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Abstract

In terms of Carathéodory metric and Kobayashi metric, distortion theorems for biholomor-

phic convex mappings on bounded circular convex domains are given.
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§1. Two Different Distortion Theorems

Various distortion theorems for families of univalent functions have been studied since as

early as 1907 when Köbe discovered his “Verzerrungssatz”, the distortion theorem for the

class of univalent functions defined on the unit disk in the complex plane C.

Let Ω ⊂ Cn be a domain and f(z) = (f1(z), · · · , fn(z)) be a biholomorphic mapping on

Ω which maps Ω to Cn. There are many counter-examples to show that | det Jf (z)| and
Jf (z)Jf (z)

′
have no finite upper bound and no non-zero lower bound, where Jf (z) is the

Jacobian of f at point z.

Let Ω ⊂ Cn be a domain andm ∈ Ω, f(z) = (f1(z), · · · , fn(z)) be a holomorphic mapping

on Ω which maps Ω into Cn. We say f is normalized at point m if f(m) = 0 and Jf (m) = I,

where I is the n× n identity matrix. If 0 ∈ Ω and m = 0, then we say that f is normalized.

Let Ω ⊂ Cn be a bounded homogeneous domain and 0 ∈ Ω,Aut(Ω) be the group of

holomorphic automorphism of Ω,P be a family of normalized holomorphic mapping on Ω

which maps Ω into Cn. For any f ∈ P, φ ∈ Aut(Ω), we normalize f(φ(z)) and obtain

a normalized holomorphic mapping F (z) on Ω. We say P is a linear-invariant family if

F (z) ∈ P for any f ∈ P and φ ∈ Aut(Ω).

The first affirmative result about the estimations of |det Jf (z)| for normalized holomor-

phic mappings was given by Barnard, FitzGerald and Gong[1] in the case n = 2 at first, and

then Liu Taishun[2] extended it to the general case.
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Let

f(z) = (f1(z), · · · , fn(z)) = z + (aA1z′, · · · , zAnz′) + · · · ∈ S,

where Ai = (aij,k)1≤j,k≤n, i = 1, · · · , n and S is a linear-invarint family of holomorphic

mappings on the unit ball

Bn =
{
(z1, · · · , zn) ∈ Cn :

n∑
i=1

|zi|2 < 1
}

in Cn. Then

(1− |z|)C(S)−n+1
2

(1 + |z|)C(S)+n+1
2

≤ | det Jf (z)| ≤
(1 + |z|)C(S)−n+1

2

(1− |z|)C(S)+n+1
2

,

where C(S) = sup
{∣∣∣ n∑

i=1

aii1

∣∣∣ : f ∈ S
}
. In particular, if S is the family of normalized

biholomorphic convex mappings on Bn, then n+1
2 ≤ C(S) ≤ 1 +

√
2(n−1)

2 .

Moreover, Barnard, FitzGerald and Gong[1] conjectured that C(S) = n+1
2 for the family

of normalized biholomorphic convex mappings on Bn. Recently, Pfaltzgraff and Suffridge[3]

gave a counter-example to show that the conjecture is not true. To find the exact value

of C(S) for the family of normalized biholomorphic convex mappings remains as an open

problem. Even we do not know the precise value of C(S) for the family of biholomorphic

convex mappings on Bn, but we had the following precise estimations of Jf (z)Jf (z)
′
for

the family of normalized biholomorphic convex mappings on Bn which was given by Gong,

Wang ang Yu[4] in 1993.

Theorem 1.1. Let f : Bn → Cn be a normalized biholomorphic convex mapping on Bn

in Cn. Then (
1− |z|
1 + |z|

)2

G ≤ Jf (z)Jf (z) ≤
(
1 + |z|
1− |z|

)2

G (1.1)

holds for every z = (z1, · · · , zn) ∈ Bn where

G = (gi,j)1≤i,j≤n =

(
(1− |z|2)δi,j + z̄izj

(1− |z|2)2

)
1≤i,j≤n

is the matrix of the Bergman matric of Bn in Cn. The estimations are precise.

