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Abstract

The author gives another linear-algebraic proof of the famous result of Zariski, Delorme,
Briancon-Granger-Maisonobe about the moduli number of plane curve singularities with the
same topological type as X® 4+ Y? = (i.e.,with one characteristic pair). Since the original
proof depends very much on the division theorem of Briancon, it cannot be generalized to
higher dimensions. It is hopeful that the proof here will be applied to the higher dimensional
cases.
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¢1. Introduction

Since the poineering work of Zariskil'® there have been many papers published on the

moduli number of plane curve singularities® .

[3,6—10]

The problem how to compute the moduli
number attracts many attentions As far as the authors’ knowledge the most gener-
alized algorithm is the work of [3] which depends on the division theorem in [1,2]. Here we
give a linear algebraic proof of the Briancon-Granger-Maisonobe’s theorem, which avoids
the Division theorem. Since the division theorem only holds in dimension 2, it seems quite
hopeful that the proof here will be generalized to arbitrary dimension cases!*.
It is well-known that any plane curve singularity with the same topological type as z% 4
y? = 0 is defined by
Fi, (xz,y) =2 + Yt = Z tijr'y! =0, (1.1)
(i,5)el

where
I={(,7):0<i<a—-2,0<j5<b-—2},
L=A{@i,4): (i,7) € Lifa+j/b> 1}
The rational number i/a+75 /b is called the weight p(i, j) of the lattice point (4, 7). Let 7ymin be

the minimum Tjurina number in this family of singularities defined by (1.1). Laudal-Pfister
theory[” tells us that the dimension of the generic component of moduli (moduli number)
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is r(a,b) — pt + Tmin, where g = (a — 1)(b — 1) is the Milnor number of the singularities in
this family and r(a, b) is the number of points in the set 7. Thus the computation of moduli
number is equivalent to the computation of the minimum Tjurina number of this family of
singularities.

We recall that the Tjurina number of the singularity defined by Fy, (z,y) = 0 is the

dimension of

Ty, = dim(A(t5)),

where
A(tiy) = C{x,y}/(Fy,,;, 0Fy,, [0, 0Fy,; [ 0y), (1.2)
i.e., the moduli algebra.
Let
M(tij) = Cla,y}/(0F,,; [0z, OF:,; /0y) (1.3)

be the moduli algebra. It is well-known that the dimension of the Milnor algebra is (a —
1)(b—1) and {x%y : (i,7) € I} is a base for M(;;). Let
Etij (:E, y) = Ftij - (x/a)aFtij /ax - (y/b)aFtu /ay
= Y (L—ifa—j/b)tya'y’. (1.4)

(i,5)€
We have

A(tiz) = M(ti;)/(Et,, ). (1.5)
Therefore the computation of (minimum) Tjurina number is equivalent to the computation

of the (maximal) number of linear relations on the above-mentioned base imposed by the
ideal (Ey,;).

§2. Briancon-Granger-Maisonobe Construction

In this section we recall the construction in [3].
Let

I =A{(i,4) : p(i,j) > 1},
W ={(i,7) : p(4,5) <1—2/a—2/b,(i,j) € I}.
The Briancon-Granger-Maisonobe construction is as follows.
1st step.
Find (e1,e2) in I] such that
pr = pler, es) = min{p(i. j) : (i,5) € I}.
Let
Ey = (e1,e2) + N?, Ay =1 — Ey,
Dy ={(4,j):0<i<a—2—¢€,0<j<b—2—es}.
Define
p1 = p(q1,g2) = min{p(i, j) : (i,j) € W — D1},
p2 = p1+py =min{p(e1,b— 1), p(a — 1, e2)}.
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I
I = A1 0{(3,5) : p(i,5) > p2} =0,

the process stops here. If it is not empty, we continue the 2nd step.
nth step.

If the (n — 1)th step is completed, (gan—3,¢2n—2) and I, are defined. Find (e2,—1,€25)
such that

P2n—1 = p(€an—1,€2,) = min{p(i,j) :(4,7) € In}~

Let
E, = (e2n-1,€2n) + N?, Ay =7, 4 — E,,
n—1
D” = {(7"]) : (Za.]) + (eQn—lae2n) S En - U EZ}
i=1
Let
pIQn—l = p(QQn—l,QQn)
= mln{p(lvj) : (7’7.7) EW—-Dy—---— Dn}’
Pan = P2n—1+ Php_1-
Define

L1 ={(i,7) : (4,7) € An,p(i,5) > pan}.

We continue this process until it stops where the algorithm is completed.

Lemma 2.1. The above algorithm is completed after finite steps.

Proof. It is clear that Ay O Ag_; and Ap T Ap_q if the (k — 1)th step is not the final
step. On the other hand, there are only finitely many points in I;, the algorithm has to stop
after finite steps.

The last step’s A, is denoted by A.

Lemma 2.2. For nth step,

(é2n—1 — @2n—3,€2n — @2n—2) €{(4,7):0<i<a—2,0<5<b—2,p(i,5) > 1}.

Proof. By the defination

ple2n—1, €2n) = min{p(i, j) : (i, 7) € In},
we have
ple2n—1,€2n) > p(g2n—3, Gan—2) + ple1, e2).
Since the weight function is linear, our conclusion is proved.

Briancon-Granger-Maisonobe Theorem. For generic parameters t;;’s, {z'y’ : (i, j)
€ A} is a C-linear base of the moduli algebra A(t;;).

