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UNIQUE CONTINUATION ON A
HYPERPLANE FOR WAVE EQUATIQN**%%*
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Abstract

One kind of unique continuation property for a wave equation is discussed. The authors show
that, if one classical solution of the wave equation vanishes in an open set on a hyperplane, then
it must vanish in a larger set on this hyperplane. The result can be viewed as a localized version
of Robbiano’s result!®l. The approach involves the localized Fourier-Gauss transformation and
unique continuation on a line in the Laplace equation.
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¢1. Introduction

The unique continuation is that, if a solution of a partial differential equation vanishes
in an open set, then it must vanish on the connected component which contains this open
set. It is well understood for elliptic operators of the second order. In 1939, Carleman!?
showed a unique continuation theorem for systems of partial differential equations in the
two dimensional case whose coefficients are not analytic. The powerful technique which he
proposed is called a Carleman estimate and has played a central role in the development of
unique continuation arguments since then. As a general reference book, see Hérmander!™.
Robbianol® discussed the unique continuation for second-order hyperbolic partial differential
equations by changing the hyperbolic equations to the elliptic ones. The basic idea is an
application of the Carleman estimates for an elliptic equation through a localized Fourier-
Gauss transformation. See also Robbianol'%. His result was improved by Hérmander!®! and
Tatarul'll.
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Recently, using the harmonic measure and the complex extension, Cheng, Hon and
Yamamotol® | Cheng and Yamamoto!*! have proved the conditional stability along a line
for a harmonic function in an n-dimensional domain. That is, from values of a harmonic
function on a smaller part of a straight line which is inside that domain, one can estimate
the values of the harmonic function on a larger part of the line. Their result fills some gap
between the analytic continuation for a holomorphic function and the unique continuation
for a harmonic function.

The purpose of this paper is to apply the unique continuation on a line for the harmonic
function to the hyperbolic equation. Combining with the localized Fourier-Gauss trans-
formation and the conditional stability estimate obtained in [3] and [4], we show that the
unique continuation on a hyperplane for the wave equation is also true. This means that,
if one classical solution of the wave equation vanishes in an open set on a hyperplane, then
it must vanish in a larger set on this hyperplane. In our unique continuation, we note that
we do not know Cauchy data and our continuation is different from usual ones. We can
also construct an example to show that, outside the hyperplane, we can not obtain any
information about the solution. Our result can be viewed as a localized Robbiano’s result!”!
to a hyperplane. In addition, we can extend our result to weaker solutions of the hyperbolic
equation (see Remark 2.1).

§2. Notations and Results

Let n > 2 and let 2 be a simply connected bounded domain in R™. We consider the
D’Alembert operator

P=07 - 02, (tx) € Ry xR (2.1)
j=1

Henceforth we set
B(z,r):={y e R" | ly — z| < r}, xeR".
Denote x = (x1,2') where 2/ € R"~! and let
Q' =0n{z' =0}, B'(x,r)=B(z,r)Nn{z' =0}
We assume that 0 < 7 < R and B’(0,R) C Q.

Theorem 2.1. Suppose that u € C?((—T,T) x B(0, R)) satisfies the equation Pu =0 in
(=T,T) x B(0,R). Let so € (0,T) be given. Assume
u(t,z) =0, (t,x) € (=T,T) x B'(0,r). (2.2)
Then there exists a constant K = K(r, R, sg) > 0, independent of u, such that
u(t,z) =0 for (t,z) € (=T + so,T — so) X B'(0, R);
[t + K (R — |21)) "2 (|z1] — ) < T — sp. (2.3)
The constant K may tend to co as sg — 0.
By this theorem, we can easily obtain

Corollary 2.1. Suppose that u € C*((=T,T) x ) satisfies the equation Pu = 0 in
(=T,T) x Q. Let k € (0,1) and sg € (0,T) be given such that (1 — k)T — so > 0. Assume

u(t,z) =0, (t,x) € (=T,T) x B'(0,r). (2.4)
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If we take T > 0 so large that

KeV2(R—r —e)'/2 1+ 54
11—k

<T,
then
u(t,z1,0) =0 for|t| < kT, |z1] < R —e. (2.5)

In character, our unique continuation is different from usual ones for the hyperbolic
equation. In fact, our result is restricted to a hyperplane and independent of characteristic
cones of the wave operator.

Remark 2.1. In fact, noticing that by the regularity of the harmonic functions, we
can use the weak estimate in the proof of the main result. Therefore, in Theorem 2.1 and
Corollary 2.1, we can relax the assumption u € C?((=T,T) x Q) to u € C((=T,T), H*(Q)).
We omit the proof here.

§3. Proof of the Main Result

3.1. Some Lemmas.

Let us define a transformation by

Va2 (S, T) \/ / 2 (ista—1)® u(t, x)dt, (3.1)

where A > 0, a € R and ¢ = /—1. We call it a localized Fourier-Gauss transformation
(LFGT for short).

