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Abstract

This work is concerned with the proof of Ly, — L4 decay estimates for solutions of the Cauchy

problem for u — A2(¢)b?(t) A u = 0. The coefficient consists of an increasing smooth function
A and an oscillating smooth and bounded function b which are uniformly separated from zero.
The authors’ main interest is devoted to the critical case where one has an interesting interplay
between the growing and the oscillating part.
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§1. Introduction

To prove global existence results for the solutions of the Cauchy problem for nonlinear
wave equations so-called L, — L, decay estimates for the solutions of the linear wave equation
play an essential rolel**7. That is the following estimate due to Strichartz!'?: there exist
constants C' and L depending on p and n such that

et My ey + V0t ) gy < CA+8)T T G D lwrmy, (L)
where 1 <p <2, 1/p+1/¢=1and u = u(t, x) is the solution to
u — Au =0, u(0,2) =0, u(0,2) = ui(z) € CG°(R).
The present paper is devoted to the study of the influence of the time variable in the

coefficients of the main part on L, — L, decay estimates. To illustrate our results consider
the model problem

ugy — exp(2t*)b2(t) Au =0, u(0,7) = up(x), us(0,2) = ui(zx), a € R, (1.2)

where b = b(t) is a 1-periodic, non-constant, smooth and positive function. The following
classification for (1.2) with a € Rholds:
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(1) If @ € (—o0,1/2), then there are no L, — L, decay estimates for the solutions.

(2) If & € (1/2,00), then there are L, — L, decay estimates for the solutions.

(3) If o = 1/2 and if the spatial dimension n is sufficiently large, then we have L, — L,
decay estimates, too.

The influence of oscillations. We show that oscillations in the coefficients can have a
negative influence on L, — L, decay estimates. Therefore we take the Cauchy problem

uge — b2 () Au =0, u(0,x) = up(x), u(0,2) = uy (), (1.3)

where b = b(t) is as in (1.2) and wug, u1 belong to C§°(R"). Due to Gronwall’s inequality the
following energy estimate for the solution of (1.3) holds:

[ue(t, M Lory + I Vault, )l o, ey < Cexp(Cot)(luollwarey + lluillzo(re))
for all ¢ € [0,00). This estimate is faraway from decay estimates. It seems to be a surprise
that nevertheless this estimate is very near to the optimal one. Thus in general we cannot
expect L, — L, decay estimates for the solutions of (1.3).
Theorem 1.1.18 Let us consider the Cauchy problem (1.3). Then there are no constants

q,p,C, L, and a nonnegative function f defined on IN such that for every initial data ug, uy €
C§°(RY) the estimate

[ur(m, )L,y + [Vaulm, o,y < CFm)([uollyrer gy + lurllwr rey) (1.4)
is fulfilled for all m € IN while f(m) — oo, In f(m) = o(m) as m — oo, m € IN.

Very fast oscillations dominate the increasing part. To classify the oscillations we
consider the model equation

Ut — )\2(t)b2(t) Au= O7

where the coefficient consists of an increasing smooth function A, and of an oscillating smooth
bounded function b which is uniformly positive.

Definition 1.1. Let us suppose that there exists a real B € [0,1] such that the following
condition is satisfied:

|D:b(t)| < c1(8): j;i?) (InAt)? , t e [T, ), (1.5)
where T is large and the function A = A(t) is defined by A(t) := fot A(T)dr. Then we call
the oscillations fast oscillations, slow oscillations, respectively. If (1.5) is not satisfied for
8 =1, then we call the oscillations very fast oscillations.

It turns out that the notion of very fast oscillations gives us an exact description of a
fairly wide class of equations in which the oscillating part dominates the increasing one. In
[9] it is shown that one can prove a statement similar to Theorem 1.1 for the solutions of the
Cauchy problems for the equations from this class. Thus, very fast oscillations may destroy
L, — L, decay estimates.

§2. Oscillations via Growth

2.1. Main Result
The goal of this paper is to prove L, — L, decay estimates for the solutions of

ug — N2V (t) Au =0, u(te, ) = uo(x), us(to, ) = uy () (2.1)
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with ug,u; € C§°(R") in the case of fast oscillations (f = 1 in (1.5)). Opposite to slow
oscillations the oscillations feel only in this case the influence of dimension n of the spatial
variables on the L, — L, decay estimates.

