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NONLINEAR STABILITY OF TWO-MODE
SHOCK PROFILES FOR A RATE-TYPE
VISCOELASTIC SYSTEM WITH RELAXATION
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Abstract

The authors study a 3 X 3 rate-type viscoelastic system, which is a relaxation approximation
to a 2 X 2 quasi-linear hyperbolic system, including the well-known p-system. The nonlinear
stability of two-mode shock waves in this relaxation approximation is proved.
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¢1. Introduction

In this paper, we study the following rate-type viscoelastic system, i.e.
Ve — Uy = 0,
U +p. =0, z€R t>0, (1.1)
_ pr(W)—
(p+ Bv), = PR,
with the initial data

(’U(l‘, 0)’ U(JZ, 0),]7(33‘, 0)) = (1}0(1‘), uo(x),po(x)), (12)
where v and (—p) denote strain and stress respectively, u is related to the particle velocity,
E is a positive constant, called the dynamic Young’s modulus, 7 > 0 is a relaxation time.

This system was proposed in [14] to introduce a relaxation approximation to the following

system

vy — Uy =0,

{ut +pr(v), = 0. (1.3)

Since the system (1.3) can be obtained from (1.1) by an expansion procedure as the first

order, it is natural to expect that the solution of (1.1) converges to that of (1.3) as 7 — 0.

However, the zero limit convergence has not been established yet, although some numerical

experiments on (1.1) have been madel'¥ and certain effort on the L?-estimates for the
difference |p — pr(v)| of (1.1) have been donel?.

A tightly related problem is the nonlinear stability of waves for this relaxation approx-

imation. As far as rarefaction waves (single or two) of (1.3) are concerned, the stability
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results have been proved in [4]. Another kind of elementary wave for (1.3) is shock waves.
For any given single shock wave (o;v_,u_;v4,uq) of (1.3) satisfying the entropy and sub-
characteristic conditions, it has been proved in [5] that (1.1) admits a smooth travelling
wave solution (7,4, p)(x,t) = (U,%, p)(&) with v(+o0) = vF, U(£oo) = u*, p(+oc) =p* =
pr(vE), where £ = 2=t The nonlinear stability of (7,%,p) for (1.1) has been established

by Hsiao and Luo in [5] under the following restriction

“+oo +oo
/ (vo(z) —T(x,0))dx =0, / (uo(z) —u(z,0))dz = 0. (1.4)

—0 —0
It says that this kind of perturbation of a shock profile produces only a translation. For
2 x 2 relaxation models, the stability of elementary waves has been obtained in [7], where
the corresponding equilibrium equation is a scalar conservation law. Therefore a generic
perturbation of a shock profile indeed produce only a translation. However, as mentioned
in [8], [10], and [15], the equilibrium system for (1.1), i.e. (1.3) is a 2 X 2 system, and a
generic perturbation of a single shock front will create not only a translation but also some
new waves. By this observation, the stability of single shock front for a linearized system of
(1.1) is proved in [10] without the restriction (1.4).

In the present paper, we investigate the asymptotic stability of two-mode shocks for
this relaxation approximation and prove that, a generic perturbation does produce only
translations of 1— and 2— shock profiles. Based on this fact, with the help of a careful
analysis for the behavior of the travelling waves, we can establish the nonlinear stability
results.

As far as the multi-dimensional case is concerned, we refer to [9] and [11] in which
the stability for planar rarefaction waves and shock profiles are obtained respectively for
a relaxation model on which the corresponding equilibrium equation is scalar. For the so-
called reacting flow system, nonlinear stability results for single shock under the restriction
(1.4) can be found in [12] and [16].

