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PARAMETERS OF DARBOUX
TRANSFORMATION FOR REDUCED AKNS,
KAUP-NEWELL AND PCF SYSTEMS**
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Abstract

For the integrable system with u(p, ¢) reduction, there is a well-known sufficient condition
to choose the parameters: the spectral parameters only take two mutually conjugate values
and the solutions of the Lax pair should satisfy certain orthogonal relations. In this paper, the
author proves that, for the AKNS system, the Kaup-Newell system and the principal chiral
field (PCF), this condition is also necessary for generic potentials with the u(p, q) reduction.
For some other reductions, sufficiency and necessity of more constraints are proved.
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¢1. Introduction

Darboux transformation is a powerful method to get explicit solutions of nonlinear PDEs.
In 1+1 dimensions, it gives a universal algorithm to get a series of solutions by solving
linear ODEs only once. The constructions of Darboux transformations have been widely
investigated (see, e.g. [1,3,5,7,8,9,10,11,13]). In 141 dimensions, a Darboux transformation
is usually given by a Darboux matrix which is a polynomial of the spectral parameter. The
most fundamental Darboux matrix is a Darboux matrix of degree one, which is linear in the
spectral parameter.

Let g be a finite dimensional semi-simple matrix Lie algebra. For the spectral parameter
A, let

L(g) = { N XA X egneZi U {0}} (1.1)
7=0

be a subalgebra of the loop algebra of g, L, (g) = { > X;A" 7| X; € g }. Consider the Lax
i=0

pair

b, = U\, "
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where

U\ =U(x,t,)\) = i Ui(z,)A™ " € C(R?, Ln(g)),
0

“ (1.3)
V) =V(z,t,0) =) Vi@, )A€ C°(R?, Lu(g))-
j=0
The integrability condition of (1.2) gives a system of nonlinear partial differential equations,
which comes from the identity

Uy -V, +UV -VU =0 (1.4)
for all A € C. Suppose (1.4) holds for all A, then (1.2) is completely integrable, and vice

versa.

For g = gl(N, C) or sl(N, C), diagonalizable Darboux transformation of degree one can
be constructed as follows.

Theorem 1.1.513 Let A = diag(\i,--- , A\y) where A\,--- , Ay € C. Let h; be a column
solution of (1.2) with A = N;. H = (hy,--+ ,hy) is an N x N matriz. Take R(z,t) to be
an arbitrary invertible matriz function. When det H # 0, define S = RHAH™'. Then
T(z,t,\) = AR(x,t) — S(x,t) is a Darbouz matriz for (1.2). That is, ® = TP salisfies

&, = U(ND,
~ o~ . (1.5)
&, =V (NP
for certain U(z,t,\), V(z,t,\) € L(g).

This is a general scheme to construct diagonalizable Darboux matrices. Any non-dia-
gonalizable Darboux matrix can be obtained by a limit of some diagonalizable Darboux
matrices('®).

The matrix H in Theorem 1.1 satisfies

H, =Y UHA™, Hy=Y V;HA". (1.6)
i=0 j=0
From (1.5), ﬁ, V are given by

UN) = (AR = S)UNAR - S)"' + (AR, — Su)AR — 8) 7L,

- (1.7)
VN =(AR—-S)VINAR—S) 4+ (AR — S;) (AR — S) ™.
Comparing the coefficients, we get
j—1
Uj = RU;R™ + Y R[U(R'S)"F R'S|R™ + R, R "6,
J’?_:f (1.8)
Vi =RV;R™'+ ) R[Vi(RS) '  R'S] R + ReR 0,
k=0
and R™1S satisfies
R™'8), +[R7'S,UR™'S)] =0,
( )o + [ ( )] (1.9)

(R7'8); + [R7'S,V(R™'S)] =0,
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where
m )
UM)=> U;M™
=0

for an N x N matrix M.

When U;’s, V;’s are restricted to smaller Lie subalgebras, special restrictions on A1, --- , Anx
and hi,--- ,hy are necessary. For g = u(N), a well-known restriction is: A\; = p or i with
Imp # 0, and hfh; = 0 for A\; # A; (see [1,12]). This choice has been applied to various
problems!+6:16],

For some systems like the AKNS system, when the number of spectral parameters is
restricted to two, the previous constraint on A; and h; is also necessary, provided that
both the seed solution and the derived solution decay at infinity fast enough!'?l. A natural
question is: if the solutions are not restricted to those which decay at infinity, generally, can
the spectral parameters in each Darboux matrix take more than two different values, or can
they take two values which are not mutually conjugate? The present paper gives an answer
to this question.

