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Abstract

With the method of inverse limit, the author obtains several criteria of chaos of piecewise
monotone continuous maps on finite graphs.
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¢1. Introduction

In the recent years there is a growing interest in investigating the connection between the
dynamics of a continuous map of a finite graph and the topological structure of the inverse
limit space using the map as a sole bonding map, since some attractor of a dynamical
system can be shown to be the inverse limit space of a continuous map of a finite graph*"
(see for instance [1,4,7,8,12]). In [1] Barge and Diamond proved that a piecewise monotone
continuous map of a finite graph has topological entropy zero if and only if the inverse limit
space using this map as a sole bonding map contains no indecomposable subcontinuum. In
this paper, we prove that a piecewise monotone continuous map of a finite graph is non-
chaotic in the sense of Li-Yorke if and only if the order of the inverse limit space using the
map as a sole bonding map (see §2 for the definition) is at most wp. In roughly speaking, if
the map is non-chaotic, then the topological structure of its inverse limit space is relatively
simple, and vice versa. In addition, we will also prove that a piecewise monotone continuous
map of a finite graph is non-chaotic in the sense of Li—Yorke if and only if every point in the
intersection of the set of recurrent points of the map and the closure of the set of periodic
points of the map is a regularly recurrent point (definition follow). To be more precise we
introduce some notions.

By a finite graph we mean a one-dimensional compact connected polyhedron, and by a
graph map a continuous map from a finite graph into itself. Let f : G — G be a graph map.
x € G is called a turning point of f, if for each neighborhood U of x there are y # z € U
such that f(y) = f(z). By T(f) denote the set of all turning points of f. f is said to be
piecewise monotone if T'(f) is finite. Let Cpp (G, G) be the set of all continuous piecewise
monotone map of finite graph G.
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By C(X,X) we denote the set of all continuous maps of a metric space X. f €
C (X, X) is said to be chaotic (in the sense of Li-Yorke) if there is an uncountable sub-
set S C X (the chaotic set of f) such that for any x # y € S, limsupd(f™(z), f"(y)) >

n—oo

0 and 1in_1>inf d(f™(x), f*(y)) = 0. z € X is called a regularly recurrent point of f, if for any

£ > 0 there exists m € N such that d(f*™(z),2) < ¢ for all k € N. By P(f), R(f), RR(f)
and w(z, f) denote the set of periodic points, recurrent points, regularly recurrent points
of f and w limit point of x respectively (see, for instance, [2] for their definitions). Let wy
be first limit ordinal number. See §2 for the definitions of inverse limit space (G, f) and its
order Order(G, f). Our main result is

Theorem 1.1. If f € Cpm (G, G) with topological entropy zero, then the following state-
ments are equivalent:

(1) R()NP(J) = RR(f) (resp. R(f)nP() # RR(f)).

(2) Order(G, f) < wp (resp. Order(G, f) = wo + 1).

(3) f is non-chaotic (resp. chaotic).

Remark that, by the work of Lliber and Misiurewicz in [5], for any graph map (need not
be piecewise monotone) positive topological entropy implies chaos. So we shall restrict our
attentions on the graph maps which have topological entropy zero.

§2. Preliminaries

By a continuum we mean a nonempty connected compact metric space. A subcontinuum
is a subset of a continuum and it is a continuum itself. A continuum is decomposable (resp.
indecomposable) if it can (resp. can not) be written as the union of its two proper subcon-
tinua. A continuum is hereditarily decomposable if each of its nondegenerate subcontinua
is decomposable (refer to [9] for basic properties of continua).

Given a continuum X with metric d and a map f € C(X, X), the associated inverse limit
space (X, f) is defined by

(X, f) = {gz (w1ms ) € ﬁX|f(xi+1) =, i€ N}

i=1

. . . S —3 d(xuyz)
with metric d given by d(z,y) 1; 2 T+ s, 57)
map f : (X, f) = (X, f) defined by f(zi2oms---) = (f(x1)x122---) is called the induced
homeomorphism. For every k € N| the projection map 7, : (X, f) — X given by mx(z) = xx
is continuous; if f is onto, so is 7. Obviously 7 = Tg41 Of and 7, = fomg4q for any k € N.
Throughout this paper, we assume that every graph map f : G — G is onto; since if not,
then (G, f) = (G, f'), where G’ = [ f™(G) is a finite graph and ' = f|G' : G — G’ is

n>0
onto. To introduce the definition of the order of an inverse limit space, we need the following
two theorems.

