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A CRITERION OF ESSENTIALLY COMMUTING
TOEPLITZ OPERATORS ON BERGMAN SPACE

Jong Soo AN*

Abstract

On the setting of the unit ball U the author considers Toeplitz operators on Bergman space.

The Bergman space Bp(U) (1 ≤ p < ∞) is the closed subspace of the usual Lebesgue space
Lp(U) consisting of holomorphic functions. For a function β ∈ L2(U), the Toeplitz operator
Tβ with symbol β is defined by Tβf = ℘(βf) for function f ∈ B2(U). Here ℘ is the Bergman

projection from L2(U) onto B2(U). Two bounded linear operators S, T on the Hilbert H are
said to be essentially commuting on H if the commutator ST − TS is compact on H. In this

paper, a criterion of essentially Toeplitz operators with the vanishing property is obtained.
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§1. Introduction

Let m denote the volume measure on the unit ball U normalized to have total mass 1 of

the n-dimensional complex space Cn. The Bergman space Bp(U) (1 ≤ p <∞) is the closed

subspace of the usual Lebesgue space

Lp(U) = Lp(U,m)

consisting of holomorphic functions. Let ℘ be the Hilbert space orthogonal projection. Then

℘ : L2(U) → B2(U)

is called the Bergman projection. It is well-known that the Bergman projection ℘ is given

by

℘(ψ)(z) =

∫
U

ψ(w)

(1− z · w̄)n+1
dm(w) (1.1)

for z ∈ U and ψ ∈ L2(U). Here the notation

z · w̄ = z1w̄1 + · · ·+ znw̄n

denotes the ordinary Hermitian inner product for points z, w ∈ Cn.

For a function β ∈ L2(U), the Toeplitz operator Tβ with symbol β is defined by

Tβf = ℘(βf)

Manuscript received April 10, 1998. Revised July 6, 1998.

∗Department of Mathematics, Pusan Mecanical Technical High School, Woo 1-Dong, San 114-1,

Haeundagu, Pusan, 612-021, South Korea.

E-mail: s5pmths@unitel.co.kr



318 CHIN. ANN. OF MATH. Vol.20 Ser.B

for function f ∈ B2(U). The operator Tβ : B2(U) → B2(U) is densely defined and not

bounded in general. However, Tβ is always bounded for symbols β which we are connerned

about in this paper.

We say that two bounded linear operators S, T on a Hilbert space H are essentially

commuting on H if the commutator ST − TS is compact on H.

In this paper, we obtain a criterion of essentially commuting Toeplitz operators with

the vanishing property. In one dimensional case, K. Stoethoff[3] has obtained a complete

description of two harmonic symbols for essentially Toeplitz operators. And Axler and

Cucković[1] have obtained a complete description of harmonic symbols of commuting Toeplitz

operators. Trying to generalize this characterization to the ball, one may naturally think of

pluriharmonic symbols. In this paper, we consider the same characterizing problem on the

ball with pluriharmonic symbols.

For a ∈ U, let φa denote the canonical automorphism (see Section 2) of U . We let

Φ = {φa : a ∈ U} − {φa : a ∈ U}.

Here the set Ā denotes the closure of the set A. We know[4, Proposition 9] that if a net {φai}
of automorphisms converges to some φ ∈ Φ, then for any bounded pluriharmonic function

β, the function β ◦ φai converges to β ◦ φ uniformly on every compact subset of U . Hence

β ◦ φ is also a bounded pluriharmonic function on U . For some more information, we refer

the reader to [4].

For f ∈ C2(U), the invariant Laplacian ∆̃f is defined by

(∆̃f)(a) = ∆(f ◦ φa)(0)

for a ∈ U. Here

∆ = 4
n∑

j=1

∂2/∂zj∂z̄j

is the usual Laplacian. The operator ∆̃ commutes with automorphisms in the sense that

∆̃(f ◦ φ) = (∆̃f) ◦ φ

for all automorphisms φ of U (see [2, Chapter 4]).

In Section 2, we collect some results on Toeplitz operators which we need in the proof of

Main Theorem. In Section 3, we obtain a basic lemma. In Section 4, we give a characteri-

zation of essentially commuting Toeplitz operators (Main theorem).

§2. Basic Facts

For a ∈ U, a ̸= 0, the explict formula for the canonical automorphism φa is given by

φa(b) =
a− |a|−2(b · ā)a−

√
1− |a|2[b− |a|−2(b · ā)a]

1− b · ā
for b ∈ U. Here

φ0(b) = −b, φa(0) = a and φa(a) = 0.

