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ON THE NONLINEAR
TIMOSHENKO-KIRCHHOFF BEAM EQUATION

A. AROSIO*

Abstract

When an elastic string with fixed ends is subjected to transverse vibrations, its length varies
with the time: this introduces changes of the tension in the string. This induced Kirchhoff
to propose a nonlinear correction of the classical D’Alembert equation. Later on, Woinowsky-
Krieger (Nash & Modeer) incorporated this correction in the classical Euler-Bernoulli equation
for the beam (plate) with hinged ends.

Here a new equation for the small transverse vibrations of a simply supported beam is
proposed. Such equation takes into account Kirchhoff’s correction, as well as the correction for
rotary inertia of the cross section of the beam and the influence of shearing strains, already
present in the Timoshenko beam equation (cf. the Mindlin-Timoshenko equation for the plate).
The model is inspired by a remark of Rayleigh, and by a joint paper with Panizzi & Paoli. It
looks more complicated than the one proposed by Sapir & Reiss, but as a matter of fact it is
easier to study, if a suitable change of variables is performed.

The author proves the local well-posedness of the initial-boundary value problem in Sobolev
spaces of order > 2.5. The technique is abstract, i.e. the equation is rewritten as a fourth
order evolution equation in Hilbert space (thus the results could be applied also to the formally
analogous equation for the plate).

Keywords Timoshenko-Kirchhiff beam equation, Local well-posedness, Fourth order
evolution equation.
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60. Introduction

The main results of this paper were presented in [4].

Let us consider the transversal vibrations u(z,t)(0 < z < L,t > 0) of a homogeneous
beam. In the following, the letters p, E,G (resp.S,I,k) with denote the usual physical
(resp. geometrical) parameters of the beam. More precisely, p :=volume density, F:=
Young modulus of elasticity, G:=shear modulus, S:=area of the cross section, I:=moment
of inertia of the cross section, R? := IS~!, k is a positive number < 1 which depends upon
the geometry of the cross section (see [62, 20]), e.g. for rectangular cross section it is k = 5/6.

The classical Euler-Bernoulli Equation
203paztt + R™20u = 0, (0.1)
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where co := Ep~", is non realistic in that it presents the phenomenon of infinite propagation

speed. The Rayleigh-Love Equation!*:36]
—(att — 0281$)8$$U + R_Qé)ttu =0 (02)

is more accurate than Equation (0.1), since it takes into account the effect of the rotary
inertia of the cross-sections of the beam, and has a bounded phase velocity. As a matter
of fact uniqueness lacks for Equation (0.2) (cf.[25]), so a fortiori Equation (0.2) too has an
infinite propagation speed, in the sence that the supports of the initial data may expand
themselves at an infinite speed.

If, in addition to rotary inertia, one considers the effect of shearing strains, then one gets
the so-called Timoshenko Equation!®! (cf. [14,24,46]) (see [38,52,29] for historical notes)

(3” — czamx)cfl((?tt — clam)u + R_Qattu = 0, (03)

where ¢; = kGp~'. p,E,G,S,I,k are positive constants, and so are R,cy and c¢;. It
is always ¢; < ca(see Remark 2.1 below). We note that the standard method of letting
some parametres go to zero, apparently does not permit to re-obtain Equation (0.2) from
Equation (0.3) (if e.g. we let ¢; — o0, then a fortiori co — oo too, so we may get to the
limit only Equation (0.1). Therefore Equation (0.2) can be considered by no means as an
approximation of Equation (0.3). For the derivation of Equation (0.3), we refer the reader
e.g. to [56,31,1,20,62], or to [9].

Equation (0.3) has a finite propagation speed in all senses, and indeed experimental results
show that it is a more realistic model than Equations (0.1),(0.2) (see [57,1,3,31] and also
the discussion in [44]). Due to this fact, Equation (0.3) is a model currently used in Control
Theory (cf.[49,29,52,26,21]).

Inhomogeneous versions of Equation (0.3) were studied in [9]. Here we want to deal
with a "mild” quasi-linear version of Equation (0.3), describing transversal vibrations in the
presence of a state of axial tension or compression, which is in fact a nonlinear functional of
the vertical displacement u itself.

To be more precise, let us first examine how the presence of the axial tension T was
included in Equations (0.1) and (0.2). According to B. de Saint-Venant, it was A. Clebsch!*?]
who first introduced this correction. Clebsch proposed the following equation:

—(3“ — czam)@mu + R72(8tt - Co(T)aTT)U = 0, (04)

where co(T) :=Tp~ L.

Later, Rayleigh[*8! observed:

“When the bar, whose lateral vibrations are to be considered, is subject to longitudinal
tension, the potential energy of any configuration is composed of two parts, the first de-
pending on the stiffness by which the bending is directly opposed, and the second on the
reaction against the extension, which is a necessary accompaniment of the bending, when
the ends are nodes. The second part is similar to the potential energy of a deflected string;
the first [ - -] is not entirely independent of the permanent tension.”

