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Abstract

The deformation of a compact complex Lagrangian submanifold in a hyper-Kaehler manifold
and the moduli space are studied. It is proved that the moduli space M, is a special Kaehler
manifold, Whe~re spec~ia1 means that there is a real flat torsionfree symplectic connection V
satisfying dyI = 0 (I is a complex structure of M). Thus, following [4], one knows that
T* M, is a hyper-Kaehler manifold and then that M is a complex Lagrangian submanifold in
T* M.
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¢1. Introduction

Special Lagrangian submanifolds of a Calabi-Yau manifold are one of the recent attractive
subjects in mathematics (see [5-8]). In 1996, R. C. Mclean” obtained the deformation
theorem of special Lagrangian submanifold, which shows that, given one compact special
Lagrangian submanifold L, there is a local moduli space My which is a manifold and whose
tangent space at L is canonically identified with the space of harmonic 1-forms on L. The
L? inner product on harmonic forms then gives the moduli space a natural Riemannian
metric. Strominger, Yau and Zaslow!'?! have studied the moduli space of special Lagrangian
tori in the context of mirror symmetry. In 1997, N. J. Hitchinl® showed that there is
a natural embedding of the local moduli space My as a Lagrangian submanifold in the
product HY(L, R) x H" (L, R) of two dual vector spaces and that Mclean’s metric is the
natural induced metric. Moreover, he studied the structure of the moduli space of special
Lagrangian submanifold together with flat line bundles and showed that there is a natural
complex structure and Kaehler metric on this space. From [8], we can also prove that
T* Mg is a Kaehler manifold. As pointed by Hitchin in [6], examples of special Lagrangian
submanifolds are difficult to find, and so far consist of three types. First of them is of
complex Lagrangian submanifolds of hyper-Kaehler manifolds.

In this paper, we study the deformation of a compact complex Lagrangian submanifold L
in a hyper-Kaehler manifold and the moduli space M. We know that complex Lagrangian
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submanifolds are special Lagrangian from [6]. We first show that the moduli space M of
deformation of a complex Lagrangian submanifold L is identified to the moduli space Mg
of deformation of the special Lagrangian submanifold L. But there is a natural complex
structure in the space of harmonic 1-forms on L. So, the moduli space M, has the natural
complex structure I and the Riemannian metric g. We show that M, is a special Kaehler
manifold, where special means that there is a real flat torsionfree symplectic connection V
satisfying dvI = 0. Thus, following [4], we know that T* M, is a hyper-Kaehler manifold
and then that M, is a complex Lagrangian submanifold in 7™ M), which reminds us that a
moduli space of complex submanifolds (when unobstructed) is a complex manifold.

§2. Preliminaries

2.1. Hyper-Kaehler Manifolds and Calabi-Yau Manifolds.

A Calabi-Yau manifold is a Kaehler manifold X of complex dimension n with a covariant
constant holomorphic n-form 2. Equivalently it is a Riemannian manifold with holonomy
group contained in SU(n).

A hyper-Kaehler manifold is a Riemannian manifold M endowed with three complex
structures I, J and K, such that the following hold:

(i) M is Kaehler with respect to these structures and

(ii) I, J and K, considered as endomorphisms of a real tangent bundle, satisfy the relation
1J=—-JI =K.

This means that the hyper-Kaehler manifold has the natural action of quaternions H in
its real tangent bundle. Therefore its complex dimension is even. In this paper, let the
complex dimension of hyper-Kaehler manifold be 2k. On a hyper-Kaehler manifold M if
the complex structure I is fixed, a Kaehler form w; and a closed holomorphic (2,0)-form
o7 = wy —iwgk are determined. Thus Q; = a’f = (wy — in)k is a never vanishing covariant
constant holomorphic volume form. So, a hyper-Kaehler manifold is a Calabi-Yau manifold
with respect to the complex structure I. Similarly, a hyper-Kaehler manifold is a Calabi-Yau
manifold with respect to the complex structure J or K.

2.2. Complex Lagrangian Submanifolds and Special Lagrangian Submanifolds.

A submanifold L of a Calabi-Yau manifold (X,w,2) is special Lagrangian if Kaehler
form w and imaginary part of €2 restrict to zero on L and dim X = 2 dim L. It is easily
shown that a special Lagrangian submanifold has least volume in its homology class®l.

A submanifold L of a hyper-Kaehler manifold M is complex Lagrangian if L is a complex
submanifold for the complex structure I and o0; = wy — iwk vanishes on L. Thus dim M =
2dim L and wy,wg vanish on L. The following observation is due to Hitchinl®l.

Proposition 2.1.15 4 complex Lagrangian submanifold L of a hyper-Kaehler manifold
M is a special Lagrangian submanifold.