§2. Preliminaries—Travelling Waves

Consider the following Riemann problem

Vg — Ug = O7
{ut + (Pr(V))2 =0, (2.1)

(v(z,0),u(x,0)) = (vg(x), up(x)), (2.2)

where

(o) = { (o) TS0
(v—,u_) and (vy,u4) are two constant states.
We give the following hypotheses: for some constants ¢; and dy such that —co < ¢; <
v_,v4 < dj < 400, it holds for v € [¢1,d;] that
(H1) prv) < —a1 <0, (Ha) ph(v) > az >0, for some positive constants a; and as;
/11

(Hs) |pr(v)| < E, (Hy) pr(v), pr, Dk, D are bounded,
where (Hg) is so-called subcharacteristic condition (see [7]).
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It is easy to know under (H;)—(Hz) that, (2.1) is strictly hyperbolic and genuinely non-
linear, with eigenvalues

A= —(—pR()E <0< (—pR(v))E =Ko (2.3)

Definition 2.1. A discontinuity (o;vy, ui; v, u,) of weak solutions for (2.1) is called a
shock wave satisfying entropy condition if

(i) The Rankine-Hugoniot Condition is satisfied and the speed o(v,,v;) is defined, namely,

o(vr —v) = —(ur — wy),
o(ur —w) = pr(vy) —(pR>(Ul)a oo (2.4)
_ [ prOr) — pr(w)1h
O'('Uravl) =+ vy — U i| :

(ii) The entropy condition holds, namely, for any v between v; and v,.,
o?(v,v,) < o?(v,v,) < o*(v,v), for o >0,
o?(v,v.) > o*(v,00) > 0 (v,01), for o <0,

_Pr(®W)=pr(v:)

where 02 (v,v,) = —
.

, Uy = U, OT Up.

A travelling wave solution of the rate-type viscoelastic system
vy — U = 0,
u+p =0, x€
(p+ Ev); = pa(v)=

T

Rt >0, (2.6)
b

corresponding to the shock (o; vy, ug; vy, u,) is the solution of the form

(v,u, p)(z,t) = (0,4,p)(§), &=

xr — ot

(2.7)

-
satisfying

u

<l

(
(

)(—00) = (vi, ur, pr),
)(+00) = (Ur, ur, ),

S|

)

(2.8)

<
=
3

b

where p; = pr(v;), pr = pr(v.).

It is proved in [5] that (2.6) admits a smooth travelling wave solution , which is unique up
to a shift of . Since we are only interested in the large time behavior of solutions to (2.6)
for fixed 7, we may assume that 7 = 1 without loss of generality. We give the properties of
the travelling wave solution. For simplicity, we assume o > 0. Then v; < v,. The case for
o < 0 can be treated similarly.

It is easy to know that (v, u,p) satisfies

—0oUg — ug = 0,
—olg + P = 0, (2.9)
—o(p+ Ev)e = pr(v) — P.
Thus Ue = g(v), (2.10)
where g(v) = — (25 @);fé)_"r;i@_”l) . It is easy to see, due to the entropy and sub-characteristic

conditions, that v; and v, are the only roots of g(v) = 0 and
Te > 0 for T € (v, vy). (2.11)

So one is able to check that fZ) % is finite and monotone with respect to v for any given
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7, vg € (v1,vr), and

Uy dn /Uz dn
— = +00, —— = —00, Yy € (Ul,’UT). (212)
/vo 9(n) vo 9(1)
Thus, by integrating (2.10), we obtain £ = ffo(g) %. This gives an implicit formula for T(&)

which is uniquely determined (up to the choice of vy) due to the properties of g. To be
definitive, we take vg = %(vl + vp).

Then @(€) and p(§) can be easily determined. Therefore, we have proved

Theorem 2.1. Under the entropy condition and the subcharacteristic condition, (2.6)
has a smooth travelling wave solution which is unique up to a shift in & and satisfies ov¢ > 0.

It is also easy to show

Lamma 2.2. [v¢| < Clv, — vy, [Ue| + [pe| < C[vg|, and the same kind of estimates hold
also for the second and the third derivatives of v,u and p, respectively.

We need the following sharper estimates, which play a key role in our stability analysis.

Lemma 2.3.