We suppose tg € [T,00), T is large. All constants appearing in the next conditions are
assumed to be positive.

For the function A € C*°[T, 00), we assume (t € [T, 00))

(In A()~° < do 2((?) < j'((j)) <dy ji?) < C(lnA@®)©, (2.2)
) \*
|IDEX()| < dy (A(t)) At)  for k>2, ke IN. (2.3)

Now the function b is not necessarily a periodic one. In addition to (1.5) with § = 1 we
suppose (t € [T, 00))

0<Cp:= inf b*(t) < Cy := sup b*(t) < o0, (2.4)
[T',00) [T,00)
k A(t) g
|Dyb(t)| < ek mlnA(t) for k>2, ke IN. (2.5)

Theorem 2.1. Let us choose a constant N satisfying N > C,/(4Cg), where Cp =
sup A(t)|D:b(t)|/(A(t) InA(t)). We define
[T',00)

ro =1+ QHC0,0/N + kC1N,
where Cy g is the constant from Lemma 4.3 and k > 1 is suitably chosen. If ("2;1)(% — é) D)
and if the conditions (1.5) for f =1, (2.2) to (2.5) are satisfied, then for every small e > 0

there exists a constant T'(e, k) such that the decay estimate
et L, rey + IVault, )l L,

< Chne(InA(tg)) A (tg)2Co0/N ———
A(to)
(nD(1_1

xA(t) "z G q)+m+25(A(t0)||u0|\WpL+1(Rn) + lutllwr ge)

holds for the solution uw = wu(t,z) to the Cauchy problem (2.1), where t € [tg,00),ty €
[T(e,k),00). Here L = [n(% - %)] +1. The constants Cp, e and ro depend on the behaviour
of X\ and b and of its first two derivatives on the interval [T, 00), but do not depend on tg

(see Remark 7.2).

2.2. Philosophy of the Approach

By F, F~! we denote the Fourier transform, inverse Fourier transform with respect to x,
respectively. Applying F' to (2.1) we get

v + A2 (OB ()|€)*v = 0, v(to, &) = F(ug), velto, &) = F(uy), (2.6)

where v = F(u). Setting U = (Uy,Us)T := (A(t)|¢|v, Dyv) the differential equation from
(2.6) can be transformed to the system

(0 A®EN , DAW (1 0Y

Our main object of the following considerations is the fundamental solution of this system,
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that is, the solution U = U(t, 1,&) € C°°([r,0) x R*) of the Cauchy problem

0 AW, DA® (1 0
D — — = 2.
iU (A(t)bQ(t)|£| o )Y 3w \o 0)¥=0 (2.8)
U(t,7,&) =T (identity matrix). (2.9)
We prove that U(t, g, &) can be represented in the form
U(t, to, &) Z U (t,to, &) exp lz/ A(s ds|§|) (2.10)
I=+,—

where U™ (t,to, &) and U (¢, to,€) have connections to symbol classes (see Propositions 5.1
and 5.2). We intend to obtain the representation (2.10) in the set {(¢,&) € [to,0) x (R \
{0})}. Using this representation we obtain the solution of (2.1) in the form

ultv) = 1 (3t to, O F (w)©) + 557 halt o, F (1) (€)).

where U;, are the elements of ¢/. Following the approach of [6] necessary L, — L, decay

estimates for Fourier multipliers depending on the parameter ¢ will be derived in Section 5.
Zones. We define the pseudodifferential zone by

Zpa(to, N) :=={(t,&) : £ € RB* \ {0}, A(t)|{| < kN1InA(t) and t > 1o},
the hyperbolic zone by

Zhyp(to, N) :={(t,€) : £ € R*\ {0}, A(t)|¢] > NInA(t) and t > to},
the oscillation’s subzone of Zp,,(to, N) by

Zose(to, N) :={(t,€) : £ € R*\ {0}, NInA(t) < A(t)|¢] < kN In* A(t) and t > to}.
Here > 1 is chosen fixed. Then we define the functions ¢ = t¢ (or ¢ = t(|¢])) and po = po(to)
in the following way:
A(te)l€l = NInA(te) ,  po: Alto)po = N InA(to),

where N is some positive parameter to be fixed later. In what follows we will often write p
for |£].

