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NONLINEAR STABILITY OF
RAREFACTION WAVES FOR A
RATE-TYPE VISCOELASTIC SYSTEM***
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Abstract

The authors study a 3 X 3 rate-type viscoelastic system, which is a relaxation approximation
to a 2 X 2 quasi-linear hyperbolic system, including the well-known p-system. It is shown that
the rarefaction waves are nonlinear asymptotically stable in this relaxation approximation.
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¢1. Introduction

In this paper, we study the following rate-type viscoelastic system, i.e.,
vy — Ug = 0, us +pz =0,

pr(v) —p (1.1)
s -2
where v and (—p) denote strain and stress, u is related to the particle velocity, E is a positive
constant called the dynamic Young’s modulus, 7 > 0 is a relaxation time.

This system was proposed in [16] to introduce a relaxation approximation to the following

system
vy — Uy =0,
(1.2)
{ Ut +pR(U)x = 0.

Since the system (1.2) can be obtained from (1.1) by an expansion procedure as the first
order, it is natural to expect that the solution of (1.1) converges to that of (1.2) as 7 — 0.
However, the zero limit convergence has not been established yet, although some numerical
experiments on (1.1) have been made'¥ and certain effort on the L?-estimates for the
difference |p — pr(v)| of (1.1) have been donel?.

A tightly related problem is the nonlinear stability of waves for this relaxation approxima-
tion. As far as shock waves of (1.2) are concerned, the stability results have been proved in
[4, 8]. In the present paper, we investigate the asymptotic stability of rarefaction waves for
this relaxation approximation. For any given suitably weak rarefaction waves for the reduced
system (1.2), we consider an initial value, which is a small perturbation of the rarefaction
wave, and prove that the solution of this initial value problem for (1.1) exists globally and
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converges, in L°°-norm, to the rarefaction wave, as t — +00. Namely the rarefaction wave
is a global attractor for (1.1), or the stability of rarefaction wave is obtained.

To approximate a hyperbolic system of conservation laws, the viscosity method has been
usually used, we refer to [3, 10, 13, 17] and the references therein. A different approximation
method is to introduce some relaxation mechanism. Compared with viscosity, the dissipation
of relaxation is weaker. This makes differences between these approximations.

For relaxation approximation, the stability of elementary waves has been proved in [7]
when the corresponding equilibrium equation is scalar. Here, the corresponding equilibrium
system (1.2) is a 2 x 2 system, more difficulties occur certainly. Different from the stability of
shock profile, which is compressible and is the exact solution of (1.1), the rarefaction waves
are expansive and can not solve (1.1) exactly.

As far as the multi-dimensional case is concerned, we refer [9] and [12] in which the
stability for planar rarefaction waves and shock profiles are obtained respectively for a
relaxation model where the corresponding equilibrium equations is scalar.

The organization for this paper is as follows. In section 2, we give the rarefaction wave
solutions of the Riemman problem for (1.2) and their smooth approximations which are
named expansion waves, for which important properties have been established*317. In
section 3 and section 4, we will prove the stabilities of the rarefaction waves constructed in
section 2. The energy method is used to get some key estimates for two different cases.

§2. Preliminaries

Consider the following Riemann problem

v —ugy =0,
Lo+ a0 =0, 2
(v(z,0), u(z,0)) = (v5(x), ug(x)), (2.2)
where
(v_,u_), x<0,
(v4,us), >0,

(vg(2), up(x)) = {

with (v_,u_) and (vy,u4) being two constant states.
We give the following hypotheses: for some constants ¢; and d; such that —co < ¢ <
v_,vy < dp < 400, it holds

(H1) prv) < —a1 <0, (Hg) ph(v) > a2 >0,
with some positive constants a; and aq,
(Hs) [pRr(v)] < E, (Ha) pr(v), PR, Pk, P are bounded,

where v € [¢1,d4].

(Hs) is so-called subcharacteristic condition(7.

It is easy to see that, under (H;)—(Hs), (2.1) is strictly hyperbolic and genuinely nonlinear,
with eigenvalues

M= —(PR(©)F <0< (~ph(o))? = o (2:3)

It is well known!" that, to connect (v_,u_) to (vy,uy) by centred rarefaction waves, we
have the following cases:

(1) Single Mode Case. (vi,uy) is on the k-rarefaction wave curve Ry (v_,u_) (k =1,

or 2). In this case, the rarefaction wave solution (v",u") is a k-centred rarefaction wave
connecting (v—,u_) to (v, us) .
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(2) Two Modes Case. We can find a unique state on the l-rarefaction wave curve
Ri(v_,u_), ie., (U,u) € Ry(v_,u_), such that (vy,uy) is on the 2-rarefaction wave curve
Ro(v,w). In this case, we denote the l-rarefaction wave connecting (v_,u_) to (T,u) as
(v7,u}) and the 2-rarefaction wave connecting (v, @) to (v4,uy) as (v5,u}), then the corre-
sponding rarefaction waves solution can be defined as