Theorem A.!Y Suppose that f € Cpnm(G,G). Then the inverse limit space (G, f) is
hereditarily decomposable if and only if the topological entropy of f is zero.

Theorem B.['% Suppose that f : G — G is a graph map. If the inverse limit space (G, f)
is hereditarily decomposable, then there exists an upper semi-continuous decomposition G of
(G, f) into disjoint subcontinua such that

(1) G, with the quotient topology, is a finite graph;

(2) let g : (G, f) — G be the quotient map, then the subcontinuum g~'(g(z)) of (G, f) has
empty interior for each x € (G, f);

. The space (X, f) is a continuum. The
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(3) the map ¥ : G — G defined by (g(z)) = g(f(z)) is well defined and is a homeomor-
phism.

Based on the theorems above, if f € Cppm (G, G) with topological entropy zero then, for
each z € (G, f), g7'(g(z)) is precisely a maximal nowhere dense subcontinuum of (G, f)
containing x. Therefore, we have

Definition 2.1. Let X be a hereditarily decomposable continuum. X is said to be K-
decomposable if there is a collection D of pairwise disjoint subcontinua of X such that UD =
X and each element of D is precisely a maximal nowhere dense subcontinua of X. Fach
element of D is called a layer of X. In addition, X is said to be hereditarily K -decomposable
if each nondegenerate subcontinuum of X is K-decomposable.

Definition 2.2. Suppose that continuum X is hereditarily K-decomposable. Let Dy =
{X}. If a =B +1, let D, denote the set of all degenerate elements of Dg and all layers of

nondegenerate elements of Dg. If a is a limit ordinal number, let D, = { (\ Dg: Dg €
B<a

Dﬁ}. By D, (x) we denote the element of D, containing x for each x € X. We say that

the order of X is T, written as Order(X) = 7, if T is the minimal ordinal number such that
D.(x) = {x} for each x € X. By D, we denote the set of nondegenerate elements of D,,.
In order to emphasize the dependence of Do, (resp. DL) on X, we shall also write Dy, (X)
(resp. DI (X)) instead of Dy, (resp. D.).

Theorem C is an elementary property concerning Order((G, f)).

Theorem C.I") Suppose f e Cprm (G, G) with topological entropy zero. Then the set of
periods of f is finite if and only if Order(G, f) < wo; moreover, if the set of periods of f is
infinite, then Order(G, f) € {wo,wo + 1}. Thus (G, f) = [ U (uDi\uD; )| UDL,

=0

Lemma 2.1.1 Suppose f € Cpm (G, G) without periodic point. Then the inverse limit
space of f is homeomorphic to the circle S'.

Lemma 2.2.7) Suppose f € Cpni(G, G) with topological entropy zero. Then

(1) if Order(G, f) > wo, then D;, is finite (Ym € N) and m1(A) N7 (B) = @ for any
A# BeD.,, (YmeN);

(2) if Order(G, f) = wo + 1 and D € D], , then, for each pair of i,j € N(i # j), we have
mi(D) Nmj(D) =0 and (D) N P(f) = 0;

(3) for each m € N and A € D), there is n € N such that

(3.1) mi(A) = 1;(A) < i = j(modn);

(3.2) if i # j(modn), then m;(A) Nm;(A) = 0;

(3.3) for each i € N,m;(A) is a nondegenerate connected closed subset of G, and A
is homeomorphic to (w1 (A), f*|(71(A))).

Definition 2.3. A nondegenerate connected closed subset K of a finite graph G is said
to be a periodic subgraph of f with period n if f*(K) =K and K, f(K),---, f*"Y(K) are
pairwise disjoint.

Note that, by Lemma 2.2(3), if A € D),((G, f)), then m;(A) is a periodic subgraph of f
for any ¢ € N, provided f € Cpm(G, G) with topological entropy zero and D, (G, f)) # 0.

