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TWO-DIMENSIONAL APPROXIMATION
OF EIGENVALUE PROBLEMS IN
SHELL THEORY: FLEXURAL SHELLS
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Abstract

The eigenvalue problem for a thin linearly elastic shell, of thickness 2¢, clamped along its
lateral surface is considered. Under the geometric assumption on the middle surface of the shell
that the space of inextensional displacements is non-trivial, the authors obtain, as € — 0, the
eigenvalue problem for the two-dimensional “flexural shell” model if the dimension of the space
is infinite. If the space is finite dimensional, the limits of the eigenvalues could belong to the
spectra of both flexural and membrane shells. The method consists of rescaling the variables
and studying the problem over a fixed domain. The principal difficulty lies in obtaining suitable
a priori estimates for the scaled eigenvalues.
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¢1. Introduction

In this paper, we study the limiting behaviour of eigenvalues and eigenfunctions describing
the vibrations of a thin linearly elastic shell, clamped along its lateral surface, under a
geometric assumption on the middle surface of the shell that the space of inextensional
displacements (cf. (4.2)) is non zero. In the stationary case, under additional assumptions
on the order of magnitude of the body forces, this leads to the two-dimensional model of
the “fexural shell” as shown by Ciarlet, Lods and Miaral®!.

Examples of clamped shells which obey the above geometric condition, thus leading to
the flexural shell model are plates or, more generally, shells which are ‘flat’ in some region
(cf. Remark 4.1 below). Also if the middle surface of the shell is a cylinder and the shell
is clamped on a portion of the lateral surface, the middle line of which is contained in a
generatrix of the cylinder, the above geometric condition holds. The results of this paper,
though proved for shells clamped along the entire lateral surface, hold for the partially
clamped case as well.

Our procedure to study the corresponding eigenvalue problem is the standard one. Start-
ing with the three-dimensional eigenvalue problem (corresponding to the one studied by
Ciarlet, Lods and Miaral® in the stationary case), we rescale the variables and obtain a
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problem posed over a fixed domain where the parameter e (corresponding to the thickness
of the shell and the dimension of the three-dimensional domain over which the reference
configuration of the shell is defined) now appears in the various bilinear forms. We can then
pass to the limit after obtaining suitable a priori estimates.

The key to making this procedure work lies in obtaining the suitable a priori estimates.
This is where the principal mathematical contribution of this paper lies. It must be observed
that in previous works (cf. [3,5]) the membrane and flexural models were obtained based on
two assumptions. First, the nature of the space of inextensional displacements and second,
the orders of magnitude of the body forces. If the forces were of order O(1) and the middle
surface of the shell is “uniformly elliptic” in the sense that the two principal radii of curvature
are either both > 0 or both < 0 at all points of the middle surface, then the above-mentioned
space reduces to zero and the membrane shell model was obtained in the limit. If the space
was non-trivial and the forces were of order O(€?), the flexural shell model was obtained in
the limit.

In our case, we do not have the body forces and so we cannot make any extra assumption
on their sizes. So how does the shell decide on its limiting behaviour vis-a-vis its vibrations,
on the basis of the nature of the space of inextensional displacements? We show in this paper
that if the space is infinte-dimensional, then the eigenvalues (at each level I, 1 =0,1,2,--)
are of the order O(e?), by considering suitable test functions to be used in the variational
characterization of the eigenvalues, and that the corresponding scaled eigensolutions con-
verge to the eigensolutions of the two-dimensional flexural shell problem. We also show using
the techniques of Ciarlet and Kesavan!?, that all the eigensolutions of the two-dimensional
problem are obtained this way. If the space is of finite dimension, say N, then we show that
the first N eigenvalues are of order O(e?) and the corresponding scaled eigensolutions of the
three-dimensional problem converge to the N eigensolutions of the flexural shell model and
that either the other eigenfunctions converge weakly to zero in (H'(Q2))? x L?(f) or that the
eigensolutions converge to those of the two-dimensional eigenvalue problem for membrane
shells.

As in the case of the shallow shell, there will be a difference of a factor of 2 (2¢ after
descaling) between the coefficients obtained here and those obtained on passing to the limit
in stationary problems. This is natural and has been discussed in [7]. The difference can be
reconciled if, in the stationary model, the modified forces are the means of the body forces
over the interval [—1,1] (resp; [—¢, €] in the descaled version) rather than just the integrals.

This paper is organized as follows. Section 2 describes the pricipal notations and the
formulation in curvilinear co-ordinates, of the three-dimensional problem and its scaled
version over a fixed domain. In Section 3, we study the rescaled problem and Section 4
is devoted to the derivation of suitable a priori bounds which will be needed to pass to
the limit. In Section 5, we study the limit problem and Section 6 is devoted to concluding
remarks.

