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CONVEX CIRCULAR DOMAINS**
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Abstract

In terms of Carathéodory metric and Kobayashi metric, distortion theorems for biholomor-
phic convex mappings on bounded circular convex domains are given.
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§1. Two Different Distortion Theorems

Various distortion theorems for families of univalent functions have been studied since as
early as 1907 when Kobe discovered his “Verzerrungssatz”, the distortion theorem for the
class of univalent functions defined on the unit disk in the complex plane C.

Let Q C C™ be a domain and f(z) = (f1(2),-- -, fn(2)) be a biholomorphic mapping on
Q which maps Q to C". There are many counter-examples to show that |det J;(z)| and
J f(z)ml have no finite upper bound and no non-zero lower bound, where Jy(z) is the
Jacobian of f at point z.

Let Q C C™ be a domain and m € €, f(z) = (f1(2),-- -, fn(2)) be a holomorphic mapping
on € which maps € into C™. We say f is normalized at point m if f(m) =0 and Jy(m) =1,
where [ is the n X n identity matrix. If 0 € Q and m = 0, then we say that f is normalized.

Let & C C™ be a bounded homogeneous domain and 0 € 2, Aut(2) be the group of
holomorphic automorphism of ©,P be a family of normalized holomorphic mapping on §2
which maps © into C™. For any f € P,¢ € Aut(?), we normalize f(¢(z)) and obtain
a normalized holomorphic mapping F'(z) on 2. We say P is a linear-invariant family if
F(z) € P for any f € P and ¢ € Aut(Q).

The first affirmative result about the estimations of |det J;(z)| for normalized holomor-
phic mappings was given by Barnard, FitzGerald and Gong!! in the case n = 2 at first, and
then Liu Taishun!? extended it to the general case.

Manuscript received May 25, 1998. Revised December 8, 1998.
*Department of Mathematics, University of Science and Technology of China, Hefei 230026, China.
E-mail: gongs@public.intercom.com.cn

x*xProject supported by the National Natural Science Foundation of China.



298 CHIN. ANN. OF MATH. Vol.20 Ser.B

Let
f(2) = (fi(2), -+ fa(2)) = 2+ (@A'Z -+ [ 2A"2) + -+ €8,

where A® = (aj. p)1<jk<n,? = 1,--- ,n and S is a linear-invarint family of holomorphic

mappings on the unit ball
B" = {(z1,~- ,2n) € C™: z:|z,|2 < 1}
i=1

in C". Then
(1—|z))C®-

(1+ ) CE+F
Soab|: f € S}. In particular, if S is the family of normalized
i=1

V2(n—1)

biholomorphic convex mappings on B™, then %H <O(S) <14 =5—.
Moreover, Barnard, FitzGerald and Gong!!! conjectured that c(S) = "TH for the family
of normalized biholomorphic convex mappings on B™. Recently, Pfaltzgraff and Suffridgel®!

(L+ )"
(1= [eeer=s

< \detJf(z)\ <

where C(S) = sup{

gave a counter-example to show that the conjecture is not true. To find the exact value
of C(S) for the family of normalized biholomorphic convex mappings remains as an open
problem. Even we do not know the precise value of C(S) for the family of biholomorphic
convex mappings on B™, but we had the following precise estimations of J f(z)ml for
the family of normalized biholomorphic convex mappings on B™ which was given by Gong,
Wang ang Yull in 1993.

Theorem 1.1. Let f : B™ — C" be a normalized biholomorphic convex mapping on B™

in C™. Then
1= 2] 2G<J(z)J o < (L ‘¢ (1.1)
1+ || A At Y '
holds for every z = (z1,- -+ , 2,) € B™ where

(]. — |Z|2)(SZJ + 27;25]'
G = (9ij)1<ij<n = ( :
IS (1—1[=*)2 1<ij<n

is the matrixz of the Bergman matric of B™ in C™. The estimations are precise.

§2. Main Results

In the note, we prove the following main result which extends Theorem 1.1.

