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THE HEAT FLOW OF HARMONIC MAPS
FROM NONCOMPACT MANIFOLDS***
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Abstract

The authors consider the global existence of the heat flow of harmonic maps from noncom-
pact manifolds while imposing restrictions on the initial data.
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¢1. Introduction

Let M and N be two Riemannian manifolds of dimension m and n. Suppose their metrics
are given by ds3; = g;;dz'dr? and ds3; = hopdu®du”. Let u: M — N be a smooth map.
The energy density function of u is given by

- Ou® OuP
— g T
e(u) =g oz* OxJ
The total energy is defined by

haﬁ = |Vu|2

Bu) = /M e(u)da.

A mapping u : M — N is called a harmonic map if it is a classical solution of the Euler-
Lagrange equation of F(u) which can be written as

o o o ouP ouy iy
P (u(w) = A (2) + T, (u(e)) S 559 =0,

where 7(u) is called the tension field of u. The corresponding parabolic system with initial
data ug(z) known as the heat equation for harmonic maps is as follows:

@ =
or = T(u), (1.1)
u(z,0) = up(x).

When M and N are compact without boundary and N has nonpositive sectional cur-
vature, Eells-Sampson(” proved that any C' map from M into N can be deformed to a
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harmonic map by solving (1.1). When M = R™ and N = S, Coron and Ghidaglial®!
exhibited a class of smooth initial data for which the solution of (1.1) blows up in finite
time. If M and N are compact, Dingl® and Chen-Ding[? showed a blow up of the solution
in finite time, provided ug belongs to some nontrivial homotopy class and has sufficiently
small energy. Therefore, it is necessary to impose restrictions on the initial data to obtain
a global smooth solution.

If M = R™, N is compact, Struwel'4] proved that for ug € H}, (R™, N) with || ug||e <
C, one can find ¢(C) > 0 such that F(ug) < € lends to a global smooth solution. If M and
N are compact (m > 3), Chen-Ding? proved the same result. Li-Tam!'% generalized the
result to the case where M is a noncompact manifold with Ricci curvature bounded from
below and the sectional curvature of N is bounded from above, provided uo(M) is bounded.

Soyeur!™! proved that if M = R™ and N is compact then there exists a constant e > 0
depending only on m and N such that (1.1) has a global smooth solution for initial data ug
with | 7 ug| € LP(R™) (p > m) and || 7 uo||m < €.

Since || 7 uo||os < C and E(ug) = || 7 uo|[3 < € yield | v uo| € LP(R™) and

| ¥ |l < CTm2mem (m > 2),

Soyeur’s result implies Struwe’s result.

We will generalize Soyeur’s result to the case where M is a noncompact manifold. We
mainly obtain the following two results.

Theorem 1.1. Suppose M is a noncompact complete Riemannian manifold with non-
negative Ricci curvature, N is a compact manifold, and assume that V;(r) = Vol(By(r)) >
Cromer™ (1 <mg < m) for allz € M, r > 1. There exists a constant € > 0 depending
on m, mg, p and N such that if | <7 uo| € LP(M), p > m, || V ol|m + || V vol|me < €, then
(1.1) has a global smooth solution which converges to a constant map as t —» oo with the
following decay

oo

< M,

|7l < 35

where M3° depends only on m, mo, p and N, h(t) = t27 % if0<t<1, and h(t) = tr
if 1 <t < oo.

Theorem 1.2. Let M be a Cartan-Hadamard manifold with bounded curvature tensor
and its first and second covariant derivatives. Let N be a compact manifold. Let \ be the
bottom of the spectrum of (—A). Suppose X > 0. Then there exists a positive constant € > 0
depending on M, N, p and my (m1 > m) such that if | 7 uwo| € LP(M) (p > m1) and
|| V wollm, <€, then (1.1) has a global smooth solution which converges to a constant map
as t — oo with the following decay

oo

Mp
|7 u®llp < =1
t2 2

p
where M depends on M, N, p, and my.

