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ON SYMMETRIC SCALAR CURVATURE ON s
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Abstract

Some new results are obtained for the problem of prescribing scalar curvature R on S? when
R possesses some kinds of symmetries.

Keywords Scalar curvature, Symmetry, Critical point, Minimax method
1991 MR Subject Classification 53C21, 58G03
Chinese Library Classification 0186.12

¢1. Introduction

Given a continuous function R on the standard sphere S?, it is an interesting problem
whether R can be the scalar curvature of some metric g which is pointwise conformal to the
standard metric gy on S2. If we set § = e“gp, where u is a function on S2, the problem is
equivalent to the solvability of the following PDE:

—ANgpu+2—Re*=0, on S% (1.1)

Kazdan and Warner[® pointed out that it may be insolvable. In the last few years, a lot
of work has been done to solve problem (1.1), especially when R possesses some kinds of
symmetries. After the pioneer work due to Moser'”! for the case of the radial symmetry,

[l considered the case of axisymmetry and Chang Yang[® considered the case when R

Hong
is reflection symmetric w.r.t. a plane. For the case of general symmetries, some existence
theorems for (1.1) were given by Chen Ding!®.

Let G be a subgroup of the orthogonal transformation group in R3. Let By = {x €
R3;|x|? < 1}; S? = {z € R%;|z|?> = 1} and fg := {z € S?; gz = 2,Vg € G}, the set of fixed

points on S? under the action of G. Throughout this paper, suppose R is G-symmetric, i.e.
R(gr) = R(z), VreS? geca. (1.2)

It is well-known that the solutions of (1.1) can be produced by the critical points of the
functional
J(u) = 3 o2 |V u|?*dA — 8rlog [, Re"dA for u € H,,
+00 if u e Ho\H.,
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where

Hoz{ueHl(SQ); / uclA:O}7 H*:{UEHO; Re“dA>0},

52 52
with the norm |[u| = ([q. | v u|>dA) /2, Unfortunately the Palais-Smale condition fails and
there does not exist minimum except R = const. for the functional J. The method of all of

them is to seek a minimum of J in a smaller space X, where
X ={u € Hy; u(gz) =u(z), Vg€ G,z € §?}; X.=H.NX.
Let us briefly recall their idea. Denote V(ug) = {u € X.;P(u) = P(up)}, where P :

H'(S?) — Bj is defined by
Pu) = / e @ dy // @) dy,
52 52

the mass center of u. It is known that
infJ= inf min J(u) < —-8rlogdr(maxR). 1.3
X uo€X« ueV (ug) ( ) B & ( fe ) ( )
Chen Ding found that if the inequality is strict, then infx, J is attained and (1.1) is solvable
thus. This implies their geometric result:
Theorem A. Assume that R € C?(S?) and Ir}axR > 0. If there exists a point o € {x €
G

fa; R(x) = rr}ax R} such that AR(zo) > 0, then (1.1) is solvable.
G

In this paper, some new results are given. We find that there seems a kind of duality in
this problem. This leads us to some new results. Indeed it is not difficult to prove that
sup min J(u) > —8mlog4r(minR). (1.4)
up€X . WEV (uo) fae
We find that, if this inequality is strict, then we can establish a minimax principle to solve
(1.1) (compare (1.4) with (1.3)), and arrive at
Theorem 1.1. Suppose Ry := H}inR > 0. If there exists ug € X, such that min J >
G

V(uo)
—8nlog 4w Ry, then J has a critical point in X, and (1.1) is solvable.
Theorem 1.1 enables us to prove the following geometric result.
Theorem 1.2. Assume R € C%(S?) and H}inR > 0. If there exists a point xg € {x €
G

fa; R(x) = r?in R} such that AR(zo) < 0, then (1.1) is solvable.
G

In comparing it with Chen Ding’s Theorem A, a clear duality appears.