Remark 2.1. When k£ = 1, a special Lagrangian submanifold is complex Lagrangian.
When k > 2, a special Lagrangian submanifold need not be complex Lagrangian.

§3. Complex Lagrangian Submanifolds

Now, we consider the complex Lagrangian submanifold L of the hyper-Kaehler manifold
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M for the complex structure I.

Lemma 3.1. The normal bundle N(L) is isomorphic to the tangent bundle T'(L).

Proof. Since wy(:,-) = g(+,J-), ws|r = 0 is equivalent to that J maps tangent vectors
of L to normal vectors of L. It follows that J induces an isomorphism of T'(L) with N(L).
Certainly, K also induces an isomorphism of T'(L) with N(L).

Remark 3.1. Using the induced metric isomorphism b : T(L) — T*(L), we further
obtain an identification of normal vector fields to a complex Lagrangian submanifold with
differential 1—forms on this submanifold.

A cross-section V in N(L) will be called holomorphic if, for any vector field U of L,

VigV =1IVyV.

Lemma 3.2. Let W be a vector field of L. Then the following properties are equivalent
(i) normal vector field JW is holomorphic;

(ii) normal vector field KW is holomorphic;

(iil) W is anti-holomorphic, i.e. for any vector field U of L, VigW = —IVyW.

Proof. Using the fact that J induces the isomorphism of T'(L) with N(L), we have

VivdW = (Vg W)Y = (VW)Y = J(VigW)T = IV oW,
INyJW = I(VyJW)N = I(JVyW)N = IJVyW = —JIVyW.

So, JW is holomorphic if and only if W is anti-holomorphic. For the same reason, KW is
holomorphic if and only if W is anti-holomorphic.

Lemma 3.3. Let W be a vector field of L and 0 is a dual 1-form by the induced metric
isomorphism b : T(L) — T*(L). Then any two of the following properties imply the third.

(i) W is anti-holomorphic;

(ii) df = 0;

(iii) d(10) = 0, where 10 is defined by (10)(U) = —0(IU) for any vector field U of L.

Proof. Choose ey, -, e, f1, -+, fr a frame in T,,(L) with f; = Ie;. Extend these
to local vector fields {E;, F;}, such that they form a frame at each point, F; = I'E;, and
V.Ei(m) = V,F;(m) =0 for all i and all z € T,,,(M). Let {w?, w**?} be the dual frame of
{E;,F;} and W = 0'E; + 0**'F,. Then 6 = 0,0 + 0 ,w**?, where 0; = 6%, 0;.; = %, By
a simple calculation at m € L, we have

(i) W is anti-holomorphic if and only if f;(67) = e;(0%17), f;(0F17) = —e;(67);

(ii) df = 0 if and only if e;(6;) = €;(6;), ei(Ok+;) = £;(6:), fi(O+s) = f3(Oti);

(i) d(16) = 0 if and only if e;(0r1;) = €;(Or+i), €i(0;) = = f;(Orti), fi(6;) = f;(6:).

Now, Lemma 3.3 can be obtained easily.

Lemma 3.4. 1-form 6 of L is harmonic if and only if d9 = d(10) = 0.

Proof. Since L is a complex submanifold of hyper-Kaehler manifold M, L is a Kaehler
manifold. So, when 6 is harmonic, I6 is harmonic too. Thus df = d(I6) = 0. Conversely,
using the calculation of Lemma 3.3, when d(I6) = 0, we have e;(8;) = —f;(0x+i). So, we
have Ye;(0;) + fi(0r+:) = 0, which says that 660 = 0.

§4. Deformations

Theorem 4.1. A normal vector field JW to a compact complex Lagrangian submani-
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fold L is the deformation vector field to a normal deformation through complex Lagrangian
submanifold if and only if the corresponding 1—form @ = W’ is harmonic. There are no
obstructions to extending a first order deformation to an actual deformation and the tangent
space to such deformations can be identified through the cohomology class of the harmonic
forms with H (L, R).

Remark 4.1. When JW is a deformation vector field to a normal deformation through
complex Lagrangian submanifolds, then is KW also.

Proof. We define a non-linear map

F:UCT(N(L)) = Q*L) ® Q*(L)
as followes: For a small normal vector field JW, then
F(JW) = ((eijw)*wJ, (eXpr)*wK).
Here U is an open neighborhood of the zero in I'(N (L)) for which JW € U implies that
the exponential map exp w is a diffeomorphism of L on to its image Ljy . Under the
identification of small normal vector fields with nearby submanifolds, it is easy to see that
F~1(0,0) is simply the set of normal vector fields JW in U for which w; and wx restrict to

Ljw to be zero, i.e. Ly is complex Lagrangian.
We now consider the linearization of F',

F'(0) : T(N(L)) — Q*(L) ® Q*(L),
where F'(0)(JW) = % t_OF(tJW). Therefore
F'(0)(JW) = (d(JW)]ws)|, d((JW)]wik)]|L)-
But
(IW)]ws =ws(JW,-) = g(JW, J:) = g(W,-) =0,
(JW)|wg =wr(JW, ) =g(JW,K-) = g(W,—1I.) = I6.

