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Abstract

In this paper, the optimal convergence rates of estimators based on kernel approach for
nonlinear AR model are investigated in the sense of Stonel17-18]. By combining the a—mixing
property of the stationary solution with the characteristics of the model itself, the restrictive
conditions in the literature which are not easy to be satisfied by the nonlinear AR model are
removed, and the mild conditions are obtained to guarantee the optimal rates of the estimator
of autoregression function. In addition, the strongly consistent estimator of the variance of
white noise is also constructed.
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§1. Introduction

Consider a nonlinear autoregressive (AR) model in the form
Xe=f(Xi1, -, Xip) t e, (1.1)

where f : RP — R! is an unknown Borel function on R? and {&;} is an i.i.d. white noise with
FEey = 0, Ee? = 02 < oo and ¢; independent of {X,, s < t}. Concerning nonparametric
approaches for identification of this kind of model, it has received increasing attention in
the literature. The reader is referred to Tjgstheim®/, Hirdle and Chenl®! and Tong[?? for
surveys. When p is unknown, it needs to be estimated; see, for example, Cheng and Tongl®!
and Tjgstheim and Auestad?! for its estimation. Here we assume for simplicity that p is
known, and will focus on considering the estimates of the autoregression function f and the
innovation (white noise) varience 2. In this paper, the pointwise optimal convergence rates
of weak consistency and uniform optimal rates of strong consistency in sense of Stonel!7-18]
will be investigated for the estimator of the autoregression function, and by the way, the
estimator of the variance of white noise will also be constructed and proved to be strongly
consistent. The asymptotic normality of these estimators will be explored in another paper.

Manuscript received December 15, 1997. Revised September 3, 1998.
*Institute of Systems Science, Academia Sinica, Beijing 100080, China.

x*xProject supported by the National Natural Science Foundation of China.



174 CHIN. ANN. OF MATH. Vol.20 Ser.B

Before prodeeding, we remark that, to our knowledge, Truong and Stone[?3! and Masry
and Tjgstheim!'® investigated the optimal convergence rates of nonparametric kernel esti-
mators of the regression function for the stationary and dependent samples under a-mixing.
Indeed, under some mild conditions, a lot of nonlinear time series models have a stationary

[113] 5o the a-mixing assumption on the dependent samples is

solution which is a-mixing
acceptable. However, in the publications just cited, the assumptions imposed on the dis-
tribution of the stationary sequence and some others are very restrictive. For example,
Condition 3 of Truong and Stone?? is not satisfied by the model (1.1) when the order p is

(14 we listed an exam-

greater than 1 (see Remark 2.0 below), and also, in Lu and Cheng
ple showing that the basic Assumption 3.1 in [15] is not satisfied even when &; is normally
distributed and f is Lipschitz continuous. Just due to those restrictive assumptions, the
results in the publications cannot be applied well to a lot of nonlinear time series models.
The idea of this paper is, by combining the a—mixing property of the stationary solution
with the characteristics of the model itself, to investigate the large sample properties of the
estimators. Thus, we will remove a lot of the restrictive conditions in references, and get the
asymptotic theory under mild conditions which can be applied well to the nonparametric

identification of the nonlinear autoregressive models.

§2. Main Results

From [1, 2, 4, 19], it follows that the (geometrically) ergodic and hence a—mixing station-
ary solution to model (1.1) exists. For generality, we assume the following assumption:

A1l. The a—mixing stationary solution to model (1.1) exists. Denote the mixing coeffi-
cients by a(-).

Let X1, X5, -+, X,, be a realization of size n from the stationary solution of the model
(1.1). Set Yy = (X4—1, Xi—2, -+, X4—p), and write m for its distribution. The kernel
estimator of f(y) is defined by

faw = 3 Xk /j;K(yhf), o)

1=p+1

where the “n” over the sum sign in the denominator can be replaced by “n+1” in application
(it is noted by the definition of Y; that this is suitable), but the asymptotics is not affected
and hence we adopt (2.1) for simplicity. In order to remove the effects of the extrem values
(see [20]), we adopt the weighted estimator of o2 defined as follows

n n

= 3 (K- L 0)Pw) ) Y wv), (2.2)

t=p+1 t=p+1
where w(-) : RP — R! is a non-negative and bounded Borel measurable weight function with
its compact support denoted by S(w). Throughout the paper, it is defined that 0/0 = 0.
We first state some basic assumptions:
A2. The non-negative Borel measurable kernel function K (-) satisfies

1) arlfju)<ry < K(u) < azlgjuyry, (2:3)

where a3, as are two positive numbers with a7 < as, and R is a positive number large
enough;
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(2) K(z) is Lipschitz continuous of order 1 on its support.