§2. Main Results

In the note, we prove the following main result which extends Theorem 1.1.

Theorem 2.1. Let Ω ⊂ Cn be a bounded convex circular domain with 0 ∈ Ω, and

p(z)(z ∈ Ω) be its Minkowski functional. Let f(z) : Ω → Cn be a normalized biholomorphic

convex mapping on Ω. Then for every z ∈ Ω and vector ξ ∈ Cn, the inequalities

1− p(z)

1 + p(z)
FΩ(z, ξ) ≤ p(Jf (z)ξ) ≤

1 + p(z)

1− p(z)
FΩ(z, ξ) (2.1)

hold, where

FΩ(z, ξ) = FΩ
C (z, ξ) = FΩ

K(z, ξ),

FΩ
C (z, ξ) and FΩ

K(z, ξ) are the infinitesimal form of Carathéodory metric and the infinitesimal

form of Kobayashi-Royden metric of Ω respectively.
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When Ω is the unit ball Bn in Cn, we have

(FΩ(z, ξ))2 = (FΩ
C (z, ξ))2 = (FΩ

K(z, ξ))2 =
|ξ|2

1− |z|2
+

ξz̄′zξ̄′

(1− |z|2)2
.

(2.1) can be written as (1.1). Theorem 2.1 extends Theorem 1.1.

The original proof of Theorem 1.1 in [4] is based on differential geometry and the detail

of the proof is a little bit lengthy, but the proof of Theorem 2.1 is shorter and simple.

Moreover, there are two consequences of the main result.

Theorem 2.2. Let Ω ⊂ Cn be a bounded convex circular domain with 0 ∈ Ω, and

p(z)(z ∈ Ω) be its Minkowski functional. Let f(z) : Ω → Cn be a normalized convex

biholomorphic mapping on Ω. Then the inequalities

p(z)

(1 + p(z))2
≤ p(Jf (z)z) ≤

p(z)

(1− p(z))2
(2.2)

hold, where z is a column vector.

When Ω is the unit disk ∆ in C, (2.2) is the classical growth theorem of normalized

starlike function in ∆ due to Alexander theorem: zf ′(z) is starlike if and only if f(z) is

convex. But the Alexander theorem is not true for several complex variables case in general.

Liu Taishun and Ren Guangbin[5] already proved the growth theorem for normalized starlike

biholomorphic mappings on bounded starlike circular domains as follows.

Let Ω ⊂ Cn be a bounded starlike circular domain with 0 ∈ Ω, and p(z)(z ∈ Ω) be its

Minkowski functional. Let g(z) : Ω → Cn be a normalized starlike biholomorphic mapping

on Ω. Then for any z ∈ Ω, the inequalities

p(z)

(1 + p(z))2
≤ p(g(z)) ≤ p(z)

(1− p(z))2
(2.3)

hold.

As we already mentioned, the family of normalized starlike biholomorphic mappings and

the family of Jf (z)z (z is a column vector) where f(z) is convex are essential different in

the case of several complex case. Thus the inequalities (2.2) and (2.3) are two different

inequalities.

As another consequence of Theorem 2.1, we have the estimations of the modulus of the

eigenvalues of the Jacobian of the convex mapping.

Theorem 2.3. Let Ω ⊂ Cn be a bounded convex circular domain with 0 ∈ Ω, and

p(z)(z ∈ Ω) be its Minkowski functional. Let f(z) : Ω → Cn be a normalized convex

biholomophic mapping on Ω, and λ1(z), · · · , λn(z) be the eigenvalues of Jf (z) with |λ1(z)| ≥
|λ2(z)| ≥ · · · ≥ |λn(z)|. Then the inequalities

(1− p(z))

(1 + p(z))2
≤ |λn(z)| ≤ · · · ≤ |λ2(z)| ≤ |λ1(z)| ≤

1 + p(z)

(1− p(z))2
(2.4)

hold.

§3. Lemmas

We need the following lemmas.