Ve < Ci(fvr — i) exp(=C2l]), (2.13)
where C; (i =1, 2) is a positive constant. The same estimates hold for [TUee| and |Ueee|.
— 2,
Proof. From (2.10), 7 = —(pR(v);(pé);fz)(v_m > 0. Thus v; < ¥ < v,.. Due to the
convexity of pg, the entropy condition imply the Lax shock condition (see [1]), namely,
—pp(vy) < 0 < —pr(vr). (2.14)

Then, the mean value theorem and the convexity of pr imply that there exists a unique
& € R such that 0% = —p/,(v(&))). Now we arrive at

o + pr(0(€)) > 0, € > &.
Moreover, p(U(£)) is strictly increasing with respect to £. We calculate

Vge = — (pkff(%))_f,;’) )757 (2.16)

which implies
13 ! (75 2
me(€) = Teléo) exp ( — / 0 st). (2.17)
Combining (2.15)-(2.17), we complete the proof.

Next we return to the Riemann problem (2.1) and (2.2). We are interested in the
case that (v_,u_) and (vy,uy) can be connected by a 1-shock and a 2-shock succes-
sively. Namely, there exists a unique state (vy,, um,) such that (vy,, um) € S1(v_,u_) while
(v, uy) € So(Vm,Um ), where Sy denotes the k-shock curve in the phase plane. We denote
the travelling wave solutions obtained in the above procedure corresponding to the k-shock
by (v, uk, px)(xz — oxt) (k =1, 2), where oy, is the speed for this k-shock.

We know that (vg, uk, pr)(z—oxt) (k =1, 2) satisty the above two lemmas. Furthermore,
we have the following informations.

Lemma 2.4. For any fired z; e R (i =1, 2),

[v1(x 4+ 21 — 01t) — U] < O(1)|v= — vy | exp[—C5(t + |z|)], in Qa,
[va(x 4+ 22 — 02t) — V| < O(1)|v4 — V| exp[—Cy(t + |x])], in O,
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where Q1 = {(x,t)|t > 0,z < 0}, Qo = {(z,t)|t > 0,2 > 0} for some positive constants
C3, C4. The same results hold for u, and py (k =1, 2), with pp, = pr(vm), p+ = pPr(vE).
Proof. This lemma can be easily proved with the help of Lemma 2.3, so we omit the
details.
Let us introduce
Viz,t;21,22) = (v1(z + 1 — 01t) + va(x + T2 — 09t) — V),
Uz, t;x1,22) = (ur(z + 21 — 01t) + uo(x + 29 — 09t) — Upy), (2.18)
P(z,t;w1,22) = (p1(z + o1 — 01t) + p2(2 + 22 — 02t) — Pim)-
In view of Lemma 2.4, it follows
V1 + Fl(m,t), in Q4,

V(.’E,t;.’l,']_,l‘Q) = {UQ + Fg(x,t), in 92,
where Fi(z,t) < O(1)d exp[—a;(t+ |z|)], i =1, 2 (2.20)
for some positive constants o; (i = 1, 2), and 0 = |[v_ — Uy, |+ |v4 — Vs |. Similar results hold

(2.19)

for U(z,t;x1,22) and P(x,t;21,22). From this view point, we know that (V,U, P) is not
the exact solution of (2.6), but it satisfies (2.6) approximately with an exponential decay
error, namely,
Vi—U, =0,
Ui+ P, =0, (2.21)
(P+EV), = P~ pu(V) + G(V)
with G(V) = pr(V) — pr(v1) — pr(v2) + pr(vm,). It follows from Lemma 2.4, (2.19) and
Taylor’s theorem that

|G(V)] < O(1)d exp[—as(t + |z|)], (2.22)
99
’@G(V)‘ < O(1)6 exp[—au(t + |z])]. (2.23)
§3. Stability Analysis
Consider
v — Uy =0,
(p+ Ev): = pr(v) —p,
with initial data
(v(z,0),u(z,0),p(z,0)) = (vo(x), uo(x), po(x)), (3.2)

where (vg, ug, po)(z) should be a generic perturbation of
(Vo, Uo, Po)(x;0,0) = (V,U, P)(x,0;0,0)
in the following sence

