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A CRITERION OF ESSENTIALLY COMMUTING
TOEPLITZ OPERATORS ON BERGMAN SPACE

JoNnGg Soo AN*

Abstract

On the setting of the unit ball U the author considers Toeplitz operators on Bergman space.
The Bergman space BP(U) (1 < p < o0) is the closed subspace of the usual Lebesgue space
LP(U) consisting of holomorphic functions. For a function 8 € L?(U), the Toeplitz operator
Tz with symbol § is defined by Tz f = p(8f) for function f € B2(U). Here p is the Bergman
projection from L2(U) onto B%(U). Two bounded linear operators S, T on the Hilbert H are
said to be essentially commuting on H if the commutator ST — T'S is compact on H. In this

paper, a criterion of essentially Toeplitz operators with the vanishing property is obtained.
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§1. Introduction

Let m denote the volume measure on the unit ball U normalized to have total mass 1 of

the n-dimensional complex space C". The Bergman space BP(U) (1 < p < 00) is the closed

subspace of the usual Lebesgue space

LP(U) = LP(U,m)

consisting of holomorphic functions. Let p be the Hilbert space orthogonal projection. Then

p: L*(U) — B*(U)

is called the Bergman projection. It is well-known that the Bergman projection p is given

by

o)) = [ T rdm()

for z € U and ¢ € L?(U). Here the notation
Z-W=z1wW1 + -+ 2, Wy

denotes the ordinary Hermitian inner product for points z,w € C”.
For a function 8 € L?(U), the Toeplitz operator T with symbol 3 is defined by

Taf = p(Bf)
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for function f € B2(U). The operator Ts : B2(U) — B?*(U) is densely defined and not
bounded in general. However, T is always bounded for symbols S which we are connerned
about in this paper.

We say that two bounded linear operators S,T on a Hilbert space H are essentially
commuting on H if the commutator ST —T'S is compact on H.

In this paper, we obtain a criterion of essentially commuting Toeplitz operators with
the vanishing property. In one dimensional case, K. Stoethoffl®l has obtained a complete
description of two harmonic symbols for essentially Toeplitz operators. And Axler and
Cuckovié¢!! have obtained a complete description of harmonic symbols of commuting Toeplitz
operators. Trying to generalize this characterization to the ball, one may naturally think of
pluriharmonic symbols. In this paper, we consider the same characterizing problem on the
ball with pluriharmonic symbols.

For a € U, let ¢, denote the canonical automorphism (see Section 2) of U. We let

O={pa:ac€U}—{p,:acU}.

Here the set A denotes the closure of the set A. We knowl* Proposition 9] that if a net {¢,,}
of automorphisms converges to some ¢ € @, then for any bounded pluriharmonic function
B, the function (o ¢, converges to 3 o ¢ uniformly on every compact subset of U. Hence
B o is also a bounded pluriharmonic function on U. For some more information, we refer
the reader to [4].

For f € C?(U), the invariant Laplacian Af is defined by

(Af) (@) = A(f 0 9a)(0)

for a € U. Here
A=4Y"0%/020%
=1

is the usual Laplacian. The operator A commutes with automorphisms in the sense that
A(fop)=(Af)op
for all automorphisms ¢ of U (see [2, Chapter 4]).
In Section 2, we collect some results on Toeplitz operators which we need in the proof of

Main Theorem. In Section 3, we obtain a basic lemma. In Section 4, we give a characteri-
zation of essentially commuting Toeplitz operators (Main theorem).

§2. Basic Facts

For a € U, a # 0, the explict formula for the canonical automorphism ¢, is given by

a—la|2(b-a)a — /1 —[a’[b —|a|~*(b- a)a]

#a(b) = 1-b-a

for b € U. Here
wo(b) = =b,0,(0) =a and ¢,(a) =0.
It is well known that ¢, o ¢, is the identity on U. The real Jacobian Jrp, of ¢, is given by
1—|a]? ynt1
JR‘Pa(b) = { | | }

—_— 2.1
[1—1b-al? (2.1)
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for b € U. In addition, the identity

- —la®>)(1 - z-w
1—a(2) - po(w) = ((ll_z.|a))((11—a~w))

holds for every z,w € U (see [2, Chapter 2] for details).

For a € U, we put
/T— lal2
() = (Y10

1—2z-a)

for z € U. By (2.1) and (2.2), we have a useful change-of-variable formula

/hdm:/ ho @alke|*dm (2.3)
U U

for a € U and for all measurable h on U.