§2. Statement of the Problem

Let w C IR? be a bounded domain with Lipschitz continuous boundary +, such that the
domain lies locally on one side of its boundary. Let y = (y,) denote a generic point in
w. (Greek indices will vary on the set {1,2} and the Latin indices will vary on {1,2,3}.
The summation convention will be used for repeated indices in conjunction with the above-
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mentioned rule.) Let 9, = %. Let ¢ : w — IR? be an injective mapping of class C? such
that the two vectors

Ao (y) = 3a¢(y)

are linearly independent vectors for all y € @, thus forming a covariant basis of the tangent
plane to the surface

5 =9¢®)
at the point ¢(y). The dual basis (contravariant basis) is denoted by a®(y). We define
3 . o X a2
a (y) - a3(y) - |(11 % Cl.2|.
Then we can define
GaB = Qq - Ag, a®? :=a* - af,

bap = a3 - 00q, b2 = adPb,, (2.1)

I'0s:=a’ - Opaq
in covariant, contravariant or mixed components as the case may be. These verify the usual
symmetry relations. We also define

Bla = 0abf — T3, bp — Tab7, (2.2)
cap = b2 bsp.
The area element along S is \/ady, where
a = det(aag)- (2.4)
By the continuity of the functions defined above, there exists ag > 0 such that

0<ap<a(y) forall yeuw. (2.5)

Given € > 0, we define the sets
D =wx(—¢e), TL=wx{xe}, I{=7vx][—¢¢, (2.6)
where ', UTC U T defines a partition of the boundary of Q¢ and I'f is the lateral surface.

Let ¢ = (25) denote a generic point in Q° and set 95 = 62?' Thus z§, = y, and so 05, = Oa.

Define ® : Q° — R3 by
B(z¢) = ¢(y) + 25’ (y) forall z€ = (y,25) € Q. (2.7)
It can be shown that, for sufficiently small €, the vectors
gi (z%) = 0; ®(z°)
are linearly independent at all points ¢ € Q° and that the mapping ® is injective. These
vectors form a covariant basis of the tangent space of ®(Q€) (which is IR?) at ®(z¢) and

one can, as usual, define the contravariant basis {g"¢(z€)} by duality. The covariant and
contravariant metric tensors are given respectively by

g5 =95 g5 and gP=g". g (2.8)
The Christoffel symbols are defined by
0 = g"c - 95 g5. (2.9)

The volume element is now given by /g¢dz on ®(Q°), where
g° = det(g5;)- (2.10)
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It can be shown that, for sufficiently small ¢,
0<go<g° <a, (2.11)

where gy and g; are constants independent of .

The set ®(Q°) is the reference configuration of a shell of thickness 2¢ with middle surface
¢(w). We asume that the shell is clamped along its lateral surface T'.

Assuming that the material of the shell is homogenious and isotropic and that @(ﬁs) is
natural state, the material is characterized by its Lamé constants A > 0 and p® > 0. Then
the contravariant components of the three-dimensional elasticity tensor are given by

Aijk:l,e — )\egij,egk:l,e + Iue(gik,egjl,e +gil,egjk,e). (212)
Expressed in terms of the curvilinear co-ordinates (z¢) of the reference configuration
®(Q2°) of the shell, we define the space of admissible displacements by

V(Q°) = {v = (v§) € H'(Q9)|v® =0 on I'g}. (2.13)
For a displacement vector v¢ € V(¢), we define the covariant components of the lin-
earized strain tensor by

€ € 1 €,,€ €, ,€ ;€€
ef;(v) = 5(82 v§ + 0jv5) — I vy, (2.14)
Then the eigenvalue problem consists in finding pairs (£¢,u¢) € IR x V(Q)\{0} such that
/ ARl () el (v) Vg tdat = € /Q ufviV/gdat (2.15)

for all v¢ € V(Qf). By classical arguments, we can show that there exists a sequence of
eigenvalues

0<§671§£€,2§.._§€€7l§..._>oo (2.16)

and we can choose a corresponding family of eigenfunctions {u!} such that
/ uS U™ /gedat = G- (2.17)
The sequence {u®'} forms an orthonormal basis in the weighted space
(12(aa2)" = ] | wiidst < o) (218)

with the obvious inner-product. (However, in view of the inequalities (2.11), it follows that
(L?(ge;Q9))3 = (L2(92))? and that the two topologies are equivalent.)

