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Abstract

Inertial manifolds for a class of second order in time dissipative equations are constructed.
The author also proves an asymptotic completeness property for the inertial manifolds and
characterizes the inertial manifolds as the set of trajectories whose growth is at most of order
O(e™#t) for some u > 0. As applications, a nonlinear wave equation and a problem of nonlinear
oscillations of a shallow shell are considered.
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60. Introduction

It is well known that inertial manifolds are of prime importance in the study of the
long-time behavior of trajectories of nonlinear evolutionary systems. These manifolds, when
they exist, are finite dimensional invariant Lipschitz manifolds in the phase space of the
systems. They contain the universal attractor and attract exponentially all the trajectories.
The dynamics restricted to the inertial manifolds leads to a finite dimensional system of
ordinary differential equations which completely describes the long-time behavior of the
original systems. In the last two decades, inertial manifolds for parabolic equations have
been widely studied (see [1] and the references therein). However, for wave equations we

2] exponential attractorsl®!, invariant manifolds!

only obtain the existence of attractors
and approximate inertial manifolds®. No results on the existence of inertial manifolds have
been obtained until now.

The aim of this paper is to construct inertial manifolds for a class of second order evo-
lution equations which includes wave equations. The interesting facts obtained here are the
asymptotic completeness property of the inertial manifolds and the characterization of the
inertial manifolds as the collection of all complete orbits which do not grow more rapidly
than e#l*l, for some appropriate x> 0, as |t| = oo. In Section 1, we set up the notations
and present the main result on the existence of inertial manifolds. In Section 2, we prove
the main result, and in Section 3, as applications, we consider a nonlinear wave equation

and a problem of nonlinear oscillation of a shallow shell.

Manuscript received March 2, 1999.
xInstitute of Mathematics, Fudan University, Shanghai 200433, China.



272 CHIN. ANN. OF MATH. Vol.20 Ser.B

§1. Assumptions and Main Result

We consider a dissipative evolution equation of second order in time in a Hilbert space
H of the form

du +ur + Au= f(u), u(0) =up, ut(0)=uq, (1.1)

where J is a positive number, A is a positive selfadjoint operator with eigenfunctions {wj}J‘?‘;l
forming a complete basis of H, and eigenvalues {\;}72,,

O< A <A< <N <) J— 400,

and where f(+) is a local Lipschitz mapping from D(A%) into D(A%’ ), 0< 8 < %

We also assume that the following properties hold:

(i) Problem (1.1) is well posed in D(A2) x H, i.e. there exists the uniquely determined
strongly continuous group {T'(t)};cr acting on the space D(A2)x H according to the formula
T(t)(ug,u1) = (u(t),us(t)), where (u(t),us(t)) € C(R,D(A2) x H) is the solution of (1.1)
with initial condition (ug,u1);

(ii) The group {T'(t)}+cr is dissipative, i.e. there exists a bounded absorbing set B which
lies in a ball of center 0 and of radius R in D(Az) x H.

Consider a numerical function § € C1([0, 400, [0, 1]) which is equal to 1 in [0, 1] and to

0 in [2, +00] and such that |6’(s)| < 2 for every s > 0. Define F(-) by
lul® )
F(u) = 9(%)]”@), Yu € D(A?).
Then, F(-) is Lipschitz and bounded, i.e. there exists M > 0, s.t.

|F(u) — F(v)] < Mlu |, Vu,v € D(A?), (1.2)

D(AE—?) Aty

<M, VYue D(A?). (1.3)

|F(’U’)|D(A%*B) —

Problem (1.1) will have the same long-time behavior as the following problem
Oup + ur + Au = F(u), u(0) =ug, ut(0)=uq, (1.4)
which is assumed to define a continuous group {S(t)}ter in D(Az) x H.
We thus consider problem (1.4).
We state our main result as follows:

Theorem. Under the above assumptions, if for some n € N the following spectral gap
condition is satisfied

Ant1 = An > 2M(ND L+ 0D), (1.5)

then there exists a & such that, when § € [0, 6], problem (1.4) possesses an inertial manifold
I, i.e. there exists an n-dimensional Lipschitz manifold I C D(A%) x H, s.t.

(1) S@)Mm=m, vt>0;
(2) dist(S(OU, M), 5 < CU)e™™, V>0, VU € D(A2) x H, (1.6)
where C(U) is a positive constant depending on U and p satisfying
An +2MANS < < Apyr — 2MAY .

