Chin. Ann. of Math.
20B: 3(1999),279-296.

EXISTENCE OF MINIMIZING SOLUTIONS
AROUND “EXTENDED STATES”
FOR A NONLINEARLY ELASTIC
CLAMPED PLANE MEMBRANE

D. COUTAND*

Abstract

The formal asymptotic analysis of D. Fox, A. Raoult & J.C. Simol1% has justified the two-
dimensional nonlinear “membrane” equations for a plate made of a Saint Venant-Kirchhoff
material.

This model, which retains the material-frame indifference of the original three dimensional
problem in the sense that its energy density is invariant under the rotations of R3, is equiv-
alent to finding the critical points of a functional whose nonlinear part depends on the first
fundamental form of the unknown deformed surface.

The author establishes here, by the inverse function theorem, the existence of an injective
solution to the clamped membrane problem around particular forces corresponding physically
to an “extension” of the membrane. Furthermore, it is proved that the solution found in
this fashion is also the unique minimizer to the nonlinear membrane functional, which is not
sequentially weakly lower semi-continuous.
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§1. Introduction

A justification of the classical two-dimensional equations of a nonlinearly elastic “mem-
brane” plate and those of a nonlinearly elastic “flexural” plate, as they appear in the
mechanical litterature (see [13], for instance), has been given by Fox, Raoult & Simol'’!
by means of the method of formal asymptotic expansions applied to the three-dimensional
equations of nonlinear elasticity for a Saint Venant-Kirchhoff material.

Those two nonlinear models present two remarkable common features. In both cases,
the scalings for the displacements set in the analysis of Fox, Raoult & Simo['! are of order
O(1) with respect to the thickness ¢ of the plate and their energy density is invariant under
the rotations of R3 as the original three-dimensional energy. For these reasons, they are
called “large displacements” and frame-indifferent theories. In consequence, they must be
distinguished from the more familiar nonlinear Kirchhoff-Love theory justified, again by a
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formal asymptotic analysis, by Ciarlet & Destuynder(¥ (see in this respect the extensive
presentation given in [3]).

Another approach has been developped by Le Dret & Raoult!' who have justified an-
other nonlinear “membrane” plate model. By means of I'-convergence theory their analysis
gives a convergence result, as the thickness tends to zero, of quasi-minimizers of the three-
dimensional energies towards a minimizer of a two-dimensional “membrane” energy. The

existence of a minimizer to this energy is thus de facto established.

The models justified by Fox, Raoult & Simo!*” take the form of critical point problems
for the associated energies, which in both cases are expressed in terms of the geometry of
the unknown deformed surface.

The stored energy function of a “membrane” plate is a quadratic and positive definite
expression (via the two-dimensional elasticity tensor of the plate) in terms of the exact
difference between the metric tensor of the unkwown surface and that of the reference
configuration.

The stored energy of a “flexural” plate is a quadratic and positive definite expression
(again via the two-dimensional elasticity tensor of the plate) in terms of the exact difference
between the curvature tensor of the unkwown surface and that of the reference configuration.
Another distinctive feature of the “flexural” model is that the critical point problem is
formulated over a manifold of admissible deformations which are those that preserve the
metric of the undeformed plate and satisfy boundary conditions of clamping or of simple
support. The existence of a minimizer to the nonlinear “flexural” plate functional has been
established in [5].

Concerning the mathemetical analysis of the nonlinear membrane equations, some results
are already known. First, in [7], we have established a local existence result for the clamped
membrane plate submitted to “small enough” plane forces and we have shown that the
solution found in this fashion is a local minimizer to the associated membrane functional
in an “optimal” affine space. Second, when the membrane is submitted to a boundary
condition of “tension”, introduced by Fox, Raoult & Simo['%, the implicit function theorem
provides the existence of an injective solution for “small enough” forces, without restriction
on their direction (see [8]). We have also shown that the solution found by this means
is also the unique minimizer to the membrane functional over the “whole” affine space of
admissible deformations. Furthermore, the behaviour of the membrane as the “tension”
goes to infinity has also been investigated, and we have shown in particular that the radius
of the ball containing the forces for which we can associate a solution may also go to infinity,
in a cubic fashion. Those results hold for any plate with a boundary of class C2. Third, in
the case of a clamped disk, another approach has been developped by Genevey!'!l. She has
shown that, under some assumptions on the Lamé constants, the inverse function theorem
gives the existence of radial solutions in an ad hoc Sobolev weighted space, for radial forces
situated around a particular, explicitely given, radial force.

The aim of this paper is to establish other existence results in the case of the boundary
condition of clamping for any plate with a boundary of class C2. Our analysis concerns the
properties of the membrane model in a neighborhood of a class of forces identified physically
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as producing an “extension” at each point of the clamped membrane.

In Section 2, we describe the problem, in terms of a system of partial differential equations
or equivalently as a critical point problem. The difficulties inherent to these two formula-
tions are of two kinds : First, the boundary value problem system is quasilinear and not
semi-linear as in the case of the nonlinear Kirchhoff-Love theory for instance. Second, as
already noted by D. Fox, A. Raoult & J. C. Simo!'%, the functional energy associated to the
nonlinear membrane model is coercive but not sequentially weakly lower semi-continuous,
which forbids to apply the classical theorem of the calculus of variations. For these reasons,
the mathematical analysis of these equations is very delicate.

In Section 3, we define the notion of “extended” states, which are the deformations whose
metric tensor at each point of the plane membrane is larger, in a certain sense, than the
reference configuration one. We show that this class of deformations is not empty for any
plate with a boundary of class C?> and that they can be chosen as “close” to the reference
configuration as desired, or as “far” from the undeformed plate as well.