A3. The autoregression function f is Lipschitz continuous of order r (0 < r < 1) on RP.

Let U be a non-empty open subset of RP containing the origin point with U C S(K), and
D C U a nonempty compact subset of RP.

Ad4. The stationary sequence {Y;} satisfies that:

(1) the distribution of ¥; is absolutely continuous with respect to the Lebesgue measure,
and its density function vy (-) is continuous over U such that, for some M; > 0,

0<vy(y) <My, YyeU; (2.4)
(2) there exists a constant Ms > 0 such that
Yy (y) > My for all y € D; (2.5)

(3) for any j > 1, given Yy = y, the conditional density ¢;(-|y) of Y, exists and satisfies
that for some positive number M3,

Ui(y'ly) < Ms, Yy, y' €U, j>1. (2:6)

The preceding assumptions will be used in this paper. The requirement of A2(1) on the
kernel function is adopted by a lot of publications (e.g., [24, 7]). Although its support S(K)
is bounded, K may still be taken as an approximation to the kernel with unbounded support
when R is large enough. The smoothness conditions of A2(2) and A3 on the kernel and the
autoregression function are usually needed to study the convergence rates (e.g., [5]). The
assumption A4 on the distribution of {¥;} is similar to Conditions 2 and 3 in [23], but weaker
than their Condition 3 (which also requires that v;(y'|y) > Ms', Vy, v € U, j > 1).
It follows from the lemma below that the assumption A4 stated above is easily satisfied.
However, Condition 3 of [23] is not easy to hold for model (1.1).

Lemma 2.1. Suppose that [ is a continuous function on RP and that the density
function .(t) of e; ewists and is positive, bounded and continuous over R'. Then Y; =
(Xi—1, Xi—o, -+, X4—p)' defined by the stationary solution of the model (1.1) satisfies the
assumption A4.

Proof. It easily follows from (1.1) that

J p—J
wj(x|y) = qui($7y)HI(yi=xi+j)7 ]: ]-7 R 2 (27)
i=1 i=1
where gj;(x,y) = Ye(zi — f(@iz1, -+ 5 Tj, Y15 -5 Yp—j4q)) for ¢ =1, .-+ j. Then A4(1)
can be deduced from the boundedness and the positiveness of 1. (¢) and the equality
or(v) = [ vy(olu)m(du). 28)

Let B be a compact subset of RP such that w(B) > 0. Since 9. (¢) is positive and
continuous over R' and f is continuous on RP, it is easily known that for some My > 0,
¢;i(y, u) > My forany y € D,u € Bandany 1 < j<pandi=1,---,j, and hence there
exists an Ms > 0 such that v, (y|u) > Ms for any y € D, u € B. Thus A4(2) easily follows
from (2.8).

For 1 < j < p, A4(3) is obvious by (2.7); if j > p, A4(3) can be obtained recursively.

Remark 2.1. The conditions on &; in Lemma 2.1 are easily satisfied (e.g., £; is Gaussian),
and are usually imposed to guarantee that the model is (geometrically) ergodic (see [11]),
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the PL assumption in [11]. Also, by (2.7), it is easily known that if p > 1, Condition 3 of
[23] is not satisfied.

Theorem 2.1. Assume that A1, A2, A3, A4(1), A4(3) hold. If Ec? < oo, and the mizing
coefficient a(-) and the bandwidth hy, also satisfy the conditions of Theorem 1 or Theorem
2 of [12], then for any y € U,

ulw) ~ 1) = 00 (1) + 00 (1)) (29)

Furthermore, if h, = (%)1/(2”‘1’), and the conditions above hold, then
R 1\r/@r+p)
Fw—twl=0e((5)" ) (2.10)

Theorem 2.2. Assume that A1, A2, A3, A4 hold. If E|e:|™ < oo for some m > 2, and
the mizing coefficient o(-) and the bandwidth h, also satisfy