Consequently, Rayleigh corrected Equation (0.4) as follows:
—(att — CZ(T)OM)OMU =+ R_z(att — Co(T)aIw)’U/ = 0, (05)
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where ci(T) := E*(T)p~!, with E*(T) := E + T. As a consequence, it is
c5(T) = ca + co(T). (0.6)
Following the variational appoach of K. Washizul®?, it seems reasonable (cf.[9]) to propose

as a corrected version of Equation (0.3), in order to consider the effect of a tension T" which
possibly varies with time, the following one:

(Ot — 3(T)00)(c1 (1)) ™1 (Ot — (1(T) + co(T)) Dz )u

+ R7?(0y — co(T) 0z )u = 0, (0.7)
where ¢f(T) := kG*(T)p~!, with G*(T) denoting the shear modulus of the beam subjected
to the axial tension T'. If we apply the classical Cauchy’s relations for an elastic body
subjected to initial stresses (cf.[36]), it is possible to show that

the shear modulus G*(T') is independent of the axial tension T.
Therefore ¢;(T) = ¢1, so, taking into account (0.6), Equation (0.7) reduces to
(01 — (c2 + ¢0(T))O0pa ) (01t — (c1 + ¢0(T))Opa ) + a(Ot — co(T)Opa)u = 0, (0.3)

where a := ¢ R™2 = kGS(pI)~ L.

In a non-linear analysis, the tension 7' depends upon the unknown w. To perform a “mild”
non-linear analysis, based on the assumption that some strains are very small, one can get
the inspiration from Kirchhoff’s 3% (cf.[28]) “mild” quasi-linear equation for the transversal
vibration of the clamped string

(Ot — yo(u(:,1)) Oz )u = 0,
{uzO for x=0, x =1L, (0-8)
with

Yo(v) := (Tg +E ][ (ﬁzv)2dx/2) p L, (0.9)

where T; denotes the tension in the string in the rest position u = 0, and f (-)da denotes
the mean value on [0, L]. Equation (0.8) takes into account the fact that the length of the

17 and

string, and consequently the tension, will change during the motion. G. F. Carrier
R. Narasimhal®¥! recovered Equation (0.8), without quoting Kirchhoff. For experiments see
[45] (cf.[47]). From a purely mathematical point of view, Equation (0.8) was firstly studied

[12]: assuming that Ty > 0, he established local well-posedness in Sobolev

by S. Bernstein
spaces of any order > 1.5, and global well-posedness in the space of analytic functions. For
surveys on Equation (0.8) we refer the reader to [5, 54].
A “mild” quasi-linear version for the small transversal vibrations of the (0.1)-beam with
hinged ends was proposed by S. Woinowsky- Krieger(® and D. Burgreen!'6! (use (0.9)):
{8“ + B2k = 0(u(-,)Das)u = 0, (0.10)
U =0z u=0 for =0, z=L. '
The above model is called the extensible (0.1)-beam. See also [13,23,28,43] and the
references quoted there. From the mathematical point of view, the Cauchy problem for
Equation (0.10) was studied first by [22, 10], and then in many other papers. An analogous
model for the (0.2)-beam was studied, from the mathematical point of view, in [15].
Taking Equation (0.7) into account, we propose here the analogous “mild” quasi-linear

version of Equation (0.3) for fixed ends. For simplicity’s sake, we will consider only the case
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when Ty = 0. Set

Y0(v) = E(2p)~" f (0:v)d,
{vf<v> =1 +70(0), 72(v) = ca + 70(v), (011
and consider the equation
(Ot — v2(u(+,t))0nz ) (Ot — 1 (u(+, 1)) Opz )t + a(Oer — Yo (u(+,t))Ops)u = 0, (0.12)
where
7 (v) :=¢1 + Y0(v). (0.13)

We will call Equation (0.12) the extensible (0.3)-beam (or Timoshenko- Kirchhoff beam
equation). A model of this type was proposed by M. H. Sapir & E. L. Reiss [50, Equation A.17]
Their model looks similar to Equation (0.12) above, but with v; replaced by Gp~! + o (i.e.
formally & = 1). This would correspond to assuming that the shear stress is uniformly

distributed over the cross section: “Unfortunately, things are not that simple” 20

; and 72
replaced by cs.

Equation (0.12) is more precise than that proposed in [50], since it is able to describe
Rayleigh’s correction to the characteristic speed cs. In addition the surprising fact occurs
that the equation is easier to handle with the term 75 in place of cs.

The model (0.12) must also be compared with [18, 64, 42, 60] (which anyway are interested
in particular solutions).

The aim of this paper is to study the well-posedness of the Cauchy problem for Equation

(0.12) with the positions (0.11),(0.13), under the boundary conditions
u=0,,u=0 at x =0, =1L (simply supported beam). (0.14)

More in general, we will study Equation (0.12) for a generic nonlinear relation stess-strain
in the beam, i.e. when the tension in the beam is expressed by the formula ((-); := 9,)

T(u(-1)) = m(][ui(m,t)dx), (0.15)

where m(-) is a generic continuously differentiable function (we remark that we need not
assume that m is strictly increasing on its argument, so we are able to treat materials like
low-carbon structural steel (see e.g.[40]), as well as possible new materials).