In Section 4, via the inverse function theorem, we establish the existence of an injective
solution to the nonlinear clamped membrane problem in a neighborhood of any force corre-
sponding to an“extended state”. Those forces, which “extend” the clamped membrane, can
be chosen as “small” as desired or as “large” also. Furthermore, we show that the solution
found in this fashion possesses the remarkable feature of being the unique minimizer to the
associated membrane functional over the “whole” affine space of admissible deformations.
Thus, we establish in an indirect way, an existence and uniqueness result for a minimization
problem in a case where the standard method of the calculus of variations cannot be applied.

In Section 5, by investigating the behaviour of the clamped plate as some forces corre-

4

sponding to extended states go to infinity in a certain fashion, we conclude that a “well

extended” clamped membrane may undergo large loadings.

§2. The Nonlinear Clamped Plane Membrane Problem

Greek indices and exponents take their values in the set {1,2}, Latin indices take their
values in the set {1,2,3}, and the summation convention with respect to the repeated indices
is used. Vectors of R? or R? and vector valued functions are written in boldface letters. The
Euclidean inner product, the exterior product, and the Euclidean norm of vectors a,b € R?
are denoted by a-b, aAb and | a |. The standard Euclidean distance between x and y,
points of R? is denoted by d(z,y).

Let w be an open, bounded, and connected subset of R? with a Lipschitz-continuous
boundary -y, the set w being locally on one side of ~.

The usual norm of the Sobolev space W™P(w;R3), m € N, p €]0, +oc[, is denoted by
[e—

The ball of WP (w; R3) (m € N,p €]0,+00[) centered at a € W™P(w;R3) and with
radius R = 840 is denoted by B,, ,(a, R).

We denote by id the identity of R? and by ¢ the mapping defined from @ into R? by

t(z) = (z1,22,0) for all x = (21, 22) € ©.

Let f € L?(w;R?) be the density of forces acting on the plate. Then the asymptotic
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analysis of Fox, Raoult & Simol['% justifies the nonlinear membrane model for the plate
clamped over its whole boundary as a critical point problem for the functional

In(f) = Tar = L(),
where Ip; and L(f) are defined on the affine space
{t+ Wit (W R} = {p € W (wR?) ;= v on v},
by

() = [ {500 (P)irr () + sV i) o,

L) = [ £ pdo,

w

where Go5(¢) = Oatp -0 — dap are the components of the change of metric tensor between
the unkwown deformed surface and the undeformed one.

As already noted by Fox, Raoult & Simo['%, the functional I5; is not sequentially weakly
lower semi-continuous over W4 (w;R3), which forbids the use of the classical theorem of
the calculus of variations.

Equivalently, this problem can be written under the form of the following boundary value
problem: Find ¢ € Wh4(w;R3) such that, in the distributional sense:

{—aa{(m bap o0 () + 200 das(p)) D5 ¢ | = finw,
p=4ionn,
where d,3 denotes the Kronecker symbol. Note that in this formulation, the unknown ¢ is
the deformation of the plate, i.e., the position taken by the plate under the action of the
applied forces.

In the next section we define the notion of “extended” states, which are the deformations
whose metric tensor is, in a certain sense, larger than the reference configuration one. We
then show that the set of extended states is not empty and that they can be chosen as
“close” to the reference configuration as desired, or as “far” from the undeformed plate also.

§3. A Class of Deformations Corresponding
to an “Extension” of the Membrane

We first introduce the following definition:
Definition 3.1. We say that {p € C?(w;R?) is an extended state if the following conditions
hold:
(i) = ¢ on~.
(ii) There exists a constant Cy > 0 such that for all x and y in & :
| (x) — @(y) [= C1 d(z,y).
(iii) There exists a constant Cy > 0 such that, for all (£;,€&5) € R® x R® and all z € @,
2 L
e (@) € 2 1 Gapl@)(0) €€ > Ca (16124 162] 7).
We denote by F(w) the set of such mappings .

Remark. We note that the second condition implies the injectivity of ¢. Moreover we
infer from (i) that a constant satisfying (ii) necessarily verifies 0 < C;<1.
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The adjective extended is justified by condition (iii) which asserts that the metric tensor
of an element of F(w) at each point of the plate is in a certain sense larger than the reference
configuration one. In Section 4 we establish that this condition implies the strong ellipticity
of the derivative at any extended state of the nonlinear membrane operator.

Now, for any plate with a boundary of class C?, we prove the existence of extended
states, which in addition can be chosen as close to the identity as desired in the spaces
W2P(w; R3) (p > 2), or of norm arbitrarily large in the same spaces.

We first need two preliminary results.

Lemma 3.1. Assume that the boundary v of w is of class C>. Then, there exist 6(w) > 0,
h >0, and 1 € C*(©) such that the following conditions hold:

(1) O5% 059 > d(w) inwy = {x € w; d(z,v) < h},

(i)Y =0o0nv,1v>0inwandp > 0(w) inw— wr,

(iil) Op® Opth + 05 (Y L) - Os (¥ L) > S(w) in .

Proof. The open set w being locally on one side of its boundary of class C?, for each = € v
there exists a neighborhood V() of z in R? such that we can define a C?-diffeomorphism 6
from | — 1,1[x] — 1, 1] into V(z) satisfying

0(] —1,1[x]0,1]) = V(z) Nw,
(] — 1,1[x{0}) = V(z) N,
0(] —1,1[x] — 1,0]) = V(z) N {R? — @}.

Let (V;)1<i<n be a finite extracted covering of the compact set v and (0;)1<i<n be the
corresponding C2-diffeomorphisms. We denote by 0, (1<i<n) the inverse mapping of ;,
which defines a C2-diffeomorphism from V; into | — 1,1[x] — 1,1].

Since the compact set  is included in the open set V = U Vi, let k be a given real such
i=1
that 0 < k < d(v,0V), where 9V denotes the boundary of V.

