < / (xz — xa) [Vul2. (4.10)
By

If T is U-minimizing, then the right-hand-side can be replaced by zero. So our analysis will
be to bound the term on the right-hand-side of (4.10).
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Now we follow the calculations in [4] and [16] to obtain that
c(n
B(r,0) < @)+ S [P+ [ o xalivd @
1 1

for any A € (0,1).
Also, by A = A outside Cs)4 and (4.9), we have A = A outside Bis)16 and thus

/ Ixa = xz| IVul S/ Ixa = xz| IVul?
By Bis/16

2
< Ixa = Xall o g ey MV | a0 - (4.12)
Here ¢ > 1 is chosen so that the reverse Holder estimate(!?]
2 2
(198 1y < ) [, 19 (1.13)
is valid, where p = %7 € (1,00).
By applying the Height Bound Lemma again, we obtain
1/2 (n—1
[xa _XEHLP(BIS/M) < CO(n) /202, (4.14)
On the other hand, by Lemma 4.1, we have
1
D(u,0) <02 D(u,1) < 1 D). (4.15)

Therefore, one has

E(T,0) + D(u,0) < NE(T, 1) + @ H(1) + i D(u,1)

+C(n) E% (T,1) D(u, 1) (50 = %D i 1)p> . (4.16)
By choosing A = %, and e, so small that c(n) €l < i, we obtain the conclusion of the lemma.

(c) Regularity of Interfaces

The following lemma is the key ingredient in the proof of the regularity of free interfaces.
The hypothesis in this lemma can be deduced from remarks at the end of the previous
section.

Excess Improvement Lemma. Let (A, u) be a minimal solution of problem (1.1) and
(1.2) in Ba(0), o € spt(T), = OA|B2(0). Suppose that T satisfies the hypothesis in the
Height Bound Lemma with p = 1. Then there are two positive constants depending only on
n, 0, and €, such that

E(T,01) + D(u,0,) < = (E(T,1) + D(u, 1)) (4.17)

[SCIR )

provided that E(T,1) + D(u,1) < €2. Here the cylindrical excess on the left-hand side of
(4.17) may be with respect to a new hyperplane which is a rotation of R™ x {0} by an angle
w not larger than C(n)e, €2 = E(T,1) + D(u,1).

Proof. The proof of this lemma follows from the standard blow-up arguments of [8, §5.3]
(cf. also [16]). We, thus, shall only explain several new points in such a proof.

Step I. We let €2 = E(T,1) + D(u,1). If (4.17) were not true, there would be sequence
of minimal solutions (A;,u;) in Bs(0) with the following properties: o € spt(T;),

Ti = 0AZ |_B2(Q)’ P# (Tz |_(C1) = Em I_Bl (Q), 8Tl = O in (Cl,
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and €2 = E(T;,1) + D(u;, 1) — 07 as i — oo.
Let f; be a Lipschitz function in the nonparametric approximation lemma for T;. Then

lim |V fil? €2 dx < c(n). (4.18)
v JB1(0)
By a small translation in the vertical direction, we may also assume [i. (1 — )y |[|T]| = 0.

(Of course, under such a normalization, we may not have o € spt(7;)). But the conclusion
of the Height Bound Lemma guarantees that there is x; € spt(7;) and z; — o).

Under the normalization, we have that i% are uniformly bounded in H'(Bj), and hence
(by passing to a subsequence if necessary), that {— — h in L?(B;) and weakly in H'(By).
Note that [ (1 —pu)hdz =0 by (4.7), and that By C R™.

Step II. From the first variation estimates (see Lemma 4.2, Lemma 4.3 below) we have

Loh=0in B;(0) CR", (4.19)

where Ly is a linear elliptic operator with constant coefficients, i.e., Lo = A;;: ﬁ Aij’s
are constants depending only on V.

Here we should remark that the function p in the squashing-deformation may be chosen
as follows. Let * = Lz in a linear change of coordinates of R™ so that Ly operators in z*-
coordinate become A. Then u(x) = p(|]z*||) will be a good choice, as 0 = fBl(O)(l — p) hdx
implies fBl(o)(l — pu(x*)) h(z*)dz* = 0 and hence h(0) = 0, by homoniticity of h in z*
variables.

Step ITI. We may proceed as in [16] to show that

o / yl? dlire, # T3] < ¢ 2 (4.20)

for all r € (%17 261) and for a suitable rotation ~,,. In proving (4.17), both (4.20) and the
energy comparison lemma play the important role. We refer the readers to [16] for details.
Corollary 4.1. For 0 <r <1, one has

E(T,r)+ D(u,r) < C(n) P (E(T,1) 4+ D(u, 1)) (4.21)

for some B = B(n) > 0, whenever E(T,1) + D(u,1) < €2. Here E(T,r) is the cylindrical
excess of T with respect to a suitable hyperplane in R™.