The constitutive relation (0.15) is non-local, but it is possible to treat Equation (0.12) in
an abstract form.

Let H be a real Hilbert space, with scalar product (-, -) and norm ||-|| g, and let A : D(A) C
H — H be a self-adjoint positive definite operator. Set (i) := 0y + 1A (r € (—00, +00)).

For ¢ = —1,0,1,2, let m; : [0, +00) — (—00,+00) be continuously differentiable, and let
functionals 7; : D(A) — (—o0, +00) be defined by ~;(v) := m;((Av,v)) (v € D(A)).

Assume that v_1(v) # 0 (v € D(A)), and that the following condition (of abstact
hyperbolicity) holds true: v2(v) > v > 0, ~7(v) > v > 0 (v € D(A)). Consider the
following equation

(D[’Yz(u)] (7_1(u))71|][71(u)] + D[Wo(u)])u =0 (t > 0) (016)

The abstract Timoshenko-Kirchhoff Equation (corresponding to Equation (0.12)) is ob-
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tained by imposing that m_; =constant # 0,m; = ¢; + mo (i = 1,2), i.e., for v € D(A),
~v—1(v) := constant # 0, o(v) := mo((Av,v)),
71(v) =1+ (), 2(v) = c2 4+ 70(v).
The abstract problem is thus

(B2 1O ()] + Y100 y) e = 0 (£ > 0), (0.12)°
which can be treated in a very simple way by exploiting the property v —v1 =c2 — 1 =
constant, which implies that the operators [, () and O, (,)) commute. If the abstract
strict hyperbolicity condition ¢; # ¢ is satisfied, then one gets (Theorem 1.1) the local

well-posedness of the Cauchy problem for Equation (0.12)" in the phase space D(A%/?) x
D(A=1/2) x D(Ae=2/2) x D(A@=3)/2) for any a > 1.5.

§1. Local Well-Posedness of the Abstract
Cauchy Problem for Equation (0.12)’

Let H be a real Hilbert space, with scalar product (-,-), and let A: D(A) Cc H - H
be a self-adjoint positive definite operator. For 8 > 0, D(A?) denotes the domain of the
B-th power of the operator A (see e.g. [55]); D(A) is made a Hilbert space under the norm
[ull pasy := [|APull. For B < 0,D(A?) denotes the dual space of D(A™"), endowed with
the dual norm. For r € (—o0, +00), we set [,y := Oy +1rA.

Theorem 1.1(Main Result). Let mg : [0,+00) — (—00,+00) be continuously dif-
ferentiable, and for c¢1,co € (—00,400), let the functionals v; : D(A) — (—o0,400) (i =
—1,0,1,2) be defined by

{fy_l(v) := constant # 0, o(v) : = mo((Av,v)), (1.1)
71(v) i=c1 +7(v),  72(v) = c2 +70(v). '
Assume that the following conditions (abstract strict hyperbolicity) are satisfied

() >v >0, v >v>0 (ve D(A)), (1.2)
€1 # Ca. (1.3)
Then, for any a > 1.5 the Cauchy problem
{ O )] T ()] + Y100 e = 0 (£ > 0), (1.4)
u(0) = ug, Ou(0) =wu1, Ouu(0) =ug2, Ouu(0)=us

is uniquely solvable™) in the phase space

D(A%/?) x D(A@=D/2) x D(A=2/2) x D(A=3)/2), (1.5)

Remark 1.1 Assumption(1.2) may be replaced by the weaker one:
Y1(ug) >0, 72(ug) > 0. (1.6)

Proof of Theorem 1.1 and Remark 1.1. We write down the proof in such a way that

it could be possibly generalized to the more general situation of Equation (0.16). Following

(*)This means that for any choice of the initial data in the phase space (1.5), there exists T' > 0 such
3 . .
that the Cauchy problem (1.4) admits a unique solution u in () C7([0,T); D(A*~9)/2)).
=0
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[9], we introduce the new variables
v = (7-1) Ot 2= (1) Opyy ) (1.7)
and set
7= (r-1) " (e =) (1.8)
By (1.1), we know that
v = constant, (1.9)
and by the strict hyperbolicity assumption (1.3), it is
~ # 0. (1.10)

We can thus introduce the two numbers

A=y e =), pi=— T =) (1.11)
(i.e. A =7"teg and = —y~1¢;), for which
A+ =71, A+ py2 =7-17- (1.12)
On the other hand, if we denote by [ -, - ] the commutator, then we have
1101 T yts (1) Dpracat] = 0(1(w) A, + 4(Bu((w)) 4. (1.13)
By (1.12) and (1.13), the new variables v; must satisfy the second order system
(s 1+ 302~ QA= BAENAD =0 (62034
Dh2(u)]’()2 + pvy + Avg =0 (t>0). ’
By (1.9), the system (1.14) reduces to
{D["ﬂ(u)]vl +pvy+Ave =0 (t>0), (1.15)
D[W(u)]’vg +pvy +Ave =0 (t>0).
Let o be any number > 1.5. By (1.10), we can define the isomorphism
S: D(AC=D/2) 5 D(A?), S :w s (vA) . (1.16)
By positions (1.7), (1.8) and (1.16), we can express
u=S(v1 — vg). (1.17)