{ 0" (xz,t) = v (z,t) + v5(x,t) — T,

(@) = ! (2,1) + Uiz, £) — T, (24)

For the single mode case, (v",u") is completely determined by the following relations(6:15)

v (z,t)
u'(z,t) —u_ = —/ Ak (v)dv,

(2.5)
Ak(v) (@, 1) = w" (2, 1),
where w”(z,t) is the solution of the following problem

,wr2
wy + (T)x =0,

w"(z,0) = wy(x)

(2.6)

with

. Ar(v_) for <0,
wo() = Ak (vy) for > 0.

Now we define (V,U) by the following relations

Vi(z,t)
U(z,t) —u_ = —/ Ak (v)dv,
v

(2.7)
)\k(V)(.’E, t) = W(:E? t),

where W (z,t) is the solution of the following problem

e () o

W(z,0) = Wy(z)
with Wo(z) = $(Ak(v=) + Ae(v4)) + 2[(Ak(v4) — Ae(v-))]tanhz. By the characteristic
method, the following lemmas can be easily verified[!].

Lamma 2.1. Under (Hy)—(Hz), there exists a smooth function (V(x,t),U(x,t)), which
is the smooth approzimation of (v",u") in the following sense:

(1)

(2.8)

{‘/t - Ux = Oa
Ui+ (pr(V))e = 0,

(2) tligrnoo sup {|v"(z,t) — V(z,t)| + |u"(z,t) — U(z,t)|} = 0.
z€R!

Lemma 2.2. The smooth function (V(z,t),U(z,t)) in Lemma 2.1 has the following
properties:

(1) & >0, Vo € R!, ¢t > 0;

(2) Vp € [1,400], J¢, > 0, s.t. ¥t >0,

(Ve Un)llpr < 687 (L+8) "%, [[(Vay Up)l| 1= < oo
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(3) forj>2 ,Vpe[l,+o00), Jep; >0, s.t., ¥Vt >0,
0’ 1
H@(‘/’U)HLP <ol +1t),

(4) e > 0, s.t. V3| < |Vzl, |Ut] < c|Us|, where & is the strength of the wave, namely,
d= vy —v_|+|uy —u_].

For two modes case, (v](x,t),ul(x,t)) (i =1, 2) can be determined by the similar way
as (2.5)-(2.6). Similar to (2.7)-(2.8), we define (V;,U;)(i = 1, 2) by the following relations
respectively,

~ Vi (z,t)
Ui(z,t) —u_ = — /v, A1(v)dv, (2.9)
M(Vi)(z,t) = Wi(a, 1),
. Va(z,t)
Us(z,t) —u = _/v Az(v)dv, (2.10)
Ao (Va)(z,t) = Wa(z, 1),
where W;(z,t)(i = 1, 2) is the solution of the following problem
72
(?”“%C?)xzm (2.11)
Wi(z,0) = Wy(z)
with
Wi @) = 50 (@) + () + 5 [a(E) — M (v)Jranhz
or
W3 () = 3 Oa(os) + 2a(®) + 5[(Ra(v:) — Ae(@)]tanh .
respectively.

Moreover, it can be verified that
Lemma 2.3. Under (Hy)—(Ha2), there exist smooth functions (V;(x,t),U;(x,t)) (i = 1, 2),
satisfying

(1)

(U3t + (pr(Vi))a =0,
(2) tiigloo sup1{|vf(x,t) — ‘Z(w,tﬂ + |ul (z,t) — Uz(x,t)|} =0.

z€R
Now we set

(V,U) = (Vi + Vo — 0,0y 4+ Uy — ). (2.12)

It is easy to know that, there exists a positive constant o such that

- Vi 4 Fi(x,t) on Q,
vl (2.13)
Vo + Fi(z,t) on Qo;
Ui + Fy(x,t) on Qy,
_ Ut Bt (2.14)
Us + FQ(.%‘,t) on {29,
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where F1($7t> = O(l)§exp[_a(t+ |$|)]7 Ql :~{(‘?,t>‘.’lf <0,t > O}a QQ = {(Z’,t)|$ >
0,t > 0}. Then we conclude by Lemma 2.3 that (V,U) satisfies (2.1) approximately with an
exponential error, i.e.,

vvt - 01: =0,
- - . (2.15)
U + (Pr(V))z = (G(V))a,
where
G(V) = pr(V) = pr(V1) = pr(V2) + pr(v), (2.16)
9
@(G(V)) = O(1)d exp[—a(t + |z])]. (2.17)
Noticing that the solutions of (2.11) are monotonely increasing, it is easy to show that[17:
oV
— . 2.1
o >0 (2.18)

Furthermore, by the results for the single mode case, we have the following lemma.