Moreover, 9 has the asymptotic completeness property. More precisely, for every U €
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D(Az) x H, there exists V € 9 such that

IS(HU — StV <CU)e ™, Wt >0. (1.7)

DAY xH =

§2. Proof of Theorem

We assume in all this section that all the hypotheses of Section 1 are satisfied. For simplic-

ity of notations, let P = P,, denote the projection from H onto span {wy,ws, -+ ,w,}, Q@ =
I— P, E=D(A2), F=D(A25). Here (-,-) and | - | denote the inner product and norm
on H = D(AY).
Given a Banach space X, we introduce the spaces
X, = {u€ C(R,X), |ulx, = sup{e *"u(t)|x} < o0}, (2.1)
teR
and
X, ={ueCR X), |ulx; = fgg{e“tluu)lx} < +oo}, (2:2)

which are Banach spaces when endowed with the norms |- [x, and |- | X respectively.

First, consider the following equation
oprt +pr = f. (2.3)
Lemma 2.1. Let u be a real number, 0 < § < p~'. Then

(i) for every f € PF,, and x € PE, there exists a unique solution p of (2.3) withp € PF),,
pe € PHy, p(0) =2, p=x+ R1f, p = Raf, and

|Rilnpr,,pE,) <07 (L= 0p) ™" AL, (2.4)
\Ra|ppr, P,y < (1—06p) " (2.5)

s
(ii) for every f € PF}, there exists a unique solution p of (2.3) with p € PF,, pr € PH},
p:RTfa Dt :R§f7 G/I'ld
\Ri|(prs pms) < p (1 —=0p)~" - A7, (2.6)
[R3|Lipre przy < p”t(1—6p)~" - AL (2.7)
Proof. (i) Uniqueness. It suffices to verify that, for the homogeneous problem dp;; +p; =
0, p(0) = 0, the only solution belonging to PE,, is p = 0; indeed, the general solution of this
problem is p(t) = (1 — 67%)2’, z € PE, but, due to the assumption p < %, this function will
not belong to PE,, unless z = 0.

Existence. Let

t
) =(RpO) =5 [ 3@ teR

(&ﬁ@:APWWﬂteﬂ
p(t) = 2+ (Ruf)(E), teR

Then

1t , 16
ut < Z (h—=5)(t=7) | LuT D — < .
e \(sz)(t)\w/ elh=3 I nldr < sa gy lem, VS0 (28)

— 00



274 CHIN. ANN. OF MATH. Vol.20 Ser.B

0
@] < g ([ e e e ol

t
—|—/ e~ 5 (=) L ghT . 67”T|f(7')‘d7'>
0
<(L—=op)~ - |flpr,, VE=0, (2.9)
|(Rf) () P < 5/ / tem5(T5) e s L \B| f(s)| ppdsdr
<p - (=6p) N2 flpE,, V<O, (2.10)

e |(Rif)(t)|pE < (15/(: [/OOO
" /T et L gk (r=8) | gus | p—us \f(s)|Eds} dr

0
<ut (=o)Xl lpE,, V20, (2.11)

Thanks to (2.8)—(2.11), we see that p(t) and p:(¢) defined above make sense. Thus p(t)

is a solution of (2.3) and p(0) = z and (2.4)—(2.5) are true.
(ii) Uniqueness. It suffices to prove that the only solution of problem opy + p; = 0 with

eTHt L emH(TT8) Lgmhs s |f(s)|gds

pEPE], po € PH} isp=0.
Obviously, we have 7 (pte% ) = 0. Therefore
p(t) = e 5 (t=9) -p(s) = et e_(“_%)se“spt(s), Vi, s € R.
Since p; € PH;;, we have, as s — —o0,
pi(t) =0, VteR.
p(s) = e 1 - et*p(s), Vt,s € R. Since p € PE};, we have, as s — 400,

So, p(t) =
p(t) =0, VteR.

Existence. Let
(2.12)

n) = (B0 =5 [ e M pryar
+oo
p(t) = (R{f)(t) = / p(r)dr. (2.13)

In the same way as in (2.8), (2.10), we obtain
M lpe(t)] < (L= 0u) " | flpr;, VEER,
M pt)|e <p (1 —6p)" - )| flprs,  VEER.
So, p(+) defined above makes sense and is a solution of (2.3), and (2.6), (2.7) are true.