2\ _ lnny®
> ot < = (B2)'

n

where 0 < 6 < mm—_pZ, a> (1+p0)2[frffﬁ£éﬁzl)+m] , then as n — oo,

sup £u(4) ~ )l = 0(h) + O((25)"7), s (211)

yeD
Furthermore, if m > 2+ p/r, let h, = (an)1/(2r+p)7 then
. Inn\r/@2r+p)
sup |fu() = Fw)| =O((55) ) as. (2.12)
yeD n
Theorem 2.3. Under the conditions of Theorem 2.2, if S(w) C D, then

o2 2552, (2.13)
Remark 2.2. Theorem 2.1 can not be obtained by Theorem 1 of [23] (in Theorem 1 of
[23] there, it is needed that n Y (a(j))!~2/¥ = O(1) for some v > 2; while, in Theorem 2.1

j=n
here, the mixing coefficient a(-) admits to be unsummable'?. Due to the facts pointed out
in Section 1, Theorem 2.2 does not follow from [15]. Also, it must be noted that in Theorem
3 of [23], only the uniform weak convergence rate was obtained, but their conditions are very
strong (a(j) = O(p?), 0 < p<1and P(|Zy| < M|Yy=%y) =1, ye€U for some M > 0).

Remark 2.3. According to Stonel'™-'8) the convergence rates in (2.10) and (2.12) under
i.i.d. case are optimal.

83. Proofs of Theorems

Set K; = Kpy = Kni(y) = K(%) Let ¢ be a generic positive constant which may differ

at different places in the following.
Lemma 3.1. Suppose that A2(1) and A4 hold. Then

O(h2P)  for j >0,
O(r2)  forj=0.

Proof. If j =0, by A2(1), A4(1), we have
EK? = O(h?).

EK;K;; = {
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If 7 > 0, then it follows from A2(1), A4(1) and A4(3) that
EK,K;,; = O(hZP).

Lemma 3.2. Let K(u) and g(z) be two Borel functions on RP such that (a) K is
bounded on RP; (b) [n, |K(u)|du < co; (¢) lim |[ulPK(u) =0; (d) [|g(z)|dr < co. Set

llu]|—o0
gn(x) = h;pr(%)g(u)du, where h, is a sequence of positive constants with h, — 0
(n — o). If g is continuous at x, then

lim g, (x) :g(x)/K(u)du.

n— oo

Proof. See the proof of Theorem 1A of [16].

Lemma 3.3. Let X1, -+, X,, be independent random variables satisfying |X;| < M,
EX; =0 and Var(X;) < o2 for all i and for some positive constants M and 0. Then, for
0<t<2/M,

n
1+ tM)
E[ (t X)} < [t“‘ 2(L+tM)7
exp ; < exp |nt‘c 5
Proof. This is Lemma 6 of [8].
Lemma 3.4. Under the conditions of Theorem 1 (or Theorem 2) of [12], if ¥y (y) is

continuous, then

nlllgi K(Yih’y) 5¢y(y)/K(u)du (n — o).

+1 "

Proof. The arguments are completely similar to those of Theorems 1 and 2 of [12] .
Proof of Theorem 2.1. Set

An(y) = foy) = f(v),
S Ku(f(Y) — f)

= 1
Ani(y) = :
i=p+1
Z Knigi
1=p+1
Apaly) = ——.
i=p+1
Then it is obvious that

Now using A3 and then A2(1), we obtain the first term

n

DN O IR (EET T
[ A1 (y)] < ¢=2F = O(h). (3.2)

n
2 Igvi—yI<rhn)
i=p+1
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For the second term A,2(y), we first observe

n 2 n
p K < i=p+1 _ i=p+1
(‘ (nhy) Z ni€i| = 6) - (nhhe)? (nhhe)?
i=p+1
o?EK2, ( 1 )
n(hhe)2  ~ \nhhe2
from which together with Lemma 3.1 and A4(1) it follows that
(i)~ 'S Kuies| = Op((mh) 1) (3:3)

_p+1

for any y € U. Thus together with Lemma 3.4 and A4(1), we have
Ana(y) = Op((nh?)~1/?), (34)

for any y € U. Finally, by (3.1), (3.2), (3.4), the desired results can be obtained.
Proof of Theorem 2.2. In (3.2), in fact, it can be obtained that

n
2 Y=yl gyvi—yi<ran)
i=p+1
n

2 Agvi—yl<Rh.)
+1

sup |An1(y)| = sup
yeD yeD

= O(hy). (3.5)

Set Bui(y) = ((n —p)h2)~t S° Kyuigi, Bua(y) = ((n —p)h2)~! >° K, Then
i=p+1 i=p+1

Ap2(y) = Bn1(y)/Bna(y). (3.6)
Let bn — ( n )1/(2("”71))’

hY Inn

’ 1"
€i=€il(|c,|<b,) € TEil(le>b,)-

Obviously, EB,1(y) = 0.