Firstly we show some properties of LFGT which will be used for our proof of the main
result (see [9]).
Lemma 3.1. Let u € C*((—T,T) x B(0,R)) and s € (=T, T) be fized. Then

vax(0,2) = u(a,z) as A — +oo, la| < T, (3.2)
[vax(s, )]s |(0z;va0)(s, @), [(Osva,x)(s, 7))
< OANY2e2% for1<j<n, (s,z) € (=50, 80) X B(0, R), (3.3)

where C > 0 depends on Hu||cl([—T7T]Xm)'

Proof. From the definition of LFGT, we have

Ve, (0, ) \/ / 3(a=t)y, ,x)dt
\/ / u(t + a,x)dt
I(T @) 2 t
\/ e 2ul —+a,z|dt.

& 2
/ e Tdt = V2,

— 00

By the integration equality
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we have

\/>(T a) .2 t 1 0o .2
Va2 (0, 2) — u(a, z) 271_/ *7u<ﬁ+a,x)dt7 %[me*TU(a,x)dt
f(T a) t2 t
=1/ e 2 \ul—=+a,x) —ula,x)|dt
Var (L pry© T [(G5 +00) - uteol]ar)
\/ / _2uax)dt
VA(T—a)

f(foa) .2
- —/ e~ zu(a,z)dt.
2 J_ o
Therefore we have

1
|Ua,>\(0a17) —u(a,z)| < ﬁ”atu||c([7T’T]><m)

1 1
v e L L CE L RS

Therefore (3.2) is seen.
The estimates (3.3) for |vg x(s,2)| and |(9z;va,1)(s, z)| are straightforward. For |(9sva,x)
(s, )], it is sufficient to note

T T
35/ e—%(is+a—t)2u(t7m)dt _ / 85(6_%(i8+a_t)2)u(t,l‘)dt
=T =T

T
= / —i@t(e_%(is"’a_t)z Yu(t, x)dt

-r
= qu(-T, x)e_%(is+a+T)2 —du(T, ac)e_%(i“'a_T)2

T
+i/Te*%(”+“ 2 (3tu)(t x)dt (3.5)

by integration by parts. Thus the proof of the lemma is complete.
In connection with the operator 3 t2 — A, we define an elliptic operator by

Agq =02+ Zagj, (s,z) € R} x R",
j=1

and we set

Xa,\ ‘= As,x’Ua,/\~
Then we have

Lemma 3.2. Suppose that u € C*([-T,T] x B(0,R)). Then for any X\ > 0, there exists
a positive number C' such that

Xar(s,7)| < CAZe=3[(T=1aD* =D (5 2) € (s, 50) x B(0, R),

where C' > 0 depends on so, T, a and ||u||c2([_T 7]
Proof. We have

) A
Osvax(5,7) = iy] 5~ / 3 (ista=0% 5,0t z)dt —iy[ o—e” 34010 (T, 1)
m
—I—Z'\/ e~ 2 (istatT)? u(=T,x)
27

X B(0,R))"
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by (3.5). Therefore we can similarly obtain

D2 0 (8,7) \/ / e~ 2 (ista—1) O2u(t, x)dt + \/ A _5(is+a_T)28tu(T, x)
— 4/ e*%(”*‘”T) Ou(—T,x)
7r

21
A —2(is+a=T)2%y(,;
/g€ ® Ais+a—T)u(T,x)
m
A — 2 (is+a+T)%y
+ 2— 2 Ais+a+T)u(-T, z).
m
Therefore since Pu = 0, we h
A » A ,
Xa, X = s zVa,\ % (zs+a—T)2atu(T7 LU) - 76_%(Zs+a+T)2atU(_T7 ,T)
A s ist+a—T)%y (;
—\ e Ais+a—T)u(T,x)
i
A

N 6_%(is+a+T)2)\(i5 +a+T)u(-T, ).

Do
3

Thus the proof is complete.

3.2. Conditional Stability in Unique Continuation on a Line for the Laplace
Equation

Our proof is heavily dependent on the conditional stability (see [3, 4]) in line unique
continuation for the Laplace equation. Such stability is stated as follows:

Theorem 3.1.54 Let p € C?((—s0,50) x B(0,R)) satisfy Asp = 0 in (—s0,80) X
B(0,R) and

||(‘D||C([ 50,50]XB(0,R)) < M.

Then, for p € (r, R), there exist positive constants C1 = C1(r, R, sg) and o = a(p,r, R, s0) €
(0,1) such that

H<p(07 ) O)||L°°(—p,p) < ClMliaHgo(Oa ) O)H%“’(—r,'r')'
Moreover

lim a(p,r, R, sg) =0, lima(p,r, R, so) =1, (3.6)
PTR pT

and for p € (r, R),
Oé(p,?“, R7 30) Z CQ(R_p)7 1 —Oz(p,?“, R7 80) S 03(/)—7“)1/2, (37)

where Cy = Ca(r, R, s9) > 0 and C3 = C3(r, R, s9) > 0 are constants.

In [3] and [4], the coefficient C; M~ at the right side is not specified, but we can derive
such dependency on M easily from the proof in [3, 4]. Moreover from the proof in [3, 4] (in
particular, see Lemma 4.2 in [4]), we can verify (3.6) and the first inequality in (3.7). For
the second inequality in (3.7), we refer to Lemma 2.3 in [1] or [5].