§2. Local Existence Theorem

In the following of this paper, we always assume that M is complete noncompact. For
simplicity we assume N is compact and suppose N is isometrically embedded into R?. Then
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the Equation (1.1) is equivalent to the following system of differential equations

%1; — Au = A(u)(du, du), (2.1)
u(z,0) = up(x), '
where A(u)(du, du) = g B(u)(2%, 2%), B(u) is the second fundamental form of N.
Since N is compact, we have
|A(w)(du, du)| < C| 7 uf?, (22)

where C' depends only on N.
Let S(t) denote the semi-group associated to the linear heat equation from M to R%:

(S()u0)"(@) = [ H(wp.t) o))"
where 1 < a < @, H(z,y,t) is the heat kernel of M. We will show that the operator S(¢)
maps [L(M)]® into [LP(M)]® for 1 < ¢ < p < oo.
Let Ty, = {u: M — R9 | u € L®(M,R?), | ul € LP(M,R%)}, p > m. Given
up € T'p, let D = 2(|uol|co + || V wol|p), and

Iy ={ueC(0,1],T)) | OiggT(IIU(t) = S(t)uollee + | v ult) — VS t)uollp) < D},
which is a complete metric space for the distance
d(u,v) = sup {[[u(t) —v(t)llec +[| v ult) = vv(t)llp}-
0<t<T

In this section we will prove

Theorem 2.1. Suppose M is a complete noncompact manifold with Ricci tensor R;j;
—(m—1)b%g;; (b>0). And assume that $1é1{/[ Vz(1) > 0, where Vy(r) = Vol(By(r)), Bx(r)
{y € M | dist(y,z) < r}. Let up € Ty, p > m. Then there exists T > 0 and u € Fg is
smooth on M x (0,T) which is a solution of (2.1).

To prove Theorem 2.1, we first derive the following lemmas.

v

Lemma 2.1. Suppose M is a complete noncompact manifold with Ricci tensor R;; >
—(m —1)b%g;; (b >0). H(z,y,t) is the heat kernel of M. Then

2m\ 3
/ | Hiz,y.ldy < (2mb+ 27)7, (2.3)
M t

| H(z,y.t)| < H?(y,y.1) ((me + 2Tm>H(:c,x,t) + Cm%H(x, z, %))7 "

Proof. By Holder’s inequality one has

/Mlledy§ (/M ijlzdy)%(/Mde)é.

/ H(z,y,t)dy =1, (2.5)
M

/MIVH\dyS (/ijfpdy)é-

Since

we have
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The gradient estimates!'?! imply
H|? H 2
I'v 27 VH LN (2mb+ Tm)H (2.6)

By (2.5) one has [,, 2Ldy = 0,50 [,, |V H|dy < (2mb+ 213,
Clearly,

VH(z,y,t) = / vH(m, z, %)H(z,y, %)dz,

Substituting (2.6) into the last inequality we obtaln

|v H(x,y,t)| < /MQ%(.’L‘,Z, %)H(:&z, %)dz

2m 9 t 3 ) t 3
+ <2mb + —) ( H (m,z, f)dz) ( H (z,y, f)dz) .
t " 2 " 2
By semi-group property we have

/M H? (z v, %)dz = H(y,y.t)

and since (A — %)H(x z,5) =0, we have

/ aaIt{(x z, ;)H(x,z,i)dz:/ AH(I,Z,%)H(I,Z,%)dZ.
M
|v H(z,y,t)] < QH%(y,y,t) /M AH(m,z,%)H(m,z, %)dz

+(mo ) ([ ()i

We know that (see [4, Lemma 7])

’/ AH m z, ( ,z%)dz’ SC’m%H<x,x7%>.

