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EQUIVALENCE BETWEEN EXACT
INTERNAL CONTROLLABILITY
OF THE KIRCHHOFF PLATE-LIKE
EQUATION AND THE WAVE EQUATION**
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Abstract

When the rotatory inertia is taken into account, vibrations of a linear plate can be described
by the Kirchhoff plate equation. Consider this equation with locally distributed control forces
and some boundary condition which is the simply supported boundary condition for a rectan-
gular plate. In this paper, the authors establish exact controllability of the system in terms of
the equivalence to exact internal controllability of the wave equation, by means of a frequency
domain characterization of exact controllability introduced recently in [11].
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¢1. Introduction

Consider the following initial-boundary value problem
Yir — YAy + A%y = b(x)u(x,t) in Qx(0,7T),
y=Ay=0 on 00 x (0,T), (1.1)
y(I,O) = yo(CC), yt(x,O) = yl(x)7 T €,
where v > 0 is a constant, b(x)u(x,t) is the control force with distributed function b(z) > 0
for all z € 2, Q is a bounded open set in R" with the Lipschitz boundary 9. When
is a rectangle, (1.1) is the well-known Kirchhoff plate equation with the simply supported
boundary condition. The one-dimensional version of (1.1) is the Rayleigh beam equation.
For various dynamical plate models, see [7,8].
We will establish exact controllability of (1.1) in terms of the equivalence to exact internal
controllability of the wave equation
wy — Aw = b(x)h(x,t) in Qx(0,7),
w=0 on 00 x (0,7T), (1.2)
w(z,0) = wo(x), wi(z,0)=wi(z), =z el
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Let D(A) = {v e Hj(Q) ‘ Av e L*(Q)}, V = H}(Q), H = L*(2). Then the finite energy
state spaces of the systems (1.1), (1.2) are, respectively, Hy = D(A) x V, H,, =V x H.
Consider the generalized function space H~' =V’ > H D> V. For b€ C1(Q) and u € H™!,
we define bu € H~! by

(bu) () = u(be), V€€ Hy(Q). (1.3)
We have used the Sobolev spaces. We refer the readers to [1] for the knowledge of those
spaces.

Definition 1.1. The system (1.1) is said to be exactly controllable in Hy by H!-controls
if for every (vo, y1) € Hy, there exist a T > 0 and a control u(-) € L?(0,T; H~1), such that
the solution of (1.1) satisfies (y(-, T), y:(-, T)) =0 in Hy.

Exact controllability of (1.2) in H,, by L2-controls can be defined similarly.

In this paper, we will prove

Theorem 1.1. Suppose systems (1.1) and (1.2) have the same  and 0 < b(-) € C2(Q).
Then, the system (1.1) is ezactly controllable in Hy by H~-controls if and only if the system
(1.2) is ezactly controllable in H,, by L*-controls.

We point out that exact internal controllability of the Petrovsky Equation ((1.1) with
neglect of the rotatory inertia, i.e., v = 0) has been extensively studied (see [5, 6, 9, 10, 11,
13]). However, to the authors best knowledge, exact internal controllability of (1.1), even for
the one-dimensional case, was not considered before this work. Our controllability result is
sufficient for exponential stabilizability and solvability of the regulator problem over infinite
time, although it does not give a description of control time duration on which every initial
state can be steered to the zero state.

The remainder of this paper is composed of two sections. In §2, we prove Theorem
1.1 by means of a frequency domain characterization of exact controllability of conservative
systems, which is introduced in [11]. In §3, we give some conclusions following from our main
theorem and make some comments. These results provide useful information for designing
the location of controllers/dampers for a vibrating plate when the rotatory inertia is taken
into account.

§2. Proof of Theorem 1.1

Denote the norm and the inner product in H by || - || and (-, -), respectively. Define in H
A=-A, DA)={veH;(Q)|AveL*(Q)}; By=by, VyecH
Then A is positive-definite self-adjoint and B € £(H). It is well known that V = D(Az),

HA%UH = |||Vv||| for v € V, and H~! is the completion of H under the norm HA_% .
Therefore, both (V, || - |lv) and (H~*, |A~2 - ||) are Hilbert spaces, where

1
lellv = (Jlol? + vl 4do)2) "
Let S=1T1+~A. Then S is also a positive-definite self-adjoint operator in H. And we have
D(S2) =V, ||-Iv =152 -|.