Lemma 2.4. The smooth function (V(x,t),U(x,t)) has the following properties:

(1) 92 >0, Ve e R, t > 0;
(2) Vp € [1,400], Je, >0, s.t. VE>0
(Ve Ul < 07 (L4675, (Ve Un) || 1w < oo

(3) forj>2,Vpe[l,+c0), Jep,; >0, s.t., Vt >0,

e e

(4) 3¢ >0, s.t. |Vi| < c|[Val, |0 < €|Ul;

(5) for any positive integer j and ¥p € [1,+o0], HC;J» > 0, and a > 0, independent of t,
satisfying ||%G(V)||Lp < ¢, j0exp(—at), Vt > 0.

All the above discussions can be found in [13, 17], the readers are refered there for the
detail.

We will use energy method with the help of Lemmas 2.1-2.4 to estabilish the stability
results for the single mode case in Section 3 and the two modes case in Section 4.

§3. Stability Analysis—Single Mode Case

Since we are interested in the large time behavior for fixed 7, we may assume 7 = 1 in
system (1.1), without loss of generality, i.e., we will consider

v — ug =0, Ut + py =0, .
{(p-i-Ev)t:pR(v)—p, (3.1)

with initial data
(u(z,0). u(z,0). p(z, 0)) = (v (). w0 (). po()). (3.2

Suppose the Riemann data (v_,u_) and (v4,uy) in (2.2) can be connected by a k-centred
rarefaction wave (v",u"), constructed in Section 2, where k = 1, or 2, fixed. We denote
p"(z,t) = pr(v"), and pi(z) = pr(vy(x)).
The purpose in this section is to show that, if the rarefaction wave is weak (i.e. d is
small), then (v",u",p") is a global attractor for (3.1). More precisely, it says that
Theorem 3.1. Under (Hy)-(Hy), suppose (v—_,u_) and (vi,us) can be connected by
(v",u"), then there exist positive constants dg and g, such that if § < oy and

||(U0 — V(I,O),UO — U(.T,O)J?o — P($70))||H1 < €0,
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then the problem (3.1)—(3.2) has a unique smooth global solution (v,u,p), which tends to
(v",u",p") uniformly in x as t — +oo, where (V,U) is defined in Section 2, and P =
pr(V)(z,1).
To prove this theorem, we introduce
(¢, ¢, w) = (v,u,p) = (V,U, P). (3.3)

Then (3.1), (3.3) and Lemma 2.1 give

¢t — Pz =0, Yt +wy =0,

wi + By +w+ (pr(V) — pr(V + ¢)) + (E + pr(V)Us =0, (3.4)

(¢, ¢, w)(x,0) = (v, u,p)(x,0) = (V,U, P)(x,0).

We denote
Ly = ¢ — ¢, =0. (3.5)
Combining (3.4)2 and (3.4)3, one can easily get
Ly =4u = E¢ux + ¢ — A(V,0)x = B(V,Us)z =0 (3.6)
with
AV, ) =pr(V) —pr(V + 9¢), (3.7)
B(V.Uz) = [E + pR(V)]Us- (3.8)

It is clear that (3.5)—(3.6) give a closed system for (¢, ). We consider (3.5)—(3.6) with initial
data

¢(x,0) = do(z) = vo(z) — V(z,0),

Pi(@,0) = 1 (2) = py(x) — P'(x,0).
By virtue of Lemma 2.1, it is easy to know that one only needs to show Theorem 3.2 in
order to prove Theorem 3.1.

Theorem 3.2. Under (H;)-(Hy4), suppose (v_,u_) and (vi+,us) can be connected by
(v",u"), then there exist positive constants dg and g, such that if 6 < 69 and

[(b0, %o, w) ||z < eo,
then the problem (3.4) has a unique smooth global solution (¢, v, w), which tends to (0,0,0)
uniformly in x as t — 4o00.

We will solve the Cauchy problem (3.4) in the space X (0,7) = {(¢, v, w) € C°(0,T; H')},
for some T' > 0. Firstly, we proceed the a priori estimate for the solution of (3.5)-(3.9), then
the bounds on w can be derived from (3.4). In the following, we always assume a priorily
that (¢,1,w) € X(0,T) is the solution of (3.4) for some T > 0.