We consider the following equation

0y +q1 + Ag = g. (2.14)

Lemma 2.2. Let u be a real number, 0 < u < Api1, 0 < & < (16p)~ L. Then, for

every g € QF),, there exists a unique solution q of (2.14), ¢ € QE,, ¢ € QH,, and
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q = 519,q = Sog with

11| L(@F.@E) < C(1:0) - Mg — )™ Noyy, (2.15)

15| L(@F, @) < Cl10) - Mg — )™ - Abyy -6, (2.16)
Moreover, if g € QF,;, then q € QE},, q € QH};, and

1112z .qEs) < Cl16) - (Angr — i)™ A0 4, (2.17)

1ol Li@rs.@m < C(1,0) - (Anga — )™ A yy -6, (2.18)

where C(u,0) is a positive constant depending on u,d, and C(u,8) — 1, as 6 — 0.

Proof. The uniqueness and existence can be proved as in [2, Chapter 4, Proposition
1.3], and the norms (2.15)—(2.18) may be obtained by making a slight modification of cor-
responding norms in [4] or [7].

From Lemmas 2.1, 2.2, we can define a mapping 7T :

(z,u’) = T(z,u’) =p+q=a+ R f+Sig € E,, V(z, u’) € PE x E,, (2.19)
where p, g are the solutions of the following problems
Spst +pr = —APu® + PF(u°) £ f,
P(0) = x;
Squ +qt + Ag = QF(u’) £ g.
Lemma 2.3 . The mapping T defined by (2.19) satisfies

IT (2, u®) = T(x,v%)||&, <005 p1)|u’ ~2°|l5, (2.20)
for every x € PE, u°,0" € E,, where |- ||g, denotes the norm (equivalent to |- |g,) on E,
defined by
lullg, = max(|Pulg,, |Qulg,), Yuec E,, (2.21)
and

0(6, 1) = max((An + 2MN) - (1= o)™ - ™", C(1,8) - Ny - g — )71, (2:22)
Proof. By definition of the mapping T, taking u®,v° € E,, x € PE, we have
|17 (2, u%) = T(,0°)||,

1 An + MM MM
— ( + n|Pu0_PUO|Eu+ n
H 1

gmax{

Qu — @°lg, ),

MX? M2
Ol 0) (5, Pu? = Pl + QU = @l )|

n+l — M /\n+1
A + 2M N 2MA,
< max ((1 - 6u)7lg, C(u, 6))\7@_1) [’ — UO”E,,
H nt+l — M

Therefore, (2.20) is true.
Now, thanks to the spectral gap condition (1.5), we can choose u such that

An +2MANS < < Ayt — 2MAY . (2.23)

We then note that for those p satisfying (2.23) and § small, we have 6(d, 1) < 1. Hence,
Lemma 2.3 says that T'(z,-) is a uniform (with respect to € PFE) contraction on E,,.



276 CHIN. ANN. OF MATH. Vol.20 Ser.B

Moreover, T'(z, -) has a unique fixed point w(x), w(xz) = T(z, w(x)), where w(z) is a solution
of (1.4) with Pw(z)(0) =z, w(x)(t) € Eu, w(x):(t) € Hy,.

It is easy to see that w(x), w(z); is Lipschitz in « in E,, and H,, respectively.

Now, we define the manifold 9t C E x H as follows:

M = {(w(x)(0), w(x):(0)), «x€ PE}. (2.24)

Lemma 2.4. Consider the manifold 9 as in (2.24). Then, M can be characterized as

M = {(ug,v0) € E x H, (ug,vo) belongs to a complete orbit (u(t),us(t))tcr
solution of (1.4) with |(u(t), us(t))|gxsz = O(eM) ast — oo}, (2.25)
where p s an arbitrary number satisfying (2.23).

Proof. To see that 2t has the characterization (2.25), we fix p satisfying (2.23) and
denote by 9, the right hand side of (2.25). Obviously, 9 C 9M,,. Next, we prove that
M, C M.

By definiton, (ug,vo) € 9, if and only if there exists a solution u of (1.4) with u(0) =
ug, u(0) = vy, u € E,,uy € H,. Since the mapping T'(Pu(0), -) has a unique fixed point
w(Pu(0)),w(Pu(0)) is a solution of (1.4), w(Pu(0)) € E,, w(Pu(0)); € H,, and since u is
the fixed point of T'(Pu(0), ), it follows that

w(Pu(0)) = T(Pu(0), w(Pu(0))) = u.
By definition of 91, we have
(10, v0) = (u(0), u:(0)) = (w(Pu(0))(0), w(Pu(0)):(0)) € M.
Hence, M, € 9, and thus 9 = M,,.

It follows from (2.25) that 91 is invariant.