Since the subgroup G is allowed to be an arbitrary subgroup, the set fg may be S? itself
(if G is the unit group), or an equator, or a pair of poles, or even empty. When G is the unit
group, (1.2) is no longer a restriction at all and on R actually there is not any symmetry
assumption. When G is the group generated by the reflection w.r.t. XY -plane for example,
fc is the equator S? N {z = 0} and R is required to be reflectional symmetric w.r.t. XY-
plane. If G is the group consisting of all the rotations around Z-axes, or a discrete subgroup
of it, fo only contains south and north poles in both cases, and R is axisymmetric in the
former case but is of course not necessarily axisymmetric in the latter case.

In above theorems, fo # 0 is assumed. Actually the case fg = 0 (for example, G =
{id.,—id.}, R is radial symmetric) has been solved (see [5,10]).

In the case that R is axisymmetric, Xu Yang[*!l also found the solution of minimax type.
But the idea is quite different. Their method is valid only for the case of axisymmetry and
the nondegeneracy condition on R is required.
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For the general case that R is not necessarily symmetric, there has been some development
(see [2,3,4,6,9] and references therein).

§2. Preliminaries
First of all, notice that we only need to find the critical points of the restriction J|x,
since (1.2) implies
(dJ(ug), v) =0, Vug€ X, VYve X (2.1)

where X is the orthogonal complement of X in Hy.
For obtaining our results, we shall use the following facts, quoted from [2] and [6].

Denote
Q(u) = Pu)/|P(u)], d(u) =|Q(u) — P(u)| if P(u)#0. (2.2)
For ¢ € 82,8 > 0, denote
Ces = {ue H'(S?): Qu) = C,d(u) =6}, (2.3)
Set
I(u) = %/ | v ul?dA + 2/ udA, ue€ H'(S?). (2.4)
SZ SQ

Lemma 2.1.[6: Lemma L1 There egists constant Cy such that for u € H'(S?),

/ (R(z) — RQu)}e" @ dz| < Co3/dlw) / ¢UdA.
S2 g2

Lemma 2.2. (See Proposition 2.1 and Proposition 4.3 of [6]) Assume {u;} C Hy, J(u;) <
B < 4o00,dJ(u;) = 0 as i — oo. If |[P(w;)] < 1—~ <1 (Vi) for a constant y, then {u;}
possesses a strongly convergent subsequence in H,. If P(u;) — ¢ € S% i — oo with R(¢) > 0,

then there is a subsequence {u;, } such that as k — oo,
J(u;,,) = —8mlog4mR(().
Lemma 2.3.[2 Corollary 51 Gypnose u € Ce 5 with I(u) = O(6°) for some B> 0 and §
sufficiently small, f52 e“dA = 4m. Then for every function h € C%(S?),
1 , 1
o he“dAzh(()+§Ah(§)(5+0(5/(—log6)).

™ Js2
63. A Minimax Approach

In this section, we establish a minimax principle to obtain Theorem 1.1.

Proof of Theorem 1.1. First of all, X, C X is open and nonempty since maxg> R >
Ry > 0.

Introduce the special functions

1— A2
#ry(@) = log (1= Acosd(z,y))?’

for y € S% and X € [0,1), where d(z,y) is the distance on (S?, gg) between x,y. A straight
computation shows (see [8]) that

1
/S2 P vdA = 4m; §Hw,yll2 +2 /S PxydA =0, (3.1)

e S?

Re?*vdA — 4wR(y) uniformly in y € S? as A —1, (3.2)
SQ
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1 1/1 11—
Plpry) =p(Ny, p(A) = 7435 ()\2 — 1) log =1 as A=l (33)
Denote

1
= —_— A. .4
¢)\,y Py A /5'2 (P/\,yd (3 )
We chaim that, for A close to 1,

Uny €X.  Wyefa (3.5)
Indeed, Vy € fa, R(y) > Ro > 0, then we have by (3.2) that [g, Re¥*vdA > 0 for X close to
1, showing 95 y € H,. And for any g € G, y € fg, since g is an isometric transformation and
gy =y, we have d(gz,y) = d(gz, gy) = d(z,y), s0 ©x,(92) = ory(x), Yz € 52, showing
¥,y € X. Thus (3.5) is obtained.