Let

v = sup ([(6,%, w)[F(1)). (3.10)

0<t<T
To prove Theorem 3.2, we need the following a priori estimates.
Lemma 3.3. Suppose the conditions in Theorem 3.2 are satisfied, § < dp, and v < €g,

then it holds
T
sup [|(¢, 4, w)(®)[[7 +/ (e, Yo, wa) (1) [Pdt < K([|(¢, %, w) (-, 0) ][ + do)
0<t<T 0
for (¢,v,w) € X(0,T), where K > 1 is a positive constant which does not depend on T'.
To prove this lemma, we establish the following Lemmas 3.4-3.5 next.
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By Sobolev embedding theorem, H™*! < C™, m > 0. Thus if v < €q, then
||(¢), 7/}7 w)”CO < CEO-

From these facts, we know that there are constants —oo < ¢ < d < +oo such that ¢ > ¢;
and d < dy, and v € [c,d].

Lemma 3.4. Suppose the conditions in Lemma 3.3 are satisfied, § < &g, and v < &g for
some suitably small §g and g, then we have

115 9, s, ) ()12 +/O (e, Vi &) ()P < C(II(6, ), 0)[13 + o). (3.11)

Proof. We consider the equality

ALy + (pbt + )L =0 (3.12)

with a positive constant p = E1+E ,and By = sup |[piz(v)]. By Taylor’s formula, it follows
v€[e,d]

A= —ppr(V)o+g(V,$)¢?, (3.13)

where g(V, ¢) is a smooth function. Therefore, (3.12) can be reduced into

10

(Ga+Gs)+ > Gi+ Grie =0, (3.14)
=6
where
Ga = 30 + 4} + v, G5 = 5(D = §90)6* + Do, + L,
Go = (E+ u(pp(V) — gs0® — 290))¥3, Gr = (n—1)¢7, (3.15)
Gs = %(pR(V) + 39ve) Vie?, Go = p(ph(V) — gv o) Vi,
Gio = §9¢¢ Yy — B (Y + paby), G11 = —(AY + EYipy + pEYiby + pAy).

Due to (Hy)—(Hs), and the smallness of &y and o, it holds that E > E1+cieg > D—1g¢ >
co >0, and E > E| +c1e9g > D > ¢ > 0, for some positive constants ¢; and cy. Thus,
there are positive constants ¢;(i = 3,---,9) such that

e3s(V? +97) < Gy < ca(W? +47),  es(¢® +¥2) < Gs < cg(¢” +12),

1 (3.16)
Ge + G7 > c7(V2 +97), Gs > csVid?,  |Gol < §C8W¢2 + coborb2.

Now we integrate (3.14) over [0,t] x (—oo,4+00). Integrating by parts, we arrive at

160, s 62 (¢ / |(bes o Vid?) P () dr
+oo
<alGpuoi+] [ [ awar)

We estimate each term in G next.

(3.17)

Using Young’s inequality and Lemma 2.2, it can be shown that

t ptoo t ptoo t ptoo
/ / | Brtpy| dr < 041/ / Y2 dr + C(al)/ B2 dr
0 J—oo 0 J—oo

(3.18)
<o / 19e2(r) dr + Cla)82,
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and

t +oo t N 1
[ e <o [ Wit s o

t 4 4 t
<c / G2 Nball? + 1Bl F)dr < C(63 + 2 / il Pdr),

where we have used the Sobolev inequality. We also note that

‘/Ot /_:O Wﬁ?’dT‘ < az /Ot ||'l/)x2(7')d7'+0(042)/0t /_:O ¢bdr, (3.20)

t + o0 t t
/0 / (@< / 1611416 |2 dadr < e / s l2(r) dr. (3.21)

Thus, for suitably small o and s, (3.17)—(3.21) imply that

(3.19)

t
166,46, 6, 02) (B2 + / (G, 6o, VES) ()Pl

. (3.22)
< 053/0 6o (7)1%dr + C3G + Cll(9, 9, w)(-, 0)[3.
To bound ¢,., we investigate the following equation
0= (E¢s — )0 L1 — ¢ Lo
Lo 1, (3.23)
= (§E¢z - 1/%% - 5%)1& + (wt'lpw)w + Az¢m + %% + Bm(b:m
where
Apbe = (—PR(V) + 960* +299)0% + gv Ve ¢u — PR(V)Vads. (3.24)
Then the Cauchy inequality and (3.22) yield
t 4
Iz lI(2) +/O g2 ]1*(7)dr < C8§ + Cll(é, 9, w)(-, 0)]I7. (3.25)

(3.22) and (3.25) imply the Lemma 3.4.