We claim that the local well-posedness of the Cauchy problem (1.4) in the phase space
(1.5) is equivalent to the local well-posedness of the Cauchy problem for the system (1.15)
in the phase space

(D(A©C=2/2)  D(A=3)/2))2, (1.18)
Indeed, by (1.7), one gets
v = 7" (2 (w)vz = m(wvr) =77 (72(S (01 = v2))vz = 11 (S(v1 = v2))or),  (1.19)
and if ((v1, Opv1), (ve,div2)) is a continuous function of the time into the phase space (1.18),
then 7;(S(vy — vq)) is a C! function of the time (i = 1,2).
If we put V := (v, v2), then the system (1.15) reads as

() (P 5) am

where
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with
gj(v) = 'YJ(S(Ul - ’UQ))’ (] = 1’2)’ V= (U1’U2)7 (1'22)

and

If ¢ : [0,400) = (—00,+00) is any function such that |mg(r1) — mo(r2)| < Y(R)|r1 —
ra| (r1,72 < R), and if ¢ denotes any positive constant such that (Av,v) > ||v||%, (v €
D(A)), then for j = 1,2 the following bound holds [©:

l9;(V1) = 9;(Va)| <2071 (2R) 20 (R) - [ V1 = Vall pga-srs)
(IVill pea-1r4) < v(Re/2)Y?, i=1,2).
Now we have

Theorem 1.2. Let 8 € (—o0,+o0), and let g : D(AP/?) — (—o0,+o0) satisfy the
condition

{Ekp :[0,+00) = (=00, +00) such that ¥ |[vil| p(ae/zy < R (i =1,2), (1.23)
l9(v1) — g(v2)| < p(R)|lv1 — val[pacs—1/2y- '
For ug € D(AP/?) and uy; € D(APB=D/2) we consider the Cauchy problem
3ttu + g(u)Au =0 (t > 0),
{u(O) =ug, Opu(0) = uy. (1.24)

Assume that the following condition holds true (local abstract strict hyperbolicity) : g(ug) >
0. Then, for any a > B, the Cauchy problem (1.24) is uniquely solvable in the phase space
D(A*/?) x D(Ale=1)/2),

Theorem 1.2 above generalizes the result of Theorem 1 of [6]. The proof is omitted for
reasons of space, however it is similar to the one of [6]: it consists in finding the solution as
a fixed point in a set C°([0, T]; B-weak), B being a convenient ball in the space D(A?/?) x
D(A(B -1/ 2), by application of the contraction principle with respect to the supremum norm
in D(AB-D/2) x D(AB-2/2),

Thanks to the hyperbolicity condition (1.2) (or (1.6)), it is easy to check that the technique
may be adapted to solve the Cauchy problem for Equation (1.20). In this way one gets,
for any o > 3/2, the local well-posedness of the Cauchy problem for Equation (1.20) in the
phase space

D(A(a—Z)/Z) % D(A(a_3)/2), (1.25)

i.e. the local well-posedness of the Cauchy problem for system (1.15) in the phase space
(1.18), which in turn is equivalent to the thesis.

Remark 1.2. The same proof of Theorem 1.1 may be easily adapted to treat the more
general case of Equation (1.4) when the functionals v; : D(A%/?) — (—o0,+00) (i =
—1,0,1,2) are not of the type (1.1), but the functional 7, defined by (1.8), still satisfies
(1.9). In this case the strict hyperbolicity condition (1.3) must be replaced by (1.10). Then
if the ~;’s satisfy (1.2) and (1.23), the Cauchy problem (1.4) is uniquely solvable in the phase
space (1.5) for any o > 3.

Remark 1.3. In the proof of Theorem 1.1 we changed variable and then linearized the
resulting second order equation. In a different (more standard) approach, one can study
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the fourth order linearized equation, and then achieve the solution as a fixed point of a
contraction map. This is done in [7] (cf.[8]), however under stronger assumptions (m is
assumed to be thrice differentiable, and « > 2.5).

§2. Applications to the Concrete Timoshenko-
Kirchhoff Beam Equation (0.12)

We apply the abstract theory of §1 to the concrete Equation (0.12), with the positions
(0.11), (0.13), under the boundary condition (0.14). We remember that it describes the
transversal vibrations of a simply supported beam under the assumption that the shear
modulus G of the beam is not affected by changes in the axial tension.

Theorem 2.1. let L, p, E, G, k be positive constants. Assume that
kG < E. (2.1)
Set
0(0) = B20) ! ok
Yo(v) := Ep~t + %0 (v), 71(v):=kGp~t +y0(v).