+oo
/ (vo(z) — Vo(2;0,0), ug(xz) — Up(x;0,0)) dz = (1, d2) (3.3)

for suitable small numbers d1, ds.
Instead of (V,U, P)(z,t;0,0), we should expect (V, U, P)(x,t; 21, x2) to be the asymptotic
state of (v, u,p)(z,t) for some suitable x1, z3. A simple calculation shows that

“+o0
/ (V(x,t;x1,22) — V(2,t0,0), Uz, t; 21, 22) — U(x,t;0,0)) da (3.4)

=21 (Um — Uy Uy, — U—) + 2 (Vg — Uy, Ug — Uy ),
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since (U, — V—, U, — u—) and (V4 — Uy, Uy — Upy,) are linearly independent if ¢ is suitable
small. Moreover, 1 and x5 can be determined uniquely by the following relation
(U — V=, U, — U—) + T2 (V4 — Upy, U — Upy) = (071, 02), (3.5)
and therefore we have
“+o0
/ (vo(z) — V(x,0; 21, 22), up(x) — U(x,0;x1,22)) dz = 0. (3.6)
Hereafter, we fix 1 and x5 determined above. For simplicity, (V,U, P)(x,t; 21, z2) will be
denoted by (V,U, P)(z,t) .
The purpose in this section is to show that, if the shock waves are weak (i.e. § is small),
then (V,U, P) is a global attractor for (3.1). For this purpose we also require that

I+ 22) (vo(x) — V(@,0))? da < b, o
T+ 2?) (up(w) — U, 0))? da < 6, :

for some suitable small positive constants §3 and d4. Then we can establish the following
stability theorem

Theorem 3.1. Under (H;)-(H4) and (3.7), there exist positive constants dg and eq, such
that if § < &g and |[(vo — V(2,0),u0 — U(z,0),p0 — P(x,0))||gr + 03 + 04 < €0, then the
problem (3.1)—(3.2) has a unique smooth global solution (v,u,p), which tends to the wave
(V,U, P) uniformly in x ast — +oo. Hereafter we use the following notation for simplicity

l
(A fas oo O WEem = D 1 fill i

i=1
with1>1, m >0 and H° = L?.
By virtue of (3.5), we can introduce (¢, ¥, w) = (v,u,p) — (V, U, P), where

€T

sty = [ - Vwnd. vt = [ w00 d

— 00 — 00

The weighted Poincare inequality (see [3, Theorem 328]) gives

‘/OJFOO ‘ /y+°°(vo(x) - V(z,0)) dxrdy‘ < 4/0+Oo(v0(x) — V(z,0))%? da,

which implies that ¢(z,0) = ¢o(z) € H? and |¢o(z)||%2 < Ceo. Similarly, ¥ (z,0) = ¢o(z) €
H? and |[¢o(z)[|%2 < Ceo. In the following, we will use C' to denote the generic constant
independent of ¢.
It is easy to check that (¢, 1, w) satisfies the following system
O — e =0,
by +w =0, (3.8)
W + B +w + [pr(V) —pr(V + 62)] = G(V),

where G(V) is defined in (2.22).
We denote

Ly = ¢ — 9, =0, (39)
Ly =Yy — Ethgy + P — Ay = G(V) + F(V, ¢1) 92, (3.10)
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with
A(V,¢) = —pRr(V), (3.11)
F(‘/a ¢$>¢i = _<pR(V + ¢$) - pR(V) - p/R(V)(bw) (3'12)
It is not difficult to know that (3.9)—(3.10) give a closed system for (¢,1). We consider
(3.9)—(3.10) with initial data
¢(x,0) = ¢go(z) = [7_(voly) — V(y,0))dy € H?,
Ui (@,0) = Y1 (2) = —wo(x) = po(x) — P(x,0) € H'.
In order to show Theorem 3.1, one only needs to prove
Theorem 3.2. Under (Hy)-(Hy) and (3.7), there exist positive constants 8y and ¢, such
that if 6 < 8o and ||(¢o, Vo) || m2 + |1l mr < €0, then the problem (3.9)—(3.10) and (3.13) has
a unique global solution such that (¢, Vs, ) tends to (0,0,0) uniformly in x as t — +oo.
We will solve the Cauchy problem (3.9)—(3.10) and (3.13) in the space

