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Abstract

Under some conditions on probability, this note discusses the equivalence between the com-
plete convergence and the law of large number for B-valued independent random elements. The
results of [10] become a simple corollary of the results here. At the same time, the author uses
them to investigate the equivalence of strong and weak law of large numbers, and there exists
an example to show that the conditions on probability are weaker.
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¢1. Introduction and Main Results

A sequence {X,,,n > 1} of real valued random variables is said to satisfy the law of large
numbers of Hsu-Robbins (1947) type with a sequence {b,} of real numbers if

> " P(ISn = bn| > ne) < 400, Ve >0, (1.1)

n=1

where S, = Y X;. Conditions under which (1.1) holds were discussed in many papers. A
i=1
more general result for iid real valued random variables is given in [2].
Let B be a real separable Banach space with norm || - || and {X,,} a sequence of B-valued

n
random elements and put S,, = > X;,n > 1. C and ¢ denote positive finite constants which
i=1
may change from one place to another.
The Banach space B is called p-type space (1 < p < 2) if for any zero mean B-valued

independent random element sequence {X,,,n > 1}, there exists C' = C}, > 0 such that

n
B3
=1

Let S be the class of positive non-decreasing function ¢(z) on Rt = [0, 4+00) satisfying
the following conditions:
(i) There exists a constant k = k() > 0 such that

e(zy) < k(p(x) +¢(y)), Vo,ye RT.
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(ii) /p(x) is non-decreasing for sufficiently large x.

Recently, Yang!'” studied the complete convergence for independent but not necessary
identically distributed random elements in a Banach space of type 2, her results are as
follows:

Theorem A. Suppose that 0 <t < 2,¢(-) € 5,6 > 0,d =1 or —1. Let {X,,} be a sequence

of independent random elements in a Banach space of type 2, if > E[|| X[t (o(]| X))~ +°

=1

= O(n), then Ye > 0, ioz %P(HS,LH >e€- (n(cp(n))d)l/t) < 400;
n=1

o0
1 dy1/t
>° - P(max 1Sk 2 e (n(o(m)*)/*) < +oe.
n=1

The aim of this paper is to discuss the complete convergence of Banach space valued in-
dependent but not necessary identically distributed random elements under some conditions
on probability. As corollary, we give Theorem A. We use them to obtain characterization
for law of large numbers of B-valued independent random elements, and furthermore in-
vestigate the equivalence for strong and weak law of large numbers of B-valued random
elements. Meanwhile, there exsits an example to show that the conditions on probability
here are weaker.

Our main results are as follows:

Theorem 1.1. Let 1 <t < 2,7 > 1,¢(-) € 5,6 > 0,d =1 or =1 and let {X,} be

a sequence of B-valued independent random elements. If > P(|| X;|*(¢o(| X:i]))~¢ > z) <
i=1
Cnaz~"9) for sufficiently large = and n, then the following two statements are equivalent:
(a) Sn/(n(e(n))Ht — 0 in Probability;
(b) Suppose that l(x) > 0 is a slowly varying function as x — +o00 and EX,, = 0, then
Ve > 0, the following statements are equivalent and hold:

an 2Un)P(|Snll = € (n(p(n))h)*) < +oo;

n=1

i) T_zl(”)P(lglggn IS8l] > € (n(p(m) /1) < +o0;
)

(
(iii n"2l(n

>
)2 P (sup(lISill/ (k(o(k)") /) 2 ) < +oo.

Theorem 1.2. Let 1 <t < 2,p(-) € 5,4 > 0,d=1 or —1 and let {X,} be a sequence of
B-valued independent random elements. If Z P X1t e(1X:0) = > ) < Cna=(H9) for
sufficiently large © and n, then the followmg statements are equivalent:

(a) Sn/(n(e(n))Ht — 0 in Probability;

(b) Suppose that I(x) > 0 is a non-decreasing slowly varying function as x — +oo and
EX, =0, then Ve > 0, the following statements are equivalent and hold:

o0

0 S R, > e () < oo

1<k<n

Z@P( max ||Sg|| >€-(n ((p(n))d)l/t) < +oo.

(c) Suppose that l(x) > 0 is a non-decreasing slowly varying function as x — +oo and
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EX, =0, then Ye > 0 we have

ZI(Z)P(sumnsku/( K@) > ) < +oo.