Let a € (—o0,+00), and consider the initial-boundary value problem

(Ost — Y2 (u(-, 1)) Oza ) (Opr — Y1(u(+,1))0pa)u
+a(0y — yo(u(+,t))0zr)u=0 (0<z <L, t>0),
u=0pu=0 at x=0, =L for each t=>0,
aiu(x,()) :u](ac) (0 <z < Lv J = Oa 73)a
and, for B € (—o0,400), denote q(B) := largest integer < (8 —1/2)/2.
Let us assume that, for some o > 2.5, the initial data u; satisfy (j = 0,---,3) the
conditions**)

u; € H*79((0,L)) (:=Sobolev space of exponent 2 and derivative order o — j)
u; = Giuj = aiuj =...= ﬁiq(a*j)uj =0 at =0, z=0L.

Then for convenient T' > 0 problem (2.2) admits a unique weak solution

2c
we () C([0,T); H*7/((0,L))) € CP([0, L] x [0,T)), (2.3)
3=0
(p(a) := largest integer < o — 1/2), which satisfies™*) (0 < j < a —1/2)
Hu=0Pu=--- =002 Dy=0 at =0, c=1L (t>0). (2.4)

Remark 2.1. In the case of beams: it is always k <1 (see [20]), and on the other hand
for the Young modulus E and the shear modulus G we have G < FE, therefore the inequality
in (2.1) is always satisfied.

G9)if o — j — 1/2 € 2N, the function 85‘1(“‘”Uj belongs merely to H'/2((0, L)), and so it may happen
that it is discontinuous. In that case, the condion of vanishing at the ends of the interval must be interpreted
in the weaker sense that d—1/2 . 8%‘1(047‘7)“]‘ belongs to L2(0, L), where d(-) denotes the distance from the
set {0, L}. In particular, in the limit case @ = 2.5, the boundary condition “Ozzu = 0 at = 0, L must be
interpreted in this weaker sense.
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Remark 2.2. (i) In Theorem 1.1 we can allow « to be any number > 1.5, but in that
case the solution does not fulfill the boundary condition “O,,u =0 at x = 0,2 = L” in any
sense: the solution is a “mild” one.

(ii) If > 4.5, by (2.3) the solution is classical.

Remark 2.3. Let us compare Theorem 2.1 with the result of M. Tucsnak!®8!. He treated
a boundary-initial value problem for the quasilinear version of the system (0.9) of [9], with
(G* = G, formally k = 1 and ) E* = E, which is equivalent to Equation (A.17) of [50],
under the boundary condition (0.14). However the well-posedness for those two problems
are not equivalent: actually if the Cauchy problem for the equation of [50] is solved by
passing through the system in [58], one derivative is lost from the initial data to the solution
(actually, the system is not sensible to the information whether strict hyperbolicity occurs
or not).

Therefore Theorem 2.1 above is in any case independent from the result of [58].

Proof of Theorem 2.1 and Remark 2.2. Let us make the positions
H:=L*0,L), D(A):={uc H*((0,L)):u(0) =u(L) =0}, A:=—L "0,
vt =a, mo(r):=Er(2p)7, ca:=FEp ', ¢ :=kGp~h.
Then condition (2.1) implies (1.3). Moreover, the initial data belong to the phase space
3 . .
(1.5). So from Theorem 1.1 we get a unique weak solution u € () C?([0,T); H*7((0, L)))
§=0
which satisfies condition (2.4) for j = 0,---,3. In particular, since a > 2.5, for j = 0, we
get u=0pu=0atz=0, v=L (t>0)* which is the boundary condition in (2.2).
The further regularity stated in (2.3) and (2.4) follows directly by differentiating the
equation in (2.2) (note that in the present case mg € C'*), thanks to the Sobolev imbedding
theorem.

§3. The Kirchhoff Correction to the Mindlin-Timoshenko Plate

The analogous of Equation (0.3) for a plate, which takes into account both the effects of
rotary inertia and transverse shear, and which is currently used in applications in Control
Theory (cf. [32, 35]), is the so-called Mildlin-Timoshenko Equation!®?:37]

d;l(att — dQAz) . (8tt — dlAm)u + K72attu = 0, (31)

where K2 := h2/12, dy := 7Gp~1, and dy := (1 — 02) "1 Ep~!. The letters 0,7 (resp. h)
denote the physical (resp. geometrical) parameters of the plate. More precisely, o :=Pois-
son’s ratio, 7 is Mindlin’s constant which depends in a nonlinear fashion upon o (however,
7 &~ 0.76 4+ 0.30 for 0 < o < 0.5), h := thickness of the plate. For simplicity’s sake, we
assume that for u = 0 the plate is tension-free.

The analogous of Equation (0.10) for the small transverse vibrations of the simply sup-
ported plate (the extensible plate) was proposed by W. A. Nash & J. R. Modeer* and by

T. Wahl®! as a dynamic analogue of H. M. Berger’s Equation [

{ doN2u+ K20 — xo(u(-, 1) Ag)u =0,

u = A,u =0 at the boundary of the plate (¢t > 0), (3.2)
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where
X0(©) = E2p) (1 - 0%) 7 f [Vaofe
See [43] and the references quoted there, and also [2]. Let us set
x1(v) == di + x0(v), Xx2(v) :=da + xo(v).

