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HITTING TIME AND PLACE TO A SPHERE OR
SPHERICAL SHELL FOR BROWNIAN MOTION***

YIN CHUANCUN* WU RONG**

Abstract

In this paper, the authors compute the explicit formulas for the joint distributions of the
hitting time and place for a sphere or concentric spherical shell by Brownian motion, when the
process starts either outside the sphere or the region bounded by concentric spheres.
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§1. Introduction

Let X = {X;(w),t > 0} be a standard d-dimensional Brownian motion in R¥(d > 2).
The first hitting time of X for a Borel set B in R? is defined to be
Ty — {inf{t >0,X; € B}, if {t>0,X;€B}#0,
00, if {t >0,X; € B} =0.
The first hitting place is X (Tg).

In this paper, we mainly consider the sphere S 1(0,7) = {z : z € R% |z| = r} and
the spherical shell S%7(0,a) U 27" (0,0) = {z : © € R%|z| = aor || = b}, where
r > 0,a > 0,b >0 and a < b. For simplicity, we shall write T, for the hitting time of
9710, 7) and Ty, for the hitting time of S>%71(0,a) U S2%71(0,b).

A lot of work on the distributions for T or/and X (7;.) has been done since 1962. Ciesielski
and Taylor!!! computed the Py distribution function of 7)., and shown that the Py distribution
of the total time spent by a (d+ 2)-dimensional Brownian motion in the ball {z : |z| < r,z €
R¥2} is the same as the P, distribution of the hitting time of the sphere S247*(0,7) by
a d-dimensional Brownian motion. For more on this phenomenon (see [2,3]). Recently we
obtained the P, distribution functions of 7). for any x such that |z| < r or |z| > r (see [4]).
The distribution of the hitting place of a sphere, when Brownian motion starts at any point
in space can be found in [5]. The Laplace-Gegenbauer transform for the joint distribution
for T, and X (T,.) was obtained by Wendell® (see also [7,8]). It seems impossible to obtain
the joint density function or joint distribution function by inverting the Laplace-Gegenbauer
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transform. The joint distribution of hitting time and place of a sphere by Brownian motion

O, Previously, Wang

which starts at any point inside the sphere, was obtained by Hsu Pei
Zikun!'% obtained the joint distributions of the hitting time, hitting place, last exit time and
place of a sphere, when Brownian motion starts inside the sphere, but when Brownian motion
starts outside the sphere the corresponding result was not obtained. Generally speaking, it
is much harder when the process starts outside than inside. One of the aims of this paper
is to obtain the joint distribution of hitting time and place of a sphere by Brownian motion
which starts at any point outside the sphere (§ 3).

When D = (a,b) is a finite interval in R!, the joint distribution function for the first
exit time and place can be found in [5]. But the analogous result for d > 2 has not been
obtained. The other aim of this paper is that to compute the joint distribution for T,; and
X (Typ) explicitly (§4).

In what follows, let J, and NN, denote the first and second Bessel function of order v,
respectively. Let K, denote the Bessel function “of purely imaginary argument”. Let C},
be the Gegenbauer polynomial of degree m and order v. It is customary to take CJ =
L, Cy =1, CO = 311)% v=tCY = 2T,,/m, here T,, is the mth Tchebycheff polynomial

Tyn(cos ) = cosmf. Set h = 452,

§2. Lemmas

Let D be a domain of C® boundary, Pp(t,z,y) be the transition density function of the
Brownian motion killed at time Tpe. It is well known that (see e.g. [11]) Pp(t,x,y) is the
unique solution of the following problems:

%PD(t,x,y) = %AyPD(t,x,y), t>0,x€ D,yeD,
Pp(t,x,y) =0, t>0,z€ D,yedD, (2.1)
tli_r)r(l)PD(t,x,y)zdm(y), xeD, yeD.

Lemma 2.1. Let D be a bounded domain of C* boundary, and set D, = R*\ D. Then
(1) for z € D, Po(Typ € dt, X (Typ) € dy) = $ 25520 dto (dy);
(2) for x € De, Py(Top € dt, X(Top) € dy, Top < o0) = —3 2250 dio(dy),

where 1y is the inward normal direction at y € 0D and o is the d — 1 dimensional volume
measure on 0D.