Let Vo ={z € w; d(x,7v) > k}. Then, @ C Lnj V.
Let (ov;)1<i<n be a partition of the unity asggiated to this covering of @, i.e.
a; € D(R?), S; =suppa; C V;, 0<i<n,
0<a;<1 in R2, 0<i<n,
Zn%ai =1in &.
For 1<i<n, we denote by ; the mapping defined on @ by
{wi(x) = a;(x) 0i(x) -eq, if 2 € VN,
Y;(x) = 0, otherwise,
where e = (0,1). Since S; C V;, it follows that 1; € C?(w). Moreover, from
0;(ViNw) =] —1,1[x]0,1[ , and 8;(V; N~) =] — 1,1[x{0}, (3.1)
we infer that ¢; > 0 in w and ; = 0 on v. We then define the mapping 1 € C2(w) by

n

Y =ap+ Y. ;. Clearly, ¥ > 0 in w and ) =0 on ~.
i=1
Now, assume that there exists x € w such that ¢(z) = 0. Then ag(z) = 0 and ¥;(z) =

0, 1<i<n. The condition ag(z) = 0 implies Y a;(z) = 1. Let ¢ € [1,n] be such that
i=1
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a;(z) > 0, which in turn implies z € S; Nw C V; Nw. From (3.1) we deduce 6;(z) - e > 0
and finally, 1;(z) > 0, which gives a contradiction. Hence, we infer that

¢ >0in w. (3.2)

Now let x be any element of . Clearly,

O(r) = Z Ohi(z) = Z a;(z) 0,0;(x) - e,

i=1 i€l(x)
where I(z) = {i € N, ; a;(z) > 0}.

Let i be any element in I(z). Since d@;(8;(x))od8;(x) = id, we infer that the rank of the
linear operator dél(x) is two. Since 0; - e5 = 0 along V; N, we deduce that 8Téi(x) ceg =0,
which gives 8,0;(z) - es # 0. Moreover (3.1) enables us to assert that 9,0;(x) - es < 0, and
finally that

Z ozz(m) 6yél(l‘) -eq <0,
i€l(x)

which gives

Vi(x) # 0 on 7. (3.3)

Since 1 € C%(@), let §; > 0 and h > 0 be such that
Or Y Optp >0 onwy = {x€w; d(z,y) <h}.
Since ¢ € C?(@) and 9 > 0 in w, let 3 > 0 be such that ¢ > J2 in w — w;. Now, assume
that there exists € @ such that
o (2)061p(x) + 05 (¥ 1)(2) - 95 (¥ ¢)(x) = 0.

Since 95 (¥ ¢)(x) = Opt(x)(x1,x2,0) + ¥(x) (015, 020,0), it follows that ¢(x) = 0 and then
that = € . But we have seen in (3.3) that on the boundary, 9,9 (z)9,%(x) > 0, which leads
to a contradiction. Hence, since ¢ € C?(@), let d3 > 0 be such that

9op05t) + O (Y ) - 05 (¢ 1) > 03 In .

Taking 6(w) = min(dy, da,d3) > 0, we see that 1 satisfies the statement of the lemma.

Lemma 3.2. Assume that the boundary of w is of class C2. Let 1 denote any element
satisfying the conditions of Lemma 3.1. There exists M > 0 such that for any k1 and ko
such that ky > 0 and 0 < ko<M k%, the mapping { € C?(w;R3) defined by

p(x1,22) = ¢(x) + k1 (0,0, (x)) + ko ¢¥(x) (z1,22,0) for all x = (x1,22) € ©,

is an element of E(w).
Proof. Let k&1 > 0 and k2 > 0 be given, and let { be defined as in the statement of the
lemma.

Step 1. Since 1 € C*(w) and ¢ = 0 on 7, then ¢ € C?(w;R?) and ¢ = ¢ on v, which
shows that condition (i) of Definition 3.1 is satisfied.
Step 2. Let z and y be any points in @. From Schwarz’s inequality,

V3] @) = e(y) 12 Y| wa + kath(@) Ta — Yo — k2(y)ya |+ k1 [ 0(2) = d(y) | . (34)

[e3%
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Writing the right side in a different way, we also obtain

V31 @(z) = @) | =D | (@a —ya) 1+ k2 $(y)) + kaza (Y(2) — ¢(y)) |
+ ki (@) —v(y) | (3.5)

Let R = max d(x,0) > 0. If 2koR | ¢(z) — ¥(y) |> d(z,y), then from (3.4)

| () — () = d(z,y). (3.6)

k1
2v/3koR

If 2kaR | () — ¥ (y) | ,y), then from (3.5)

d(a
V31 @)~ 00) |2 3| (o — ya) (14 9(0) | + b | 9x) — (o) |
~ha | 0(a) = 0) | Ko |

Since 1 > 0 in w and 3. | 2, |<V/2R, we obtain
V31 @) = (y) [2 Y | Ta = ya | = V2RaR [ d(z) — ¥(y) | -

Since d(z,y)< > | o — Yo | and 2 ky R | ¥(z) — ¥(y) | <d(z,y), we infer that

20) - 20) 12 = ate.o). (37)
Let
. k1 V2-1
Ci = mm(2 BE G ) > 0. (3.8)

Then for all x and y in @, we have

| ¢(z) — @(y) |= Cr d(z,y). (3.9)
This is precisely condition (ii) of Definition 3.1.
Step 3. Let 1 be defined by n = @ — ¢ and let £ = (£;,£3) be any element of R2.

Then we have in @ (we no longer mention the dependence on z; we also remind that the
summation convention with respect to the repeated indices is used):

2A p
maa( P&, &+ 2 paas(P) €, - &p

A
*fH’J( 0o b0t + k205 (1) 1) - Dy (1 1) + 2 kodiv(eh 1)) | € |?