Theorem 2.1. Let Q C C" be a bounded convexr circular domain with 0 € Q, and
p(z)(z € Q) be its Minkowski functional. Let f(z): Q — C™ be a normalized biholomorphic
convex mapping on ). Then for every z € Q and vector £ € C™, the inequalities

L2 pag 6 < pap(2)e) < LH2E)

Q
T p(c) STt B =y

hold, where
FQ(Z7§) :Fg('z7§) ZFﬁ(Z,f),

F&(2,€) and Fi}(2,€) are the infinitesimal form of Carathéodory metric and the infinitesimal
form of Kobayashi-Royden metric of Q respectively.



No.3 GONG, S. & LIU, T. S. DISTORTION THEOREMS FOR CONVEX MAPPINGS 299

When 2 is the unit ball B" in C™, we have
€1 ¢z'z¢

Q 2= (F2(2,6))2 = (F(2,6))? = :
(F20)" = (Fe (5 )" = (FR(= )" = 1= 5 + (7 e

(2.1) can be written as (1.1). Theorem 2.1 extends Theorem 1.1.
The original proof of Theorem 1.1 in [4] is based on differential geometry and the detail

of the proof is a little bit lengthy, but the proof of Theorem 2.1 is shorter and simple.

Moreover, there are two consequences of the main result.

Theorem 2.2. Let Q@ C C" be a bounded convex circular domain with 0 € Q, and
p(z)(z € Q) be its Minkowski functional. Let f(z) : & — C™ be a normalized convex
biholomorphic mapping on Q). Then the inequalities

o a9 <
hold, where z is a column vector.

When Q is the unit disk A in C, (2.2) is the classical growth theorem of normalized
starlike function in A due to Alexander theorem: zf’(z) is starlike if and only if f(2) is

p(2)

T p)) 22)

convex. But the Alexander theorem is not true for several complex variables case in general.
Liu Taishun and Ren Guangbinl®! already proved the growth theorem for normalized starlike
biholomorphic mappings on bounded starlike circular domains as follows.

Let Q C C" be a bounded starlike circular domain with 0 € Q, and p(z)(z € Q) be its
Minkowski functional. Let g(z) :  — C™ be a normalized starlike biholomorphic mapping
on 2. Then for any z € €, the inequalities

p(2) p(2)
m <p(g(2)) < W (2.3)
hold.

As we already mentioned, the family of normalized starlike biholomorphic mappings and
the family of J¢(2)z (z is a column vector) where f(z) is convex are essential different in
the case of several complex case. Thus the inequalities (2.2) and (2.3) are two different
inequalities.

As another consequence of Theorem 2.1, we have the estimations of the modulus of the
eigenvalues of the Jacobian of the convex mapping.

Theorem 2.3. Let Q C C" be a bounded convex circular domain with 0 € Q, and
p(2)(z € Q) be its Minkowski functional. Let f(z) : & — C™ be a normalized convex
biholomophic mapping on Q, and M\ (z),- -, An(2) be the eigenvalues of J¢(z) with |\ (z)| >
[A2(2)] = -+ > |\n(2)|. Then the inequalities

U=pE) 3 ) < < Ma2)] < ae)] < A2

i) = T o) 24

hold.

§¢3. Lemmas

We need the following lemmas.

Lemma 3.1. Let Q C C" be a bounded convex circular domain with 0 € Q, and p(z)(z €
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Q) be its Minkowski functional. Then
F2(2,0) = Fii(2,0) = F(2,0) =

holds, where ( = ﬁ € 09 is a column vector.

Proof. According to the definition of the infinitesimal form of Kobayashi-Royden metric
F IS} of Q,

1

I 3.1)

Fil(2,€) = inf {1 _|o¢|)\|2 cdp e H(A,Q),INe A, o(\) = z,a¢p'(\) = f} , (3.2)

where H(A, ) is the family of holomophic mappings on A which maps A into Q.

Fix z € Q and define ¢p(w) = w¢, where w € A. Then ¢ € H(A, Q) since Q2 is a bounded
convex circular domain. Let A = p(z), then p(\) = 2. Let a = 1, then a¢’(\) = (. By the
definition (3.2), we have

Q 1
Fi(z,0) < W

On the other hand, according to the definition of the infinitesimal form of Carathéodory

metric Fg of Q,

(3.3)

F&(2,0) = sup{|J,(2)¢| : 3p € H(Q,A), ¢(2) =0}, (3.4)
where H(£2, A) is the family of holomorphic mappings in {2 which maps Q into A.