Now we consider the Darboux transformation which keeps Lie algebraic reductions.
Let g be a Lie algebra, U(M),V(A) € L(g). Suppose after the Darboux transformation,
U(A),V(X\) € L(g). In this case, we say that the Darboux transformation keeps the g-
reduction, or the L(g)-reduction. Here we choose g as

up,q) ={X € gl(p+¢,C)| X Ipg + I,¢X =0},
su(p,q) ={X € gl(p+q,C) | X* Iy + I, X =0, tr X = 0}

or
so(p,q) ={X € gl(p+¢,R) |XTIpq + Ipg X =0},

where I, = diag(l,---,1,—1,---,—1), and the superscripts “I” and “«” refer to the
—— ———

P q
transpose and conjugate transpose of a matrix respectively.

The Darboux transformation which keeps u(p, ¢) reduction is as follows.
Theorem 1.2.0%6:12] Suppose U(N), V() € L(u(p,q)). Take p € C with Tmpy # 0.
Let \; = p or fi, hiIgh; = 0 for \; # A; (this always holds identically if it holds at one

point (zo,t0)). Then after the action of the Darbouz matriz RO\ — HAH=1), U(X), V(\) €
L(u(p, q)).

For su(p, q), so(p, q), the situation is similar, which will be discussed in §3.

A twisted reduction with the involution X +— —Ip_qu 11, is considered in Theorem 4.1.

For g = u(p,q), let h be a Cartan subalgebra which contains diagonal matrices in g, h*
be the orthogonal of h with respect to the Killing form, which contains all the off-diagonal
matrices in u(p,q). The regular elements in h are the diagonal matrices whose diagonal
entries are mutually different.

Due to the integrability condition (1.4), U, V should satisfy a system of PDEs. There
are no a priori constraints on U and V' which are independent of .

We call U(z,t,\) generic if for U € g does not satisfy specific constraints which are
independent of the derivative with respect to t.
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In this paper we show that the conditions in Theorem 1.2 are also necessary for generic
U(\) for some systems. To consider this necessity of the restrictions, specific systems should
be discussed, because the demand to keep u(p,q) reduction for general system (1.2) is so
strong that the problem is almost trivial. If the condition is necessary to the z-part of the
system, certainly it is necessary to the whole system. Hence we only consider the z-part
here.

We discuss the following three systems:

(A) AKNS system: m =1, Uy = J € b is a fixed regular element, Uy (z,t) € h*;

(B) Kaup-Newell system: m = 2, Uy = J € b is a fixed regular element, U, (z,t) € h*,
U2 = O;

(C) Principal chiral field (PCF) (i.e. harmonic map from R>! to a Lie group): m = 1,
U, =0.

Without other constraints, the Darboux transformation in Theorem 1.1 should have the
following restrictions to guarantee that U (A) is still in the corresponding system!4.

For (A): R is a constant diagonal matrix;

For (B): R is a diagonal matrix and S is a constant matrix;

For (C): S is a constant diagonal matrix.

Apart from these conditions, to keep u(p, ¢) reduction, we should have more constraints
on A and H. Here is our main conclusion, which is the inverse of Theorem 1.2.

Theorem 1.3. For the systems (A), (B) and (C), suppose that U(N) is generic, U(N),
U\ € L(u(p,q)), and U(X) # U(X), then the matrices A = diag(\y, - - - s Aptq) and H =
(h1, -+ s hptq) in Theorem 1.1 should satisfy \i = p or fi for certain p € C, Imp # 0 and
hilpgh; =0 for i # Aj.

For g = su(p, q), so(p,q), or the twisted case, some more restrictions are needed (see §3,
§4).

In §5, we give a simple example to show that for non-generic potential U, spectral pa-
rameters can take more than two different values in each Darboux transformation.

§2. General Choice of Parameters for u(p,¢q) Reduction

In this section, let g = u(p, ¢). We will prove our main theorem—Theorem 1.3. We always
suppose that the Darboux matrix of degree one exists and want to determine which kinds of A
and H are possible to keep the u(p, ¢) reduction for generic U. Let A = diag(A1, -, Aptq),
H = (h1,--- ,hptq) where h; is a solution of (1.2) with A = A;. Suppose that after the
Darboux transformation, U(\), V(A) € L(g).