+2(0am - Osm + k2 (0a(tr) - Opt + 0p (Y 1) - Opt))Ea &p- (3.10)
But 0o - 9sm &a &g = (Ea Dam) - (§g Osm) > 0, hence

2 p - -
ma’ﬂa(@)&‘r ! E‘r + 2/’Laaﬂ(¢)€o¢ ' 65

2X
> 1 g (00000 + 130, (0 1)+ 05 (1) + 2hadliv(vu)) | € P

+ 2uks (aa(z/”/) gt + aﬂ(wb) Oat)a &p-
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Equivalently, we have
2h
X+ 24 oo (P)E, - &, +2ﬂaa5( )‘Ea’gﬁ
2\
> < +gu (k2 0,pBat) + K20, (1) - Oy (101) + 4kiath + 2k000t) z4) | € |2
+ 2ﬂk2(2w6a5 + &xwl‘ﬁ + 651/)33@)&&&,3-

By Schwarz’s inequality,
2u _ _
m%a(%@)&f &+ 2uaa5(P)E, - €
2\
> 5 +‘;u (k2 0,005t + k205 (1h1) - Dy (V1) + Akgth + 2k20,03,) | £ |2

+Apkot | € P —Apky > | Oath zp || €7
a,p

Hence
2

A+2u
3A+2u

22 (kY
> g (3 000t 4 50 (W) - o)) | €7 by S €

Ap 29 Al 2
+ [ g M 00000 + 575 Radetirs — 4quZB|aawxa|} 6.

%a(@)ff : 57 + 2#@13(@)50{ ’ Sﬂ

Letting | V¢ |= v/O0,9059 and m = min(%?, k‘%), we have, again by Schwarz’s inequality,
2\
A+ 2u
2\ 3A+2
> gy 0000+ D0(0e) 000 1) | € koo B €
)\N 2 2 3A+4p 2
e Ve P PR Ve || €7
From the properties of ¥, we obtain
2\
i (P)E. - 211G n (7 .
Y + QuaUU((lO)gT £T + Maa,@(@)ga £ﬁ
3N +4p

2\l 2 2
> () | € P +apkoy ™S € |

a’UU((l_O)gT : 57‘ + 2/1“6“045(()_0)504 : £ﬁ

A 3 +4
+ k2 | Yy P —dp +25k2R|vw| €. (3.11)

A+2u A
(i) But, since we are dealing with polynomials of degree two, we have

A o > 3A+4u o (3 +4p)* k3
k - k > 4R . 12

Hence, in w — wy, since ¢ > d(w), we obtam from (3.11) and (3.12)

M (@ £ + 2aan (P &5

)\+2,LL oo
SA+2u  AuR?(3N+ 4p)? ko g2

2Ap 2
> ) ko |4ud — — .
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Let
A6 (w)(BA + 2p)
My = 20EREAT S
R? (3N + 4p)?
Then, for 0 < ky < M; k? and for each point of w — wl and each & € R2, the following
inequality holds

> 0.

220 _ - 2 p 9
. . > . .
e () &+ 2o (P €5 > gemd(w) | € (314)
(ii) We know that 0,1%0,% > 0(w) in @y. Let
M, — A/ 6(w) .
AR(3N+4p)
Then, for 0 < ko < My k%, we have in @,
Ao 9 3A+4p
——k —4 koR >0.
S |V P kR |V |2

Then, from (3.11) we deduce that for 0 < ko<M k7, and each point of @; and each & € R?
the following inequality holds:

22—, _ o 2\
PR A— . . >
A + 2Ma0'0'(80)£‘r £T + 2:ua0¢ﬁ(cp)£a 5[3’ - )\ + 2,&

(iii) Let M = min(M;, M3) > 0. Then, for k; > 0 and 0 <| ko | <Mk}, we have for each
point of @ and each & € R? the following inequality

22—, _
m%a(fp)& & +2pa05(9)€ € =

mé(w) | €17 . (3.15)

2Ap 2
_— 1
Domi) €8, 619
with
ok,
m = mln(?7 k2) > 0. (3.17)

This is precisely condition (iii) of Definition 3.1, with Cy = ii‘;llm(S(w).
Since we have seen that { satisfies all the conditions of Definition 3.1, we conclude that
for k1 > 0 and 0 < ko<Mk?, @ is an element of E(w).

Now, we can state the following theorem:

Theorem 3.1. Assume that the boundary -y is of class C2. Then the set E(w) is not
empty. Moreover, for each p > 2 and € > 0, there exists @ € E(w) such that

1@ —tllzpw<e and || fp llopw<e
Furthermore, for each A > 0, there exists p € E(w) such that

1@ —tll2pw>A and || £ llopw> A

Proof. The first part of the proposition is a straightforward consequence of Lemma 3.2.

The second part of the proposition follows from the expression of the particular element
of E(w) given in Lemma 3.2.

Let € > 0 be given. Then, it is easily seen that there exists > 0 such that, if 0 < k1 <17
2pw< € and || fp |opw<e.

Let A > 0 be given. Then, it is likewise easily seen that there exists n > 0 such that, if
1 <n <k and 0 < kg < M k1<M k}, the corresponding @ satisfies || @ ||2.po> A and
[fellopew > A

and 0 < ko < M k?, the corresponding ¢ satisfies || @ |
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We next show that in a neighborhood of the force corresponding to any extended state, the
inverse function theorem provides a solution to the nonlinear clamped membrane problem,
which furthermore is the unique minimizer to the nonlinear membrane functional. As
a consequence of this result and of the second part of Theorem 3.1 we can assert that
the nonlinear clamped membrane problem—whose functional is not sequentially weakly
lower semi-continuous—admits a unique minimizer for forces situated in balls of L?(w;R?)
arbitrarily close to the origin as desired or as far from 0 also.