Lemma 2.3. Suppose that f € C(X, X) is a map on compact metric space X. If A is a
compact subset of the inverse limit space (X, f) and f”(A) = A for some n € N, then A is
homeomorphic to the inverse limit space (w1(A), f™|(71(A))).

Lemma 2.4. Suppose that f € (X, X) is a map on compact metric space X, and A, A;

are compact subsets of inverse limit space (X, f) such that A;jy1 C A; and A= () A;. Then
i=1
mi(A) = N m(A;) (VjeN).

=1
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Lemmas 2.3-2.4 are the elementary results in continuum theory (see [9]).

¢3. The Proof of the Main Theorem

Proposition 3.1. Suppose that f € Cpm(G, G) with topological entropy zero. If R(f) N
P(f) = RR(f), then Order(G, f) < wp.

To prove Proposition 3.1, we need some notations and Lemmas 3.1-3.3. = € G is said to be
a branched point of finite graph G if for each neighbourhood U of x there is a neighbourhood
V C U of x which is homeomorphic to {z € C|z™ € [0,1)} for some n > 2. By Br(G) denote
the set of all branched points of G. The closure of a connected components of G\ Br(G) is
said to be an edge of G. x € G is said to be an end point of G if there is a neighbourhood
of z which is homeomorphic to [0,1). We denote the set of all end points of G by End(G),
and {f"(x)|n > 0} by Orby(z).

Lemma 3.1. Suppose f € Cvp(G, G) with topological entropy zero. For any n € N, if
D € D!, then each end point of (D) either is a periodic point of f or belongs to the orbit
of some turning point of f. Namely End( U 71'1(D)> Cc P(f)u ( U Orbf(c)) for any

DED, ceT(f)
n € N.

Proof. Fix n € N and D € D),. Suppose that a; € End(m(D)). It is sufficient to prove
that ay € P(f)U ( U Orbf(c)>.

ceT(f)

k—1
Let k be the period of the periodic subgraph m1(D) under f, Bp = U End(m;(D)),

s = Card(Bp) and -

A= {a, U D)lf(aj1) = aj, j=1,2, 5 +1}.
If A C Bp, then Card(A) < s. Hence there are 1 < j < p < s+ 1 such that a; = a,.
Assume that p = j +r, then f"(a;) = f"(aj1r) = a;, and it implies a; € P(f).
If A ¢ Bp, then there is a; € Bp such that a; € Bp for all 1 <4 < j and aj41 €

k—1 k—1
int( U m—(D)) ( = ( U m—(D)) \BD). Suppose a; and a; 1 belong to m;, (D) and m;, +1(D)
i=1 i=1

respectively. Note that 7;, (D) = f(m;;41(D)). Thus, by the definition of turning point, a;1
is a turning point of f, and a; belongs to its orbit.

Lemma 3.2. Suppose [ € Cyp(G,G) with topological entropy zero. If Order(G, f) =
wo + 1, then for each D € D), , there is an | € N such that 7;(D) N < U Orbf(c)) =10

c€T(f)

when i > 1.

Proof. Fix D € D/, and c € T(f). As T(f) is finite, it is sufficient to prove that there
is | € N such that 7;(D) N Orby(c) = 0 when i > [.

We first prove that, for any n € N, 71 (f"(D)) [ U m(D)} = (. In fact, as f : (G, f) —

i>1

(G, f) is a homeomorphism, then f*(D) e € D, for any n € N. Note that Tk (f2(D)) =

7 (D) for any k € N, then, by Lemma 2.2(2),

{m(f" (D)1 < i < n}| Jmi(D)]i > 1} = {mi(f"(D))i > 1}

are pairwise disjoint. Thus 71 (f"(D)) N [ U m(D)} =0.

i>1
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Suppose [ U m(D)} (1 Orby(c) # 0 (otherwise, we have done). Let

i>1

m = min {m’ eNU {O}‘fm/(c) € U Wi(D)}.

i>1
Then there is [ € N such that f™(c) € m(D). Note that

fP(e) € fP(m(D)) = m(fP(D)) = m (f*'71(D))
for any p € N. Then, by the above, f™P(c) & |J m;(D) for any p € NU{0}. Note also that
i>1

{(fil<i<m}n ( U m(D)) = 0, then ( U m(D)) N Orby(c) = 0.
i>l i>l

Lemma 3.3.2P 131 Suppose that f is a continuous map on the unit interval [0,1], y,z €
P(f) withy < z and [y, 2] N P(f) = 0. If one of the points y, z is reqularly recurrent, then
the other is not recurrent.