The formal analogue of Equation (0.12) for the plate reads as follows:

(Ou — x2(u(-, 1) A) (O — xa (u(-, 1)) Dg)u + a(Oy — xo(ul-, 1)) Ag)u =0, (3.3)

where a := d, K2 = 12rGh~2p~ L.
We may call Equation (3.3) the extensible (3.1)-plate (or Mildlin- Timoshenko-Kirchhoff
Equation). Equation (3.3) must be compared with [65, 53, 27, 33, 51, 66] (which anyway are
interested in particular solutions). Now, Equation (3.3) may still be written in the abstract

form (0.12), and so Theorem 1.1 may be applied as well, yielding a result analogous to
Theorem 2.1.

Acknowledgements. The author wishes to thank A. Sestieri for calling his attention
upon the Timoshenko beam equation, P. Hagedorn for pointing out references [3, 14, 52],
M. G. Poali for [48] and R. Natalini for [58]. The research has been supported by a contract
with C. N. R. and the Italian Ministero per la Ricerca Scientifica e per e’Univrsita. The
author is a member of the G. N. A. F. A. (C. N. R.).

REFERENCES

[1] Abramson, H. N., Plass, H. J. & Ripperge, E. A., Stress wave propagation in rods and beams, Advances
in Appl. Mech., 5(1958), 111-194, Academic Press, 1958.

[2] Aggarwala, B., Vibrations of rectilinear plates, Z. Angew. Math. Mech., 49(1969), 711-716.

[3] Aprahamian, R. & Evensen, D. A., Vibrations of rectilinear plates, J. Appl. Mech. Trans. ASME, 49
(June 1970), 287-291.

[4] Arosio, A., A geometrical nonlinear correction to the Timoshenko beam equation, in “Nonlocal aspects
in solid mechanics (Euromech 378)” (Mulhouse, 1998), A. Brillard & J. F. Ganghoffer eds, p.45-50.

[5] Arosio, A., Averaged evolution equations. The Kirchhoff string and its treatment in scales of Banach
spaces, in ”Functional analytic methods in complex analysis and applications to partial differental
Equations” (Trieste, 1993),, W. Tutschke & A. S. Mshimba eds., World Scientific, Singapore, 220-254.

[6] Arosio, A. & Garavaldi, S., On the mildly degenerate Kirchhoff string, Math. Meth. Appl. Sci., 14
(1991), 177-195 [MR 92c: 35072].

[7] Arosio, A., Natalini, R. & Paoli, M. G., Fourth order quasilinear evolution Equations of hyperbolic
type, J. Math. Soc. Japan, 44(1992), 619-630 [MR 93h:35119].

[8] Arosio, A., Natalini, R., Panizzi, S. & Paoli, M. G., Fourth order abstract evolution Equations, in
”Nonlinear hyperbolic Equations and field theory” (Proc.: Varenna, 1990), 8-22, M. K. V. Murthy &
S. Spagnolo ed.s, Pitman Research Notes Math., 253, Longman, Harlow, 1992 (short version:
———-, in ”Differential Equations” (Proc.: Barcellona, 1991), vol. I, 282-287, C. Perello, C. Simo & J.
Sola-Morales (eds.), World Scientific, Singapore, 1993).

[9] Arosio, A., Panizzi, S. & Paoli, M. G., Inhomogeneous Timoshenko beam Equations, Math.Meth.Appl.
Sci., 15(1992), 621-630 [MR 93j:73042]; Temporally inhomogeneous Timoshenko beam Equations,
Ann. Mat. Pura Appl., 163(1993), 17-41 [MR 94e:34061].

[10] Ball, J. M., Initial-boundary value problems for an extensible beam, J. Math. Anal. Appl., 42(1973),
61-90.

[11] Berger, H. M., A new approach to the analysis of large deflections of plates, J. Appl. Mech. Trans.
ASME, 22(1955), 465-472 [MR 17:429¢].

[12] Bernstein, S., Sur une classe d’¢quations fonctionelles aux dérivees partielles ((Russian), Izv. Akad.
Nauk SSSR, Ser. Mat., 4(1940), 17-26 [MR 2:102] (reprinted in:———* Collected works,vol. III:
differential Equations, calculus of variations and geometry”) (1903-1947), 323-331 (Russian), Izdat.
Akad. Nauk SSSR, Moscow, 1960).




No.4 A. AROSIO TIMOSHENKO-KIRCHHOFF BEAM EQUATION 505

[13] Bolotin, V. V., On the transverse vibrations of rods excited by periodic mongitudinal forces (Russian),
in Collection of papers: “Transverse vibrations and critical velocities”, I, 46-77, Akad. Nauk SSSR,
Moscow, 1951; “The dynamic stability of elastic systems,” ch.3 §13, 1956 (English Transl.: Holden-Day,
San Francisco, 1964) [MR 19:905f].

[14] Bresse, J. A. C., Cours de mechanique applique, p.126-, 1° ed., Mallet Bachelier, Paris, 1859, (or p.
143-20 ed., Gauthier-Villars, Paris, 1866) (or §35 of the edition of 1880).

[15] de Brito, E. H., A nonlinear hyperbolic equation, Int. J. Math. Math. Sci., 3:3(1980), 505-520 [MR
82d:34091].