¢4. Existence Results Around the Force
Corresponding to any Extended State

Theorem 4.1. Assume that the boundary vy is of class C>. Let {p be any element of E(w)
and let Cy > 0, Co > 0 be such that Definition 3.1 is satisfied. Let p > 2 be given and let
f{o be the element of LP(w; R?) defined by

fo==0u{ (33 0 aa @) + 200 (9)) 052}
Then there exist a neighborhood FP of .fcfo in LP(w; R3) and a neighborhood UP of the origin
in W2P(w; R3) N Wi (w;R3) such that for all f € FP, there is a unique u € UP such
that p(u) = @ + u satisfies the nonlinear membrane problem. Furthermore, the mapping
implicitly defined in this fashion is a C*°-diffeomorphism between {¢+UP} and {pr —|—Fp}.

Proof. For the sake of clarity, the proof is divided into five steps.

Step 1. Consider the nonlinear operator T¢ from the space WP (w; R?) N Wit (w; R?)
into LP(w; R3) defined by

Tep(u) = ~0a (A% bap oo (0(w)) + 2uiap(p(u) ) Da(e(u) f,  (41)
where () is the element of {¢ + WP (w; R?) N Wy (w; R?)} defined by
plu) = ¢ +u, (4:2)

for all uw € W2?(w; R?) N Wi (w; R3).
Let f € LP(w;R?). By definition, ¢ € {¢ + WP (w;R3) N Wé’4(w;R3)} is a solution to
the nonlinear clamped membrane problem corresponding to f if and only if

Te(u) =, (4.3)
where u = @ — ¢.

Since W'P(w) is a Banach algebra (p > 2), T¢ is of class C* between WP (w; R?) N
Wt (w; R?) and LP(w; R3) and admits for differential at the origin

AT p(0)(w) = ~0u{ (575 Bastine ) + 2piias(2)) D}

A p _ _ _ _
~0.{ (m(saa(aaga ) + 20(00@ - Dpu + DpP - 8au))8aso}.(4 Y

Step 2. We next show that the linear operator dT(P(O) associated to boundary conditions
of Dirichlet type satisfies the specific assumptions of [1].
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Using the same notations as in [1], we have for z € @, £ = (£1,&) € RZ and | £ ]* =
2 2
51 +€2 ’
2
U5 (6,2) = {3580 (PV@IEr e + 2005 (2) ()60 &5}
4
3 0r P81 (0o + 4005 (00,05 (Do, (45)

where {i,j} € {1,2,3}%
(i) First, we establish the strong ellipticity of the system in the sense that there exists
¢ > 0 such that for all z € @,

VEE RV e €% R (& x)ny) Z o & P(m P+ [ me I+ | ma ).

Since the polynomials l;j(ﬁ) are real, it suffices to show that there exists ¢ > 0 such that
for all x € @,

VEER2 Y e R, 1;(& 2)nmy; > | € P(m* +m? +ns?).
Let € @, £ € R?, and 1 € R3. By definition, we have

601 = [ () (0161 + 21as@)(0) € 6]
+ /\4?/; (£0,0(x) - ) (& 0-@(x) - M) + 4u(6e0,3(2) - M) (&:0-P() - ).
Thus
i (& w)min; 2 [%daa( ) (@)Er&r + 2iiap(@)(@)éa &) " (4.6)

Since ¢ € E(w), condition (iii) of Definition 3.1 and (4.6) imply the strong ellipticity of
the system expressed as I} (&, z)nin; > Ca| § I

(ii) We next establish that this system is uniformly elliptic in the sense that there
exists ¢ > 1 such that for all z € @, V&€ € R2, ¢ 1| € |°<L(&,2)<c| € |°, where L(¢, z) =
det (1€, ).

Let € @ and £ € R?. From (i), we deduce that the symmetric matrix [I;(&, #)|1<i j<3 is
positive definite, and that its first eigenvalue is > Cs| &€ |2. Hence, its determinant satisfies
L& w) > C3 € °.

On the other hand, each mapping & € R? — lgj(ﬁ, x) € R is a quadratic polynomial with
coefficients in C°(w). This establishes the existence of a constant C’ > 0 such that, for all
xr € @ and all £ € R?, the determinant satisfies L(&, z)<C’| & |6.

We have therefore established that the system is uniformly elliptic.

(iii) We also have to verify that the system satisfies the supplementary condition, namely
that for all # € @ and for each pair of linearly independent vectors &€ and & of R?, the
polynomial 7 € C — L(€ + 7¢',z) € C has exactly m = 3 roots with positive imaginary
part, where 2m = 6 denotes the degree of the polynomial ¢ € R? — L(£,2) € R. Let x € @
and let (&,¢) be a given pair of linearly independent vectors of R2.

Since each application 7 € C — [};(§ + 7¢',x) € C is a polynomial of degree <2, the
application 7 € C — L(€ + 7¢',x) € C is a polynomial of degree <6. But we have seen in
(ii) that L(&+71¢',2) > C3| €+ 1¢' |6. Since ¢ is not null, we deduce that the degree of the
polynomial 7 € C — L(€ + 7¢',x) € C is exactly 6
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Moreover, since & and & are linearly independent, the preceding inequality shows that
for 7 € R, L(¢€ + 7¢',2) > 0. Then, the polynomial of degree 6 defined by

reC—LE+7¢,2)eC

has no real root. Since this polynomial has real coefficients, it admits three couples of
complex conjugate roots and has exactly three roots with positive imaginary part.

(iv) Finally, the complementary boundary condition also holds, since we know from [1]
that this is the case for any system verifying the strong ellipticity property and associated
to a boundary condition of Dirichlet type.

Step 3. From the strong ellipticity of the system established in Step 2, from the
H} (w; R?)-ellipticity of the corresponding bilinear form (which is a consequence of the strong
ellipticity of the system for the boundary condition considered here), and from the fact that
the coefficients Gqz(@) belong to C'(@), we deduce from a result of Necas!'®) that dT,(0),
considered as an operator from H? (w; R?*)NH} (w; R3) into L2 (w; R?), defines an isomorphism
between those spaces.