Proof. (1) This is a well-known result!”). Next, we prove (2). For « € D, and Borel set
A C 90D, by the Markov property,

Px(Tap € dt,X(TaD) € A Typ < OO)

0
_(/ Py(X(T(gD) € A Typ < m)nge (t,x,y)dy)dt
D. t

1
_5( / P,(X(Top) € A, Top < 00)A, Pp, (t,x,y)dy)dt. (2.2)
D

Taking a sphere Zd_l(O,R) of large radius R such that R > |z|. Denote by Q(R) the
region bounded by 0D and Ed_l(O,R). Set u(y) = Py(X(Top) € A, Top < o0) and
v(y) = Pp,(t,x,y). After applying Green’s second theorem and note that u(y) (y ¢ 9D) is
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harmonic (see [5]) and v(y) = 0,y € 0D, we have

Ov Ov ou
Ly sy = [ ot [ (g v g )e. @3

It is well-known that Pp,_ (¢, z,y) = Pp,(t,y,x), Pp,(t,z,y) < (27t)~ %exp(f%). By the
property of harmonic function!'?) we know that |gradu(y)| < M/|y| for large |y|, where
M > 0 is a constant and grad stands for gradient. From [13, Chapter 1, (6.13)], there exists
a constant \g such that

Ix—y\2>

L(t,x,y)| < const.t™ =n exp( — Ao
4t

8
It follows from the above facts that

2 () g Joldy) = .

lim u(y) o—
R—o0 Zd—l(o,R)< 3n

Hence by (2.2) and (2.3) we obtain

1 0
P:D(T(?D € dta X(TBD) € Aa Top < OO) 2 / 1A( )%PDC (t,l’vy)ﬁ(dy)dt
Y

:_7/ i P2, 9)o ()

So that for x € D,
10
PI(TBD € dtaX(TaD) € dvaaD < OO) = _gaipDc (t,.’t,y)O'(dy)dt
Ny
This completes the proof of Lemma 2.1.
For the Brownian motion X; we let 8, = Zz0X; if x # 0, 8; = Zu0X; for an arbitrary
but fixed nonzero vector u, in case z = 0.

Lemma 2.2. Let o(dy) be the area measure on Ed_l(O,r), then

d
o2 pdt _
/ Ch(cosO)o(dy) = { e+ ™= 0
>0, 0 m>1,

)

where § = Zx0y,x € R?.
Proof. It is an immediate consequence of the following identity due to Wendell®

E,(C" (cosbr,)) = ('“:J) ch (1), |z| <7

Lemma 2.3.14 Let o(dy) be the area measure on S 1(0,7), then

23191 ~h _
e Cm(D), m=k,d =3,
/ Ch (cos 0)C (cos ) (dy) = { ZECh,(1), m=k#0,d=2,
4o 27, m=k=0,d=2,
0, m#£k,d> 2,

where § = Zx0y,x € R?.
Lemma 2.4. For |z| > r,a >0 and d > 2, then
/°° A Jmn A2 ) Ninth A1) = Jinn M) No4n(Az])) oy 7 Knin(V20]2])
0 (A% +2a)(J7, 4 (A7) + N2y, (Ar)) 2 Kpin(V2ar) '
where m > 0 is an integer.
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Proof. By using recurrence formulas/'®!

d a. »
dac( 2'K,) =—a"K,_1, %(x K,)=—-2""K,y1,
d d

- VZI/ =z v—1; 5 7VZ1/ = - 7VZIJ— )
(") = Lol )=-—x 1

where Z,, = J, or N,, one obtains

/oo _z Kerh(\/ﬁR)
0

2 m(Jm+h()\R)Nm+h()\T) = i n(A) Ny (AR)) RAR

_ 1
T 2a 4 A2

Lemma 2.4 now follows immediately from the Weber’s inversion transform!6l,

§3. Hitting Spheres from the Exterior

In this section we will give the joint density of the hitting time and place when the
starting point of the Brownian motion is outside the sphere. The main technique involves
computing the transition density function of Brownian motion in the exterior of a ball by
solving boundary value problems.

Theorem 3.1. Let B¢ = {z : x € R%, |z| > r} and Pp. (t,x,y) be the transition density
function for the killed Brownian motion in BS, then

(1) for d > 3,
Pge(t,z,y) = Ld) Z (m 4 h)C" (cos 0)
(A 2m4/2h(|2[y[)"
)\Gerh(/\ |$| ) m+h<)‘a |y|7 ) 1 2 .
/0 T2 () + N2, () eXp( 27 t)dk’
(2) ford=2,

Ppe(t, z,y) Z |z| D(m, |2|)C,(cos 6)

)‘Gm()‘ﬂ |.7J|, )Gm()‘a |y|7r) 1 2
. — =7t )d\
/0 JZ () + N2 () eXp( 2 ) ’

where
0= ZxOy, Gm+h()‘7 a, r) = Jm+h(/\a)Nm+h()‘T) - Jm+h()‘r)Nm+h(/\a)a
m 1
D = — ) O' D ) == 0.
(m, ‘xl) 27r|.1‘|7 if m # 0; (m, |z|) = Gy | | if m
Proof. For fixed € B¢, we choose a spherical coordinate system y = (r,01,--- ,04-1) :