From (1.7),
UN) = (AR —S)UN)AR—=S)"' + (AR, — Su) AR — S) 71,
U*(A) = —(AR = S) LU L, (AR = S)* + (AR — S)* "' (AR} — S)
for all A € R. For real \, U*(\) = —I,,U(\)I,," implies
O2(A) = [U(A), 6(N)], (2.1)
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where
O\) = I,,) (AR — S)" I)g(AR — S) = N*I" + AA + 12,
I'=I1'"RI,gR, A=-1'S"I,;R—1'R*I,;S, 2=1"5"I,8S.
(2.2)
Remark 2.1. In a way similar to (2.1), we have
0:(A) = [V(A), 0(\)].

Hence, by the uniqueness of solution of this ODE and that of (2.1), if © is a scalar for
T = x9, t = tg, O is that scalar identically.

From now on, we call a matrix to be a scalar if it is a scalar multiple of an identity matrix.

Comparing the coefficients of A in (2.1), we have

(Ujt2, Il + [Ujt1, Al + [Uj, 2] = Io0jm—2 + Azbjm—1 + 2205,m (2.3)

with U; =0 for j <Oor j >m+1.

Let F,. be the set of all r x r off-diagonal matrices, D, be the set of all » x r diagonal
matrices and DY be the set of all r x r diagonal matrices whose diagonal entries are mutually
different. Suppose J € DY, then adJ : F, — F, is an isomorphism.

Lemma 2.1. Suppose P,Q € F,., Jy, -+, J; € D%, Ky, -+, K € D,. Let

L=(adJy) ' - (adJ;) *(adK;)---(ad Ky) : F. — F,,
then
[P, LQJ"™8 + (~1)P*9[Q, LP]"™* = 0.
In particular,
[P, LP]"*8 =0
when j + k is even. Moreover, if j + k is odd, J;, K; are constant matrices, P is a matrix
function of x, then

[P, LP,]%%¢ = (P . LP)di*e,

Here the superscripts “diag” and “off” refer to the diagonal and off-diagonal parts of a
matrix respectively.
Lemma 2.2. Suppose P € F,, J € DY, K € D,, then

[P,(ad J)"'[(ad J)~! ad K(P), P]]*¢ = 0.

Proof. Both lemmas are derived by direct computation. Note that by Lemma 2.1,
[(ad J)~! ad K (P), P] is always off-diagonal in Lemma 2.2.

Lemma 2.3. Suppose A is an r x r matriz, [A, X]488 = 0 for all X € g, then A is a
diagonal matriz.

Lemma 2.4. For Systems (A), (B) and (C), I, A, £2 are all scalars for generic U(N).
These scalars are independent of x and t.

Proof. Denote D to be the set of all constant diagonal matrices.

System (A)
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(2.3) gives
[J,T] =0, (2.4)
(U, I+ [, 4] = Iy, (2.5)
(U, Al + [J, 2] = A, (2.6)
(U1, 2] = 2. (2.7)
(2.4),(2.5)4%8 = TI'=~ (ye€D),
(2.5)°F = A = (ad )" ady (1)),
(2.6)%s = Ade —§ (e D), (by Lemma 2.1),
(26)° = @°F=(adJ)"? ady(U1,) + (adJ)"}[(ad J)~" ad(U1), U1]

+ (ad J)~t ad §(Uy),
@7)%ee = Y = (U (adJ) 2 ady(U) ¥ +w, (we D),
(by Lemma 2.1 and Lemma 2.2).
(2.7)°% gives an ODE for U; with respect to x:
(adJ)"% ady(Uy 2z) + (ad J) "M [(ad J) ™! ady(Uy), Ur]. + (ad J) "t ad 6(Uy ),
= [U1, (Ur(ad J)"? ad(U1)) 4] + [Ur, 0] + [Ur, (ad J) 72 ady(U0)]*"
+[Un, (ad J) " H(ad 1)~ ady(Uh), U1]]°% + U1, (ad 1)~ ad 6(0)])°F.
The coefficient of Uj 4, is zero only when vy is a scalar. Then, the equation becomes
(adJ)~' ad§(Uy,) = [Uy,w] + [Uy, (ad J)~F ad 6(U;)]°".
The coefficient of U; , is zero only when ¢ is a scalar. If so, [Uy,w] = 0. Since U; is generic,
w is also a scalar.
System (B)
(2.3) gives
[J,I=0, [Uy,1+][J,Al=0, [U1,A]+][], 2] =TI,
[Uy,0]=A4,;, £2,=0.

In a way similar to the discussion for system (A), we can see that A is a scalar.