§3. A Linear-Algebraic Proof of
Briancon-Granger-Maisonobe Theorem

In this section we give a linear-algebraic proof of the above main theorem in [3].
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As in [7, Section 4] we give a negative weight 1 — p(4, j) to the variable t;, thus Fy,, (z,y)

is a quasi-homogeneous polynomial of x,y,¢;;’s of degree 1. Since the set
{2y :0<i<a—-2,0<j<b-2}
is the base of the Milnor algebra M(t;;), we can write
B, (z,9)z™y™ = Y kap(tij)a”y® (3.1)
(B1,B82)€l

in the M(¢;;). It is clear that kg is a quasi-homogeneous polynomial of the variables t;;’s.

Lemma 3.1.7 k,5(t;;) satisfies

(1) kag(ti;) is not zero polynomial only if p(cr, ) <1 —2/a —2/b and

p(B1,B2) > 1+ plar, as);

(2) kap(tij) = tg—o mod (t%ideal) if B —a € Iy and kag(ti;;) = 0 mod (t*ideal) if
ﬂ — ¢ Il.

Let V' be the linear subspace of M (t;;) which is spanned by the set

{ B, (. y)a'y’ = (i,5) € N}
We know from Lemma 3.1 that V is a C-linear span of the set
{Etij (x’y)xiyj : (17]) € W}

We need to prove the following two lemmas.

Lemma 3.2. For the nth step of Briancon-Granger-Maisonobe construction V' is con-
tained in the span of

{Be,, (@,y)a'y’ « (i,5) € D1U---UDu} U{a'y’ « p(i, 5) > pan}-
Lemma 3.3. For the nth step in the above construction vectors
{Bu, (. y)a'y’ : (i,5) € DyU---U Dy}

are linear independent in M (t;;) for generic parameter t;;’s.

It is clear that Briancon-Granger-Maisonobe theorem follows from the above Lemmas
directly.

Proof of Lemma 3.2. By Lemma 3.1 the ideal in M (t;;) generated by E, . (z,y) is the

C-linear space V. Since
W C DU UD, U{(i,]) : p(i,5) > pap_1}
we know that V' is contained in the span of
{Er,, (2, y)2'y’ : (4,5) € D1 U~ U D} U{Ey, (2, 9)2'y’ : p(i, ) = P }-

On the other hand, the second set is contained in the span of {z'y’ : p(i,j) > pan}. The
conclusion is proved.

Proof of Lemma 3.3. We only prove the case of n = 2. The similar argument can be
applied to general n case.

For n = 2, let

= max{p(z,]) : (Z,J) € DQ}’

Ccg = p1+c1.
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Divide D; and F; to two parts as follows:
Dy ={(i,7) : (i,4) € Dip(i,j) > e1},

Di =Dy = Dr. (3.2)
Ei:{(l7])p(1,j)>C2}, .
E! =E, - Ej.
We arrange the set of vectors
{Euj (@,9)z*y*2 = > kap(tis)z™y™ : (a1,02) € DJ U Di’} (3.3)
(B1,B2)€l
as follows:
P yﬁz b yﬁz P y,32 P y,32
(B1,B2) € By (B1,B2) € EY  (B1,B2) € Ba (B1,P2) &€ E1 U E»
By (z,y)z* 1y A 0 0 0

Etij(xay Ty A B B r

A" C’ C F’

B B
r=(& %)

Claim 1. A, B, C are nonsingular matrixes for generic parameters;

Claim 2. The matrix P as above is a nonsingular matrix for generic parameters.

For Claim 1 we can arrange z°y”? and By, (z,y)x*1y>? by its increasing order of weights
in the matrix A. When a and b are coprime, there are no two lattice points with the same
weights; thus we have an upper triangular matrix with its diagonal entries of the form
te, e, torder 2 functions of ¢;;’s from Lemma 3.1. Hence it is a nonsingular matrix for the
generic parameters. When a and b are not coprime, we have a blocked upper trangular
matrix with the nonsingular diagonal blocks; thus we have a nonsingular matrix similarly.
The proofs for B and C' are similar.

For Claim 2 we note that the diagonal entries are ¢, ., + order 2 functions of ¢;;’s and
tey—qu,es—go Horder 2 functions of ¢;;’s. It is clear that the undiagonal entries in B and C
cannot be of the above form. For a position in B’ its entry is kog(tij) = tg_o-+order 2
functions of ¢;;’s from Lemma 3.1. We want to argue that these tg_, cannot be t., ., and
tes—qies—qs- 1t is clear that they cannot be t., ., from the definition of (e1,ez). If for some
(a1,2) = @ and 8 = (P41, B2), we have

t—a =tes—qiea—qor (B1,02) = (€3 — q1 + a1, €4 — g2 + a2).

From the definition of (g1, ¢2) we know a1 > ¢1 or s > g2. Thus 81 < e3 or B3 < ey, this is
a contradiction to the fact that 8 € Es. Similarly we can argue that no positions in C’ with
the entries as the diagonal entries of B and C. Thus for a suitable choice of parameters the
matrix P is nonsingular.

From Claim 1 and Claim 2 we get the conclusion of Lemma 3.3. Thus the conclusion of
Briancon-Granger-Maisonobe theorem is valid.
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From our above approach we note that the computation of minimum Tjurina number
in higher dimensions depends on the generalized Briancon-Granger-Maisonobe construction
and a careful analysis of its effect. This would lead us to an explaination of “jumping” of
Tjurina numbers found in [7]. This part of our work will appear elsewherel4.
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