So, we have (2.4).
Lemma 2.2. Suppose M is a complete noncompact manifold with Ricci tensor R;; >
—(m—1)b%g;; (b>0). Assume that § = infyen Vi(1) > 0. Then for all z,y € M, 0 <t <1,

Therefore

p2(z.y)

H(xay7 )<Cmb5 ltii 7T7 (27)
1
H ’ 7t d gcm e 2.8
19 HGybldy < Con (2.8)
5 m
H(z,y,t)| < Comp—et™ % 2.9
|V H@..8) < Con e (2.9)

Proof. By the estimate of the heat kernel derived by Li-Yaul'?! we have

3 -1 2@,y
Hz,y,t) < CoVi *(VEV, * (VE)el 5400,
/=T

where p(z,y) = dist(z, y). Li-Schoen®! proved that t~™e~
tion. So, for 0 <t <1
m NneT

Vo(VE) > Vo (1)t % e

bV (t) is a decreasing func-

b(t—1) >Ch bét%,
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we therefore have (2.7).
(2.8) follows from (2.3) and (2.9) follows from (2.4) and (2.7).
Proof of Theorem 2.1. If p =00, 1 < ¢ < o0,

IS @)ulloo < |[H (2, - D)llg [ |ullg:
where % + L =1. By (2.5) and (2.7) we have

q
15 (t)ulloo < Conpst™ 20 [[ul]q

forall 0 <t < 1.
fl=g<p<oo,

soul < ([ #puilay)’

- (/M H(z,y,t)|u(y)|dy) </M H(Ivy,t”u(y)‘dy)p_l'
(2.5) and (2.7) implies that

_m(p=1) —
SOu < Count™ 5 [ Gy utw)laylullf ™"
So
—mq_1
1S(Oully < Crpt™ 2P jul,

forall 0 <t <1.
Ifl<qg<p<oo,

sur < ([ Hep i)

By Holder’s inequality we have

sup < ([ He o) [ A oumla)

< ([ o) ( [ aniSa)" T ([ wraw)”

By (2.5) and (2.7) again we have

—mp(l_1 p—1
S()ul” < st 5 ([ Hyluwldy) ([ i)
M M
So

7

1S ully < Conpst™ 22 Jull, (2.10)
forall0<t<1,1<¢qg<p<oo.
Similarly we have

ml_ 1

1V S@ullp < Conpst ™ F G| Jul (2.11)
forall 0 <t <1,1<q<p< oo, by Holder’s inequality, (2.8) and (2.9).
We consider the integral equation associated to (2.1). Let

Fu(t) = S(t)uo —l—/o S(t — 7)A(u)(du, du)(T)dT.

By an argument similar to the one used in the proof of Theorem 1 in [13], we can show
that F maps Fg into itself and has a unique fixed point in F; for T' small. This completes
the proof.



126 CHIN. ANN. OF MATH. Vol.21 Ser.B

§3. Heat Flow from a Nonnegatively Curved Manifold

In this section we suppose M is a noncompact complete manifold with nonnegative Ricci

curvature. Let ug be a bounded C! function, we define u(z,t) = [y H(z,y, t)uo(y)dy.
Bochner’s formula implies that (A — §)| v u| > 0, we therefore have

Vo) < [ B 7w (31)

I utat)ly <1 [ 0] v woldsl, (32)

for 1 <p < .

If in addition we assume V(r) = Vol(B;(r)) > Cpymer™° (1 < mg < m) for all z € M,
r > 1, by the estimate of the heat kernel?, Bishop!!! comparison theorem, (2.3) and (2.4)
we have

H(z,y,t) < Cpn, (7) (3.3)
Chm, 1
|V H(z,y,t)| < \/i ﬁ (3.4)
Cm
/M | v H(z,y,t)|dy < NG (3.5)

where g(t) =t™0 ift > 1, g(t) =tm if 0 <t <1.

Now we prove the following theorem.

Theorem 3.1. Suppose M is a noncompact complete Riemannian manifold with nonneg-
ative Ricci curvature, N is a compact manifold, and assume that Vy(r) > Cpymer™ (1 <
mo < m) for allx € M, r > 1. There exists a constant € > 0 depending on m, mg, p and
N such that if | 7 ug| € LP(M), p > m, || V wollm + ||  wol|lm, < €, then (1.1) has a global

smooth solution which converges to a constant map as t — oo with the following decay:
o0

17 u®)]], <
v u®ll < 75

mq

“Hf0<t <1, and h(t) =t

M\»—A

where Mp° depends only on m, mg, p and N, h(t) =1
if 1 <t<oo.