Proof of Proposition 3.1. Suppose it is not true, then Order(G, f) = wo+1. We claim
that there is D € D[, such that

(i) 7 (D) N [Br( AU [ U Orbf(c)H = 0, and 71(D) is homeomorphic to [0, 1];

ceT(f)

(if) End(m (D)) C R(f) N P(f).

Fix Dy € D), . Since Br(f) is finite and {m;(Do)li > 1} is pairwise disjoint, there is n;
such that m,(Do) N Br(f) = @ when n > n;. By Lemma 3.2, there is ny > n; such that
(Do) N [ U Orbf(c)} = () when n > ny. Let D = f~"2(Dy). Then m; (D) satisfies (i)

c€T(f)
in the above.

By the definition of D/, , we have A; € Dj(i > 0) such that A;;; C A; and () A; = D. By
i>1
dg we denote the Hausdorff metric on 2¢. By Lemma 2.3, we have lim dg (71 (4;), 71 (D)) =
11— 00

0. Note that 71 (D) is homeomorphic to the unit interval [0, 1] and d(m1(D),Br(f)) =d > 0,
then there is N € N such that 7 (4;) is also homeomorphic to [0, 1] when ¢ > N. By Lemma
2.2(3), there is m € N such that f™(m1(An)) = m(An). Hence f™|m1(An) is a map on
closed interval m (AN).

Let m(D) = [@/,b] and 71 (ANn+4) = [ai, b;]. By Lemma 3.1,

{z|x =a; or bi,i21}CP(f)U[ U Orbf(c)]

ceT(f)

Note that lim a; = o/, lim b; = ¥ and m (D) N [ U Orbf(c)} = (. Then {da',b'} C

11— 00 1— 00 CGT(f)
P(HU| U wle f))} C R(f). Let F' = f™|m(An), then F is a piecewise monotone map
ceT(f)

with topological entropy zero, and R(F) = R(F') = P(F). Then
{a b} € R(f) nmi(An) = R(f™) Nmi(An) = R(F) = P(F) € P(f).

Hence, D satisfies (ii) above. This ends the proof of the claim.
Since R(f) N P(f) = RR(f), we have

{a’, bl} C RR(f) N 7T1(AN) C RR(fm) N 7T1(AN) = RR(F) (*)

But, note the facts that [¢',0'] N P(F) = 0 and {a/,b'} C P(F), at most one of the points
a’, b’ is regularly recurrent point of F'. This contradicts (). Hence Order(G, f) < wp.
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Proposition 3.2. Suppose [ € Cpm(G, G) with topological entropy zero. If Order(G, f)
< wyg then f is non-chaotic.

To prove Proposition 3.2, we need Lemmas 3.4-3.7. In the following, by K(= K(f, G)) we
denote the set of all periodic subgraphs of G which contain no periodic points of the graph
map f: G — G.

Lemma 3.4. Suppose that f : G — G is a graph map.

(1) if P(f) =0, then f is non-chaotic;

m—1
(2) for each K € K, f‘( U fi(K)) is non-chaotic, where m is the period of K.
i=0

Proof. (1) By [3], we know that f is semi-conjugate to an irrational rotation r on the
circle S!, and the semi-conjugate is monotone. That is, there is a continuous surjection
n: G — S* such that no f = ron and n~1(2’) is connected for each 2’ € S*.

Assume that f is chaotic and E is its chaotic set. Fix x1 # x5 € E, and set n(z;) = z €
St. We first prove that 27 # 2o. In fact, by the compactness of G, lim diam[f"(n~1(2))] =0

n—oo
for any z € S!, then z; = 2o implies lim d(f"(z1), f*(x2)) = 0. This contradicts x; # x5 €
n— oo
E. Thus z1 75 z9.
Since r is an irrational rotation, d(r™(z1),7"(z2)) = 6 > 0 for any n € N. However, by the
definition of chaotic set F, liminf d(f™(z1), f"(x2)) = 0. It implies lim inf d(r™(21), 7" (22))
n—oo n—oo
= 0 by the continuity of n. This is a contradiction.
(2) By (1), we have that f™|[f*(K)] is non-chaotic. By the definition of chaos, it is easy

m—1
to check that f‘ ( fz(K)> is non-chaotic.
i=0

Lemma 3.5. Suppose f € Cpm(G, G) with topological entropy zero.