System (C)
(2.3) gives
[Uo,I'l =0, (2.8)
[Uo, A] = Iy, (2.9)
[Uo, £2] = Aq, (2.10)
2, = 0. (2.11)

(2.8) implies that Uy and I' can be diagonalized simultaneously. Suppose that Up(x) =
g(x)Uo(x)g 2 (x), Uy € b, g € U(p,q). Since the regular elements are dense in b and
Up is generic, we can suppose, without loss of generality, that ﬁo (or Up) is a regular
element. (Otherwise, the conclusion follows by a limit.) Since the eigenvalues of U, are
purely imaginary, we can want Im(Up)11 < Im(Up)as < --- < Im(Up)psqpsq. Moreover,
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1 = ¢'Upg’ !, then ¢’ = go where o is a diagonal matrix whose diagonal entries

are of norm one. Clearly, (¢’ 'g.)¥® = o7 (g7 g, + 0,071 )¥8s = 0 if and only if
0,01 = —(g71g,)%88 € . This is always solvable for o with |o| = 1. Hence we can want

if gUog™

(g7 'g, )48 = 0. Consequently, for regular [70,
Up — (ﬁo,go =9(0), X(z) = glgx>

is a 1-1 correspondence for Im(Up)11 < Im(Up)an < -+ < Im(ﬁo)pﬂ?pﬂ, go € U(p,q),
X(x) € u(p, q), X488 = 0. Using this fact, we can consider (Up, g(0), g g, ) instead of Up.
Let I' = gI'g~', A= gAg~t, 2 = g9, (2.8)~(2.11) become

[Uy, I =0, (2.12)
[Uo, A] = [g7 g0, T + I, (2.13)
U, 2] = g7 9o, Al + A, (2.14)
97 90, 2] + 2, =0 (2.15)
(212) = I is diagonal,
(213)428 = T['=~ (yeD),
(2.13)°F = Actt = —(ad 170)_1 ady(g gs),
(2.14)%8e = Adas —§5 (5§ D), (by Lemma 2.1),
(214)°F = Q= —(adUp) " add(g ' gs)
— (adUo) g™ g (ad Up) " ad (g~ g2)]"
— (ad Up) ™ ((ad Up) ™ adv(g™"ga))a
(2.15)4e = dies — _((adUp) (g g2)(ad Up) " ady(g™ ' g.)) 28 + w,
(we D), (byLemma 2.1 and Lemma 2.2).
(2.15)° gives
BT+ (g7 90, 2T 4 (g7 g0, %] = 0. (2.16)

This is an equation of unknowns Uy and g~'g,. The only term containing (¢~ ¢y )zs is

_( ad [70)72 ad’)/(gilgz)x:cy

which is zero only when + is a scalar. Then (2.16) becomes
—((adUo)™" add(g™" g0)) — 9™ 9, (ad To) ™" ad é(g™" 9)]*" + [97 " g, w] = 0.

The term concerning (¢~ 1g, )., vanishes only when § is a scalar. If so, [¢71g,,w] = 0. Hence
w is a scalar for generic Uy. Therefore, I, A, {2 are all scalars.

Till now, we have proved that I, A, {2 are all scalars for Systems (A), (B) and (C). By
(2.1) and (2.2), these scalars are real and independent of x. By Remark 2.1, they are also
independent of t. The lemma is proved.

Proof of Theorem 1.3. From Lemma 2.4, I, A, {2 are real scalars for generic U(A). It
is easy to show from (2.2) that R~1S = HAH ! satisfies

I(R7'S)? + ART'S)+ 2 =0,
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i.e.
A2+ AA+ 02 =0.

Hence, \; can only take two mutually conjugate values, say p and . Since U (N) 2 U,
Imp # 0. From (2.2),

AT W =AW —WA,  Q/T-W=AWA,

where W = H*I,,H. 1t is easy to show that A = —I'(u + ), 2 = I'|u[* and W;; = 0 if
Ai # Aj. The theorem is proved.

§3. General Choice of Parameters for su(p,q) and so(p,q) Reduction

(1) su(p, q) reduction
Suppose U(A) € L(su(p, q)). From (1.7) and (1.9),

trU(\) = tr((ARy — Sp)AR — 8)™1) = % Indet(AR — S)

d d »
%lndetR+ @lndet(/\ —R7S)

d 1 ey d
%lndetthr((R S)z(A—R S))—dxlndetR.

Hence, to keep su(p, q) reduction, an additional condition that det R is a constant is neces-
sary and sufficient.