It is well known that φa ◦φa is the identity on U . The real Jacobian JRφa of φa is given by

JRφa(b) =
{ 1− |a|2

|1− b · ā|2
}n+1

(2.1)
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for b ∈ U. In addition, the identity

1− φa(z) · φa(w) =
(1− |a|2)(1− z · w̄)
(1− z · ā)(1− a · w̄)

(2.2)

holds for every z, w ∈ U (see [2, Chapter 2] for details).

For a ∈ U, we put

ka(z) =
{√

1− |a|2
1− z · ā)

}
for z ∈ U . By (2.1) and (2.2), we have a useful change-of-variable formula∫

U

hdm =

∫
U

h ◦ φa|ka|2dm (2.3)

for a ∈ U and for all measurable h on U .

§3. Basic Lemma

In this section, we collect some results which we need in the proof of Main theorem

(Section 4). Now we recall the well-known Block space and Hankel operators. The Block

space B is the space of all holomorphic functions f on U for which

∥f∥ = sup
w∈U

(1− |w|2)|∇f(w)| <∞,

where ∇f is the complex gradient of f . Note that B ⊂ Bp(U) for all p < ∞. Moreover, it

turns out that, for 1 ≤ p <∞, there is a positive constant Ap such that

A−1
p ∥f∥ ≤ sup

a∈U
∥f ◦ φa − f(a)∥p ≤ Ap∥f∥ (3.1)

for all holomorphic functions f on U (see [3]). Here ∥ ∥p denotes the usual p-norm on Lp(U).

For a function β ∈ L2(U), the Hankel operator Hβ : B2(U) → B2(U)⊥ with symbol β is

defined by

Hβf = βf − ℘(βf)

for functions f ∈ B2(U). Here B2(U)⊥ is the orthogonal complement of B2(U).

There is a connection between Toeplitz operators and Hankel operators. We have the

following formula

TβTδ − TδTβ = H∗
δ̄Bβ −H∗

β̄Hδ,

which can be verified (see [3, Proposition 6]). Here T ∗
β is the adjoint operator of Tβ . Note

that Hankel operators with holomorphic symbols are the zero operator. Let

β = f + ḡ and δ = h+ k̄

be bounded pluriharmonic symbols for some holomorphic functions f, g, h, k on U . The

above formula yields

TβTδ − TδTβ = H∗
h̄Hḡ −H∗

f̄Hk̄. (3.2)

Recall that if β is a bounded pluriharmonic function and if {φwi} is a net such that φwi → φ

for some φ ∈ Φ, then β ◦ φwi → β ◦ φ uniformly on every compact subset of U and thus

β ◦ φ is also a bounded pluriharmonic function.

Lemma 3.1. Let β, δ be two bounded pluriharmonic functions on U and assume

β = f + ḡ, δ = h+ k̄
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for some holomorphic functions f, g, h, on U . And let {φwi} be a net such that

φwi
→ φ ∈ Φ.

If

β ◦ φ = F +G, δ ◦ φ = V +W,

where F,G, V,W are holomorphic functions on U , then

∆̃[fk̄] ◦ φwi → ∆̃[FW ] and ∆̃[hḡ] ◦ φwi → ∆̃[V G].

Proof. Put fi = f ◦ φwi
− f(wi) and ki = k ◦ φwi

− k(wi). Since fi, ki are holomorphic,

we have

∆̃(fik̄i)(z) = 4(1− |z|2)[∇fi · ∇ki −RfiRki] (3.3)

for z ∈ U by [2, Proposition 4.1.3]. Here R denotes the radial differention. Note that

β ◦ φwi − β(wi) → β ◦ φ− β ◦ φ(0)

uniformly on every compact subset of U . In particular, since β and δ are bounded,

β ◦ φwi − β(wi) → β ◦ φ− β ◦ φ(0)

in L2(U). Now, using the L2(U)-boundedness of the Bergman projection ℘, we have

℘[β ◦ φwi − β(wi)] → ℘[β ◦ φ− β ◦ φ(0)]

in L2(U). Note ℘(φ̄) = φ̄(0) for every φ ∈ B2(U). It follows that

℘[β ◦ φwi − β(wi)] = fi

and

℘[β ◦ φ− β ◦ φ(0)] = F − F (0).

Hence, fi → F − F (0) in L2(U). Therefore, we have fi → F − F (0) uniformly on every

compact subset of U and therefore ∇fi → ∇F and Rf → RF uniformly on every compact

subset of U . Applying the same method to δ̄, we know that the same is true for ki. Then,

by taking the limit in (3.3), we have

∆̃(fik̄i) → ∆̃(FW ). (3.4)

On the other hand, since ∆̃ annihilates (anti)holomorphic functions and commutes with

automorphisms, we have

∆̃(fik̄i) = ∆̃[(f ◦ φwi − f(wi))(k ◦ φwi − k(wi))]

= ∆̃[f ◦ φwik ◦ φwi ]

= ∆̃[fk̄ ◦ φwi ].