The operator A can be extended as a positive-definite self-adjoint operator in H~! and
the defined domain of the extension is V. B can also be extended as a bounded operator
on H~! by (1.3). Denote their extensions in H~! also by 4, B, S. Then (1.1), (1.2) can
be rewritten in the following standard form of the second order conservative system with
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control:
j+ Ajy=Biu inV, (2.1)
W+ Aw=Bh in H (2.2)
plus the corresponding initial condition, where A; = A25~! is a positive-definite self-adjoint
operator in V with the defined domain D(A;) = D(A2), and By = S™'B € L(H™!, V).
According to Theorem 3.4 in [11], the system (2.1) is exactly controllable in #y, if and only
if there exists a constant d; > 0 such that

[(w? = ADyllv + [wB1Biyllv > diflwyllv, Yw e R, y € D(A), (2.3)

the system (2.2) is exactly controllable in H,, if and only if there exists a constant § > 0
such that

Iw? = Ayl + IlwBB* Y| = dlwyll, Vo € R, y € D(A). (2.4)
Lemma 2.1. Ifb € C*(Q), then BD(A) C D(A), BV CV, and Bf = AB € L(V; H™!).
Proof. Since b € C?(Q2), obviously we have BD(A) C D(A), BV C V. Foru € H, y €
v,
(Bru,y)v = (557 Bu, S%y) = (u, By)
= (A"7u, A2 ABy) = (u, ABy) 1.
Thus, we obtain Bf = AB.

Lemma 2.2. The inequality (2.3) holds if and only if there exists a constant §' > 0 such
that

J(@? = AZS L)y + WA E BABA 3y > &'y, YweR, ye D(A).  (25)
Proof. Since || - ||y = ||S2 - ||, by Lemma 1.1 the inequality (2.3) is
[(w? — A28 182y + |[wSZS ' BABy| > 6, ||wS?y|, Vw eR, ye D(AZ).  (2.6)
Obviously, (2.6) is equivalent to
(w? = 4257 y| + [w(A2STH) AT BABAT = (435 )y
> §1|lwyll, Yw€R, y € D(A). (2.7)
Observing that both AzS77 and (A%S_%)_1 belong to L(H) by the closed graph theorem,
we conclude that (2.5) is true if and only if (2.7) is true.

Proof of Theorem 1.1. We will prove the equivalence between (2.4) and (2.5). If (2.4)
does not hold, then there exist w, € R, y, € D(A) with |w,| > 1][A~2|~" and

lwnyn| =1 (2.8)
such that
llwnBB*yy|| — 0, (2.9)
1w = A)ynll = 0. (2.10)
Since B* = B, (2.8) and (2.9) imply
[lwn Byn|| — 0. (2.11)

We multiply (2.10) by ||y.|| to get
147y, ]| — 1. (2.12)
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This implies that {y,} is a bounded sequence in V. Thus, by the compactness of the
imbedding V' — H there exists a subsequence of {y, }, denoted still by {y, }, which converges
to some yg in H.

(i) Case yo # 0: By (2.8), |wn| — [lyo]|~*. We can assume without loss of generality that
wp, — wo(# 0). Then, (2.11) implies

Byo = 0. (2.13)
Moreover, from (2.10) and the closedness of A we have
Yo € D(A), Ayo = wiyo. (2.14)
Thus
1
BA 2y = — Byo =0, (2.15)
|wol
A2 Ay = — 043 (2.16)
Yo = 1 +’yw(2) Yo- .

Combining (2.15), (2.16) and ||A~Zy,|| # 0, we conclude that (2.5) does not hold.
(ii) Case yo = 0: Since AS™! = 1(1 - S71) € L(H), by (2.10) we have

.
H (ﬁ - Azs_l)yn = Hl(wi — Ay, + Las1y| o, (2.17)
Y Y Y
Fo = (lwn| = A%)yn = (Jwn| + A7) Y (w2 — Ay, = 0 in H, (2.18)
[w2 A~ 2y, || — 1. (2.19)
Equation (2.18) implies
lwp A~ Zy,|| — 0. (2.20)

We now write
|wnAZ BA 2y, ||? = |wn|>(A(BA™2y,) , BA 2y,)
= |wn|?(bAZy, — 2Vb- V(A 2y,) — AbA™ 2y, , bA~2y,).