= RSiH91 sin92 . -sin@d_l,
= Rsinf;sinfs---cosfy_1,
yq = Rcos b

so that x = (|z[,0,---,0) . By symmetry, Ppe(t,z,y) is a function of (, R, 0) = (¢, |y|, Zz0y),
where 6 = 6. So that there exists a function @ such that Ppe(t,z,y) = Q(t, R,0). It follows
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from (2.1) that Q(¢, R, 0) is the solution of the following initial-boundary value problems:
162 d—1 1
0Q_100Q 1-10Q 2 (ui-2672)

t  20R? " 2R 9t ' 2R2sin® 2000 a0
t>0,R>r, 0<0<m, (3.1)
Qt,r,0) =0, t>0, 0<6<m, (3.2)
lim Q(t,R, 9) = 6(\m| 0)(R, 9), R>r 0<6O<m. (33)
t—0 ’
Setting Q(t, R,0) = S(t, R)©(), we are led to two equations
d (d® . 4 9 d—2g _
@(@sm 9) +uBsin? “0=0, 0<6<m, (3.4)
S 1,0%°S d-190S 1
o (222 t .
o ~alom * T on - @) 120 e (8:5)

where p is a separation constant. From [15] we know that equation (3.4) has a nonzero
solution if and only if u = m(m + d — 2) and the solution is C” (cos @), where m > 0 is an
integer. By (3.2) one sees S(t,r) = 0,¢ > 0. By using

L3

Aat,0) (s 0) = g = e o Ol (R)00(6), (3.6)
and
T wI'(2h+n) n=k
/ sin®"0CP (cos 0)C" (cos 0)df = { 22 Tnl(n+ AT (h) ’ (3.7)
0 ’ 0, n#£k
and Q. (t, R,0) = S, (t, R)C" (cos #) one obtains
lim S, (¢, R) = M (m, R)|q) (R),
where
2974(m + h)I'?(h)L(%5*
M(m, B — 2 WTWOET) (3.8)
w2z RIIT(2h)

Hence, S, (t, R) is the solution of

Sy, 1,0%S, d—10S, 1
5t :5(8}22 + 7 AR —ﬁm(erQh)Sm), R>r, t>0,

Sp(t,r) =0, t>0, (3.9)
}1_% Sm(t, R) = M(m, R)0|(R), R>r.

Setting S,, = R~"u,,, then equations above can be written as in the forms

O, 1 32um 1 Ou,, 1 )
_5(332 tear  gmth um), t>0, R>r,

ot (3.10)
U (t,7) =0, t>0, (3.11)
lim (£, R) = R"M(m, R)d|,(R), R > r. (3.12)

The solution to (3.10)—(3.12) is
wm(t, R) = [a]" " M (m, |z])

. /OO /\G’m+h()‘7 ‘xlvr)Gm+h()‘7 |y|7 T)
0 2 nO) + N2 (M)

exp( _ %)\Qt) A,
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where

Gman(Na,7) = Jmyn(Aa) m+h()‘r) Jntn(AT) Ny (Aa).

Hence

Ppe(t,z,y) = ZSmtRC’h (cosf)
m=0

) >

S e —— hO s 6

e Thljal 2™ 1O (cos?)

_/Oo AGm+h()\ 2], 7) G (A, Y], 7)
0 (Ar) + N2, (Ar)

1
exp( - 7/\%) dA.
m+h 2
For d = 2, we only note that

310 (B, ) = 0121 (R)30(0)

and
- 0, n # k,
/ CP(cos0)C2(cos0)dd =< m, k=n=0,
0 i—g, k=n#0.

From these facts one obtains

lim Sy (1, R) = D(m, R)jq)(R),

where
s mAQ,
D(m,R) =1{ ]
— =0.
2rR’

The rest proof can be proved along the same lines as the case of d > 3 and will be omitted.
Combining Theorem 3.1 and Lemma 2.1 we have
Theorem 3.2. For |x| > r,t >0, and |y| = r, then

(1) for d > 3,
P.(T, € dt, X(T,) € dy, T, < 00)/dto(dy)
_ r($) % AGman(, |z],7) 1o\ o\
s ko) [ GRS (- )
(2) for d =2,

P.(T, € dt, X(T,) € dy)/dto(dy)