Corollary 1.1. Suppose that 0 <t < 2,7 >1,p(-) €5, >0,d=1or —1,1(z) >0 isa
slowly varying function as x — +o0o and when r = 1,1(x) > 0 is non-decreasing. Let {X,}

be a sequence of B-valued independent random elemem‘s; when 1 <t < 2, further let B be
of type p for somet < p <2 and EX,=0. If

ZE X (1))~ = O(n), (1.3)
then Ve > 0

an AU P(ISall = €« (n((m))*) < +oi
Z 2(n (fglggn\\skllZf'(ﬂ(@(n))d)l/t) < +00;

er 1) P (sup (185 (o)D) 2 €] < oo,

Corollary 1.2. Let 0 <t < 2,0(-) € 5,6 >0,d =1 or —1 and {X,} be a sequence of
B-valued independent mndom elements. If

ZP X1 Xi]1) 7 > 2) < Cna=(0) (1.4)

for sufficiently large x and n, then the following statements are equivalent:
(a) Sn/(n(en))Ht = 0 in Probability;  (b) Sn/(n(e(n)HY* =0 a.s.
Remark 1.1. Obviously, Corollary 1.1 is a general result. For example, taking r =
1, I(z) =1, p =2, we see that Corollary 1.1 becomes Theorem A.
Remark 1.2. Let 1 <t < 2, and {X,,} be a sequence of iid B-valued random elements
with E|| X1 |* < 4+00. de Acostal®! proved the following results:
S,/nt/t =0 in Probability <= S,/n'* =0 as.

In 1993, Wang, Bhaskara Rao and Yang[” extended the above results to the B-valued
independent random element sequence {X,} which is uniformly stochastic bounded by
a non-negative real random variable X (i.e. sup P(||X,| > z) < P(X > x)) and satisfies

EX' < 400. The random element in Corollary 1.2 is not necessarily uniformly stochastic
bounded and the constant ¢ in condition (1.4) is necessary.
Example. In Corollary 1.2, taking 6 =0, t =1 p(z) = 1, we see that there exists iid
symmetric real random variable sequence {X,}, which satisfies li_)m zP(|X1| > 2z) =0
T o0

and S,/n — 0 in Probability, but S,/n — 0 a.s. is not truel®.
Remark 1.3. By a theorem of [1] and the above example, we know that the constant §
in Theorem 1.2 can not be dropped.

§2. Proofs of Main Results

It is well known that if I(z) > 0 is a slowly varying function as © — +o0, then

(1) lim =1, vt >0 lim ) — 1, Yu > 0.

2) 1 Ho) — 1.
( )k;rpm%gggw )

s : —51(p) —
(3) xglfoox l(z) = 400, xgm x%l(xz) =0, V6 > 0.

+oo
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Lemma 2.1.9Lemmall et () € §,6 > 0, then for any x > 0, there exists positive
constant C' such that

Cop(z) < p(zp(x)) < Co(z), Co(z) < plx/p(@)) < Cp(x), Cp(x) < p(a’) < Co(w).

Proof of Theorem 1.1. We prove only the case for d = 1, the proof of the case for
d = —1 is analogous.

(a) = (b). By the condition S, /(np(n))/t 5 0 and using the Ottaviani inequality!®: P15
we have

P( max |15 2 € (np(n))/*) < OP([ISu] = 5 - (no(m)) /") (2.1)

1<k<n

for sufficiently large n. Ve > 0, when 2™ < n < 2™*+! for sufficiently large m, by the
Ottaviani inequality we can obtain

P(]| Szl = €+ (27(2")'*) < CP(|[Sall > ce - (np(n))'/*). (2.2)

By the property of I(x), the definition of p(z) and using Lemma 2.1 of [2], (2.2) and noting
that r > 1, we have

> " 2Um)P((sup [1Se/ (k)" > €) < O3 n™ 2w P(ISu] 2 ee - (np(m)*/*) +C.
n=1 =n n=1

(2.3)
Hence, by (2.1) and (2.3), we obtain that (i), (ii) and (iii) are equivalent. Thus, we need
only to prove that (i) holds. By the symmetrization inequality!® P14 we may suppose that
{X,} is symmetric.
Let Y, = XJ(||XZ-|| < (mp(n))l/t), Sl =>"Yn, Sl =S5, —S5.. Obviously
i=1

an )PS0 > - (n(n)) /")
<Oy 20 max PS> § - o))

2i<p<2itl
i=0 sn<

+CY 207VI(2)  max p(||s;|| > % : (ngp(n))l/t> — L +1L+C.