Lemma 3.1. Let Ω ⊂ Cn be a bounded convex circular domain with 0 ∈ Ω, and p(z)(z ∈
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Ω) be its Minkowski functional. Then

FΩ(z, ζ) = FΩ
K(z, ζ) = FΩ

C (z, ζ) =
1

1− (p(z))2
(3.1)

holds, where ζ = z
p(z) ∈ ∂Ω is a column vector.

Proof. According to the definition of the infinitesimal form of Kobayashi-Royden metric

FΩ
K of Ω,

FΩ
K(z, ξ) = inf

{
|α|

1− |λ|2
: ∃φ ∈ H(∆,Ω), ∃λ ∈ ∆, φ(λ) = z, αφ′(λ) = ξ

}
, (3.2)

where H(∆,Ω) is the family of holomophic mappings on ∆ which maps ∆ into Ω.

Fix z ∈ Ω and define φ(w) = wζ, where w ∈ ∆. Then φ ∈ H(∆,Ω) since Ω is a bounded

convex circular domain. Let λ = p(z), then φ(λ) = z. Let α = 1, then αφ′(λ) = ζ. By the

definition (3.2), we have

FΩ
K(z, ζ) ≤ 1

1− (p(z))2
. (3.3)

On the other hand, according to the definition of the infinitesimal form of Carathéodory

metric FΩ
C of Ω,

FΩ
C (z, ζ) = sup{|Jφ(z)ζ| : ∃φ ∈ H(Ω,∆), φ(z) = 0}, (3.4)

where H(Ω,∆) is the family of holomorphic mappings in Ω which maps Ω into ∆.

Fix z ∈ Ω. There exists a continuous linear functional Tz on the Banach space Cn

with the Minkowski functional of Ω as semi-norm, Tz : Cn → C, such that ∥Tz∥ ≤ 1 and

Tz(z) = p(z), where ∥ ∥ is the norm of the dual space of Cn.

Let ψp(z)(λ) be a holomorphic automorphism of ∆ which maps p(z) to 0, i.e.,

ψp(z)(λ) =
p(z)− λ

1− p(z)λ
.

Let

φ(w) = ψp(z) ◦ Tz(w).

Then φ ∈ H(Ω,∆) and φ(z) = 0. Thus

Jφ(z)ζ = Jψp(z)
(p(z))JTz (ζ) =

−1

1− (p(z))2
Tz(ζ) =

−1

1− (p(z))2

since Tz(ζ) = 1. By the definition (3.4), we have

FΩ
C (z, ζ) ≥ 1

1− (p(z))2
.

By the Theorem of Lempert[11], we know that

FΩ
C (z, ξ) = FΩ

K(z, ξ)

when Ω is convex. By (3.3) and (3.5), we obtain (3.1).

From Lemma 3.1 we have

Lemma 3.2. Let Ω ⊂ Cn be a bounded convex circular domain with 0 ∈ Ω, and p(z)(z ∈
Ω) be its Minkowski functional. Then

FΩ(0, ξ) = FΩ
K(0, ξ) = FΩ

C (0, ξ) = p(ξ), (3.6)

where ξ ∈ Cn is a column vector.
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Proof. Let ζ = ξ
p(ξ) ∈ ∂Ω and 0 < t < 1. Then

FΩ(tζ, ζ) =
1

1− (p(tζ))2

by Lemma 3.1. Letting t→ 0, we have

FΩ(0, ζ) = 1

by the continuous properties of FΩ and p(z) at point 0.

By the definition of FΩ, we obtain

FΩ(0, ζ) = FΩ(0, p(ξ)ζ) = p(ξ)FΩ(0, ζ) = p(ξ).

Lemma 3.2 is a known result (see [12]).

Lemma 3.3. Let Ω ⊂ Cn be a bounded convex circular domain with 0 ∈ Ω, and p(z)(z ∈
Ω) be its Minkowski functional. Then for every column vector z ∈ Ω and every column

vector ξ ∈ ∂Ω,

1

1 + p(z)
≤ FΩ(z, ξ) ≤ 1

1− p(z)
(3.7)

holds, where FΩ = FΩ
K = FΩ

C .