¢3. Basic Lemma

In this section, we collect some results which we need in the proof of Main theorem
(Section 4). Now we recall the well-known Block space and Hankel operators. The Block
space B is the space of all holomorphic functions f on U for which

I£1l = sup (1 — [w]*)|V f(w)| < oo,
welU

where Vf is the complex gradient of f. Note that B C BP(U) for all p < co. Moreover, it
turns out that, for 1 < p < oo, there is a positive constant A, such that

AMISI < sup 1 o @a = fla)ll, < Apll£] (3.1)

for all holomorphic functions f on U (see [3]). Here || ||, denotes the usual p-norm on L?(U).
For a function 8 € L?(U), the Hankel operator Hg : B2(U) — B2(U)* with symbol § is
defined by
Hpf =Bf —p(Bf)
for functions f € B%(U). Here B?(U)* is the orthogonal complement of B2(U).
There is a connection between Toeplitz operators and Hankel operators. We have the
following formula
TTs —T5Tp = H; Bg — HEH(;,
which can be verified (see [3, Proposition 6]). Here T} is the adjoint operator of 7. Note
that Hankel operators with holomorphic symbols are the zero operator. Let
f=f+g and 6 =h+k
be bounded pluriharmonic symbols for some holomorphic functions f,g,h,k on U. The
above formula yields
TTs — T5Ts = Hy Hg — H;%H,;. (3.2)
Recall that if 8 is a bounded pluriharmonic function and if {¢,,, } is a net such that ¢, — ¢
for some ¢ € ®, then o ¢,, — B o ¢ uniformly on every compact subset of U and thus

B o is also a bounded pluriharmonic function.
Lemma 3.1. Let 8,0 be two bounded pluriharmonic functions on U and assume

B=f+g, d=h+k
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for some holomorphic functions f,g,h, on U. And let {¢y,} be a net such that
Yu; =+ p €.
If
Bop=F+G, dop=V+W,
where F,G,V,W are holomorphic functions on U, then
A[fk] 0 pw, = A[FW] and Alhg]o w, — A[VG].
Proof. Put f; = f oy, — f(w;) and k; = k o ¢y, — k(w;). Since f;, k; are holomorphic,
we have
A(fiki)(z) = 4(1 = [2I*)[V fi - Vki — RfiRi] (3.3)
for z € U by [2, Proposition 4.1.3]. Here R denotes the radial differention. Note that
Bopw, — B(wi) = Bop—Bop(0)
uniformly on every compact subset of U. In particular, since 5 and d are bounded,
Bopu, = Blwi) = Boy—PBop(0)
in L?(U). Now, using the L?(U)-boundedness of the Bergman projection g, we have
©lB 0w, = B(wi)] = p[Bop — o p(0)]
in L2(U). Note p(p) = ¢(0) for every ¢ € B2(U). It follows that
p[B 0w, — Blwi)] = f;
and
plBop—Bop(0)]=F—F(0).
Hence, f; — F — F(0) in L?(U). Therefore, we have f; — F — F(0) uniformly on every
compact subset of U and therefore Vf;, - VF and Rf — RF uniformly on every compact

subset of U. Applying the same method to &, we know that the same is true for k;. Then,
by taking the limit in (3.3), we have

A(fiki) — A(FW). (3.4)
On the other hand, since A annihilates (anti)holomorphic functions and commutes with

automorphisms, we have

A(fiks) = A[(f 0 puw, — f(wi))(k 0 pu, — k(w;))]
= A[f 0 0w,k 0 puy)
= A[f]_f © ‘Pwi]~

By (3.4), A[fk] o ¢, — A(FW). Similarly,

A[hg] 0 pu, = A(VG).
We complete the proof.

¢4. Main Theorem

For a € U, we let K, be the Bergman kernel given by
Ko(2) = (1—z-a)~(+)
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for z € U. Then, By (1.1), we have the following reproducing property
F(a) = (F, K,) (4.1)

for every F' € B%(U). Here (, ) denotes the usual inner product in L?(U). In this paper, the
same letter A will denote various positive constant which may change from one occurrence
to the next. Our Main result is

Theorem 4.1. Let 3,9 be two bounded pluriharmonic functions on U and assume

B=f+g, d=h+k
for some functions f, g, h, k holomorphic on U. Suppose that

lim / (f 06 — F(@) (ko 00 — K(a)) = (h o pu — h(@)(3 0 9a — §(a))|dm = 0.
U

la]—1

Then T and Ty are essentially commuting on B?(U).
Proof. By (3.2), it is sufficient to show the compactness of
HHy, — Hi Hy.
We put
Q(z,a) = (f(2) = f(a))(k(2) — k(a)) — (h(2) = h(a))(9(2) — g(a))

for z,a € U. Then, by the Cauchy-Schwarz inequality and (3.1), we can see that for each
1 <p<oo,

SUP/ Q(pa(2), a)[Pdm < A([FPIIEI” + AP lglI”) < oo (4.2)
acU JU

for some constant A = A(p). The last inequality follows from the fact that f, g, h and k are
all in B. By assumption, we have

lim, /U 1Q(pa(2),a)ldm(z) = 0. (4.3)

la|—
By the reproducing property (4.1), it is easy to see that
p(FK,) = F(a)K,
for every F' € B?(U). Let v € B?(U) and pick a point a € U. It follows from (4.1) that
HyHpp(a) = (HpHp, Ka) = (Hpap, HpK,)

= (kv — p(kt, fKo — p(fKa))

= (kv, (f = f(a))Ka).-
By (4.1), we obtain

(W, (f = fla))Ka) = (&(f — f(a)), Ka) = 0.
It follows that
HiHpp(a) = (k= k(a)¥, (f = f(a))Ka)

_ [ (f(2) = F@)(k(2) — k(a))
B /U (1—a-z)nt! Y(z)dm(z).