(1) If P(f) # 0 and w(z, f) is infinite, then w(z, f) C 71 (UD}).

(2) If w(z, f) is infinite and Orby(z) N (UK) = 0, then w(z, f) C m1(UD}) for any i € N.

Proof. (1) Since the homeomorphic image of a layer of (G, f) is still a layer, we see
that UD} and (G, f) \ UD} are both complete invariable under f. Hence f(m(UD})) =
710 f(UD}) = 7, (UD}). Then we need only to prove that, for any y € G\ m (UD}), w(y, f)
is finite.

By Theorem B there are a finite graph G, a map ¢ : (G, f) — G and a homeomorphism
@ :G — G, such that pog=go f and g~1(t) is a maximal nowhere dense subcontinuum
(layer) of (G, f) for each t € G.

Fix y € (G, f) such that m(y) = y € G \ m1(UD]). Then y belongs to (G, f) \ (UD})

(otherwise, y € Um (D), a contradiction). Since w(y, f) is precisely the inverse limit space

(w(yaf)af) (See [4})7 we have w(ya f) = ﬂl(w(yaf)a f) = ﬂl(w(yv f)) Hence, it is sufficient
to prove that w(y, f) is finite. Since ¢ is a homeomorphism and P(¢) # 0, we see that

w(g(y), ) C Q(p) = P(p) is finite. Note that ¢|[(G, f) \ UD}] is a homeomorphism, then

w(y, f)= g Hw(g(y), )] is finite. This ends the proof of (1).

(2) Suppose that w(z, f) is infinite and Orbg(z) N (UK) = 0. By (1), we assume that for
1 <i <k, we have w(z, f) C m1(UD;). We will show that w(x, f) C 1 (UDj ).

Since w(z, f) C m(UDy,), there are D € D; and m = m(D) € N such that f™(m;(D)) =

m—1 m—1
mi(D) (Vi € N) and w(z, f) € U m(D). Note that w(z, f) = U w(fi(x), f™). With-
i=1 =0
out loss of generality, we assume that w(zx, f™) C w1 (D). Let F = f™. Then F €
Cwp(mi (D), mi (D)) with topological entropy zero. Since Orbs(z) N (UK) = 0, we have
P(F|(m1(D)) # 0. Replacing f and G by F and m(D) respectively in (1), we have that
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w(z, F) C m[UD}(m1(D), F)]. Note that the inverse limit space (71 (D), F') is homeomorphic
to D, then

w(z, f) € m[UD((m(D), F))] € m [UD}(D)] C m1(UDjy 1)

Similarly, we have w(f*(z), f™) C m(UDj_)(1 <i < m —1). Hence w(x, f) C 71 (UDj ;).

Lemma 3.6. Suppose f € Cpm(G, G) with topological entropy zero. If Order(G, f) > wo,
then there is N € N such that when n > N and A € D), m(A) N P(f) # 0.

Proof. Let M = {m(A)|A € Dj, i > 0}. It is sufficient to prove that M N K is finite.
If 711(A) € M NK, then 71(A) contain at least one simple closed curve by Lemma 2.2(3).
Moreover, if A; € Dy, (i € 1,2 and m; < my) and 71 (A) € MNK, then m (A1) N7y (A2) =0
by Lemma 2.1. Thus the conclusion holds the fact that G contains only finite many simple
closed curves.

Suppose that f : X — X is a continuous map on metric space X. The set of approximately
periodic point of f, written by App(f), is definited by: = € App(f) if and only if for any
€ > 0 given, there are p € P(f) and N € N such that d(f"(x), f*(p)) < € for every n > N.
Similarly with the proof of Lemma 28 in [2, p.144], we have

Lemma 3.7.2 If f is a continuous map on metric space X, then
lim inf d( " (2), /"(4)) > 0 or lmd(f" (@), (1)) =0 (7,5 € App(/)).