Denote Fg := {z € R%; gr = x,VYg € G}, the set of fixed points in R® under the action
of G. Tt is not difficult to see that Fg is a linear subspace of R3, say, m dimensional. Set
B,, = Bs N Fg, the unit ball of m dimension on Fg, then fg = S? N Fg = 0B,,, which
implies by (3.5) that for y € 0B, ¥,y € X« for A close to 1. Thus we can define

Sx={h € C%Bn,X.); h(y)=1ry VYy€ OBy}, px:= inf max J(h(z))
h€XN z€B,,
for A close to 1. We will show that, for A close to 1,
1) £, is nonempty (so py < +00);

(1)

(2) the maximum max J(h(x)) can not be attained on the boundary 0B,, for any h € ¥y;
r€EB,

(3)

3) there exists constant § > 0, independent of A, such that uy > —8wlogdn Ry + 9;
(4) the restriction J
These four points together yield that uy is a critical value of J|x, when X is close to 1,

x, satisfies (PS), condition for a € (=87 log4m Ry, 00).

by a generalized mountain pass lemma (see [1]). And py is also critical for J by (2.1), which
implies the conclusion. Thus we only need to verify the points (1)—(4).
For (1), taking a fixed point yo € OBy, setting I(2) = 2/|z|,Vz € B,,\{0}, we construct

a continuous map hy : B, — X, as follows: hy(0) = P,y and
ha(z) = log(|z]e? 1) 4 (1 — |z])e¥*w0) + ¢y, Vz € B,,\{0},
where cy is the constant, so that [g, hx(z)dA = 0. The continuity is clear. To show hy(z) €

X, we first have hy(z) € X by (3.5) and 9B,,, = f¢. Secondly (3.1) implies — [ ¢ ,dA >0
and (3.2) implies [ Re?*vdA > 2w R(y) > 2rRo > 0 for A close to 1. Then for X close to 1,

Re¥ vdA > 2nRy, Yy € 0B,,,
5'2
which implies, in turn,
e R dA =|z| [ Re¥ 1= dA+ (1 - |z|)/ Re¥ o dA > 0,
52 52 52
ie. ha(z) € H,. Thus hya(z) € X,.. At last for z € IBy,|z| = 1,1(z2) = z, we see
hx(z) = ¥x,,. Thus hy € )y for A close to 1, and (1) is obtained.

Since for any g € G and u € X,, ¢ is a linear isometric transformation, and u(gz) =
u(z) (z € S?), it is easy to verify that gP(u) = P(u), i.e. the mass center P(u) of u is a fixed
point under the action of G, so P(X,) C FgNBs = B,, and Poh is a map from B,, into itself
(Vh € ). For y € 0B,, and h € X, from (3.3) it follows that P(h(y)) = P(¢xy) = p(N)y,
where p(A) = 1 (as A — 1). Now

Poh: By — B, Pobhlos, =p(\id., Yhe Sy, (3.6)
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where id. denotes the identity. Since p(A\) — 1 as A — 1, we can take A sufficiently close to
1 so that P(ug) € p(A)Bp,. By (3.6), for h € X3,

deg(P o h, By, P(ug)) = deg(p(A)id., By, P(uo)) =1,
which implies that (P o h)~1(P(ug)) is not empty, i.e.
Poh(Bm) N {P(u)} # ¢,

in other words,

h(Bm) OV (uo) # ¢
Thus
max J o h > min J, Vh € 3. (3.7)
Bom V(uo)

However, for h € ¥y and y € 0B,

Joh(y) =J(@ry) = —87 log/ Re#*vdA — —8nlogdnR(y)
SQ

uniformly in y as A — 1 (by (3.1) (3.2)), so

ngaxJo h < —8rlogdnRg+ex with ey —0 as A — 1. (3.8)

Combining (3.7), (3.8) and the condition that miny (,,)J > —8mlog4mwRy, we obtain (2)
and (3) for A close to 1.