By (3.4), ∆̃[fk̄] ◦ φwi → ∆̃(FW ). Similarly,

∆̃[hḡ] ◦ φwi → ∆̃(V G).

We complete the proof.

§4. Main Theorem

For a ∈ U, we let Ka be the Bergman kernel given by

Ka(z) = (1− z · ā)−(n+1)
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for z ∈ U . Then, By (1.1), we have the following reproducing property

F (a) = ⟨F,Ka⟩ (4.1)

for every F ∈ B2(U). Here ⟨ , ⟩ denotes the usual inner product in L2(U). In this paper, the

same letter A will denote various positive constant which may change from one occurrence

to the next. Our Main result is

Theorem 4.1. Let β, δ be two bounded pluriharmonic functions on U and assume

β = f + ḡ, δ = h+ k̄

for some functions f, g, h, k holomorphic on U . Suppose that

lim
|a|→1

∫
U

|(f ◦ φa − f(a)(k̄ ◦ φa − k̄(a))− (h ◦ φa − h(a))(ḡ ◦ φa − ḡ(a))|dm = 0.

Then Tβ and Tδ are essentially commuting on B2(U).

Proof. By (3.2), it is sufficient to show the compactness of

H∗
f̄Hk̄ −H∗

h̄Hḡ.

We put

Q(z, a) = (f(z)− f(a))(k̄(z)− k̄(a))− (h(z)− h(a))(g(z)− g(a))

for z, a ∈ U . Then, by the Cauchy-Schwarz inequality and (3.1), we can see that for each

1 ≤ p <∞,

sup
a∈U

∫
U

|Q(φa(z), a)|pdm ≤ A(∥f ||p∥k∥p + ∥h∥p∥g∥p) <∞ (4.2)

for some constant A = A(p). The last inequality follows from the fact that f, g, h and k are

all in B. By assumption, we have

lim
|a|→1

∫
U

|Q(φa(z), a)|dm(z) = 0. (4.3)

By the reproducing property (4.1), it is easy to see that

℘(FKa) = F (a)Ka

for every F ∈ B2(U). Let ψ ∈ B2(U) and pick a point a ∈ U. It follows from (4.1) that

H∗
f̄Hk̄ψ(a) = ⟨H∗

f̄Hk̄ψ,Ka⟩ = ⟨Hk̄ψ,Hf̄Ka⟩
= ⟨k̄ψ − ℘(k̄ψ, f̄Ka − ℘(f̄Ka)⟩
= ⟨k̄ψ, (f̄ − f̄(a))Ka⟩.

By (4.1), we obtain

⟨ψ, (f̄ − f̄(a))Ka⟩ = ⟨ψ(f − f(a)),Ka⟩ = 0.

It follows that

H∗
f̄Hk̄ψ(a) = ⟨k̄ − k̄(a)))ψ, (f̄ − f̄(a))Ka⟩

=

∫
U

(f(z)− f(a))(k̄(z)− k̄(a))

(1− a · z̄)n+1
ψ(z)dm(z).

Similarly, we have

H∗
h̄Hḡψ(a) =

∫
U

(h(z)− h(a))(ḡ(z)− ḡ(a))

(1− a · z̄)n+1
ψ(z)dm(z).
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Hence, we can represent

H∗
f̄Hk̄ψ(a)−H∗

h̄Hḡψ(a)

as an integral operator as follows

H∗
f̄Hk̄ψ(a)−H∗

h̄Hḡψ(a) =

∫
U

Q(z, a)

(1− a · z̄)n+1
ψ(z)dm(z).

For each r ∈ (0, 1), define Er : B2(U) → L2(U) by

Erψ(a) = χrU (a)

∫
U

Q(z, a)

(1− a · z̄)n+1
ψ(z)dm(z),

where the notation χrU denotes the usual characteristic function for rU ⊂ U. We show that

each Er is compact. It is sufficient to see that its kernel function is in L2(U × U). That is,∫
U

∫
U

∣∣∣χrU (a)Q(z, a)

(1− a · z̄)n+1

∣∣∣2dm(z)dm(a) <∞. (4.4)

By (2.3), we have ∫
U

∫
U

∣∣∣χrU (a)Q(z, a)

(1− a · z̄)n+1

∣∣∣2dm(z)dm(a)

=

∫
rU

∫
U

|Q(z, a)|2|ka(z)|2

(1− |a|2)n+1
dm(z)dm(a)

=

∫
rU

∫
U

|Q(φa(z), a)|2

(1− |a|2)n+1
dm(z)dm(a)

≤ 1

(1− r2)n+1

∫
rU

∫
U

|Q(φa(z), a)|2dm(z)dm(a).