[16] Burrgreen, D., Free vibration of a pin ended column with constant distance between ends, J. Appl.
Mech., 18(1951), 135-139.

[17] Carrier, G. F., On the nonlinear vibration problem of the elastic string, Quart. Appl. Math.,3(1945),
157—165, A note on the vibrating string, Quart. Appl. Math., 7(1949), 97-101 [MR 10:458a].

[18] Chu,H. N., Influence of transverse shear on nonlinear vibration of sandwich beams with honeycomb
cores, J. Aero. Sci., 28(1961), 405-410.

[19] Clebsch, A., Theorie der Elasticitat fester Korper, ch. IV, §61, formule (222), Teubner, Leipzig, 1862
(Transl. by B. de Saint-Venant & flamant as: “Théorie de ’elasticite des corps solides”, Dunod, Paris,
1883).

[20] Cremer, Heekl & Ungar, Structure borne sound, ch. I, §3b, Springer, Berlin.

[21] Deng, Y., Exponential uniform stabilization of cantilevered Timoshenko beam with a tip body vi-
aboundary feedback control, 50 Symposium ”Control of distributed parameter systems”, Perpignan,
1989.

[22] Dickey, R. W., Free vibrations of dynamic buckling of the extensible beam, J. Math. Anal. Appl., 29
(1970), 443-454.

[23] Eringer, A. C., On the nonlinear oscillations of elastic bodies, Q. Appl. Math., 9(1951), 361-369 [MR
13:302].

[24] Fligge, W., Die Ausbreitung von biegenvellen in Stdben, Z. Angew. Math. Mech., 22(1942), 312-318.

[25] Hormander, L., Linear partial differential operators (Th. 5.2.2), Springer, Berlin, 1963.

[26] Tto, K. & Kunimatsu, N., Boundary control of the Timoshenko beam with viscous internal dampings,5°
Symposium on Control of distributed parameter systems,, Perpignan, 1989.

[27] Kanaka Raju, K. & Venkateswara Rao, G., Axisymmetric vibrations of circular plates including the
effects of geometric nonlinearity, shear deformation and rotary inertia, J. Sound Vibration, 47(1976),
179-184.

[28] Kauderer, H., Nichlineare mechanik, Part 2, B II, §1.88 b (Kirchoff string), equation (11) (extensible
beam), Springer, Berlin, 1958.

[29] Kim, J. U. & Renardy, Y., Boundary control of the Timoshenko beam, SIMA J. Control Optim., 25:6
(1987), 1417-1429.

[30] Kirchhoff, G., Mechanik, ch.29 §27, Teubner, Leipzig, 1876.

[31] Kolsky, H., Stress waves in solids, ch. 3, Oxford Univ, Press, London, 1953.

[32] Komornik, V., Controlabilité exacte en temps minimal de quelques modeles de placques, C.R. Acad.
Paris, Sér. I Math., 307(1988), 471-474.

[33] Kozhemyakina, I. F. & Morgaevskii, A. B., Effect of rotary inertia and shearing force on nonlinear
oscillations of plates under moving loads, Prikl. Mekh., 12(1976), 75-80.

[34] Kranys, M., Causal theory of evolution and wave propagation in mathematical physics, J. Appl. Mech.-
Trans. ASME., 42:11(1989), 305-321.

[35] Lagnese, J. & Lions, J. L., Modelling, analysis and control of thin plates, Masson, Paris, 1988.

[36] Love, A. E. H., A treatise on the mathematical theory of elasticity, 4° ed., §, §280, Cambridge Univ.
Press, 1927.

[37] Mindlin, R. D., Influence of rotatory inertia and shear on flexural motions of isotropic, elastic plates,
J. Appl. Mech., 18(1951), 31-38.

[38] Mindlin, R. D. & Deresiewicz, Proc. 2 Natl. Cong. Appl. Mech., 175-178, ASME, 1954.

[39] Narasimha, R., Nonlinear vibration of an elastic string, J. Sound Vibration, 8(1968), 134-146 [Zbl
164:267].

[40] Nash, W. A., Strength of materials, p.3, Shaum’s Outline Series, Mcgraw-Hill, New York.

[41] Nash, W. H. & Modeer, J. R., Certain approximate analysis of the nonlinear behaviour of plates and
shallow shells, in “The theory of thin elastic shells” (Proc.: Delft, 1959), 331-354, W. T. Koiter ed.,
North-Holland, amsterdam, 1960 [MR 22:7375].

[42] Nayfeh, A. H., Nonlinear transverse vibrations of beams with properties that vary along the length, J.
Acoustic Soc. Am., 53(1973), 766-770.



506 CHIN. ANN. OF MATH. Vol.20 Ser.B

[43] Nayfeh, A. H. & Mook, D. T., ”Nonlinear oscillations”, §7.4 (Kirchhoff string), §7.5 (tubular motion of
the Kirchhoff string), Equation(7.1.28) and §7.2-4 (extensible beam), §7.6 (extensible plate),, Wiley-
Interscience, New York, 1979.