X(0,T) = {(¢,9) € C°0,T; H?), ¢, € C°(0,T; H")}
with the norm

N?(t) (1@, ) (D) 1Z> + llabe (D)7)-

= sup

0<r<t
To prove Theorem 3.2, we need some a priori estimates. In the following, we always assume
a priori that (¢,v) € X(0,T) is the solution of (3.9)—(3.10) and (3.13) for some T > 0.
Furthermore, we will use the third derivatives of ¢ or v formally. This will not cause any
trouble, since we may assume (¢, 1) € H? first and use Fridrich’s modifier then to deal with
the original case.

Lemma 3.3. Suppose the conditions in Theorem 3.2 are satisfied, 6 < dy, and N(T) < e
for some suitably small 69 and €. Then it holds

T T
N*(T) + sup ||¢tt(7')|\2+/ 142 (7)1 dT+/ (025 s 1,00 ) (1) Frr i
0<r<t 0 0

< K2(N*(0) + do)
for (¢,v) € X(0,T), where K > 1 is a positive constant which does not depend on T.

To prove this lemma, we establish the following Lemmas 3.4-3.7 next.
By Sobolev embedding theorem, H™*! < C™ m > 0. Thus if N(T) < e, then

(@, ¥)|lcr < Ce, |¢]lco < Ce.

From these facts, we know that there are constants —oo < ¢ < d < +oo such that ¢ > ¢;
and d < dy, and v € [c,d].

Lemma 3.4. Suppose the conditions in Lemma 3.3 are satisfied, § < 0y, and N(T) < e
for some suitably small g and €. Then we have

166, s ) DI + / (o) ()2

t 0 t oo
+/ / |01v1x|¢2dacd7'—|—/ / |ogva, [ dadT (3.14)
0 J-co 0 Jo

< C(N?(0) 4+ 6N(t) + SN?(t)) + CN(¢) /o ¢ (7)||?dr.
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Proof. We consider the equality

(& + pba) Ly + A7 (ppy + ) Ly = A7H(0 + pp ) (G(V) + F3) (3.15)
with a positive constant p, which will be chosen later. The left hand side of (3.15) can be
reduced to

1 1 _ _ _ E
[56% + 3A70% + novs + SATIWE + A g + B2 A2
- 1 4 1 _

+ [0 = DA™ = SuAT o + [BATY = SuBAT — )y
1 _ _ _ -
= AT = AT+ BAT N, + BpA e + (- o

where {---}, denotes the terms which disappear after integrations with respect to x.

Taking
1< p= E;;fl < E£1 (3.16)
where E1 = sup |pr(v)| < E. It is easy to see that
v€[e,d]
bu(v? + 7)< [FATI? + BATIE + A ] < ba(v? + ¢7),
b3(@? + ) < [30° + povn + EFATIZ] < ba(67 +47), (3.17)
(= DA™Y — SuATYF > bsv?, '
[EA™! = GuBA; — ply? > by,
for some positive constants b;(i =1, ---, 6).
We also note that
1 LA=2p" (B)o1v1, + f1, in Q,
ngt 1_ { §A2§ZEU§021}21 N j;, n O, (3.18)

with f; = O(1)d exp[—C(|z| 4+ t)], for i =1, 2. Similar results hold for |A,|. Then we have
A i + A |

{ mo1vizY? + C(n)0Y2 + C62 exp[—C(|z| +t)], in Qy, (3.19)

<
Neoav2, 2 + C(n2)002 + C62 exp[—C(|z| +t)], in Qo,

AT | < COUF + 002 (3.20)
for any positive constants n; and 7.
Integrating (3.15) over [0,¢] x (—oo,+00), and taking 7; and 7, suitable small, we get
(3.14) with the help of the above estimates and the following facts
Jo JZXUGOD] + il + | 1al) de dr < C5,

|(1/%¢7 'l/)ta'l/)m” S CN(t)a
|F(V, )| < C.