So, we see that F(0)(JW) = (df,d(10)). Hence, F'(0) as a map F’(0) : Q'(L) — Q*(L) &
O%(L) is just d ® dI. By Lemma 3.4, the first order complex Lagrangian deformations
(kernel of F’(0)) correspond to harmonic 1—forms. The proof that the deformation theory
of complex Lagrangian submanifolds is unobstructed is similar to Mclean’s proof of his
theroem in [7].

From Theroem 4.1, we know that the moduli space M, of complex Lagrangian subman-
ifolds near L is a smooth manifold of dimension dim H*(L, R).

Corollary 4.1. M. = My, where My, is the moduli space of special Lagrangian subman-
ifolds near L.

Proof. Corollary 4.1 is from the fact that M., C Mg and dim M., = dim My =
dim H(L, R).

Remark 4.2. Corollary 4.1 says that special Lagrangian submanifolds L; obtained from
a complex Lagrangian submanifold L by a local deformation of special Lagrangian are again
complex Lagrangian.

5. The Moduli Space

Theorem 5.1. There are a natural complex structure I and a Riemannian metric g
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on the moduli space Mg such that M. is a special Kaehler manifold, where the special
Kaehler manifold means that it is Kaehler and that there is a real flat torsionfree symplectic
connection ¥V on it satisfying dyI = 0.

Proof. We follow the method of Hitchinl®. Suppose now we take local coordinates
ty,- -+ ,tom on the moduli space M. of deformations of L. = Lg. Here of course, from
Theorem 4.1, we know that 2m = b(L) = dimH'(L,R). Let F : L x My — M, where
F(L,t) = L; is a complex Lagrangian submanifold for any ¢ € M. For each tangent
vector -2-, F,(52-) is a deformation normal vector field on L;. We define as Theorem 4.1 a

Ot Ota
corresponding closed 1-form 6, on L; for each t € M:

(5 ()=

Now, we can induce a natural complex structure I on My,. For the tangent vector I 8%7 let
a corresponding closed 1-form be —16,, i.e.,

(5 (1)) =1

By the directly calculation, we have

F, (i%) = IF*(%). (5.1)

Actually, if F*(%) = JW is a deformation vector field on L;, then we define F*(f%) =
KW, which is also a deformation vector field on L; by Remark 4.1. So, I? = —id and I is
an almost complex structure. A natural Riemannian metric § in M is defined as follows:
Given two tangnet vectors %, % € Ty (Ma),

g 0
i ——, ) = (0,,05) = 0, 05)dvol(t).
150 50) = 00n00) = [ (02.05)av0l()

From the definitions of I and §, we have

(=0 =0 a9
g(IWa,I%) —/L<—19a,—wa>dvol(t) —/L<9a,95>dvol(t) fg<87a,%>,

which shows that M, is an almost Hermitian manifold. Now, we prove that M, is a special
Kaehler manifold.

(i) The complex structure I is integrable.

Denote by N and N the Nijenhuis tensors of M and M respectively. If N (%7 %) #0
at to € M., then there is a point p € L such that

Fripo) (N(%, (;jﬂ)) £0. (5.2)

Now, define the map
f() = F(p7> : Mg — M.

f*(~%) - If*(%),

i.e., f is a pseudo-holomorphic map. Therefore we have ( see [1,p.70])

V(1 (50,5 () = 2 (5 )

By (5.1), we have
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But since M is hyper-Kaehler, N = 0. So, f. (N(a% i)) =0, ie.,

Fupn) (N<%’ 63;3)) =0.

It is in contradiction with (5.2).

(ii) The symplectic structure &(-,-) = (-, I-) is closed.

Let Ay, -+, Agy, be a basis for Hy (L, Z) (modulo torsion). Then we can evalute the closed
form Fy63 on the homology class A, to obtain a period matrix Aog which is a function on
the moduli space :

’\aB:/A (Fy03), (5.3)

a

where Fy(-) = F(,t) : L — Ly C M. Since by Theorem 4.1 the harmonic forms 6z
are linearly independent, it follows that A,z is invertible. We can now be explicit about
the identification of the tangent space to M. with the cohomology group H'(L,R). Let
ai,...,as, € HY(L, R) be the basis dual to A1, ..., As,,. It follows that

0 0
ot [P (55;) o] = 1081 = 32 asaa
identifies Ty M with H'(L, R). We need the following
Lemma 5.1.[6 The 1-forms o =Y Aapdts on M are closed.