Proof. For fixed z and ξ, the mapping

φ(w) = (φ1(w), · · · , φn(w))′ = z + w(1− p(z))ξ

is a holomorphic mapping on ∆ where ′ means transpose.

Obviously, φ(0) = z and

φ′(0) = (φ′
1(0), · · · , φ′

n(0))
′ = (1− p(z))ξ.

Moreover,

p(φ(w)) = p(z + w(1− p(z))ξ) ≤ p(z) + p(w(1− p(z))ξ)

= p(z) + |w|(1− p(z))p(ξ) < 1

since |w| < 1 and p(ξ) = 1. Thus φ(w) ∈ Ω. This means φ ∈ H(∆,Ω).

By the definition (3.2) of the infinitesimal form of Kobayashi-Royden metric, and letting

λ = 0, α = 1
1−p(z) , we have

FΩ
K(z, ξ) ≤ 1

1− p(z)
.

For fixed ξ, there exists a continuous linear functional Tξ on Banach space Cn with the

Minkowski functional of Ω as semi-norm, Tξ : Cn → C, such that ∥Tξ∥ ≤ 1 and Tξ(ξ) =

p(ξ) = 1, where ∥ ∥ is the norm of the dual space of Cn. Then the function

ψ(w) =
Tξ(w − z)

1 + p(z)

is a holomorphic function on Ω.

Obviously, ψ(z) = 0 since Tξ(0) = 0 and

|ψ(w)| = |Tξ(w − z)|
1 + p(z)

≤ ∥Tξ∥ · p(w − z)

1 + p(z)
≤ p(w) + p(z)

1 + p(z)
< 1.
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Thus ψ(w) ∈ ∆. This means ψ ∈ H(Ω,∆). By the definition (3.4) of the infinitesimal form

of Carathéodory metric and

Jψ(z)ξ =
Tξ(ξ)

1 + p(z)
=

1

1 + p(z)
,

we have

FΩ
C (z, ξ) ≥ 1

1 + p(z)
.

By the Theorem of Lempert[11], we know that

FΩ
C (z, ξ) = FΩ

K(z, ξ)

when Ω is convex. We obtain (3.7).

§4. Proof of Theorems

Proof of Theorem 2.1. We prove the right side inequality of (2.1) at first.

For any fixed z ∈ Ω, we consider the line segment which starts from f(z), passes through

the origin, and then meets a point P on the boundary of f(Ω). There exists a point z∗ ∈ ∂Ω,

such that f(z∗) = P . Since f(z), 0 and f(z∗) lie on a line segment, and 0 is a point between

f(z) and f(z∗), there exists a real number λ ∈ (0, 1), such that

λf(z) + (1− λ)f(z∗) = 0.

From the definition of p(z), we have

λp(f(z)) = (1− λ)p(f(z∗)).

Liu and Ren[6] proved that if f(z) is a normalized biholomorphic convex mapping on a

bounded convex circular domain in Cn with 0 ∈ Ω, then the inequalities of the growth

theorem
p(z)

1 + p(z)
≤ p(f(z)) ≤ p(z)

1− p(z)

hold for z ∈ Ω. We have

λp(z)

1− p(z)
≥ λp(f(z)) = (1− λ)p(f(z∗)) ≥ 1

2
(1− λ).

It yields

λ ≥ 1− p(z)

1 + p(z)
. (4.1)

Let

h(w) = f−1[λf(w) + (1− λ)f(z∗).

h(w) is well defined when w ∈ Ω since f is a convex mapping. Moreover, h(w) is biholomor-

phic on Ω, h(Ω) ⊂ Ω and h(z) = 0 since f is a normalized biholomorphic mapping.

Since h(z) is a biholomorphic mapping on Ω, Carathéodory metric is an invariant metric

(see [7, 8, 9, 10]), we have the equality

F
h(Ω)
C (0, Jh(z)ξ) = FΩ

C (z, ξ).