Proof. Using the inequalities (2.5), (3.3), (3.4) and (3.5), by an argument similar to the
one used in obtaining (2.10) we can get

Omrn
S(t)ully <~ 3.6
Il < s ) (3.6)
v S(tyu Cmimo p.q (3.7)

ullp £ ——= =251y [lullg
Vig(vha
forall 0 <t <o0,1<g<p<o0.
Suppose u(t) is a solution of (2.1). Then

u(t) UO+/St—T u)(du, du)(7)dr.
Using (3.2), (3.6), (3.7) and (2.2) we have
| v u(r)|lpdr
t—7)ig(vE—7)"

Cm,,m s
|7 u(®)]l, < T&H

t
¥ ol + Conons |
g t)'m.o P 0 (
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and
Conym b uln)|)2dr
19wl < ~ 20| 7 o+ Conma | i
O o (t—r)ig(Vi=T)r
We set
My(T) = sup {h(t)|| 7 u®)|],}-
0<t<T
When 0 <t <1,
¢ h(t)dr
BT 0Oy < ool 7 0l + Con MO | ——
0 (t—T)zg( t—7-)p7- »
< Cm,mo,pH W Uollm + Cm7mo,pM§(t)-
So
Om,mmpM;(t) - Mp(t) + Cm,mo,p” \Y4 UOHm > 0. (3-9)
When 1 <t <2,
K h(t)dr
R 7 u(®)|lp < Crom, vu0m+cm,m,M2t/ -
O 7 u®)llp | |l o.My (t) D = eV PR
< Crymopl| V7 10lImo + Cm,mo,ng(t)~
So
Cm,mo,ng(t) - Mp(t) + Cmymo,pH \Y4 UOHmo > 0. (3~10)
When t > 2,

RO u®)llp < Crnmo.p

| \Y u0||m0
+ Conmo p M2 (1) / t 1 h(t)dr . :
o (t—7)2g(vVt—T)?h3(7)

/ot (t—r)ég?( / /t 1 /“ (t—1)bg( jdfﬂ P h2(r)

)dr
t—T
/1 h(t)dr :/ t2 21:"d7'
o (t—1)ig(vVE—Tr)rh2(r) Jo (t—7)itEm Ll

t27 2p
< Cm,p (t _ 1)%+%§) Cm mo,ps
t h(t)dr o 2% dr
/ (t—m)ig(VI—T)rh2(r)  Jioa (b —7)FtEL
o
< Crmp AT Cormo
=t h(t)dr =1 t2 % dr
/1 (t—7)2g( t—T)%hQ(T) ~h (t—7)2 T
T L

So
Conmo pM2(t) — M,

p

p(t) + Conmo pl| 7 o my > 0. (3.11)
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By (3.9), (3.10), (3.11) we know that for all T > 0,
Conmop M (T) = My(T) + Comg (|| 7 %ol o + || 7 0| lm) > 0. (3.12)
Choose € > 0 so small that
4Cm,m0,pcm,mo,p5 <1

It is clear that € depends on m, mg, p and N. Note that M,(0) = 0 and M,(T) is continuous
with respect to T'. Assuming || <7 wo||m + || ¥ ©o||m, < € and solving the inequality (3.12)
one gets

1) < T T o TGl PTG )
< 1+ \/1 —4Ch,mo,pCm,mo,p€
- 2Cm, mo.p
= M°.

So we obtain that M,(T) < M?2° for all T' > 0. We therefore have || 7 u(t < M1?°7 where
P P P h(t)

Mp* is the constant depending on € defined as above.
(3.8) also implies

oo t dr
[u(®)]oe < [ltolloo + Conmop (ME®)? / (
g

VE=T)Ph3(7)

Similarly one can show that

<,

/t dr
o gWi—T)ihr) T

which implies
()]s < Nuolloo + Crmma o (M°)?.