§3. The Rescaled Problem
We now scale this problem to one posed over a domain independent of . We set
Q=wx(-1,1), Ty=wx{£l}, Lo=nx[-11] (3.1)
If = (z;) € Q is a generic point, we set 0; = % and with z¢ = () € Q°, we associate
x € Q) by
To = T4 = Yo, Ty = Eo:g (3.2)

Thus, 95 = 9, and 95 = 10;.
Given a vector v¢ € V(QF), we associate the vector v € V() where

V(Q)={ve (H" (w)*v=0o0nT} (3.3)
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by

vi(z) = v (z°), (3.4)

where 2z and ¢ have the correspondence mentioned above. Given an eigenvector u®!, we

denote the corresponding vector obtained via (3.4) by u'(¢). We assume further that the
material properties of the shell do not depend on the thickness, and so we set

A=A>0, p=p>0 (3.5)

where A and p are indepedent of e.
Finally, given an eigenvalue £, we associate with it the “scaled” eigenvalue &!(¢) by
£ =%l (e). (3.6)
Remark 3.1. In the case of the shallow shell, the horizontal and vertical components
of the vectors were scaled differently. In the present case we have uniform treatment of
all components. For the Lamé constants and eigenvalues, we have the same scaling as for
shallow shells.
Based on these scalings, we can study the asymptotic behaviour of the functions
7 (6)(z) = IE (),
g9(e)(x) = g°(x°), (3.7)
A”kl(G)(CE) _ Azgkl,e(xe).
These have all been derived by Ciarlet and Lods[®l. We will not list these results here but
we will use them as and when needed.
Given (v) = (v;) € (H*(2))3, we associate the symmetric tensor (e;;(€)(v)) by
aHB(e)( ) ( Vg + aﬁva) - Faﬁ(e)vaa
€al3(€)(v) = 3(Davs + ¢93va) — T5(€)vs, (3.8)
es|3(€)(v) = ;337}3
Then if (£, u¢) € R x V(2°)\{0} is a solution of (2.15), the scaled variables (£(e), u(e)) €
IR x V(£2)\{0} is a solution of the problem

| A e e @@ Valds = 260 [ win/s@ds (69

for all v € V(). Once again, it is clear that {¢!(€)} corresponding to &5€ via (3.6) are the
only eigenvalues of (3.9) and that the corresponding eigenvectors {u!(¢)} are complete in
(L2(£2))? and satisfy the orthogonality conditions

/Quﬁ(e)u;"(e)\/g(e)da: = Oim.- (3.10)

Further, we have the following variational characterization of the eigenvalues.
Define the Rayleigh quotient R(¢)(v) for v € V( )\{0} by

fQ Aijkl( )ekHl( 1”] \/7611'

Rle)(w) = €2 [, viv; \/7dx
Q (2

(3.11)

Then

€(0) = min max R(e)(v), (3.12)

where V; is the collection of all {-dimensional subspaces of V().
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¢4. A Priori Estimates

In this section, we will show that if the space Vr(w) is infinite dimensional, then the scaled
eigenvalues &!(¢) are bounded uniformly with respect to e for each fixed positive integer . If
the dimension of Vx(w) is finite, say IV, then we show that for 1 <1 < N, /() is uniformly
bounded with respect to ¢, and for [ > N, we will show that {€2¢!(e)} is bounded uniformly
with respect to € and that all the limits for [ > N lie in a bounded subset of IR.

We henceforth denote by C, a generic constant which is independent of both € and [ but
whose value differs from place to place.

First of all, we need to define the space of inextensional displacements. Following earlier
works (cf. [3, 5]), we define for v € (H*(Q2))3

1
’yag(v) = 5(&1@5 + 6,31;&) — Fgﬁvg — bapgs. (4.1)
Then the space of inextensional displacements Vg (w) is given by
Vr(w) = {n = (m:) € (Hy(w))* x Hj(w)7ap(n) = 0 in w}. (4.2)

As observed by Ciarlet and Lods!®!, Ciarlet, Miara and Lods® and Sanchez-Palencial®!,
this space may or may not be trivial.

Assumption. We assume henceforth that Vi (w) # 0.

Remark 4.1. Tt is not clear whether the space Vr(w) is always infinite dimensional if it
is non-zero. For example, in the case of plates, bys = 0 and Vp(w) = {0} x {0} x HZ(w).
More generally if w’ C w is a subdomain on which the shell is “flat”, i.e., bagl. = 0, then
the space 0 x 0 x HZ(w') C Vp(w), and so Vg (w) is infinite dimensional.

We now introduce another important tensor which will play a central role in all that
follows.

For v € V(Q), we define

Pap(V) = Onpvs — I'7505v3 + b3 (0ave — 7 vr)
(D300 — Dhpvr) + W 500 — capva. (4.3)

A result due to Bernadou and Ciarlet!!! states that there exists a constant C' > 0 such that
3 3
(D Ihasm B+ D loasmIEs)” = (D Inal o +slB)" (44)
o, a,f a
for all p = (n;) € (HE(w))? x H(w). In particular,

> llpasmlf . (4.5)
( )
o,

will be a norm on the space Vg(w) equivalent to the (H}(w))? x HE(w) norm.
If w € C°(Q), we let

[

[wllp ooq = sup{|w(z)| : x € Q}.