Lemma 2.1. Define for p € (0,po), N > 0, the function t = t, (or t = t(p)) as the
solution to A(ty,)p = N1nA(t,). Then

1 A(tp) 1 -1 . LA
= — — — < > '
Oty p Atp) (1 lnA(tp)> , 10pty| < Cip k>1

Further, for pg small one has

InA(t,) < —2lnp < 2InA(t,) when p <2py <1/2.

We define the functions tosc = tosc,e (OF tosc = tosc(|€])) and posc = Posc(to) by
tose,e + Altosc.) |é] = N0 Altosce),  Pose : Alto)Posc = N In® A(to).
Lemma 2.2. Define for p € (0,posc), N >0, the function tose = tosep (07 tose = tosc(P))
as the solution to A(tosc,p)p = N In® A(tose,p). Then

1 Altose,p) 1

_Z (1 _ —k Altosc,p)
p /\(tosc,p) In A(tosc,p

/\(toscm) ’

-1
8ptosc,p = )) ) |a§tosc,p| < Ckp k > 1.
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For small posc one has

InA(toscp) < —2Inp <2InA(tosep) when p < 2poge < 1/2.

§3. Consideration in Z,4(ty, N)

The system (2.8) is spherically symmetric. Therefore we start with the auxiliary system

0 A® DD (1 0Y.,
Dy - (/\(t)bQ(t)p 0 p) Vo (o o) V=0, (3.1)

V(r,7,p) =1 (identity matrix), (3.2)

where p € R.. The relation U(t, 7,£) = V(t, 7,|€|) brings in the dimension n and leads to one
condition providing decay estimates. Using matrizant we can write V = V(t, to, p) explicitly:

00 t t1 ti-1
V(t, to,p) :I+Z/ A(tl,p)/ A(t2,p>-~~/ Aty p)dt;---dty,  (3.3)
j=1 to to

to

where

Alt,p) = <)\(t)l?2(t)p A(é)p) D;(At()t) <(1) 8)

Using the considerations from [10] and the definition of Z,4(t9, N) one can prove

A(t
V(o) < s min{A )N IOV for all p = [e], (1.€) € Zyalto, V)
0
with C; from (2.4). The definition of Zp4(to, N) implies here that A(t) < p~(1*¢) for all
t >T =T(e), € > 0 arbitrary. In particular one can also prove that

Aty) e
V(0 p)] < 32 Y o all p= €], (t6.€) € Zyalr N).

To estimate derivatives D}V we use (3.3). For k > 1 we have

¢ t1 th—1
DEV(t to,p) = | DyA(t,p) | DyA(ts,p)-- / Dy A(ty, p)dty. - - - dtr
to to to
e} k! t L i1 .
p3 2 F‘F/QMW@“/ DY A(ty,p)dt; - dty
bkt Sy "

j=k+1 ki tkj=Fk
0<ky <1, ,0<k;<1

Careful calculations lead to

|z¢va¢mmugrmn@x(wva@)+h3§£QkA@V@N,Chd,mOHMQN}
_k;((;))v p=1¢, () € Zpa(to,N);

| DyV(ty, to, p)|| < min {Ck (Nln A(t,) +1In igi;)kf\(tp)cm’ Ck,ep_sk_(lﬁ)cm}
kigﬁ; p=1¢l, (te:€) € Zpa(to, N);

respectively. To estimate DiD]’fV(t, to,p) we use (3.1) and induction principle on I. But we
restrict ourselves to a direct consequence of the estimates for D,lfDllfV(t, to,p)-
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Proposition 3.1. For every given positive number ¢ and for every k and « the following
estimates hold for (t,€), (t¢,€) € Zpa(to, N):

At

o
|DEDEU(L to, )| < min { Ch (KN I A(E) +1n ) A(B)<ON,

0)

(t
Ck,a,s €|—5\o¢|—(1+5)nc’1N} |€| || /\(( )( ‘€| )‘((t ) max{k—l,O}7
| D DgU(te, o, &) < min { Cho (N In Afte) +1n igog) Alte) Y,
et ac e~ S8 (role] + 303 n Ageg) !

forallty > T. Here Ci o and C o are independent of to while T' is independent of k and
a.

t4. Consideration in Oscillation’s Subzone

In Zos(to, N) we will carry out only one step of diagonalization of Subsection 2.1.7 (see
[13]). As it is noted there the next steps of perfect diagonalization are useless. Indeed, when
B =11in (1.5) we lose the large parameter in a neighborhood of ¢ = ¢,. This large parameter
helps to get an asymptotic expansion and to appeal to Brenner’s lemmall.