Since h(Ω) ⊂ Ω, we have the inequality of Carathéodory metrics of inner mapping,

F
h(Ω)
C (0, Jh(z)ξ) ≥ FΩ

C (0, Jh(z)ξ). (4.2)
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Hence

FΩ
C (0, Jh(z)ξ) ≤ FΩ

C (z, ξ).

From (4.2) and according to the definition of h and FΩ
C , we have Jh(z) = λJf (z) and

λFΩ
C (0, Jf (z)ξ) ≤ FΩ

C (z, ξ). (4.3)

Combining the inequalities (4.1) and (4.3), we obtain the right side inequality of (2.1).

Now we prove the left side inequality of (2.1).

For any fixed z ∈ Ω, we consider a line segment which starts from the origin, passes

through f(z), and then meets a point Q in the boundary of f(Ω). There exists a point

z̃ ∈ ∂Ω, such that f(z̃) = Q. Since 0, f(z) and f(z̃) lie on a line segment, and f(z) is a point

between 0 and f(z̃), there exists a real number µ ∈ (0, 1), such that f(z) = µf(z̃). Then

z = z̃(µ) = f−1(µf(z̃)).

In [6], Liu and Ren proved that if z(t) = f−1(tf(z)), 0 ≤ t ≤ 1, then

p(z)

1 + p(z)
≤ p(z(t))

t(1 + p(z(t)))

holds. We have
1

2
=

p(z̃)

1 + p(z̃)
≤ p(z̃(µ))

µ(1 + p(z̃(µ)))
=

p(z)

µ(1 + p(z))
.

It implies

µ ≤ 2p(z)

1 + p(z)
, 1− µ ≥ 1− p(z)

1 + p(z)
. (4.4)

Let

H(w) = f−1[(1− µ)f(w) + µf(z̃)].

H(w) is well defined when w ∈ Ω since f is a convex mapping. Moreover, H(w) is biholo-

morphic on Ω, H(Ω) ⊂ Ω,H(0) = z since f is a normalized biholomorphic mapping.

Since H(z) is biholomorphic on Ω, the Carathéodory metric is an invariant metric, we

have the equality

F
H(Ω)
C (z, JH(0)η) = FΩ

C (0, η)

which holds for any z ∈ Ω, η ∈ Cn. Since H(Ω) ⊂ Ω, we have the inequality of Carathéodory

metrics of the inner mapping,

F
H(Ω)
C (z, JH(0)η) ≥ FΩ

C (z, JH(0)η).

Hence

FΩ
C (z, JH(0)η) ≤ FΩ

C (0, η). (4.5)

From (4.5) and according to the definition of H and FΩ
C , we have JH(0) = J−1

f (z)(1 − µ)

and

(1− µ)FΩ
C (z, J−1

f (z)η) ≤ FΩ
C (0, η). (4.6)

Let η = Jf (z)ξ in (4.6), it becomes

(1− µ)FΩ
C (z, ξ) ≤ FΩ

C (0, J(z)ξ). (4.7)

Combining (4.4) and (4.7), we obtain the left side inequality of (2.1).
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The Theorem of Lempet[11] tells us that

FΩ
C (z, ξ) = FΩ

K(z, ξ)

when Ω is convex.

We have proved the inequality (2.1) by Lemma 3.2.

By Theorem 2.1 and Lemma 3.1, we have Theorem 2.2.

Proof of Theorem 2.3. By Theorem 2.1 and Lemma 3.3, we have

1− p(z)

(1 + p(z))2
≤ p(Jf (z)ξ) ≤

1 + p(z)

(1− p(z))2

when ξ ∈ ∂Ω is a column vector. If λ(z) is the eigenvalue of Jf (z), then

Jf (z)η = λ(z)η,

where η is the eigenvector of λ(z). Let ξ = η
p(η) . Then ξ ∈ ∂Ω and

p(Jf (z)ξ) = p(λ(z)ξ) = |λ(z)|p(ξ) = |λ(z)|.

Hence
1− p(z)

(1 + p(z))2
≤ |λ(z)| ≤ 1 + p(z)

(1− p(z))2

hold for all eigenvalues of Jf (z). Thus we have proved (2.4).
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