From Lemma 5.1, we have

Oap _ May (5.4)
ot., otg '

Because L; is a complex submanifold in the hyper-Kaehler manifold M with complex

structure I, L; is Kaehler. It can be easily obtained that

#0 = CT IO AWhH(t) (5.5)
for any 1-form 6 on L;, where wy(t) is the Kaehler form of L; and C is constant and
independent of . Now, we define the matrix g as

log :=C"" / ao Aag A Ffwh™t (5.6)
L

The matrix [,g has the following propoties:

(1) lap is a constant matrix;

(2) lap is anti-symmetric.

It is obviously that [, is anti-symmetric. What [, is constant follows from the fact that
wh~1 s closed on L; and L; is homotopic to L. From (5.3), (5.5) and (5.6), we have

@(%, 55) - g(a‘;,f%) - —/memmdvol(t)
=— [ O, Ax(I0p)=— | C710, NI(105) Ak
Ly L,
=0t / Ef0, NFrOg N Efoki—t =c7! / Madssay Aag A Ffwh™!
= )Wa)\(;;lw;. ’
Thus
@ = MaAsplysdta A dis. (5.7)
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Because £, = A\ypdtg is closed, let
dug = €o = Aapdts. (5.8)
Since A\yg is invertible, uq, ... ,uay, are local coordinates on M. So, from (5.7), we have
W= lysduy N dus.

Now, it is evidently that @ is closed.
(iii) There is a special Kaehler structure on M.

Define a connection V by V 5 % = 0. Then obviously V is a real flat torsionfree
symplectic connection, where symplectic connection means Vo = 0. We need only to prove
dyl = 0.

Let

[Ni — —[Ieg] = Eyaﬁaa.
Ots
Then

) o) . )
I— = vap) 2 and I = vapA  dtp @ ——

(9t5 e 87% 8t7 '
Using the method of Hitchin in [6], we can prove that (o, = Xv,pdig is closed. We only
notice that (, = —p. Frwg = — an F*wg, where p, takes closed forms to closed forms (see
[2]). So, we have
Wap _ Moy (5.9)
3157 815[3

From (5.8) and (5.9), we can obtain
- 0 0
—1 —1
dyl = d(Vaﬁ)\,Ya) ANdtg ® o VaﬂAvadtﬁ AV En

Y Y
O(vapAia) d B)
= — Y s Adts @ — — Vaghadig AV —
i, N G T Vapthatts AV G
-1

oA 0 0
= —Uap—22dtg A dts @ — — VagAsidts ANV ——.
Vﬁaté ﬁ/\ 6®8t7 I/ﬁ Yo 5/\ 8t7

0

Next, we compute V- as follows:
Y

v£ - (viai) ®dt5:V%<

duy 0.
ot Ou,
ONgy O

9 sa
oty ou, O

)®dt5

7) R dts =
us

So

0 oA 1o}

-1 —19A0y 1

dtg NV — = vag\ A__ditg Ndts @ —
A ot Vap ya ots ™7 A d ot

N7 9
= —VapA atoy 8;; dtg N dts @ o~
a)\‘roz
= —VaB—F—7——
p Ots

0
dig A dts @ —.
T

Thus, dyI = 0.



400 CHIN. ANN. OF MATH. Vol.20 Ser.B

Corollary 5.1. M. is not compact.

Proof. For any p € L, we have defined the pseudo-holomorphic map f : M, — M. Now,
from Theorem 5.1, M, is Kaehler, and f is holomorphic. So, if M, is compact, then f is
constant. It is impossible.

Corollary 5.2. The cotangent bundle T* M) carries a canonical hyper-Kaehler structure.
So, M is a complex Lagrangian submanifold in T M,,.

Proof. Corollary 5.2 is directly obtained from Theorem 2.1 in [4].

§6. Further Remark

Special Kaehler manifolds arise in global supersymmetry and have received more attention
recently due to their prominent role in the seminal work of Seiberg and Witten on N = 2
supersymmetric Yang-Mills theories. See [4] for extensive references. D. S. Freed has proven
that under a suitable integrality hypothesis a special Kaehler manifold parametrizes an
algebraic completely integrable system [4]. We have proven that the moduli space of a
compact complex Lagrangian submanifold in the hyper-Kaehler manifold is a special Kaehler
manifold. Conversely, suppose (X,w, V) is a special Kaehler manifold. Suppose further that
there is a lattice A* C TX, flat with respect to V, whose dual A C T*X is a complex
lagrangian submanifold. Then M = T*X/A is a hyper-Kaehler manifold and the fibers of
M — X are complex Lagrangian submanifolds of M. So we have the following fact:

e Under a suitable integrality hypothesis a special Kaehler manifold can be realized as
the moduli space of a complex Lagrangian submanifold.
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