For verifying (4), let {u;} C X. satisfy J(u;) — a and dJ|x, (u;) — 0 as i — oo where
a € (—8mlog4nRy,+00). We have dJ(u;) — 0 by (2.1). On account of Lemma 2.2, it
suffices to show that |P(u;)| < 1 —+ for a constant v > 0. Suppose by contradiction that,
for a subsequence, still denoted by {u;}, P(u;) tends to some ¢ € S? as i — oo. Since
P(X,) C By, we have ¢ € 0B,,, implying from fg = 0B,, that ¢ € fg, so R(¢) > Ro > 0.
By Lemma 2.2, there is a subsequence {u;, } such that

lim J(u;,) = —8mlogdnR(() < —8wlog4mRy,

i —> 00
which contradicts lim;_, J(u;) = a > —8wlog4mRy. Now (4) is obtained.
The proof is finished.

84. An Application

In this section we apply Theorem 1.1 to obtain Theorem 1.2.
Proof of Theorem 1.2. By assumptions, let 2y € fg such that R(zg) = Ir;inR > 0 and
G

AR(zg) < 0. According to Theorem 1.1, it sufficies to verify that there exists aug € X, such
that miny () J > —8mlog4mR(x¢), where V(up) = {u € X,; P(u) = P(uo)}. In fact, we
are going to show that ug = ¥ 5, (see (3.4), (3.5) for definition) has such property, where
A is close to 1 and to be determined, by using Lemma 2.1 and Lemma 2.3.

Let uy € V(y,4,) attain the minimum of J in V' (¢y 4,). It suffices to prove

J(uy) > —8mlog 4w R(zo) (4.1)
for some A being close to 1. Obviously J(ux) < J(¥x.a0) P(ur) = P(¥xz) = P(@arzo)

p(N)zg (by (3.3)) with p(A) < 1,p(A) = 1 as A — 1, so Q(ux) = xg and d(uy) = 1 — p(N),
denoted by ), which positively tends to zero as A — 1. Set vy = u) + ¢\ where ¢\ =
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—log (£ [g2 €**dA) so that [, e"*dA = 4m. Clearly Q(vx) = Q(ux) = zo, d(vx) = d(uy) =
Ex, l.e. vy € Cyy e, A direct computation yields

I(vy) = J(uy) + 87r10g/ Re" dA,
SQ

J(I)Z})\,xo) = —87 log/ Re¥> o dA’
SQ

while Lemma 2.1 implies

Re"dA = [R(xo) + O(e})] / e dA = 4nR(x0) + O(1/%),
S2 S2
[ Rer o = o) + O] [ e 0 = twh(an) + O
S2 S2

(by recalling (3.1)). Thus

I(vy) < J(WYr ) + 87 log/ Re" dA
52

= 87 log {/ Re”*dA/ Re#>e0 dA} = 0(Y/?).
S2 S2

Let X be so close to 1 that ) is sufficiently small to meet the condition of Lemma 2.3. Using
Lemma 2.3 with u = vy, we obtain
1

1
E y Re"™ dA = R(xo) + 5 A R(l’o)&f)\ +0 (

_&x
—loge,

> < R(zp) (4.2)
in accordance with AR(z) < 0. On the other hand, the inequality!”

1
/ e"dA < 4dmexp <||u||2> ,  Yu € Hy,
S2 167
implies I(vy) = %|juxl|> 4+ 8¢y > 0. From this and (4.2) we obtain

J(uy) =1(vy) — 8w log/ Re" dA > —8mlogdmR(xp),
SQ

and arrive at (4.1).
The proof is finished.
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