Let n = () € (H}(w))? x H3(w). Then we define, following an idea of Miara and
Sanchez-Palencia, v.(n) € V(Q) by
(

(ve(n))a = Na — €x3(Tanz + 2370 ), (4.6)
(ve(n))3 = 0. (4.7)
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For brevity, we will set
0o = Oanz + 2097, (4.8)

With these notations we have the following result.
Lemma 4.1. Let n € Vp(w). Then

€ e 5(e)(ve(n)) = —x3pap(n) in L*(Q) as € — 0, (4.9)
€ Yeq3(€)(ve(n)) is bounded in L*(Q), (4.10)
e3)3(€)(ve(n)) = 0 for all € > 0, (4.11)
ve(m) = n in V(Q) as e — 0. (4.12)

Proof. Relations (4.11) and (4.12) are obvious.
A simple computation shows that

¢ ea)3(€) (ve(n) =~ (T75(€) + b2)10 + 231 Z5(e)0s (4.13)
Combining with the relation (cf. [5])
T3 (€) + b3 lo 00,0 < Ce (4.14)

proves (4.10).
We finally prove (4.9). To start with, by Lemma 3.1 of [5], we have that for v € V(Q)

I eaa(€)(0) — ehya@@)llon < Ce S allos, (1.15)
«
where
eillﬁ(e)(v) = e 1 yap(v) + 23030V + T3C0p503. (4.16)
Observing that v,3(n) = 0, we find (after a tedious computation) that
eauﬁ(e)(UE(n)) = —23pap(M) — 6$§b%|a95. (4.17)
Thus from (4.15) and (4.17) and the definition of v.(n) given by (4.6)—(4.7), we get

le™ eayip(e)(ve(m)) + z3pas(Mlo.0 < Ce(llnallow + [1sl1.0), (4.18)

which proves (4.9).

Theorem 4.1. Assume that Vp(w) is an infinite dimensional subspace of V(). Then
for each 1 > 1, the sequence &' (¢) is bounded uniformly with respect to e.

Proof. Let W, denote the collection of all I-dimensional subspaces of Vg (w).

Consider the map

T. : Vp(w) — V(Q) defined by

Te(n) = ve(n). (4.19)

For sufficiently small €, T, is one-one. Thus if W € W, then T.(W) € V,. Consequently, we
have

“e) < mi R.(ve(n)). 4.20
§(e) < i, e (ve(m)) (4.20)

We now proceed to estimate R.(ve(n)) for n € Vp(w). On one hand

/(ve(n))i(ve(n))i\/g(e)dx Zgo/(ve(n))i(ve(n))idw (4.21)
Q Q

:290/7’]5(1&)"‘902/(7]& —6$39a)2dm.
w o 8 (4.22)
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Since [(, z3nabadr =0, we get

[ ocoyitwetm)at@da > 200 [ (4.23)
On the other hand, we have
3 [ AT ey (€)(wen) Voo
Q

<or{ [ A7 )[}UT(e)(ve(n))} Eeame)(ve(n))} dz

+4 / 4%953(6) [ L) velm)] [ Leapin(@) () dr . (4.24)

using the symmetries of A% (), the fact that A*#73(e) = A*333(e) = 0 and the relations
(4.11) and (2.11). By virtue of the relation (cf. [5])

147 ()]]g,008 < €, (4.25)
relations (4.9)—(4.12) of Lemma 4.1 above and the Cauchy-Schwarz inequality, we get
1 ?
= [ AT e ocn))ess (€ welm) Vo)
2 2
<Y paplloe +e( D allow + Hnsnl,w)} + (X Imallos + linslln.e)
a,B & [e]
< C[ Y IpasIBes + D alld + lnsl 3 ] (4.26)
o,B a

for e < 1. But from (4.4) it follows that, since n € Vp(w),

(Znnanow +lInsll?) < C(D\nanm +lnsle) < C lloas(mIo  (4.27)

o,
Thus
1 1,
= /QAJM( Jexy(€) (ve(n))eq;(€) (ve(n)) v/ g(e)da < CZHPaﬁ M .- (4.28)
It follows from (4.23) and (4.28) that
Z [lpap (M1
Re(ve(m) < e (4.29)
Z [1:l[3
Let us define the two-dimensional elasticity tensor a®??" by
A\
afor _ _ T _af o7 9 ao, BT at Bo ) 4.
a )\+2ua a’" 4 2u(a*a’" 4+ a“TaP?) (4.30)
Then it is known that (cf. [1]) there exists C' > 0 such that
e pastmiper mady = €3 sl (4.31)
for all n € Vp(w). Thus, we have
afoT d
R.(v ( )) <Cf a Paﬁ( )pa‘r( )\[ w (4.32)

[, niniv/adw
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and hence, from (4.20) and (4.32), it follows that
el(e) < CA', (4.33)
where Al is the I-th eigenvalue of the two-dimensional problem:
Find (A, ¢) € IR x Vp(w)\{0} such that
[ a7 b0 ©paptmvade = & [ niad (4.34)

for all n € Vp(w). This completes the proof.