Fix z € Q. There exists a continuous linear functional 7, on the Banach space C"
with the Minkowski functional of Q as semi-norm, T, : C™ — C, such that ||T,]] < 1 and
T.(z) = p(z), where || || is the norm of the dual space of C™.

Let 9p(2)(A) be a holomorphic automorphism of A which maps p(z) to 0, i.e.,

Vp(z)(A) = %-
Let

So(w) = 7vsz(Z) © TZ(w)'
Then ¢ € H(2, A) and ¢(z) = 0. Thus

T = Ty (IO = T o) = T
since T,(¢) = 1. By the definition (3.4), we have

By the Theorem of Lempert!'!), we know that
FE(2,6) = Fg(2,€)
when  is convex. By (3.3) and (3.5), we obtain (3.1).
From Lemma 3.1 we have
Lemma 3.2. Let Q C C™ be a bounded convex circular domain with 0 € Q, and p(z)(z €
Q) be its Minkowski functional. Then
F2(0,8) = FR(0,€) = FE(0,€) = p(9), (3.6)

where £ € C™ is a column vector.
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Proof. Let ( = % € 0N and 0 < t < 1. Then

1
FUt, () = ————
)= a0y
by Lemma 3.1. Letting ¢ — 0, we have
F0,¢) =1

by the continuous properties of F* and p(z) at point 0.
By the definition of F**, we obtain

F2(0,¢) = F2(0,p(€)¢) = p(&)F(0,¢) = p(&).

Lemma 3.2 is a known result (see [12]).

Lemma 3.3. Let Q C C" be a bounded convez circular domain with 0 € Q, and p(z)(z €
Q) be its Minkowski functional. Then for every column vector z € Q and every column
vector £ € 01,

1 o 1
) =1 BT

holds, where F$* = Fit = F§}.
Proof. For fixed z and &, the mapping
p(w) = (pr(w), - on(w)) =z +w(l —p(2))§

is a holomorphic mapping on A where ’ means transpose.

(3.7)

Obviously, ¢(0) = z and
¢'(0) = (£1(0), -+, ¢, (0)) = (1 — p(2))¢.

Moreover,

ple(w)) = p(z + w(l = p(2))¢) < p(2) +p(w(l —p(2))§)
=p(2) + [w|(1 = p(2))p(§) <1
since |w| < 1 and p(§) = 1. Thus p(w) € Q. This means ¢ € H(A, Q).
By the definition (3.2) of the infinitesimal form of Kobayashi-Royden metric, and letting
A=0,a= %, we have
p(2)
1
FR(z,8) < ——.
k=8 <105
For fixed £, there exists a continuous linear functional 7 on Banach space C" with the
Minkowski functional of Q as semi-norm, T¢ : C™ — C, such that ||T¢|| < 1 and T¢(§) =
p(§) = 1, where || || is the norm of the dual space of C™. Then the function
~ Te(w—2)
is a holomorphic function on 2.
Obviously, ¥(z) = 0 since T¢(0) = 0 and
_ Te(w=2)| _ | Tell - p(w — 2)

W)l = 1+ p(2) = 1+p(z) =

p(w) + p(z)
1+ p(2)

< 1.
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Thus ¢ (w) € A. This means ¢ € H(2, A). By the definition (3.4) of the infinitesimal form
of Carathéodory metric and

_ T 1
R e R ESTe
we have
R8G9 > 1o

1] we know that

F(2,6) = Fi(2,€)

when € is convex. We obtain (3.7).

By the Theorem of Lempert

§4. Proof of Theorems

Proof of Theorem 2.1. We prove the right side inequality of (2.1) at first.