Buly) = 7= php Z ~ s ph,, Z (Be;)(Kni — EKpy)
i=p+1 i=p+1
hp Z E; K’n,z — W Z ES Kn’L
t=p+1 1=p+1
£B,%’(y) + B () + B (y) + BLY (). (3.7)

Now we begin to treat B( )( ) respectively. First we deal with the last two terms of (3.7).

3
sup B ()] < oo S
yeb i=p+1
Z lei™ I(je, >0, b (3.8)
i=p+1

— o(ﬁ) — o((%)m), a.s.
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4 3
sup |BLY (y)| = sup |[EBLY (y)|
yeD yeD

C m —m
< EE|&'| L, 1>b0)bn (3.9)

=o((p)")

Since D is a compact subset of RP, it can be covered by a finite number N,, of cubes I}
C(ln nhﬁ"’2 ) 1/2
n :

with centers y; whose sides are of length L,: L, = c/NTIL/p =

(1) (1) (1)
sup |B,, < max su B — B ,
p ‘ ( )‘ = 1§k§Nny€DrIT)Ik| nl(y) nl(yk)|

0 3.10
+ Jax By (ye)| (3.10)

=B+ BU, i=1,2.
Using Assumption A2(2), we have

B(l’) _ K,
nl 1<I23}}(Vn yes}jlmk (n —p) hP Z Kni(y) (yx))
'Y — Yk
< : 3.11
1 &N, yEptr, (n— )RR Z e} = Beill 5 (3.11)

o) ~ol(22)"). o

Similarly, it is easy to get

@) Inn\1/2
B2 = O((nhﬁ) ) a.s. (3.12)
Now, we proceed to prove
i 1 1/2
B :0((%) ) as.i=1,2. (3.13)
Since the proofs are similar, we mainly treat the case ¢ = 1 in the following.
To treat B,(71 , the Bernstein’s block technique is essential. For this purpose, set n =

2s(n)r(n) + v(n), where s(n), r(n) and v(n) are integer numbers satisfying s(n) — oo,
r(n) = oo asn — oo and 0 < v(n) < 2r(n). Let

jr(n)

. 1 ’ /
VaGk) = ——% Y. (&= Be)Kui(yr),
(n —p)hn i=(j—1)r(n)+1

Then
B = v D (k) + v (k) + R (k). (3.14)
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The following is to prove

1Srrklg)]<vn |Vn(i)(]<;)| = O((;nhg)lm), a.s., (3.15a)
| Dnax |Vn(f)(k)| = O((ilnhg)lm), a.s., (3.15D)
 Dnax |R,. (k)| = O((%)l/z), a.s. (3.15¢)
For (3.15¢), it is obvious that
s 1) < S

i=2s(n)r(n)+1

- )
- 0(2(22) - O((%)m), a.s., (3.16)

if 7(n) = O((nh21Inn)Y/?). The most difficult step is how to treat v (V,Ef) follows

nl

the same argument). We utilize the independence approximation for a—mixing due to
Bradley!?Theorem 3] By this, we can construct {V,*(2j — 1, k)}j(znl) such that
(i) {V,r(25 — 1, k;)}j(:nl) are independent;
(ii) V.¥(2j — 1, k) has the same distribution as V,,(25 — 1,k), j =1, 2, ---, s(n);
(i) PIVA(2) — 1,k) — Va(2) — 1, k)| > €]
< 18(|[Valloo/€)'/?  sup |[P(AB) — P(A)P(B)|
(3.17)
for any 0 < € < ||V,,(2) — 1, k)| o=esssup|V,,(j,k)| < 2¢r(n)b,/(nht), where the supre-
mum is taken over all sets A, B with A, B in the o-algebras of events generated by
{Vo(1,k), Vo (3,k), - -+, Va(25 — 3,k)} and V,,(2j — 1, k), respectively.
Set

s(n)

Voo (k) = > V(2 — 1K),
j=1

B s(n)

Var (k) =Y (Va(2) = 1. k) = V;5(2) — 1,k)).

j=1
Then
VO (k) = Vi (k) + Voo (K). (3.18)
By Markov’s inequality,

Pny = P(lgclg)](vn Vo (k)] > en)
s(n)

< 2N, exp[—)\nen]E[exp (An S vrei-1, k))] . (3.19)
j=1

Take
Inn\1/2
€n :co(m) ., An :c[nhﬁlnn]lﬂ,
bpr(n)
- nh?

by, )1/2.