Theorem 4.2. Assume that dim(Vp(w)) = N. Then for 1 < 1 < N, &Y€) is uni-
formly bounded with respect to € and for each positive integer | > N, there exists constants

C (independent of | and €) and k' (independent of €) such that €2€'(¢) < O(1 + €2k!).

Proof. The proof that for 1 <1 < N, ¢!(e) is bounded uniformly with respect to ¢ follows

from Theorem 4.1.
Let W, denote the collection of all [-dimensional subspaces of HZ(w).
For n € W, define w.(n) € V(Q) by

(we(n))a = —€x30an,
(we(n))s = 7.
Then a simple computation shows that
eal|s(€)(we(n)) = —ew3(Dapn + ¢ 5(€)5n) — Top(en,
ea||3(6)(we(n)) = —ex3lq30am,
e3)3(we(n)) = 0.
For W € W, define
W ={we(n) :n e W}
Then W € V; and hence it follows from (3.12) that

‘() < mi R :
€(e) < in  max  Re(we(n))

We now proceed to calculate Rc(w(n)). On one hand

/Q (we(n))i(we ()i /7 dz > go / (we(n))i (we(m))sde > 2gq / .

On the other hand, we have
[ AP @ew@wem)ess €)welm) V(e da
<ot { [ 4577 (@ leay €) e ean o))
[ A7) ) ae) ().

(4.37)
(4.38)
(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

using the symmetries of A (¢), the fact that A*373(¢) = A*333(¢) = 0, relations (4.39)
and (2.11). By virtue of relations (4.25),(4.37)—(4.38), and the Cauchy-Schwarz inequality,
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we get

S~

A”kl e)ex|(€)(we(n))ei;(e NV g(e)dx
<C [(Z|\aaﬁn||w+z||aan||w)+||n||0w} +0e 3 ol

< C[ED 10agnllf + 13 (4.44)
a,B

It follows from (4.42) and (4.44) that
(¢ X 10wl + .. )

[nllg ..

Re(we(n)) <C (4.45)

Hence from (4.41) and (4.45), it follows that
€l (e) < C(E2K +1), (4.46)
where k! is the [-th eigenvalue of the two-dimensional problem:
Find (k,¢) € IR x HZ(w) such that

A2 =kC in w,
{C =0 on OJw. (4.47)

This completes the proof.

§5. Limit Problem

In this section we show that if the space Vp(w) is infinite dimensional, then for each fixed
integer | > 1, the scaled eigensolution (£!(€),u!(€))cso converges towards a limit (&!,u!)
which can be identified with the eigensolution of the two-dimensional “flexural shell” problem
posed over the set w. If the dimension of the space Vi (w) is finite, say N, then we will show
that the first IV scaled eigensolutions converge to the N eigensolutions of the two-dimensional
“flexural shell” problem and the other eigensolutions either converge to the solution of the
two-dimensional “membrane shell” problem or the eigenvectors converge weakly to zero in
(HY(Q))? x L*(Q).

The next three lemmas are crucial; they play an important role in the proof of the
convergence of the scaled unknowns as € — 0.

Lemma 5.1. Let V (Q) be the space defined in (3.3) and the functions e;;(€)(v) € L*(£2),
Yap(v) € L2(2), pas(v) € H7L(Q) be defined for any function v € V(Q) as in (3.8),(4.1)
and (4.3). Let (v(€))eso be a sequence of functions in V() such that

v(e) = v weakly in H'(Q), (5.1)
1
Eei\lj(e)(v(e)) — 611Hj weakly in  L*(Q) (5.2)
as € — 0. Then

v = (v;) is independent of the transverse variable x3 | (5.3)

1t
v=(m) =1 / vdas € (HY(w))2 x H2(w) and (5.4)

-1

Yo (v) = 0. (5.5)
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Proof. See the proof of Lemma 3.3 of [5].

The key to the convergence theorem (Theorem 5.4) is the generalized Korn’s inequality
(5.6), which involves the functions e;;(¢)(v) defined in (3.8) instead of the traditional func-
tion e;j(v). This generalized Korn’s inequality is valid for an arbitrary surface S = ¢(w)
(the only requirements are that the set w and the mapping ¢ satisfy the assumptions of
Section 2), irrespective of whether the space Vp(w) defined in (4.2) reduces to zero or not.