Proof of Theorem 2.1. First we have

n
As,wva,k = 3§Ua,A + Z 837-7]&,)\ = Xa,\» (S,Ji) S (_307 80) X B(O7R)7 (38)
j=1
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and we can directly verify that
Vg A(8,2) =0
for (s,x) € (—so, s0) x B'(0,r).
From (3.8) we can represent vg » as
Va,x = Pa,x + NXa,x- (3.9)
Here ¢ satisfies
Agz@ar =0, (s,x) € (—s0,50) x B(0, R),

and Nxg,, is the Newtonian potential of x, x in the domain (—sg, so) X B(0, R):

M@= [ TE it €= (5.0 R

where T" is the fundamental solution of the Laplaces equation given by

r _ 1
€= = D = e

1
PE—m) =g loglg—nl, n+l=2

=", n+12>3,

and w11 is the volume of the unit ball in R"*! (see e.g. [6]).
We have

INXa,x(8,7)] < ClIXaallLo((=s0,50)xB(0,R)) for (s,2) € (=s0,50) x B(0, R). (3.10)
Therefore, since v,,1(0,2) = 0 for z € B’(0,7), we obtain
00,2 (0,2)] = [N xa,x(0,z)].
By Lemma 3.2 and (3.10), we see
Pan(0,2)] < CAZe3UT—laD*=s81 4 e B(0, 7). (3.11)
On the other hand, for (s,x) € (—so,s0) x B(0, R), by (3.10) and Lemmas 3.1, 3.2, we have
[Pax(s,2)] < Jvan(s, @) + [Nxax(s; )]
< OAFe?® 4 OAFem3((T-lab?=s0], (3.12)
In terms of (3.11) and (3.12), application of Theorem 3.1 in Subsection 3.2 to ¢, » yields
|Par(0,2)] < CyATe 2T -laDa=st], x € B'(0,p),

where Cy > 0 is dependent on r, T, a, s but independent of A > 0. We recall that
a = ap,r,R,sg) is given in Theorem 3.1. Henceforth we simply write & = a(p), omitting
the dependency on r, R and sg.
Consequently by (3.9), (3.10) and Lemma 3.2, we obtain
[va,x (0, )] < [@a,A (0, 2)| + [N Xa,x (0, 2)]
< O4\E [e*%[(T*\aDQOé*SS] + e*%[(T*IGI)LSS]]

< CZJ:)\%e—%[(T—lﬂl)Zﬂl(\ﬂcl\)—S(ZJ]7 z € B'(0,p). (3.13)
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Let us set B(p) = —22= for 0 < p < R. Then for r < p < R, we see sg < B(p) < oo and

v elp)

0< B(p) — 50 = 50 =

1
Va(p) - Va(r)
< sola(p) — a(r)|a(p)”2a(r) 2 (Valp) + vVa(r)

< sola(p) — La(p)~1/?

< soCs(p —1)"/?
= VCa(R = p)i/?
by (3.6) and (3.7). Hence
0 < B(|lz1]) = s0 < K(R = [z1) 7 /2(Jaa| = )2, v <|a| < R. (3.14)
Here we set
K=K(r,R,so) = 50Cs(r, B, s0)

\/CQ(T’, R, So).

Let K(R — |z1])~"2(Jz1| — 7)Y/? 4 |a| < T — sp. Then
(K(R —[a1)) "2 (Jz1] = r)Y? + 50)* < (T — |al)*.
Hence (3.14) yields
a(|z]) _ 1 1

= >
s B2(|z1]) T [K(R — |y |) =2 (|z1] — 7)V/2 + s0]2
1
> T
(T — |a[)?
namely,
(T — |a])?a(|z1]) — s§ > 0.
Therefore

lim |vg x(0,2)| =0
A—00

in view of (3.13). Lemma 3.1 yields u(a,z) = 0. Thus this completes the proof of our main
result.

§¢4. Conclusions and Remarks

In this paper, we prove unique continuation which is restricted to a hyperplane { (¢, z1, ...,
Zp);Tg = ... = xp = 0} for the d’Alembertian. To authors’ knowledge, such unique contin-
uation is not known.

Remark 4.1. Our result shows that the unique continuation is true in the hyperplane
{2’ = 0}. The next example shows that our unique continuation is impossible outside the

hyperplane.
Example. We consider a function u(t,z) =t > xz; which satisfies Pu=0in (-7,T) X
j=2
R™. Then u(t,xz) =0 for 2’ =0, and u(t,z) # 0 for > x; # 0 and ¢ # 0. This means that,
j=2

from the information on the hyperplane {z’ = 0}, we can not obtain the information about
the value of u outside the hyperplane.
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Remark 4.2. In this paper, we only treat the d’Alembertian. Actually the result is also
true for a hyperbolic operator whose coefficients are analytic in x and independent of .

Remark 4.3. From the viewpoint of Holmgren’s theorem, we conjecture that, if |z1| +
|t| < T, then u(t,z1,0) = 0, like in the standard continuation for the d’Alembertian. How-
ever we do not know such sharp uniqueness in our continuation on a hyperplane.
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