Step 4. The results of Step 2 and the fact that the coefficients a,5(®) belong to C!(@)
furthermore allow us to use a result of Geymonat'? to deduce that dT»(0), seen as an
operator from V9(w; R?) into L4 (w; R?), where V4(w; R?) = {1 € W29(w; R?);4) = 0 on 7},
has an index independent of q€]1, +o00[.

From Step 3, we then know that this index is equal to O.

From the imbedding of W27 (w; R?) N W (w; R?) into H?(w; R?) N H(w; R3) (p > 2),
and from the injectivity of dT¢(0) on H?(w; R?) N H(w; R3), it follows that dT,(0) is
injective on the space W2?(w; R3) N W (w; R3). The nullity of the index then shows the
surjectivity of the linear operator dT(0) from the space W2?(w; R3) N Wi (w; R?) into
LP(w; R3).

From the open mapping theorem, we then deduce that dT(0) is an isomorphism between
W2P(w; R3) N W (w; R?) and LP(w; R3).

Step 5. From the results of Steps 1 and 4 and the relation T@(O) = f¢, we deduce by
the inverse function theorem the existence of a neighborhood F? of fg in L” (w; R3) and
of a neighborhood UP of the origin in W22 (w; R3) N W§*(w; R?) such that T defines a
C°°-diffeomorphism between U? and FP.

We can also establish the injectivity of the deformation.

Theorem 4.2. The same assumptions as in Theorem 4.1 concerning , v and p are
made. There exists a neighborhood F? of f¢ in LP(w;R3) contained in FP, such that the
unique solution in {@ —|—Up} to the nonlinear membrane problem associated by Theorem 4.1
to any element of F? is injective in .

Proof. The proof given hereafter starts from some ideas of [2].

Let d,(x,y) denote the geodesic distance between any points z and y in @, i.e. the
infimum of the lengths of all continuous arcs contained in w and joining x and y. Since w is
an open bounded connected set, with a Lipschitzian boundary, we know that d and d,, are
equivalent on @.

Let x be a real such that d,,(x,y)<kd(z,y) for all (z,y) € &2.

Let x and y be given points in @.
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Let (z;)1<i<p be points in @ such that

Z d(x;, xi41)<2dy(z,y),

1<i<p—1

T =, [y zip1] Co (1<i<p—1), Tp =Y.
Then, denoting by w any element of W2 (w; R?) and using Taylor’s formula on each segment
[, Zi11], we obtain the inequality
| w(z) —w(y) | <2 do(z,y) || Vo [Jo,00 e -

Then, by Sobolev’s inequalities and the definition of x, we infer the existence of a constant
C > 0 such that

| w(z) —w(y) | <2C kd(z,y) [| w |l2,p0 - (4.7)

By Theorem 4.1, we infer the existence of a neighborhood F? of f¢ in L?(w; R?) contained
2.p,0< (QCH)_ch

in F? such that the solution associated to an element of F? satisfies || u |
We deduce that for all x # y in @, the solution ¢p(u) = @ + u satisfies

| p(u)(z) = p(u)(y) — (@(z) — @(y)) [< Cr d(z,y).
The conclusion follows from this inequality, since from the second condition of Definition
3.1 we have | p(z) — @(y) |> Cid(x, y).

Next, we establish that the solution given by Theorem 4.1 is also the unique minimizer
of the functional associated to the nonlinear membrane problem.

Theorem 4.3. With the same assumptions as in Theorem 4.1, there exists a neighborhood
F? of fg‘o in LP(w;R3) contained in FP such that the unique solution in {g‘o + Up} to the
nonlinear clamped membrane problem associated by Theorem 4.1 to any element f of FP is
the unique minimizer of the functional In;(f) over the affine space {L + W(l)’4(w;R3)}.

Proof. Let f be an element of F? and denote by ef the element of {CO + Up} satisfying
the nonlinear membrane problem (Theorem 4.1).

Let ¢ be any element in the affine space {L + Wé’4(w; R?’)} and let v be the element of
the space Wé’4(w; R3) defined by v = ¢ — ¢ f Then a computation shows that

1u(£)(@) = (Pl g) + AT (f) () (0)
Ap

A2

,u/ (Oqv - Ogv + 2006p £ - 0p0)(Dqv - Opv + 200 £ - 0pv)dw

2\
A+ 2u

+ 2,u/ (8acpf . aﬁcpf —0a3)0av - 0pv dw. (4.8)

Since ¢ fisa critical point of the functional Ip/(f), it follows that

2
A+2u

+2u/ Oospf-Oppf— 008)0q0 - Ogv dw. (4.9)

/ (O5v - 00 + 28‘,g0f - 0p0)(0rv - Orv + 2874,0]:- 0-v)dw

+

/ (5'J<pf~ 0g<pf —050)0:v - 07V dw

In(£)(0) = Iu(H(pf) + /(8U¢f'8g¢f_6gg)8-,—v'a7—’vdw
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From Theorem 4.1 and the continuity of the imbedding of W2 (w) in C'(@), we deduce
the existence of a neighborhood F? contained in F? such that the solution ¢ fE€ {cfo + Up}

associated to f € F? satisfies the following inequality for all w € W(l)’4(w; R3) :

2\
CleH?,Q,w < ﬁ / (8U¢f : 8U¢f - 600)87"“) : 6dew

+2/L/(8a<pf~85gof— Jap)0aw - dgw dw, (4.10)
where the constant C” satisfies 0 < C'<C5. Hence, it follows from (4.9) and (4.10) that
(£ (@) = I ()@ ) + Ol 2.0

This last inequality gives the announced result.

Remark. The neighborhood F? is in fact defined in such a way that the associated
deformation satisfies the first and third conditions of Definition 3.1.