Similarly, we have

i yota) = [ DI ZIOD o)),
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Hence, we can represent
H3Hyb(a) — Hi Hyh(a)
as an integral operator as follows

H} Hedla) ~ HiHybta) = [ Ww(zmm(z)-

v(l—a-z)nt!

For each r € (0,1), define E, : B>(U) — L?(U) by

Bbta) = (o) [ B u(egam(e),

where the notation x,y denotes the usual characteristic function for U C U. We show that
each E,. is compact. It is sufficient to see that its kernel function is in L?(U x U). That is,

// X{(ia zn+1’ dm(z)dm(a) < co. (4.4)

X’I‘U
// 1-a- z”*l‘d (2)dm(a)

zZ,a 2
/ @z, 0)P[ka(2)] dm(z)dm(a)
rU

(1— [a2)n

-/ 7@(%( 2). )|2dm(z)dm(a)
rU

(1 _ |a|2)n+1

S T2 __ / / 1Q(¢a(2), @) Pdm(2)dm(a).

Then (4.4) follows from (4.2). Hence E, is compact. Put

By (2.3), we have

T, = HiH; — HiH; — E,.
Then we have
Q(z,a)
Tr = Xr T o1
v = (@) [ T i) :)
where x, = xv—rv. By (2.2), (2.3) and simple calculations we obtain

Q(z,a)|? dm(z)
vll—a-zmy/T— ]z
:/ |Q(¢a(2), a)|?|ka(2)]” dm(z)
Ul —a-pa(2)|"Hy/1 - IsDa(Z)I2

Q(¢a(2),a)?
1—|a|2/U 1—a-z|" 1_|Z‘2dm(z)
o 1/t dm(z) 1/s
T et amo) (| i )

where we use Holder’s inequality with

s=@4n+3)/(4n+2) and t=4n+ 3.
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By the Cauchy-Schwarz inequality and (4.2)

| 1@t am:)
= ([ 10ta@0lin) " ( [ 0.0 dme)
—4( /IQ pul2). ) dm: >)”2.

By Proposition 1.4.10 of [2
/ dm(z) <4
v = a2 (1= )7 =

for some constant A independent of a € U. Then we have

|Q(Z,CL)|2 1/2¢t
/U 1 —a-znt1/1— |Z|2dm(2) < —F— T |a|2 / |Q(¢a(2),a)ldm(z ))

for some constant A independent of a € U. The Cauchy-Schwarz inequality yields

I Tp(a) 2
< (w(a) / de(z))2
z,a)|?
S(/(l_a.(|)|ﬁ(1 f'_zp /|1 - z|n+1|w< 2)2dm(2))
<4 1_| A (10t i ))1/2t(/l]m|w(z)|2dm(z)>

for some constant A independent of a € U. By Fubini’s theorem, we have

[mer<a s ([ 1Q@Ealme) "

acU—rU

/\/Tw |2/ 1—a. z|”+1zq)/1—|a|2dm(2)

for some constant A independent of r. By Proposition 1.4.10 of [2], we have

/ dm(z) A
vl a2 T [af © T [2P

for z € U and for some constant A independent of z € U. Therefore we have

[ motdm<a s ([ iQ@u.adn) " [ ok
U acU—rU
for some constand A independent of ». On the other hand we have
) 1/(8n+6)
ImiE<A s ([ @) alam:)

for some constant A mdependent of r. Letting » — 1, we have T, — 0 in the operator norm

by (4.3). Hence,
H}Hy — Hy Hy

can be approximated by compact operators. Therefore it is compact. This is what we want.

Remark. The proof in [3] shows that the converse of the similar result of Theorem 4.1

is also true in one dimensional case. Unfortunately, we were not able to prove or disprove
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the converse of Theorem 4.1 on the ball in general. However, Theorem 4.1 is enought to
product a simple characterization.

We say that a bounded linear operator L on a Hilbert space is essentially normal if L and
its adjoint operator L* are essentially commuting. We conclude this section with a simple
application on essentially normal Toeplitz operators.

Corollary 4.1. Let 8 be a bounded pluriharmonic symbol on U and assume

B=f+g
for some function f,g holomorphic on U. Suppose that
Tm [ (1f o g0 = (@I ~ 19> 20 ~ (o) 2)am =0,
Then Tp is essentially normal on B*(U).
Proof. The result is a consequence of Theorem 4.1.
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