(2) so(p, q) reduction (p + ¢ is even)

An important example using so(p, q) reduction is the so(p,q) principal chiral field. [0
so(p, q) consists of all real matrices in u(p, q). The construction of Darboux transformation
is still valid if we can make U(X) € L(so(p, q)). From (1.9), RS is real everywhere if it is
real at one point. Since HAH ! is real and its eigenvalues are non-real, p + ¢ must be even.
In this case, we can always take a real initial R~1S. The integrability of (1.9) implies that
RS is always real and U()\) € L(so(p, q)).

t4. General Choice of Parameters for Twisted
L(su(p,q)) Reduction with Involution X——I_'X"I,,

Let o be an involution of g, i.e., ¢ is an isomorphism on g with 02 = 1. Let

Lo(g) ={U) € L(g) [o(UN)) = U(=A) }
be the twisted algebra of L(g).
Now suppose U(A) € L(g) = L(su(p,q)) and 0 : g = g, X — —[IXTT,,. U €

L,(u(p, q)) is equivalent to U(A\) = U(—A) for real A. Written in terms of U;, these conditions
are UT = (~1)m=H1 1, U; 11, T = (—1)™ U,
If we want U()\) € Lo (u(p, q)), then (1.7) gives
11:(A) = [UN), TN,
where
I(A) = L (=AR = ) Iq(AR — S) = NI + Ay + 21,

n=-IL'R"I,,R,  A=-L'S"I,,R+I'R'I,S, & =1I/"5"T,S (41)
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Similar to Lemma 2.4, for Systems (A), (B) and (C), I'1, A; and (2; are scalars for generic
U(A). We have the following.

Theorem 4.1. Suppose U(X) € L, (u(p,q)). Let p € V—1R, \; = p or ji. Let H be given
by Theorem 1.1 and satisfy (H*I,gH);; = 0, (H™1H);; = 0 for \i # X\;. Then after the
Darboux transformation AR — S, where R is a real scalar multiple of an orthogonal matriz,
UN) € Lo(u(p,q)). Conversely, for generic U(X), if U(X) % U(X) is given by a Darbouz
transformation of degree one and U(X) € Lo (u(p,q)), then that Darbouz matriz should be
e®(AR — S), where 0 is a real constant and R, S satisfy the above conditions.

Proof. By (4.1), R is a scalar multiple of an orthogonal matrix. Comparing (4.1) with
(2.2), we have

R =¢"R, S =—¢?g,
where e = —I'} /" whose norm should be 1. From (1.8), a constant multiple scalar on R
does not affect the result of U(\), V()), and we can choose ¢ = 1. This implies
HAH-'=-HAH™!,
ie.
H'HA+AH'H =0.
Since U(A) # U(X), p # 0. It is easy to show that i = —p, (H  H);; = 0 if A; # A;. This
proves the necessity of the restrictions.
Conversely, take u € /—1R, A = p or ji and solve (1.6), then

m
(H'H), = ZH‘lUiH[H‘lfl, AT
1=0

(H'H)y=> H'V;H[H 'H,A"].
§=0
Hence [H~'H, A] = 0 identically if it holds at one point. This means that we can always
want (H~1H);; = 0 if \; # ;. Reversing the discussion on the necessity, we know U\ e
L, (u(p,q)). The theorem is proved.
A famous example of this system is the MKdV hierarchy, whose p = 2, ¢ = 0, m = 1,

UN) =\ + Uy (2,t), J = (Z _Z.), U, =Uy, UL = —U;.

Another example is the so(n) n-wave equation, whose p = n, ¢ = 0, m = 1, U(\) =
A + U1(£E,t), J = diag(]l,--- ,Jn), U, =Uy, UlT =-U;.

§5. A Remark on the Non-Generic Cases
Let g=u(N) (N >4),2<I<N -2,
g1 ={XeUWN)|X;;=0fori>1+1orj>1+1}=u(l),
g ={XeUWN)|X;;=0fori¢<lorj<Ii}=ulN-I),

R=01 g0
Suppose U(A) € R for real \. Let R =1,

A= dla‘g()\la 7)\N)E dlag(,u, ,,U,,L_L,"' aﬁyyv"' 7Val_/7"' 7D)
——— N —— N N —
p l—p q N—l—q
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with u, @i, v, 7 mutually different, 1 <p <1—1,1<¢g< N —1—1. Let h; be a solution of
(1.2) such that

(1) the j-th entry of h; is zero for j > 1+ 1if i <l and for j <lifi>1+1;

(2) hih; =0for A; # A; with 4,5 <lor A\; # A\; with 4,5 > 1+ 1.

Then the Darboux transformation is also divided into two blocks according to the decom-
position of & = g1 & go. It is clear that (7()\) € R forall A € R.

This example shows that in some reduced cases, the spectral parameters may take more
than two values. The corresponding A, §2 in (2.1) are diagonal but not scalar.
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