In the next section we prove that a “well extended ” clamped membrane plate can undergo
large loadings by giving an asymptotic estimate for the neighborhood F? of Theorem 4.1 as
some extended states go to infinity in a certain fashion.

¢5. Behaviour of the Membrane as
some Extended States go to Infinity

In this section 1 denotes a given mapping satisfying the conditions of Lemma 3.1.
From Lemma 3.2, we have the existence of a constant kg > 0 such that ¢, € C?(w;R?)
defined by
@ (1, 22) = t(x) + k(x) (21,29,1) for all x = (z1,22) € @, (5.1)
is an element of E(w) for any k > ko.
In the following, we give an asymptotic estimate for the neighborhood FP? associated to
@1 € E(w) by Theorem 4.1 as the parameter k tends to infinity.

We first need two preliminary results. In the following, we denote by 0 < x < 1 a given
real and we denote by n° the element of C?(w; R3) N W(l)’4(w; R3) defined by

n°(z) = ¥(x) (21,20, 1) for all @ = (1, 22) € @. (5.2)
We then have @, = ¢ + kn° for k => k.
Lemma 5.1. Assume that the boundary of w is of class C?> and that p > 2 is given.

There exist 6g > 0 and kg > 0 such that, if 0 < 6 < dg and k > kg, then for any u, v, w €
W2P(w; R N W (w; R?) satisfying

|l ll2pw< ok, |[v]
dTgp, 0)(w—v) = dTgp, (0)(v—u) — (T¢k (v) — Tp, (u)),
we have the following inequality: || w — v ||2pw <K || U —V |2 pw -

Proof. (i) Let k > ko, § > 0 be given. Let u, v, w be given elements of W2P(w;R3) N
W, (w; R?) satisfying

2.p,w< 0k R

| wl2pw< ok, || v]l2pw<dk, (5.3)

dTg, (0)(w —v) =dTep (0)(v—u)— (Tp (v) — Te (u)). (5.4)
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We remark that (5.4) also reads

E*Lo(w — v) + Ly (w — v) + Lo(w — v) = k(A(v) — A(u)) + (B(v) — B(u)), (5.5)
where Lo, L;, Ly, A and B are the operators defined from the space W2P(w;R3) N
Wt (w; R?) into LP(w; R3) by

Lo(n) = faa{ [ ;‘j‘; S0pOstlo + 201(Bans + a,ma)} 95 L}, (5.6)
—-0.{| fi ;‘ Sap Do)+ 241(Oanfy + )| dgm}
aa{ [ ;‘i ;‘ 80p0sm” - ym + 2(0am’ - D + Oam" - aan)} agb}
-0 { [k el —0i01s + 205 + 03me) | 050} (5.7)
La(n) = ~0a{ | Azi ;008 Do’ 01" + 201 O’ |0m}
- 0.{| fi g‘uaw Dot - Dom + 21(Dam” - O + O’ - 0m) |05}, .
Alm) = -0a{| fi Q‘Méaﬁ 0o - Dom + 2udam - gm| O’}
- aa{ [%maano  Bym + 2(0am” - Dgm + Dam - Dgm] )] aﬁn}, 5o
B(n) = ~0a{ [%%Baan 05+ 2010, - Dm] g
~0a{ [fi ;‘ bas Dotlo + 241(Dany + Dgna) | 9gm}, (5.10)

for all 7 € W2P(w; R3) N W5 (w; R3).

(ii) Since W2P(w;R?) is a Banach algebra (p > 2), we infer that the operators A and B
are of class C*.

It can be seen that there exists a constant C; > 0 such that for each R > 0 and any

1 € B2 ,(0, R) the following inequalities hold:

| dA(m)(w) [lo.pw<C1 R [[w |2,

| dB(m)(w) [lopw<Ci (R+R72) [[w |
for all w € W2P(w; R3) N W (w; R3).

Since LP(w; R3) is a reflexive Banach space (1 < 2 < p < +00), it has the Radon-Nikodym
property with respect to the Bochner integral (see [9] for instance). Let R > 0 be given and
let w and v be any elements of W27 (w; R?) N W (w; R?) situated in By, (0, R). From the
Radon-Nikodym property we have

2,p,w

1
A(v) - Au) = / dA (u + t(v — w)) (v — u) dt.
0
From the usual properties of the Bochner integral, we deduce

| A(v) — Au) [lopw S/O | dA(u +t(v —u))(v—u) |

O,p,wdt7
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and then that
| A(v) — Au) [lopw SCLR|[v—u[l2p0 -
In the same way, we have
| B(v) = B(u) [lopw SCLR+ R?) [| v~ ||2p -
It can be proved that like dT@(O) in Theorem 4.1, the linear operator Ly defines an
isomorphism between W27 (w; R¥)NW* (w; R3) and LP(w; R3). For the sake of conciseness,
we omit the proof; we only mention that the third condition on % in Lemma 3.1 is used in a

fundamental way to establish the strong ellipticity of the system. Hence, let C' > 0 be such
that

1Ly () ll2pw <C Il £ llope for all £ € LP(w;R?),
and let ¢; > 0 be such that, for any n € W2 (w;R3) N W(l)’4(w;R3),

1 Lo(n) [lo,p.0 <c1 || M |l2,pw and || Li(n) [lo,p0 <c1 [ 7|

(iii) Since (5.5) can be also written as
k2 (w — v) = Ly ((k Ly + Lo)(v — w) + k (A(v) — A(u)) +B(v) — B(u)),

we infer that

2,p,w -

(k* = (k+ 1)Ce1) [| w = v ||l2p0 <C (k|| A(v) = Au) |l2p0 + || B(v) = B(w) [l2p0 )-
Hence
(K — (k+1)Cer) [| w = [l2,pw SCCL(5(k + k%) + %K) || v — w ||2p - (5.11)
Let 8o > 0 be given such that x — CC1 (63 + 25p) > 0, and let

2kCeq
k — CC1(62 4 260)

Then, for 0 < § < §p and k > kg, we have ¢ ié(f((iilij);fsz)

Hence (5.11) shows that for 0 < 6§ < dg and k > ko,

kO:max( ,1+2001,]€0) > 0.