Then (4.4) follows from (4.2). Hence Er is compact. Put

Tr = H∗
f̄Hk̄ −H∗

h̄Hḡ − Er.

Then we have

Trψ(a) = χr(a)

∫
U

Q(z, a)

(1− a · z̄)n+1
ψ(z)dm(z),

where χr = χU−rU . By (2.2), (2.3) and simple calculations we obtain∫
U

|Q(z, a)|2

|1− a · z̄|n+1
√
1− |z|2

dm(z)

=

∫
U

|Q(φa(z), a)|2|ka(z)|2

|1− a · φa(z)|n+1
√

1− |φa(z)|2
dm(z)

=
1√

1− |a|2

∫
U

|Q(φa(z), a)|2

|1− a · z̄|n
√

1− |z|2
dm(z)

≤ 1√
1− |a|2

(∫
U

|Q(φa(z), a)|2tdm(z)
)1/t(∫

U

dm(z)

|1− a · z̄|sn(1− |z|2)s/2
)1/s

,

where we use Hölder’s inequality with

s = (4n+ 3)/(4n+ 2) and t = 4n+ 3.
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By the Cauchy-Schwarz inequality and (4.2)∫
U

|Q(φa(z), a)|2tdm(z)

=
(∫

U

|Q(φa(z), a)|dm(z)
)1/2(∫

U

|Q(φa(z), a)|4t−1dm(z)
)1/2

= A
(∫

U

|Q(φa(z), a)|dm(z)
)1/2

.

By Proposition 1.4.10 of [2], ∫
U

dm(z)

|1− a · z̄|sn(1− |z|2)s/2
≤ A

for some constant A independent of a ∈ U . Then we have∫
U

|Q(z, a)|2

|1− a · z̄|n+1
√
1− |z|2

dm(z) ≤ A√
1− |a|2

(∫
U

|Q(φa(z), a)|dm(z)
)1/2t

for some constant A independent of a ∈ U . The Cauchy-Schwarz inequality yields

|Trψ(a)|2

≤
(
χr(a)

∫
U

|Q(z, a)ψ(z)|
(1− a · z̄)n+1

dm(z)
)2

≤
(∫

U

χr(a)|Q(z, a)|2

(1− a · |z̄|n+1
√

1− |z|2
dm(z)

)(∫
U

√
1− |z|2

|1− a · z̄|n+1
|ψ(z)|2dm(z)

)
≤ A

χr(a)√
1− |a|2

(∫
U

|Q(φa(z), a)|dm(z)
)1/2t(∫

U

√
1− |z|2

|1− a · z̄|n+1
|ψ(z)|2dm(z)

)
for some constant A independent of a ∈ U . By Fubini’s theorem, we have∫

U

|Trψ|2 ≤ A sup
a∈U−rU

(∫
U

|Q(φa(z), a)|dm(z)
)1/2t

×
∫
U

√
1− |z|2ψ(z)|2

∫
U

dm(z)

|1− a · z̄|n+1
√
1− |a|2

dm(z)

for some constant A independent of r. By Proposition 1.4.10 of [2], we have∫
U

dm(z)

|1− a · z̄|n+1
√
1− |a|2

≤ A√
1− |z|2

for z ∈ U and for some constant A independent of z ∈ U. Therefore, we have∫
U

|Trψ|2dm ≤ A sup
a∈U−rU

(∫
U

|Q(φa(z), a)|dm(z)
)1/2t

∫
U

|ψ|2dm

for some constand A independent of r. On the other hand we have

∥Tr||2 ≤ A sup
a∈U−rU

(∫
U

|Q(φa(z), a)|dm(z)
)1/(8n+6)

for some constant A independent of r. Letting r → 1, we have Tr → 0 in the operator norm

by (4.3). Hence,

H∗
f̄Hk̄ −H∗

h̄Hḡ

can be approximated by compact operators. Therefore it is compact. This is what we want.

Remark. The proof in [3] shows that the converse of the similar result of Theorem 4.1

is also true in one dimensional case. Unfortunately, we were not able to prove or disprove
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the converse of Theorem 4.1 on the ball in general. However, Theorem 4.1 is enought to

product a simple characterization.

We say that a bounded linear operator L on a Hilbert space is essentially normal if L and

its adjoint operator L∗ are essentially commuting. We conclude this section with a simple

application on essentially normal Toeplitz operators.

Corollary 4.1. Let β be a bounded pluriharmonic symbol on U and assume

β = f + ḡ

for some function f, g holomorphic on U . Suppose that

lim
|a|→1

∫
U

(|f ◦ φa − f(a)|2 − |g ◦ φa − g(a)|2)dm = 0.

Then Tβ is essentially normal on B2(U).

Proof. The result is a consequence of Theorem 4.1.
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