Lemma 2.5. The manifold M defined as in (2.24) has the asymptotic completeness
property, i.e. for every U € E x H, there exists a V € 9 such that

ISH)U — S(t)V|pxu < C(U)e M, Vt >0,

where w is any number satisfying (2.23) and C(U) is a positive constant depending on U.
Proof. Let u(t) be a solution of (1.4) with (u(0),u;(0)) = U, u(t) defined on R. Let
a(t) = ®(t)u(t), where ®(t) is a smooth function, |®| < 2 and

1, t>1,
o(t)=4¢ €10,1], t€][0,1],
0, t<0.

We know that problem (1.4) is dissipative, i.e. there exist a t* > 0 and a bounded set
B C E x H such that (u(t),u(t)) C B, Vt > t§. Thus, u € E,,, and 4; € H,. U satisfies

Oty + uy + Au = F(u) + r(t), (2.26)
where
r(t) = ®F(u) — F(®u) + (094 + $p)u + 2®4uy, v(t) =0, as ¢ <0 ort> 1.
Define the mapping T™* as
u = T*W) =p+q=Rif+Sig € E;, vul e E;,
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where p € PE},, q € QH,, are respectively the solutions of the following equations
pit +pr = —APu’ + PF(u® + @) — PF(a) — Pr(t) 2 f,
G + g+ Ag = QF (u’ +a) — QF () — Qr(t) = g.
Now, consider the following problem in E}:
Ol + Uy + Al = F(’[I, + 17,) — F(a) — ’I"(t). (227)
This problem is equivalent to
4 =T"u= R} (—APu+PF(u+u)—PF(u)—Pr(t)+5S1(QF (u+u)—QF(a)—Qr(t)). (2.28)
Since F'(-) is Lipschitz, it follows from Lemmas 2.1 and 2.2 that T* maps E}, into E, and
as in Lemma 2.3, we obtain that 7 is a contraction on E; under the assumption (2.23) and
when ¢ is small. Therefore (2.28) and also (2.27) is solvable in E};, i.e. there exists a unique
solution @ of (2.27) with @ € E};, @, € H};. Let u* = 4+ @ Then u* € E,, uj € H,, and u*
satisfies
dujy + uf + Au* = F(u").
From (2.25), it follows that (u*(t),u;(t)) € M, t > 0. Let V = (u*(0),u;(0)). Then, V € M,
and
ISOU = SOV exn < |u(t), us(t)) = (u (1), ug ()| pxa

= la(t), w(t))|pxn < max{[a

B ’th|H;}67“t, t>1.
(2.29)
Since [0, 1] is a finite interval, we can find a constant C;(U) such that
IS)U = S)V|exu < C1(U)e ™, te0,1]. (2.30)
From (2.29) and (2.30), we have
IS()U — St)V|exa < C(U)e ™, Vt=>0. (2.31)
Lemma 2.5 is completed.
From Lemmas 2.4 and 2.5 we complete the proof of Theorem.
§3. Application
We consider a nonlinear wave equation
dut + up — Uz + f(u) =0, € (0,m), t>0,
Ulo=0 = ulz=r =0, w(0) =uo(z), u(0)=ru1(z). (3.1)

We assume that

liminfs_Q/ f(o)do > 0;
0

|s]—o0

and that there exist ¢y, co > 0 such that

liminfs2(sf(s) — ¢ / f(o)do > 0;
|00 0
[f' ()] < ea(L+s]"), 0<r < oo
Let Au= —ug,. Then

D(A?) = H}(0,7), H = L*0,7).
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Equation (3.1) is dissipative in D(A2) x H (see [2]), and f : D(Az) — D(Az~5) for 8 = 0.
The eigenvalues of A satisfy A, ~ A\1n?; the spectral gap condition is thus obviously satisfied.
So, all the assumptions of Theorem are satisfied. When 4 is small, we furthermore have that
(3.1) possesses a finite dimensional inertial manifold.

The next example is the following system:

Out + Ut + Uggzs — (F - / |’U,g;(.’15, t)|2dx)uwz = g(x),
Q
ulo = Uzzloa = 0, w(0) =uo, ut(0) = us. (3.2)

Here 0 and I' are positive constants and Q = (0,7). This system appeared in [8] for the
study of nonlinear oscillations of an elastic shell.
Let H = L?(Q), Au = Ugpqs. Then

D(A%) = H() 0 Hy (@),
(3.2) is dissipative in D(A2) x H (see [§]), and

Flu) = (r _ /Q |um(x,t)|2dz>um +g(a).

The function f is Lipschitz from D(Az) into D(Az~P) for 8 = 1. The eigenvalues of A

satisfy A\, ~ Ain* and the spectral gap condition is satisfied. From Theorem, (3.2) has a
finite dimensional inertial manifold when ¢ is small.
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