Lemma 5.2. Let the space V() be defined as in (3.3). Then There ezists 0 < € < €
and C > 0 such that for all 0 < e < ¢

\|v\|m<—(2||em lifa)” foral vev(), (5.6)

where the tensor (e;;(€)(v)) is defined as in (3.8).
Proof. See the proof of Theorem 4.1 of [5].
Lemma 5.3. There exists a constant €1 such that for all 0 < € < €y,

{Xlwalita +llewsl o} < { Y lleas @@+ X lvdlo) 67

for all v = (v;) € (H'(2))3.

Proof. Given v = (v;) € (HY(Q))3, let v(e) = (v1,vq,€v3) € (H*(2))3. Then
eap(v(€)) = eq)p(€)(v) + T 5(€)vp, (5.8)
ea3(v(€)) = eeqi3(€)(v) + el'G3(€)vo, 5.9
es3(v(e)) =€ €3||3( €)(v), (5.10)

where e;;(v) = 2(9;v; + 9;v;), and consequently by virtue of the relation (cf. [3])
I85(6) = Tallo,00m T [ITas(€) = baslly coa + [ITas(€) + 52lg 0o < Ce, (5.11)

we get

{Zne” ||OQ}<0{Z||%

for e < 1. By the classmal Korn’s inequality,

Io(@lffa =3 lvalia -+ lleslffo < AL lles@@lR o+ 0@} (5:13)
i
and the lemma follows from inequalities (5.12) and (5.13).
Theorem 5.1. Assume that the space Vp(w) is infinite dimensional. Then
(a) For each integer | > 1, there exists a subsequence (still indexed by € for convenience)
such that (€'(€),ul(€))eso converges strongly in IR x HY(Q) to (&, u'); further u' is inde-
pendent of the transverse variable x3 and @' € Vp(w).

(b) The pair (€', @) solves the two-dimensional eigenvalue problem for the flexural shell,
viz, find (§,¢) € IR x Vp(w)\{0} such that

5 [0 bar(QpantnVady =€ [ Gu/ady forall = € Vi), (.19

where a®P°T and pop(v) are defined as in (4.30) and (4.3).
Proof. The proof is divided into several steps.
Step 1. Boundedness of the eigenvectors in H*():
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From the variational equation (3.9), relation (3.10), inequality (2.11), the boundedness of
the eigenvalues ¢! (¢), the generalized Korn’s inequality (5.6) and by virtue of relation (cf.

[51)
Aijkl(ﬁ)tkltij Z Ctijtij (515)

for all symmetric tensors (¢;;), we infer that

EC7 ()i o < Z llea s (€) (' ()5 o

<cgrt /Q AR () ey () (aad(€)eay ()l (€)) v /g ()
= 2Cgy (o) /Q al (6)]2 /g ()

= 2Cg7 2 AL (5.16)
Hence the assertion follows.

Step 2. It follows from Step 1 that u'(¢) — wu! weakly in H'(Q) (hence strongly in
L2()) and Le;;(e)(ul(e)) — e;"llj weakly in L?(Q). Hence it follows from Lemma (4.3)
that u! is independent of x5 and v,5(u') = 0, ie, W € Vp(w).

Step 3. The limit functions eil’llj are related to the limit function u! by

—8362‘['5 = pap(ul), (5.17)
exlis =0, (5.18)
1,1 —\ a8 1l

€33 = ma €allp" (5.19)

(The argument is as in [5]. On the right-hand side of the relevant equation, we have & (e)u!(¢)
which replaces the forces f;(e). All that is needed to pass to the limit is the boundedness of
these functions in H'(Q2) which we have.)

Step 4. Taking v in Equation (3.9) of the form (1, —ex304,n3), where 0, = don3+202 1,
with n = (1;) € Vp(w) and passing to the limit in Equation (3.9) and taking into account
of the relation (5.17)—(5.19), it follows that (&, @') satisfies Equation (5.14).

Step 5. The strong convergence of (u!(€))cso to u! in H(£2) follows once again as in [5].

Though we have proved that each subsequence (&!(€), u!(€))es0,1 > 1, strongly converges
in IR x H'(Q) to a solution (&, @) of the two-dimensional eigenvalue problem for the flexural
shells, nothing tells us so far whether ¢ is precisely the I-th eigenvalue (counting multiplic-
ities) of (5.14), nor whether the set (@'){°, forms a complete set in the space Vp(w). We
shall answer these questions in the affirmative in the next lemma using the ideas developed
by Kesavanl® and Ciarlet and Kesavan[?.