= [z[D(m, [x]) o /OO AGm (A, ||, 7) 1l
D Onleost) | J%(Ar)+N;(Ar)eXp( F )i

m=0
where o is the area measure on Ed_l(o,r), 0 and Gpin(A\|z|,7) and D(m, |x|) are defined
as that in Theorem 3.1.
The following Corollary follows immediately from Theorem 3.2 and Lemma 2.2.
Corollary 3.1. For |z| > r,d > 2, then

1 r\r [ AGL(\|z|,7) 1.5
P(T, € dt, T, dt=——(1 EESCATY
(T € <0)/ w(m) /0 T2 +N,f(/\r)eXp( ;)
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Remark 3.1. This agrees with the corresponding result in [4].
The following theorem is due to Wendell®l, for a different proof see [7,8].
Theorem 3.3. Forz : || >r,d>2,a >0, then

7“) Km+h(m|$|)
|l’| Km+h(\/ﬁ T) -

Proof. By using Theorem 3.2, Lemma 2.3 and Lemma 2.4 one gets

Eu[e=oTCh (cos0r,)] = Ch (1 )(

E.le T C" (cosOr,)] = / / e °tCh (cos )P, (T, € dt, X (T,) € dy, T, < o)
Zd 1(0 r
1 r\h [ 2AG 4 n (A, ||, T)
=——Cp(1 / + dA
m( )(| \) o (AN2+2a)(J2 (A1) + N2 (M)

) m+h(\/ﬁ|$|)'
Kerh(m ’f’)

__ h o
= L) (i

§¢4. The Joint Distribution of the
Hitting Time and Place for a Shell

In this section,we state and prove the explicit formulas for the joint densities of the first
hitting time and place for a concentric spherical shell.

Theorem 4.1. Let D = {x :2 € R% a < |z| < b},a < b and Pp(t,z,y) be the transition
density function for the killed Brownian motion in D, then

(1) ford > 3,
& (m + h)T(h)A? J2 o Amonnb
tl‘yzzz 2) ()mnh m+h( ,Jl) C::L(COSQ)
m=0n=1 477 z (Jm+h(/\m,n,ha) - Jm+h(>‘m7n,hb)
Rm,m, el BOm, b Jyesp (— 5Nt
(2) ford=2,

TN n,m,0Tm (Am.n,00) 0
Pp(t,z,y) Z Z |z| D(m, |z]) 3072 Comn00) — 72 G, Ob))C . (cos9)

m=0n=1

1
- R(m,n, 0, o) R(m, .0, [y)exp( = 5%, ot).
where § = Zx0y,
R(m, n, h7 T) = T_h(J’rn-i-h(Am,n,hr)Nm-‘rh(Anb,n,ha) - J?n-l—h(AnL,n,ha)Nm-‘rh()\m,n,hr))a

m
D =—" 3 0;
(m’ |x|) 27T|x‘ ’ me #
1 .
D(m, |z|) = 5 | K if m=0;
Am Ly Am,2.h, " Amon,hy - - GTE the positive roots of equation

Jmsn(Aa) _ Nmin(Aa)

J77z+lz(>\b) B Nm-l—h(/\b) ’

Proof. (1) Since Theorem 4.1 can be proved along the same lines as the proof of Theorem

3.1, we only indicate the main steps. By using the separation variable technique, it follows
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from the proof of Theorem 3.1 that

Pyt,,y) = Y R7"CP(cosO)um(t, R),
m=0

where u,, (¢, R) is the solution of

Om = § 862}%5” + 4% - <mg£>2um), a<R<b t>0,
U (t, @) = up(t,b) = 0, t>0, (4.1)
hm um( R) = R"M(m, R)d|,(R), a <R <D,

where R = |y|, M(m R) as defined in ( .8). Setting um, (¢, R) = T, (t)Vin (R), we have

T).(t) + iﬁTm(t) =0, t>0, (4.2)

2V, 1 dVy, (m + h)®
T rra T
where § is a separation constant. Then one gets the following eigenvalues problems
The + 5% + (8- CHE)Vn(R) =0, a<R<b,
Vin(a) =0, (4.4)
Vi (D) = 0.
If B < 0 one can easily check that (4.4) has only zero solution. In the sequel, we suppose
B >0, and set /8 = A. The solution of equation in (4.4) which satisfies V,,,(a) = 0 is

Vin(R) = Jinn(AR) Nipin(Aa) = Ny n(AR) Tt (Aa),
where A is determined by V,,(b) = 0:
Jnin(Aa)  Nuin(Aa)

)Vm(R) =0, a<R<b, (4.3)