)~
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Then, recalling h,, = (222)% and

m—2 (1+p0)2(p +2)(m — 1) + m]
0<0< o a > 2m(1 — pb) — 4 ,

we have

() = O ()T J(m b )

14p0 1424 —m
of(S=) T JmmEri
In*" n
a(m(1—pb)—2)

() 7))
~o((3)")

and hence \, M,, < 2 for n large enough.

Since

2j7(n)

< (o) B %GBt

n—p . )
i=(2j—1)r(n)+1 (320)
< B K ())?
((n —p)hn)
_ ()
= O(n2hﬁ) as n — oo,

it can be deduced by Lemma 3.3 that

r(n
P,1 < 2N, exp { — An€n + S(W)A%Cng(h% }

= 2N, exp{—(cp — 1)clnn}.
(Here we may take the first ¢ equal to the second, because the first ¢ may be taken any
positive constant.)

Hence if ¢y is large enough such that

(co = De> (p/2)(1+0(p+2)) +1,

then
Z Pnl < 09,
n=1
from which it follows that
Inn\1/2
! — -
(max |V (k)| = 0((7%) ) a.s. (3.21)
Now we prove
Inny\1/2
" _ i
| Dnax [V,1(k)| = O((nhﬁ) ), a.s. (3.22)
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Observe

) P{|VX(2j — 1,k) = Vi(2j — 1, k)| > ¢/5(n)} (3.23)
r(n)b,s(n)
nhbe,

= 18¢(r(n))* ta(r(n)).

Hence, by the conditions of the theorem, it easily follows that

)
Z P, < 00.
n=1

Thus (3.24) is obtained by Borel-Cantelli’s Lemma.

By (3.24), (3.21) and (3.22), (3.15a) follows; and so does (3.15b) similarly. Together with
(3.14) and (3.15), (3.13) with ¢ = 1 is proved. For the case ¢ = 2 in (3.13), if (3.20) used in
the above arguments is replaced by

< 18¢N,s(n)( )1/205(7'(71))

gr(n)
1 / 2
B Y (B (Kuily) — FKui(w))
i=(j—1)r(n)+1

= O( rin) ) as n — oo, (3.24)

n2h?
then (3.13) with ¢ = 2 is also proved. (3.24) can be proved as follows. The left-hand side of
(3.24) equals

E5/4 2 jr(n)

—p)h?
n p) i=(j—1)r(n)+1 (3 25)
Ee. gr(m) -1 ) |
+ Q(W)Q > > Cov(Eni, (n), Kniy (ur))-

i1=(j—1)r(n)+1i2=i1+1
By Lemma 3.1, the first term of (3.25) is bounded by

O(T(n)> as n — 0o

n2h?b

and the second term, by Lemma 3.1 and the appendix of [10], is bounded by

c(nr}(g))Q Z min{a(i), h?F}

(h. "]

< 65521)’ h;p( Z h2P 4 Zn: a(i))

=1 ’L:[h;p]+1

Thus (3.24) follows.
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Now, by (3.7)—(3.13), we have

Sgg |Br1(y)| = O((%)lﬂ), a.s. (3.26)

Since 1y (y) is uniformly continuous on D, it is easily proved that, as n — oo,
1 - Y; Y\ as. ~
e 3 K( ) S ey (y) [ K(wdu> My | K(u)duzc, >0,
i=p+1

uniformly for y € D, hence

injfj |Bn2(y)| > ¢1/2  for n large enough. (3.27)
ye

Thus it follows from (3.6), (3.26), (3.27) that

sup | Ana(y) :0((:172)1/2), a.s.,

which, together with (3.1), (3.5), deduces the desired results of this theorem.
Proof of Theorem 2.3. First, substituting (1.1) into (2.2) we get

= 3 (f) e — f0DPuv) /Y wv)
t=p+1 t=p+1
= > (f() = fu(1))? n/z
i e (3.28)
+2 Z ~ faV)ew(v) /D7 w(vh)
t=p+1 t=p+1
+ Y w3 wm).
t=p+1 t=p+1

Recall that {Y;} is a—mixing and hence is ergodic. Thus, by Theorem 2.2, the first and the
last terms on the right-hand side of (3.28) converge to 0 and o2 almost surely, respectively,
as n — oo, and hence the second term converges to 0 almost surely. The desired result is
thus obtained.
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