— 2i<n<2it!
By the properties of I(z) and ¢(z) and using Lemma 2.1 we get
11<CZQ Y121 + C < +o0. (2.4)
i=0

Since 7 > 1, by the property (3) of I(x) we get S”/(np(n))'/* £ 0 from (2.4), further we
obtain S/, /(np(n))!/* £ 0 from assumption, and using Lemma 3.1 of [3] we have

E|S. /(ng(n) )1/t||—>0 as n — oo. (2.5)
Therefore, to prove I < 0o, by (2.5) it suffices to show that
Iy =0 202 max_ P(/[|S}]| = ElIS, ]| > - (n @(n))/t) < oo, Ve>0.
2i<n<2

In fact, choosing ¢ > max {2 2t(it1), igf(; lf , rt}, and using Theorem 2.1 of [3], we get

< , , i a/
I; < CY 020 0@ (p(2) 7 max [0 E|Vanl?]
k=1

2i<n<2itl
i=0 sn<

+CZ2z‘(r717q/t)l(2i)(SD(Qi))fq/t max ZEHYnqu =: I3+ I.

2i<n<2itl
i=0 S
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Using the definition of ¢(x) and Lemma 2.1 we may obtain that for every «, 8 > 0,
o(z) < CzP (2.6)

for sufficiently large x. By the monotonicity of ¢(x), x/y(x), using the property (3) of i(x)
and (2.6) we have

> ) , a/
Iy < O3 2000 (p(20) " max Z / PP X > )]

. 2i<n<2itl
=0 -

< O3 a3 (2

i=0
C ioj 2i[T—1—q(T+5)/2+q/2)l(zi) lf 2 s ~o
i=0
€ X @) ({21020 log (R (2] i § —r =0 =0
C ioj 2i(r=1=a/t+4/2)[(2)(p(21))2(r+6)/2=a/t 1f 2 520
i=0
< +00.

Similarly, we can get Iy < oc.
(b) = (a). Note that (ii) and (iii) imply (i). We first consider that {X,,} is symmetric.
By the properties of [(x) and ¢(z) and noting that r > 1, we have

S 2D P(| Sy | 2 € (27 p(27 YY) < . (2.7)

Therefore
Sn/(np(n))/* 5 0. (2.8)
For general random element sequence {X 1, let X5 = X, — X/ where X/ denotes the
independent copy of X,, and put S2 = E X7. Then {X3} is a sequence of independent
symmetric B-valued random elements. As (2 8), we have
S5/ (np(n))'* 5 0. (2.9)
So, there exists an ng, such that when n > ng, we have

P s 1/t )
sup PSS > (ne()!/) < g

By Lemma 2.7 of [4] and (2.10), when n > ng, we have

rt 1 o0
BISI < 3B sup |XE) "+ 43 o) 45 [ PS> 2
1<k<n (

(2.10)

ne(n))”
So
2.37"7&
E||S2 /(nen)V|"t < 8.3 + ——E( sup |X < o0,
I8/ (o)) /" < ooy E( e 1z1)”

from which follows the fact that {S2/(n¢(n))'/!} is uniformly integrable, and hence from
(2.9),

E|Ss/(np(n)!|| =0, as n— . (2.11)
By FX,, =0 and the Fubini theorem, it is easy to verify
E|1Sy/(np(m)/!|| < E|IS;/(ne(m) ||, n > 1.
Then it follows from (2.11) that S, /(ng(n))/t 5 0.
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Proof of Theorem 1.2. Noting the properties of {(z) and ¢(z), by S,/(n(¢(n))4)'/*
P . o .
— 0 and using the Ottaviani inequality we get

Zﬁ%bggwwwww>WW>a<c§j HIYBR b5 > e (mp(m)))
So, as the proof (a) = (b) in Theorem 1.1 we obtain (a) = (b) and (a) = (c).
(b) = (a) and (c¢) = (a). If (b) or (c) is statisfied, then

oo

Z% (|Snll > €- (n(en))H)¥*) < 00 Ve > 0. (2.12)

n=1
We first consider that {X,,} is symmetric. By (2.12), as the proof of Proposition 1.1 in

5], we get: S/ (n(ip(n))*)!/* % 0.

The rest is as the proof (b) = (a) in Theorem 1.1.

Lemma 2.2. Let 0 <t < 2,p(z) € 5,6 >0,d=1 or —1, and let {X,,} be any sequence
of B-valued random elements; when 1 <t < 2, further let {X,} be a sequence of zero mean
independent random elements in a space of type p for somet < p < 2. If

ZP X[l (e (11 Xill)) ™ > 2) < Cna= 0+ (2.13)

for sufficiently large x,n, then S, /(n(p(n))4)1/* £o.

Proof. By C,-inequality and the p-type property of Banach space, the proof of this
lemma is easy, so is omitted here.

Proof of Corollary 1.1. Obviously, (1.3) implies (2.13), so, by Theorems 1.1 and 1.2
and Lemma 2.2, Corollary 1.1 is proved.
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