Proof of Proposition 3.2. By Lemma 3.4, f|(UK) is non-chaotic. Hence, f|(Orb} (K))
is also non-chaotic, where Orb; (K) = |J f~*(UK).
i>0

We will show that G\Orb (K) C App(f). Obviously, if w(z, f) is finite, then x € App(f).
In the following, assume that z € G'\ Orb} (K) and w(z, f) is infinite.
Fix 21 € w(z,f), let x = (z129---), where z;11 = (flw(z, f))"Y(z;) (i € N). By
Lemma 3.5, w(z, f) € () (m1(UD})). Then there is D; € D, such that D;11 C D; and
>0

z € () D;. Forany n € I_\I, by M, denote the period of periodic subgraph m (D,,) under f.
n>1

Let T, = {J! C G|J} = 7;(Dy),1 <i < M,} and «a,, = max{diam(J)|J € T,,}. We claim
that (1) apt1 < apn(¥n € N), and (2) ILm ay, = 0.

The item (1) can be easily checked by the fact that 7 (Dp41) C mr(Dy,) for every k € N.

To prove the item (2), we assume on the contrary that lim «, = e > 0. Then, for every
n—oo

neN, M, ={J € T,|diam(J) > e} # 0. Furthermore, we have that UM, 1 C UM,,. In
fact, for any J,+1 € My41, there is J,, € T, such that J,,41 C J,; moreover, J, € M, by
the fact that diam(J,+1) < diam(J,). Hence () (UM,) # 0. Thus there is J, € M,, for

n>1
every n € N such that J,41 C J, and () J, # 0. Since J, € M,, C T, there is n’ € N
n>1

such that J,, = 7,41 (D) =m0 f~" (D,). Let C, = f~"(D,,). Then C,, € D, by the fact
that f is a homeomorphism. Let § = [2(1 + diam(G))]~!. Then
diam ﬂ Cn = diam[ ﬂ = (Dn)] > 6 - diam {m( ﬂ f_"/(Dn)ﬂ

n>1 n>1 n>1
'y diam[ N m(f*”'(Dn))} 'y diam[ N Jn] >85>0,
n>1 n>1

which contradicts Order(G, f) < wg. This ends the proof of the item (2).
By Lemma 3.6 and the claim above, for any € > 0 there is ng € N such that max{diam(J)]
J € Tn} <eand (UT,)NP(f) # 0 when n > ng. Since z; € w(z, f) C UT,,, there is N € N
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such that {f"(x)n > N} C UT,,. Let p € [UT,,] N P(f), then d(f"(x), f*(p)) < € when
n > N. That is, z € App(f). By Lemma 3.7, f|[G \ Orb} (K)] is also non-chaotic. Hence,
f is non-chaotic.

Lemma 3.8.12 A continuous map f : [0,1] — [0, 1] with topological zero is chaotic if and
only if R(f) # RE(f). o

Proposition 3.3. Suppose f € Cpm(G, G) with topological entropy zero. If R(f)NP(f) #
RR(f), then f is chaotic.

Proof. Given z € [R(f) N P(f)] \ RR(f). Then w(z, f) is infinite, otherwise, z €
w(z, f) C P(f) C RR(f), and this is a contradiction. Moreover, w(z, f) C G\ Orb} (K).
Fix 71 € w(z, f), and let z = (x122---), where z;41 € (flw(z, f)) "' (x;). By Lemma 3.5,
there are D;11 C D; € D} such that x € (| D;. For each n € N, let m,, be the period of

i>1
m1(Dy,) under f and

T ={J. C G|J. = m(Dy),1 <i <my}.

Then there are n,i € N such that J}, is contained in some edge of G (see [7, Lemma 4.6]).
Namely J}, is homeomorphic to [0,1]. Note that f™r € Cpp(J},J},) with topological
entropy zero and R(f™"|J.) # RR(f™"|J}) (since w(x, f) C UT, (¥n € N) and

f(RR(f)) = RR(f) = RR(f")).

Then, by Lemma 3.8, f™=|J! is chaotic, and so is f.
Proof of Theorem 1.1. By Propositions 3.1-3.3, (1), (2) and (3) imply respectively

(2), (3) and (1).
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