For any fixed z € Q, we consider the line segment which starts from f(z), passes through
the origin, and then meets a point P on the boundary of f(€2). There exists a point z* € 052,
such that f(z*) = P. Since f(z),0 and f(z*) lie on a line segment, and 0 is a point between
f(z) and f(z*), there exists a real number A € (0,1), such that

M)+ (1= V() =0,
From the definition of p(z), we have
Ap(f(2)) = (1= Xp(f(z))-

Liu and Ren!® proved that if f (z) is a normalized biholomorphic convex mapping on a
bounded convex circular domain in C™ with 0 € Q, then the inequalities of the growth

theorem
p(2) p(z)
T p) S PV =725
hold for z € Q. We have
L) = * 1
1—p(2) > Ap(f(2) = (1= Np(f(z")) > 5(1 —A).
It yields
1 —p(2)
)\71+p(z)' (41)
Let

h(w) = fHAf(w) + (1= M) ().
h(w) is well defined when w € Q since f is a convex mapping. Moreover, h(w) is biholomor-
phic on Q, h(Q) C Q and h(z) = 0 since f is a normalized biholomorphic mapping.
Since h(z) is a biholomorphic mapping on €2, Carathéodory metric is an invariant metric
(see [7, 8,9, 10]), we have the equality
FE (0, 91(2)€) = FE(2,€).
Since h(€2) C £, we have the inequality of Carathéodory metrics of inner mapping,

FE(0,Jn(2)€) > FE(0, Jn(2)8). (4.2)
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Hence
FE(0, In(2)8) < FG(2,6).

From (4.2) and according to the definition of h and F§}, we have Jj,(z) = A\J¢(z) and
AFE(0,J5(2)€) < FE(2,6). (4.3)

Combining the inequalities (4.1) and (4.3), we obtain the right side inequality of (2.1).

Now we prove the left side inequality of (2.1).

For any fixed z € 2, we consider a line segment which starts from the origin, passes
through f(z), and then meets a point @ in the boundary of f(€). There exists a point
Z € 09, such that f(2) = Q. Since 0, f(z) and f(Z2) lie on a line segment, and f(z) is a point
between 0 and f(Z), there exists a real number u € (0, 1), such that f(z) = pf(2). Then

z=Z(u) = fH(pf(2)).
In [6], Liu and Ren proved that if 2(¢) = f~1(tf(2)),0 <t <1, then

() pla()
T p() = W+ p((0)

holds. We have

1_ p(®) __ pGWw)  __ pQ)
2 1+4+p() 7 p(l+pER))  wl+p(2)
It implies
2p(2) —p(2)
PETE TR TR (4.4)
Let

H(w) = f7H(1 = p) f(w) + pf(2))-
H(w) is well defined when w € €2 since f is a convex mapping. Moreover, H(w) is biholo-
morphic on Q, H(Q) C 2, H(0) = z since f is a normalized biholomorphic mapping.
Since H(z) is biholomorphic on 2, the Carathéodory metric is an invariant metric, we
have the equality
Fe! (2 T (0)n) = FE(0,1)
which holds for any z € Q,n € C™. Since H(Q2) C Q, we have the inequality of Carathéodory
metrics of the inner mapping,
FE D (2, T (0n) = FE(z, T (0)n).
Hence
F& (2, Ju (0)n) < FE(0,1). (4.5)

From (4.5) and according to the definition of H and F}, we have Jy(0) = Jf_l(z)(l — )
and

(1= ) FE(z,J7 (2)n) < FE(0,7). (4.6)
Let n = J¢(2)€ in (4.6), it becomes
(1 - WFE(2,€) < FE(0,J(2)6). (47)

Combining (4.4) and (4.7), we obtain the left side inequality of (2.1).
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The Theorem of Lempet!' tells us that
F(2,6) = Fi(2,€)

when  is convex.
We have proved the inequality (2.1) by Lemma 3.2.
By Theorem 2.1 and Lemma 3.1, we have Theorem 2.2.
Proof of Theorem 2.3. By Theorem 2.1 and Lemma 3.3, we have

1= p(2) oo L)
T =PI < T o

when £ € 09 is a column vector. If A(z) is the eigenvalue of J¢(z), then

Jr(2)n = A(z)n,
where 7 is the eigenvector of A(z). Let £ = % Then & € 992 and

p(J5(2)€) = p(A(2)§) = [M2)[p(€) = |A(2)].
Hence
Lp() e LHR()
A e = M= T0p
hold for all eigenvalues of J;(z). Thus we have proved (2.4).
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