Therefore u(t) can not blow up in finite time and we get a global smooth solution of (2.1).

¢4. Heat Flow from a Cartan-Hadamard Manifold

In this section we assume M is a Cartan-Hadamard manifold, that is, M is a simply
connected complete manifold with nonpositive sectional curvature. Wel'!l know that the
inequality (3.1) does not hold on constant negative curvature space form. However we may
have

Lemma 4.1. Let M be a Cartan-Hadamard manifold with bounded curvature tensor
and its first and second covariant derivatives. Let N be a compact manifold. Let \ be the
bottom of the spectrum of (—/\). Suppose X > 0. If ug is a bounded C* function and
| \V4 u0| € LP(M); U(I, t) = fM H(x7 Y, t)uo(y)dy, then

I a0l < | [ #CanE0 ]

1(=2)2uo(®)llp < Cll 7 wo(w)llp (4.2)

for 1 <p < oo, where C,, depends on p and M.
Proof. Lohouél® showed that if M satisfies the hypotheses of this lemma then

19 Fllp < 11(=2)2fllp < Coll 7 flly

(4.1)
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for |7 f| € LP(M). So

| utablly < =S @bl = | [ Hw o)

We therefore have (4.1) and (4.2).
Remark 4.1. If p = 2, one has (4.1) and (4.2) on any complete manifolds!
We also need the following estimate of the heat kernel, which was proved by Davies!®).

p

15]

Lemma 4.2. Suppose M is a complete manifold with Ricci tensor R;; > —(m — 1)b?g;;
(b>0). Let X > 0 be the bottom of the spectrum of —/\. Then

1) < CoValWi)) ™ (V3 (VD) ~Hel0- e 558 (4.3)

forxz,ye M, 0<t<o0,d >0, where p(x,y) = dist(z,y).

Now we prove the main result of this section.

Theorem 4.1. Let M be a Cartan-Hadamard manifold with bounded curvature tensor
and its first and second covariant derivatives. Let N be a compact manifold. Let \ be the
bottom of the spectrum of (—A). Suppose A > 0. Then there exists a positive constant € > 0
depending on M, N, p and my (my > m) such that if | 7 uo| € LP(M) (p > my) and
|| vV wollm, < € then (1.1) has a global smooth solution which converges to a constant map
as t — oo with the following decay:

oo

M;
I u@®llp < 1=,
t2 2

P
where MZ° depends on M, N,p, and my.
Proof. Suppose the Ricci curvature of M satisfies Ric M > —(m — 1)b?. We first show
that

C’m,m b\,
1S (#)ull, < Wil(%f;\wﬂq (4.4)

for 1< g <p<oo,m >m.

Cm,ml,b,)\, s
v S(t)ullp < P lullg (4.5)

(4rt) 22 G 3)
for1<g<p<oo, mg>m.
We only prove (4.5), the proof of (4.4) is similar. From

v s@ur < ([ 19 8@y 0lluwidy)"

by Hélder’s inequality we have

v s < ([ 19 8@y 0l i) ([ 19 B0l )
So
17 S@ully < (LL2)7 [ully,

where

Il = sup / |V H(xvyat)|dya
xeM JM

p(g—1)

I = sup (/ \VH(wvy,t)lf’gjgdy) !
rzeM M
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By Lemma 2.1 we have I; < (2mb + 277”)% By Lemma 2.1 and Lemma 4.2 we have

So
I < Coppgt” 378 (1 + —) B
and

15+
Il . I2 S Cm,ml,b,)\,p,q(rﬂ_t)

Clearly, (4.5) follows.

Using (4.1), (4.2), (4.4) and (4.5), by an argument similar to that in the proof of Theorem
2 in [13], we can prove this theorem.

Remark 4.2. Theorem 2.1, Theorem 3.1 and Theorem 4.1 also hold when N is noncom-
pact and uo(M) is bounded in N. In this case, e and My° depend on ug(M) too.
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