[44] Nicholson, J. W. & Simmonds, J. G., Timoshenko beam theory is not always more accurate than
elementary beam theory, J. Appl. Mech.-Trans. ASME, 44(1977), 337—338; See also disscussion by
A.van der Heijden, W. T. Koiter, E. Reissner, H. S. Levine, same J., 357-359, and by R.M. Christensen,
R. Schmidt, M. Levinson, T. Leko, same J., 797-799.

[45] Oplinger, D. W., Frequency response of a nonlinear stretched string, J. Acoustic Soc. Amer., 32(1960),
1529-1538 [MR 22:11649].

[46] Prescott, J., Elastic waves and vibrations of thin rods, Phil. Mag., 33(1942), 703.

[47] Raman, C. V., Experimental investigations on the maintenance of vibrations, Proc. Indian Assoc. for
the Cultivation of Sci. Bulletin, 6(1912) (note: this paper is referred at p.236 of Lubkin, S. & Stoker,
J. Quart. Appl. Math., 1:3(1943) as follows: “A length experimental investigation, beautifully and
profusely illustrated with photographs of vibrating strings. Some anomalies are explained by considering
a nonlinearity in the phenomena; for this purpose the differential Equation v/ + ku’ + (h2 — 2asin 2pt +
bu?)u = 0 is introduced”).

[48] Lord Rayleigh, The theory of sound, vol.I, §186, §188, 2 ed., Dover, New York (1° ed.: Macmillan,
1877).

[49] Russell, D. L., Mathematical models for the elastic beam and their control-theoretic implications, Semi-
groups, theory and applications, Vol. II, H. Brezis, M. G. Crandall & Kappel, F. ed.s, Longman, Harlow
1986, 177-216.

[50] Sapir, M. H. & Reiss, E. L., Dynamic buckling of a nonlinear Timoshenko beam, SIAM J. Appl. Math.,
37:2(1979), 290-301.

[61] Sathyamoorthy, M., Shear and rotary inertia effects on large amplitude vibration of skew plates, J.
Sound Vibration, 52(1977), 155-163.

[62] Schmidt, J., Euntwurf von reglern zur aktiven schwingungdampfung an flexiblen mechanischen struk-
turen, Dissertation von Diplom-Ingenieur, §4.1, Darmstadt, 1987.

[53] Singh, P. N., Das, Y. C. & Sundararajan, V., Large-amplitude vibrations of rectangular plates, J. Sound
Vibration, 17(1971), 235-240.

[54] Spagnolo, S., The Cauchy problem for Kirchhoff equation (workshop in honour of Amerio, Como, 1992),
Rend. Sem. Mat. Fis. Milano, 42(1992), 17-51.

[65] Tanabe, H., Equation of evolution, ch.6, Cor. to Th. 6.5.2,, Pitman, London, 1979.

[56] Timoshenko, S. P., On the correction for shear of the differential equation for transverse vibrations
of prismatic bars, Philosophical Magazine, 41(1921), 744-746 (reprinted in Philosophical Magazine,
Collected papers, Mc Graw-Hill, New-York, 1953; ”Vibration problems in engineering”. 3° ed., Van
Nostrand, Princeton, 1955).

[67] Traill-Nash, R. W. & Collar, A. R., The effects of shear flexibility and rotatory inertia on the bending
vibrations of beams, Quart. J. Mech. Appl. Math., 6:2(1953), 186—222.

[58] Tucsnak, M., On an initial and boundary value problem for the nonlinear Timoshenko beam, An. Acad.
Bras. Ci., 63:2(1991), 115-125.

[59] Uflyand, Ya. S., The proopagation of waves in the transverse vibrations of bar and plates (Russian),
Akad. Nauk SSSR Prikl. Mat. i Meh., 12(1948), 287-300.

[60] Venkateswara Rao, G., Raju, I. S. & Kanaka Raju, K., Nonlinear vibrations of beams considering shear
deformation and rotary inertia, AIAA(=Amer. Inst. Aeron. Astronautics) J., 14(1976), 685—687.

[61] Wah, T., Large amplitude flexural vibration of rectangular plates, Int. J. Mech. Sci., 5(1963), 425-438.

[62] Washizu, K., Variational methods in elasticity and plasticity, ch.7 §7, Appendix C, Pergamon, London,
1968.

[63] Woinowsky-Krieger, S., The effect of an axial force on the vibration of hinged bars, J. Appl. Mech., 17
(1950), 35-36.

[64] Wrenn, B. G. & Mayers, J., Nonlinear beam vibrating with variable axial boundary restraint, ATAA
(=Amer. Inst. Aeron. Astronautics) J., 8(1970), 1718-1720.

[65] Wu, C.I. & Vinson, J. R., Influences of large amplitudes, transverse shear deformation, and rotatory
inertia on lateral vibrations of transversely isotropic plates, J. Appl. Mech., 36(1969), 254-260.

[66] Yu, Y. Y. & Lai, J. L., Influence of transverse shear and edge condition on non-linear vibration and
dynamic buckling of homogeneous and sandwich plates, J. Appl. Mech., 33(1966), 934-936.