To estimate fg lpo:(7)||? d7, we use the following lemma.
Lemma 3.5. Suppose the conditions in Lemma 3.3 are satisfied, § < &y, and N(T) < e

for some suitably small 6g and €. Then we have
t
/ 62 (7)|[?dr < C(N?(0) + ON(t) + IN?(t)). (3.21)
0

Proof. We investigate the following relation

(E(b:v - d)t)@le - ¢wL2 = _(bw(G(V) + F(Va ¢x)¢i) (3'22)



No.4 HSIAO, L. & PAN, R. H. NONLINEAR STABILITY OF TWO-MODE SHOCK PROFILES 487

The left hand side of (3.22) can be reduced into

1 1
[5E62 = s — 502] = duti + AG2 +{-- Lo

We know that A > ay > 0 from (H;). Integrating (3.22) over [0,t] x (—o0, +00), and using
Young’s inequality and Lemma 3.3, one can easily obtain (3.21).
Combining Lemmas 3.3 and 3.4, we arrive at

¢
19, 9. s s ) (D)1 +/0 1t ¥z, 62) (7)||*dr < C(N?(0) + ON (1)) (3.23)
Instead of (3.15) and (3.22) we study the following two equations

(¢m + M¢xw)a$L1 + A_l(/-“wbwt + ww)awLQ = A_1<'(/}w + /J/wtw)(G(V) + F¢i)mv
(3.24)

Repeating the procedure in the proof of Lemmas 3.4 and 3.5, it is not difficult to show

Lemma 3.6. Suppose the conditions in Lemma 3.3 are satisfied, § < &, and N(T) < e
for some suitably small 69 and €. Then we have

t
H(¢m¢m¢m)(t)|\2+/0 [(Pas Pras ) (7)1 PdT
< C(N%*(0) + 6N (2)).

Lemma 3.7. Suppose the conditions in Lemma 3.3 are satisfied, § < &y, and N(T) < e

(3.26)

for some suitably small 6g and €. Then we have

t
e (B +/ [ (7)|[?dr < C(N?(0) + o). (3.27)
0
Proof. We make use of the following equality
VO Ly = Y (G(V) + F¢2)y, (3.28)

which implies that

%(%Zt + %wfx)t + 3 = Ahuthy + Aaare + {- -+ Fa (3.29)

Integrating (3.29), with the help of Young’s inequality and Lemmas 3.4-3.6, we obtain (3.27).
Now we combine Lemmas 3.4-3.7 to get

T T
NAT)+ sup [P+ [ I drt [ e bt ) @) e
0<7r<t 0 0
< K?(N?(0) + 6N (1)),
which means that

T T
N*(T) + sup ||1/Jtt(T)H2+/ (el dT+/ [(Dts Py bt ) (1)]| 7 It
0<r<t 0 0

< K2(N?(0) + bo)

if we use the Cauchy-Schwarz inequality with a suitable weight. Hence we have proved

(3.30)

Lemma 3.3.

Since the local (in time) existence and uniqueness of the solution for initial value problem
(3.9)-(3.10) and (3.13) can be obtained by a standard procedure in view of the a priori
estimates in Lemma 3.3, it follows from Lemma 3.3 and a standard continuity argument
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(see [4, 5, 6, 10]) that the problem (3.5)—(3.6) and (3.9) has a unique global (in time)
solution (¢, ) € X(0,400), satisfying (3.30) for any ¢ > 0. Thus

+o0o ) d ,
[ (b + 10012 )t < +oc.
It follows then that tl}I_El | (t)]|? = 0. Similarly, we have

: 2 _ : 2 _
lim ()2 =0, Tim_[e(t)] =0.

t——+oo

For any (z,t) € R x RT, we have
$2e,) =2 [ 0a(0 000 Oyt < 6 (0]
which implies that lim sup|¢.(x,t)| = 0. Similarly, it can be proved that
t*}JrOOIGR

SR 1= 0, i supln(z 0] =0

This completes the proof of Theorem 3.2.
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