(2.21)
By (2.18), (2.19) and (2.11), we have
jwnl? (bAZ Y, bA2yn) = (Jwnl Byn = bfn, lwnbA™2ya) =0, (2.22)
Jwn2[(Vb - V(A7 2y,), bA™ 2 y) | < [Vboo lwn |V (A7 2yn)| || [bloc lwn A~ 2yn]
= |Vbloo [bloc lwnA™ 2y, — 0, (2.23)
on 21 (ABA™ 1, A 3| < |Ablog [bloo oA~ F a2 = 0, (2:24)
where | - |« is the norm in L% (Q) or L>(Q; R™).
It follows from (2.21)—(2.24) that
|wn A2 BA 3y, || — 0. (2.25)
Since BV C V, by the closed graph theorem we have AzBA™: € L(H). Thus, we obtain
|lwnA™2 BABA™ 2y, || = |lwn (A7 BA™3)* (A2 BA™2)y,|| — 0. (2.26)

Combination of (2.8), (2.17) and (2.26) contradicts (2.5).
On the other hand, if (2.5) is false, then there exist w, € R, y, € D(A) with

lwnyn| =1 (2.27)
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such that
|lwp A2 BABA 2y, — 0, (2.28)
(w2 — A*S™Hyy || — 0. (2.29)
Combination of (2.27) and (2.28) yields
wnAZ BA™ 3y, || — 0. (2.30)

Multiplying (2.29) by |ly.||, we get
|45 2yl = I(AS )52y | = 1. (231)

Since (AS™1) " =4I + A~ € L(H), from (2.31) we see that {y,} is a bounded sequence
in V. Therefore, there exists again a subsequence of {y,}, denoted still by {y,}, which
converges to some yo in H.

(1) Case yo # 0: The proof is simple and quite similar to that in (i).

(2) Case yo = 0: Since AS~! € L(H), from (2.29) we derive

Nwhyn — Aynll — 0, (2.32)
which implies
I/Alwnlyn — A2yl — 0. (2.33)
Observing that ||A2y,]| is bounded, by (2.30) we have
wn(BAZy, — 2Vb- V(A" 3y,) — AbA 3y, , yn)

= wn(ABA 2y, | yn) = wa (A2 BA 7y, | A%y,) — 0. (2.34)
It is easy to see
wn (Vb V(A 2, , yn) =0, wn(A 2y, Ab, y,) — 0. (2.35)
Thus, from (2.34) we obtain
wn<A%yn , Byn) = wn<BA%yn , Yn) — 0. (2.36)
Combination of (2.33) and (2.36) yields
(Wi BYn  yn) = 0. (2.37)
Since 0 < B = B* € L(H), we conclude
wn,B*By, — 0 in H. (2.38)

Equations (2.27), (2.32) and (2.38) contradict (2.4).

¢3. Conclusions and Comments

Let 0 < b(-) € C%(Q) and G = {x € Q | b(x) > 0}. Then G is an open subset of
Q. We call it control region. It expresses geometric characteristics (such as location,
measure and shape) of the controller of the system (1.1)/(1.2). In design of the controller
of (1.1)/(1.2), an important problem is how to choose G so that the exact controllability of
(1.1)/(1.2) can be achieved. For the wave equation (1.2), this problem has been well solved
(see [2,3,4] for at least C® smooth €, and [11] for C*“ smooth or convex §2). Therefore, for
the system (1.1) the answer to the problem can follow readily from our Theorem 1.1 and
those existing results. Here we only present the conclusions concerning the one-dimensional
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and rectangular €2 because in the two cases the boundary condition is natural. By Theorem
1.1 here, Theorems 3.2, 4.1, 4.2, 4.5 and Remark 4.3 in [11] we have the following results:

(1) Let Q be an interval. Then, the system (1.1) is exactly controllable in Hj by H ™!
controls if and only if there exists zg € Q such that b(zg) > 0.

(2) Let 2 be a rectangle. Then, the system (1.1) is exactly controllable in H; by H !
controls if either one of the following holds:

(i) G contains either one of the diagonal lines of Q.
(ii) G' contains two open straight lines satisfying that each side of () meets at least
one of the four end points and the two lines intersect at a point in 2.

But the system (1.1) is never exactly controllable if G is contained in a proper subrectangle
of Q (compare with the result in [9]).

When € is a general multi-dimensional region, for the Kirchhoff plate-like equation we
only need the same regularity condition on Q as in the wave equation, say, that Q is C1®
smooth or convex. The C? smooth 9 is required in [13], for the Petrovsky equation.

The concentrated forces are allowed to apply to the Kirchhoff plate models and result in
the finite energy states. If we use the L?, instead of H !, control forces, the system (1.1) is
never exactly controllable in Hj, because of the compactness of the control operator.

For the Petrovsky system, the time duration on which every initial state can be steered to
the zero state is allowed to be arbitrarily small (see [9,13] for example). This property never
occurs to the system (1.1) for the finite speed of propagation of waves. If the system (1.1) is
exactly controllable, then there exists a uniform control time duration on which every initial
state can be steered to the zero state (see [12]). The problem about determination of such
a time duration remains open.
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