< K.

lw =2 l2pw <k [[u—=vl2p0-

Thanks to Lemma 5.1, we can establish as in [8, Lemma 4.2] the following result:
Lemma 5.2. With the same assumptions on vy and p as in Lemma 5.1, let C, ¢1, ko and

0o be as in Lemma 5.1.. Let

M =

1-—k Cec(ko+1)

- (1- e )>o0.
Then, for any k > ko, if || f |lopw< MOk®, the sequence of W>P(w; R®) N Wi (w; R?)
recursively defined by

U = 07
dT(Pk_ (0)(wnt1 —un) = f — T(Pk (un), n >0,
satisfies
| wn (|20 <OF,
|| Un+2 — Unp+1 ||2,p,w SK, || Up4+1 — Uy ||2,p,UJ7 n Z 0.
Now, concluding as in the proof of the inverse function theorem based on the Banach con-
traction principle, we infer from Lemmas 5.1 and 5.2 that Tep, defines a C°°-diffeomorphism
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between a neighborhood of 0 in W2 (w; R¥) "W (w; R3) contained in the ball By, (0, 6k)
and the ball Boyp(fqok,M(Sk?’) of LP(w;R?). This enables us to state the following result:

Theorem 5.1. The assumptions concerning v and p are the same as in Theorem 4.1.
Then there exist 8o > 0 and ko = ko such that if 0 < § < 6y and k > ko the neighborhood FP
of Theorem 4.1 contains a ball centered at f¢k in LP (w; R3) of radius M k3, where M > 0 is
independent of 6. Furthermore, for any f in this ball, the element w satisfying Tep, (u)=1f
belongs to the ball with radius 0k centered at 0 in W2P(w; R3) N W (w; R?).

Now we establish that the solution given by Theorem 5.1 is also the unique minimizer
of the associated functional over the whole affine space {¢ + Wé’4(w; R3)}.

Theorem 5.2. With the same notations and hypotheses as in the preceding theorem, there
exists 0 < 61<dg such that if 0 < § < d1, the unique solution to the nonlinear clamped mem-
brane problem in {@;, + B2 (0,0 k) } associated to any element f in Bo7p(f¢k,M §k3), k>
ko, is the unique minimizer of the functional Ipr(f) over the affine space {L—|—W(1)’4(w; Rg)}.

Proof. Let k > ky and 0 < § < &g be given.

Consider any element f of By ,( fLkaM §k?), and denote by ¢ f the associated solution
to the nonlinear clamped membrane problem in {@, + B2 (0,6 k)}.

Let ¢ be any element in the affine space {L + Wé’4(w; R3)} and let v be the element of
W(I)A(w; R3) defined by v = ¢ — @ Then from (4.9), we get

A
In(£)(e) = In(F)(ep) + AQT/;M /w (O - 05 = 050)0rv - Orv dw

+2 ,u/ (3agaf~8ggaff5ag)8av~8/31)dw. (5.12)

But from (3.16) and (3.17) for any w € W (w; R3) the following inequality holds:

2\ _ _
Cle || w ||1?27w§m L (aa'<Pk . 8J<Pk - 50‘0’)87-”11] . &-w dw
+ QM/ (0@ - 05Pp — Bap)aw - Dgwduw, (5.13)

where C’ > 0 is independent of k > ko.
Writing ¢ ¢ = @+ § k w with w in the unit ball of WP (w; R3) N"'W* (w; R?), it follows
from (5.12) and (5.13) that there exists 0 < §;<dq such that, if 0 < § < d1, then

In(He) = Iu(£)(ep) + C"k [l %0,

where 0 < C” < C".

This last inequality gives the announced result.

About the injectivity, we also have the following result.

Theorem 5.3. With the same notations and hypotheses as in Theorem 5.1, there exists
0 < 92<6g such that, if 0 < § < o, the unique solution to the nonlinear clamped membrane
problem associated in { @, + B2,(0,6 k)} to any element f of Boyp(fcpk,McS k%), k > ko, is
mjective in w.

Proof. Let k > ko and § < min(&y ko, o) be given. Then set

5= (5.14)

>
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Since 0 < & < ¢ ko, we have
0 <d < do. (5.15)

Then, from Theorem 5.1 we infer that Tp, defines a C*°-diffeomorphism between a
neighborhood of 0 in W2P(w; R3) N W (w; R3) contained in the ball B3 (0,0 k) and the
ball By, (fg, M6k3) in LP(w;R3). This establishes that Ty, defines a C>-diffeomorphism
between a neighborhood of 0 in WP (w; R?) N W (w; R?) contained in the ball By ,(0,d)
and the ball BoJ)(f@k,MSkQ) in LP(w; R3).

Now, let & > kg and 0 < § < min(doko,do) be given. Then, the solution associated
by Theorem 5.1 to any element of Bow(f@k,MS k?) of LP(w;R3) can be written as ¢ =
@5, + 0w, with || w ||2,p0< 1. From (4.7), we know that there exists C'(w) > 0 such that for
any w € W2P(w;R3), we have

[ wle) — wly) | <C) || w]
From (3.8) and (3.9), we infer the existence of Cj > 0 independent of &k such that
| @r(x) — @y (y) | =Co d(z,y) for all (z,y) € . (5.16)
Let §y = min(5o, 5o ko, %)) > 0. Then for 0 < & < 8, we deduce that for all z # y in @,
the solution ¢ = @, + du satisfies

| () = p(y) = (Pr() — @i (y)) < Co d(z, y). (5.17)

The conclusion follows from (5.16) and (5.17).
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