Lemma 5.4. Let (¢, @!),1 > 1, be the eigensolutions of Problem (5.14) found as limits
of the subsequence (&'(€),u'(€))es0,1 > 1 of eigensolutions, orthonormalized as in (3.10)
of Problem (3.9). Then the sequence (§l)f§1 comprises all the eigenvalues, counting mul-
tiplicities, of Problem (5.14) and the associated sequence (il)fil of eigenfunctions forms a
complete orthonormal set in the space Vp(w).

Proof. Passing to the limit in the orthogonality relation (3.10), we get

1
/ T adw = 5 0m- (5.20)
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We first show that
0<¢<e@< . <é< 5o (5.21)

Since 0 < £1(e) < &%(e) < --- < fl(e) < ... = 00, it follows that 0 < €' < €2 < ... ; since the
bilinear form associated with the left-hand side of Equation (5.14) is coercive over Vp(w),
it follows that ¢! > 0. Since the operator associated to the limit problem is compact, the
eigevalues are all of finite multiplicity and cannot have a finite accumulation point. Hence
the relation (5.21) holds.
We next show that if £ is any eigenvalue of the Problem (5.14), there exists an integer
[ > 1 such that & = &
Suppose the contrary holds, i.e., & # & for all [ > 1, and let ¢ denote an associated
eigenfunction, which satisfies
5 [ ber@pap(made = [ Gapade forall € Vi(w),
w w (5.22)
/QQ%Mw:%,/de&M:O for all . (5.23)

For each € > 0, let w(e) be the unique solution of

/QAijkl(e)eklu(6)(w(6))6i|\j(6)(v)vg(6)dx = GQS/QCM\/ g(e)dz forall v e V(Q).
(5.24)

Then proceeding as in Theorem 5.1, we can show that w(e) = w in V() and w € Vp(w).

Further w satisfies

1

é/aaﬁngaT(E)pag(n)\/Edw:f/Eim\/adw for all n € Vp(w). (5.25)

By the uniqueness of the solution, it follows that w = ¢. Since the sequence &' is unbounded,
we can choose an [ such that

¢<¢. (5.26)
For u,v € V(Q), define

D(e)(u,v):/guivi\/g(e)dac. (5.27)

Consider the vector

l
v(e) = w(e) = Y D(e)(w(e), u*(e))u’(e).
k=1
Then

D(e)(v(e),u(e)) =0 forall 1<k<I. (5.28)
Therefore it follows from the variational characterization of the eigenvalues that

er+1(g < Ja AP Qe (O(euy (O w(0) V(e

e2D(e)(v(e), v(e))

Passing to the limit in the above inequality, it can be shown that
g <¢ (5.30)
which contradicts (5.26) and the proof is complete.

(5.29)



14 CHIN. ANN. OF MATH. Vol.21 Ser.B

Theorem 5.2. Assume that dim(Vp(w)) = N and let the space Vi, (w) be defined by

Vin(w) = {n = () : o € Hy(w),m3 € L*(w)}. (5.31)
Then
(a) For 1 <1 < N, (&(e),ul(€))es0 converges strongly in IR x H' () to the N eigenso-
lutions of the two-dimensional “flexural shell” problem, viz, find (£,{) € IR X Vr(w) such
that

5 [ a7 bae ©pasln)ady = ¢ [ Gaady Jorall meVew). (532
(b) For eZch integer | > N, there exists awsubsequence (still denoted by €) such that
ul () = ul, weakly in H(Q), (5.33)
uh(e) = ub  weakly in  L*(Q), (5.34)
¢l (e) = &, (5.35)
u' = (u}) is independent of the transverse variable 3. (5.36)

(¢) The pair (fl,ﬁl) solves the two-dimensional eigenvalue problem for the “membrane
shell”, viz, find (§,¢) € IR x Vp,(w) such that
1

5 [ T Qs ady =€ [ Gnady for all m € Vi) (5.37)

Thus, either (u'(€))eso converges weakly to zero in (H'(2))? x L2(Q) or (&', @) is an eigen-
solution of the “membrane shell” problem.

Proof. For clarity, it is divided into several steps.

Step 1. The proof that for 1 <1 < N, (¢!(€), u!(€))c>0 converges strongly in IRx H'()
to the solution of (5.32) follows from Theorem 5.1.