The next aim is to deduce the estimate on w by the equations (3.4) and the above results.
In fact, we can show the following lemma.

Lemma 3.5. Under the conditions cited in Lemma 3.3, we have

1w, we, we) (8)]1? +/0 [ (wa, we) (T *dr < C(I[(¢, %, w)(-, 0)IIF + o). (3.26)

Proof. By (3.4), we see that w, = —1;, thus the estimate of w, in (3.22) comes from
Lemma 3.4 directly.
Turn to w and w; next. We know from (3.4) that

Lg = Wt — Ewm + w + At + Bt =0. (327)
Thus

2
thg = WtWtt — Ewtwm + wt + Atwt + Btwt

1 1 (3.28)
= (iwf + éEw?C) — E(wywy), + wt2 — Aywy — Bywy = 0.

t
Integrating (3.28) over [0,t] x (—o0,400), integrating by parts and using the Cauchy in-

equality with the estimate in Lemma 3.4, we have

e |*(t) +/0 lwe|*(T)dr < C([[(¢, %, w)(0)IF + do)- (3.29)
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At last, we can get the estimate on w by taking L?-norm in the third equation of (3.4)
directly.

Lemmas 3.4-3.5 imply Lemma 3.3. Namely, suppose (¢, 9, w) € X(0,T) is the smooth
solution of (3.4) for some T > 0, then it holds that

T
160 0) |2 + / |G s s s 0, w0) (7|2 dr < C.

Since the local (in time) existence and uniqueness of the solution for initial value prob-
lem (3.4) can be obtained by standard procedure, it follows from Lemma 3.3 and a stan-
dard continuity argument[® that the problem (3.4) has a unique global (in time) solution
(¢, 9, w) € X(0,+00), satisfying, for any ¢ > 0, that

t
H(d’ﬂﬁaw)‘@{l +/(; ||(¢3?7¢ta¢x7¢t7wt7wx)(7-)||2 dT S O (330)

Due to (3.30), it is known that
t
J

/Oﬂo (H%(t)ll2 - ’%H(bx(t)WDdt < +00.

It follows then that . 1i£rn |x(¢)||* = 0. So the Sobolev’s inequality implies
—+o00

d

“+o0
2
- < ;
pr / ¢ (x,7) daz‘dr <C

— 0o

Thus

. . 1 . 1
Jim_suplo(e. )] < Tim (6(0)]le-0])* < C,lim 0,01 = 0.
Similarly, it can be proved that

tllinoojlelg|(1/’($7t),w(x7t))| = 0.

This completes the proof of Theorem 3.2.

§4. Stability Analysis—Two Modes Case

Consider the following problem:
vy —uy =0,
us +py =0, (4.1)
(p+ Ev); = pr(v) — p,
with initial data

(U(.%‘, 0)7 u(x’ O)vp(xv 0)) = (’UQ(J}), UQ(x),po(l‘)). (4'2)

We assume the Riemann data (v_,u_) and (v4,uy) can be connected by a l-centred rar-
efaction wave and a 2-centred rarefaction wave successively. We will use the same symbols
as defined in Section 2 for the two modes case. We denote p"(x,t) = pr(v"(z,t)), and
() = pr(vf(2)).

We will show in this section that, if the rarefaction wave is weak (i.e. ¢ is small), then
(0",a",p") is a global attractor for (4.1). Namely,

Theorem 4.1. Under (Hy)—(Hy), suppose (v—,u_) and (vi,us) can be connected by
(0", a"), then there exist positive constants dg and g, such that if 6 < g and

H(Uo — V((L‘,O),’U,Q — U(x,O),po — P(CI’,‘,O))HHl < ep
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then the problem (4.1)—(4.2) has a unique smooth global solution (v,u,p), which tends to
(0", 4", p") uniformly in x ast — 4o0. Here (V, (~]) is defined in Section 2, and P = pR(f/).

This theorem can be proved by the similar way as in Section 3. Since we have not used
the structure of rarefaction waves in the proofs for the estimates in Section 3, we are able
to get the estimates required here by the same arguments as used in the proofs of Lemma
3.3 with only few modifications. The difference here is caused by the exponential small
term G(V), 4+ G(V)a (see (2.16)—(2.17) for the discussion on G(V)), which can be easily
estimated. For instance,

‘/ot /, ;M[G(V)wt +G(V)u]¢ dadr
<y /O t / :O GV )t + G(7a| dudr

t
< Cv/ dexp(—ar) dr < Cdy.
0

We omit the details.
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