Proof. This follows easily from (4.17) by an iteration. We note that suppose =; is a
hyperplane in R™ which is obtained from 7;_; by a rotation r,,; with an angle w; < ¢(n)¢€;_1,
so that

E (T, 9{) +D (u,ag) < g (E (T, 9{‘1) +D (u 9{‘1))

for j =1,2,---, where e? :E<T79{) +D(u,9{) for j =0,1,2,---, and mg = R™ x {0}.

Then, since

oo oo

gi wi<en)Y g <en)ey (§>j1 ~3e(n)e, < g

j=1 j=1
(if we take €, sufficiently small), we have lim = 7, exists. Moreover, we have E(T,r) +
J

D(u,r) < ¢(n)r? - (E(T,1) + D(u,1)). Here the excess on the left is taken with respect to
the hyperplane 7.
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Theorem 4.1. Let (A,u) be a minimal solution of (1.1) and (1.2). Then 0A|Q ~ S
is a CYB/2 hypersurface in Q. Moreover, S is a relatively closed subset of spt (0A|Q) with
H"1(8) = 0.

Proof. As we remarked at the beginning of this section, for H"~! a.e a € 9A|(Q, there
isanr =r, € (0,1) such that for T = 90A|Q,

E(T,r)+ D(u,r) < € (4.22)

and that T satisfies the hypothesis of the Height Bound Lemma (with p = r). Then (4.21)

and [8, §5.3] imply that T By, (a) is represented by a C'#/2-graph. This completes the
proof of Theorem 4.1.

We now return to the key first variation estimate which is needed in Step II of the proof

of the Excess Improvement Lemma.
We consider deformations hy #T of T (and hy # A of A, respectively), where
hi(xz,y) = (z,y +ten(x)) € R™ x R, (4.23)
t is a parameter, |t| < 1, and n(x) is a smooth function with compact support in B1(0) C R™
and €2 = E(T,1) + D(u,1). We shall give an approximation for e 2# W (h; #T) in terms
of n and f, the function in nonparametric approximation of T. Here T satisfies all the
hypotheses in the Excess Improvement Lemma.

Corresponding to Almgren’s blow up map (cf. [8, §5.3]) (z,y) — (z, ey) € R™ x R, we
define F(z) =1 f(z).

Lemma 4.2. Ifn € C§°(By) with [Vn| <1, and if € < ey, |t| < 1, we have
e 2 4 U (hppeT) — / Aij Fy, -y dx — t/ Ajj Nai Naj dx| < c(n)1/3, (4.24)
dt B ’ B
where A;j 52 a%j = Ly 1s an elliptic operator (see [4]).

Proof. See [4, p.114-115] or [8, §5.3]. We should point out that the proof of (4.24) uses
only the Nonparametric Approximation Lemma. No minimality of T of any sort has been
used in the arguments.

Lemma 4.3. With the same hypothesis as Lemma 4.2, and in addition, n € C§° (Bi’l(; (O)) ,
for some § € (07 %), we have

[ Ay Fan | < Cmoe + ) (1.25)
B1(0)

provided € < €,(n,8) € (0,3), where 6y = m (see (4.16)).

Proof. We use here the minimality of (A,u). If |[¢| < 1, by the Height Bound Lemma,
one has that

1
Ixa = Xn#allr ) < C(n) — 2D
and also, that by minimality of (A, u),
U (hyy T) — O(T) = U (hyu TLB,) — U (TLB)

> —/ XA = Xny a| [Vu|* = C e & (4.26)
Bi_s/2

(cf. (4.14)). Here we have noted the fact that when e < e(n, 9),
(A~ by A)U (hepp A~ A) C By_5(0).
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Therefore, by reverse Holder estimate for |Vu|?,
U (hiye T) — U(t) > —C(n,8) € €2 (4.27)

On the other hand, Lemma 4.2 gives, after integration from 0 to ¢, the inequality

@y 1) - )~ [

Aij Py, M, dx‘ < C(m) (4 1t +1¢?) (4.28)
B1(0)

By comparing (4.27) and (4.28) we obtain, after carefully choosing sgn(t), the bound

’ / Aij Fyny, dx‘ < c(n) |t| + c(n) €5 + M (4.29)
B1(0) Y It]

Lemma 4.3 follows by taking [t| = et

Finally, we note that as ¢ — 0 in the above lemma, we may take § — 0. Thus, the
blow-up function A in Step I of the Excess Improvement Lemma is a solution of Lgh = 0 in
By (0) C R™.
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