Step 2. From the variational equation (3.9), relation (3.10), inequalities (2.11), (4.46),
(5.7) and (5.15), it follows that

S lluh (Ol + lleub@I2 0 < C{ D llews (' @) B .o + 'l g }

< Cop H{ | A Qe @)es (0 () Voo +1}
< g e [ lor Vot +1}

< Cgy 2 (k! + 1). (5.38)

Hence the norms ||e;;(€)(w!(€))]lo,0, |[ub]]1,0; |[[us(€)]|o,o are bounded independent of e.
Consequently, there exists a subsequence (still indexed by e for convenience) and there
exist functions eéw € L3(Q),u!, € H'(Q), satisfying u!, = 0 on I'y and u} € L?() such that

eij(e)(ul(e)) — eﬁllj weakly in  L*(1), (5.39)
ul (€) = ul, weakly in H'(Q), (5.40)
uh(e) — uh  weakly in  L*(Q). (5.41)

Step 3. The limit functions u! found in (5.40)—(5.41) are independent of 3.
By (5.11) and Step 2,

83ula(e) + eaaué(e) = 2¢ {€a||3<€)(ul(6)) + F%(e)ué(e)} — 0 strongly in L*(Q). (5.42)
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Let ¢ € D(Q); since ul,(¢) — ul, weakly in H'(£2) and since (u}(€))c>o is bounded in L?(€2)
by Step 2,

/83ufl¢dx: lim/ Dzl (€)gde, (5.43)
w e—=0 Jo

- l _ l _
213(1)/0683113¢dx— lg%/ﬂeug(e)aacédx 0, (5.44)

whence [, d3ul,¢dz = 0. Therefore dsul, = 0 in L*(12).
Also by Step 2,

Dzub(e) = ee3H3(e)(ul(e)) — 0 strongly in  L?*(Q). (5.45)
Let ¢ € D(Q); since u} () — ub weakly in L2(2) by Step 2,
/Quéagqbdx = !iir%)/glué(e)83¢dx =— lﬂ/glagué(e)¢dx =0, (5.46)

whence d3u3 = 0 in the sence of distributions. Hence it follows that u3 is independent of x3.

Step 4. The limit functions €. found in (5.39) are independent of x3, moreover they

illj
are related to the limit function (ul) by
eixHﬂ = vap(ul), (5.47)
elyis =0, (5.48)
ehiis = iao‘ﬁel (5.49)
3B X4 2u ol :

(The argument is as in [3]. On the right hand side of the relevant equation, we have
€2¢l(e)ul(e) which replaces the forces f;(¢). All that is needed to pass to the limit is the
boundedness of these functions in L?(£2) which we have.)

Step 5. Taking v in Equation (3.9) of the form v = (n;) with n; € Hi(w) and passing to
the limit as e — 0, taking into account of the relation (5.47)-(5.49), we get

1 _ _
5 [ 0 e @ st Vady = € [ wlnvady foral me (@) (550)

Since both sides of Equation (5.50) are continuous, linear forms with respect to 13 € L?(w)
and H{(w) is dense in L?(w), these equations are valid for all n € V,,(w).

Remark 5.1. Note that if Vi(w) is finite dimensional of dimension, say N, then {&!(e)}
for I > N cannot be of order €2. For, if this were the case, we can get convergence of {u!(¢)}
in V(Q) to @', an eigenvector of the flexural shell problem. This @',! > N will be orthogonal
towu’,1 <i < N and will contradict the fact that dim(Vz(w)) = N.

§6. Conclusions

As mentioned in the introduction, we have investigated the behaviour of eigensolutions of
a thin shell based uniquely on the non-trivial nature of the space of inextensional displace-
ments Vp(w).

In the stationary case, if Vp(w) were nontrivial and the body forces were of order O(e?),
one got the flexural shell model. Here we have no supplimentary assumption. If Vg (w) were
infinite dimensional, all the eigenvalues were shown to be of order O(e?) and they converge,
for each fixed level [, to those of the flexural shell model. Further, all the eigenvalues of the
flexural shell are obtained this way. The eigenvectors converge strongly.
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If the dimension of Vr(w) were finite, the above results hold only upto the level equal to
that dimension. Higher eigenvalues are bounded but are not of order O(e?). These higher
eigenvalues converge to eigenvalues of the membrane shell model, unless the corresponding
eigenvectors converge weakly to zero.

Sanchez-Palencial®!, when discussing the eigenvalues of the shells via the Koiter’s model,
says that when Ve (w) # 0, the eigenvalues are “low frequency” type and converge to the
flexural eigenvalues while when dim Vz(w) = 0 one could get (for instance under the addi-
tional assumption that the shell is “uniformly elliptic” ) the eigenvalues of the membrane
shell in the limit. Such eigenvalues are said to be of “medium frequency”.

Here we observe that if dim Vp(w) = N < oo, then both kinds of eigenvalues—low and
medium frequency—may be present.

Of course, we do not know if the eigenvectors for [ > N converge weakly to zero or not.
If they all converge weakly to zero, then no medium frequency eigenvalues exist. It will be
nice to know if this is indeed the case. If so, it will also be nice to know how to characterize
the limits of €2¢!(e) for I > N.

Of course, to the best of our knowledge, we do not know of any examples of shells for
which if Ve (w) # 0, then it is finite dimensional. Sanchez-Palencia states that, in general,
Vr(w) is infinite dimensional. This is yet another open question.
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