= . 4.5
TornO8) ~ N (V) 4
Denote by Am.1.h, Am,2,hs s Amon,n, - -+ the positive roots of equation (4.5), and inserting
Am,n,p into (4.2) one gets
1
T (t) = Cm,neXp( 9 Afn n ht)
Thus the solution of (4.1) is
U (t, R) = Z CrnVin(n, h, R)exp( )\m n ht)
n=1
where
Vm(na h’a R) = Jm+h( m,n hR) m+h(>\m,n,ha) - Nm+h(Am,n,hR)Jm—}-h()\m,n,ha)-
From the general theory of Sturm-Liouville problems, it follows that
b
/ RV, (n,h, R)Vy,(k,h, R)dR = 0, for n # k.
For n = k, by using the initial conditon in (4.1) one obtains
z|P M )V (n, h, |x
,,. _ MO [ Vit b o) W)

f RV2(n,h,R)dR
By using formula (see [17])
(AR)?[Z,(AR)]” + [(AR)? — v?|(Z,(AR))? |
2)2 o

b
/ RZ*(AR)dR =
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where Z,, is any cylinder function with order v, and also Wronskian relation

T (2IN(z) = TN, (2) = —,

U4

one obtains after a straightforward but tedious calculation

5 ( TminAmnpna) 1).

m2)\2 J?

b
R(Vyo(n, h, R))?dR =
~/(1 ( ( )) m,n,h m+h()\m,n,hb)

Substituting above into (4.6) we obtain

2)\7271 n,h m+h()\m7n7hb)
(J72n+h()\m,n,h ) - Jm+h(AnL,n,hb)) .

Conn = | "M (m, [2) Vi (n, b, [2]) 5
Finally, we have

Pp(t,x,y) = Y R7"CP (cosO)unm(t, R)

> = m+ h)['(h J mon,hb
_ Z Z d(74 - ) ( ) m,n,h n+h( h ) C&(COS 0)
m=0n=1 dm 2 (Jerh()‘mﬂl,ha’) - Jerh()‘mfﬂ,hb))

1
' R(mv n, h, ‘.’EDR(TTL, n, ha |y|)eXp< - §>‘$n,n,ht)v

where

R(m, n, h, T') - Tﬁh(Jm+h(Am,n,h7n)Nm+h(Am,n,ha) - Jerh()\m,n,ha)Nm+h()\m,n,hr))~
For the case d = 2, the proof is almost identical with that of the case d > 3 and will be
omitted.

The following two theorems follow immediately from Theorem 4.1 and Lemma 2.1(1).

Theorem 4.2. Forz € D={z:x € R% a < |z| <b},a <b,y€dD,d >3, then

(1) for |yl =0,

Po(Tap € dt, X (Top) € dy)/dto(dy)

. i i (m + h) (h)/\%q,n’ht]m+h(/\m,n,ha)Jm+lL(/\m,n,hb)
B AThb (D (J2 ) (Amn,h@) = 2 (Amon,nb)

- C™ (cos @) R(m,n, h, |x|)exp< - %)\?n,n,ht)Z

(2) for ly| = a,
Pyo(Toy € dt, X(Tup) € dy)/dto(dy)

__ZZ m+h) (h) mnh‘]2 (mn,hb)
dthq h+1 J2L+h( m,n ha) Jm+h()\m,n,hb))

m=0n=1

- C" (cos O)R(m,n, h, |m|)exp< )\m noh )

where 0 = Za0y, o(dy) is the area measure on S 1(0,a) U 970, b), R(m,n, h,r) and
Amon,h 6 defined in Theorem 4.1.
Theorem 4.2'. Forx € D ={z:z € R* a < |z| <b},a < b,y € D, then
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(1) for lyl =,
P(Top € dt, X (Typ) € dy)/dto(dy)
X |z D(m |x‘)7r>\$n7n,0<]m(Am,n,Oa)Jm()\m,n,Ob)
2:: 2:: 26(J2,(Amom.0@) — J2,(Am.n.0b))
8, (cos6) R(m,n, 0, lal)exp( — 5 X200t
(2) for ly] = a,

PJ:( ab € dt X( ab) € dy)/dtO’(dy)

7ZZMDIW%Mﬁwm®
o 2a J2 mm’oCL) — J2 <>\m n 0b)>

m=0n=1

O, (cos ) R(m, n, 0, \z|)exp( SN ot

where o(dy) is the area measure on

S0 o),

0, Amn,0, D(m, |z|) and R(m,n,0,1) as defined in Theorem 4.1.

Acknowledement. Sincere thanks are due to the editor whose careful reading of this
paper has contributed significantly to a streamlined presentation of the results.
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