One step of diagonalization allows in the study of Fourier multipliers to apply Hardy-
Littlewood theorem not only in Z,q(to, N), but in Zys(to, N), too. This will be the other
strategy to study the critical case 8 = 1 in (1.5). To carry out one step of perfect diago-
nalization in Zosc(to, N) and in general more steps in the remaining part of Zpy,(to, N) we
need the following classes of symbols (cf. [11] and [13]).

Definition 4.1. For given real numbers my,mo, ms and for positive N we denote by
Sto.N{m1,ma, m3} the set of all symbols a = a(t,§) € C°°(Zpyp(to, N)) satisfying

_ )\(t) m3—+l
IDiDga(t, €)] < Crale™ A1) <W> WA®) ", (4€) € Zuy(to, N)
for all multi-indices o and all [, where the constants C ., are independent of .
Let us define the matrices

NP 1 1 1 1 @ b(t) -1
M=) = A(t)b(t)(b(t) b(t))’ M =5\ 5 <b<t> 1)' 1)

Setting U = M ~*W, by some calculations we transform system (2.8) into

_ (m(t) 0 _ _1D(A®b() (0 1
DM)'( 0 T2(t,f)>’ Bt.&) = =5 <1 0)’

(8, €) == —A()b()|¢] + D;(At()t), 2(t,§) == A()b(t)|€] + D;Zt()t)'

This represents the diagonalization mod Sy, y{0,0,1}. The next lemma shows that we can
carry out one step of perfect diagonalization in Zogs.(to, V). For the proof see [11, 13].

where
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Lemma 4.1. There exist matriz-valued functions N1(t,§) € Sy, n{0,0,0}, R1(t,€) €
Sto.N{—1,—1,2} such that the following operator-valued identity holds:

(Dt - D(tv f) + B(tv 5))N1 (tv 5) = Nl(tv 5)(Dt - D(tv 6) - Ry (ta 5))a
where Ny (t,€) is invertible and belongs together with its inverse matriz Ny ' (t,€) to Si, n{0,
0,0} provided T is sufficiently large and to € [T, 00).

Some calculations give for t € [T, 00), T = T'(k),

Ch
4NKC3
with constants Cy from (2.4) and Cj, from Theorem 2.1. Consequently, the condition for N
from Theorem 2.1 implies the invertibility of Ny := I + N,

In the following we have to derive estimates for the solution of (2.8), (2.9). Using the

INO (@)l < for all (£,€) € Zuyy(to, V), (43)

spherical symmetry we first devote ourselves to (3.1), (3.2). Our approach makes it necessary
to distinguish the cases |¢] < pg and |€| € [po, Dosc]-
Let Ey = Es(t,r,€) be the matrix-valued function

ey M) (exp(—ile] [ A(s)b(s)ds) 0
Bt d) A7) < 0 exp(il¢] [F A(s)b(s)ds)> (44)
for ¢,7 > max{to, t¢}. We denote Rq(t,r,§) := Ea(r,t,§)R1(t,§)Ea(t,7,&) and

ti—1

o0 ) t t1

Ql(tara g) = ZZ] / Rl(tl,"", g)dtl / Rl(tg,"", f)dtQ e Rl(tj?r? g)dt] (45)
j:l ks T T

4.1. The Case || < po.

The starting point of our consideration is the remark that the matrix-valued function

M_l(t)Nl (t,p)Eg(t, tp,p)(f + Ql(t7 tmp))Nl (twp)_lM(tp)V(tp? to,p),
which is defined in Zosc(to, N) (p = |€], (¢,€) € Zosc(to, N)) and where V(t,, to, p) is regarded
as the value of V(t,%9,p) on t = t,, solves (3.1) and coincides with V(¢,,t0,p) at t = t,,.
Hence it coincides with V(¢,to, p) everywhere in its domain of definition, that is,

V(t, thp) = M_l(t)Nl (tap)E2(t7 tpap) (I + Ql(t7 t;mp))Nl (t;D?p)_lM(tp)V(tp’ thp)-
For V(tp,to,p) and its derivatives DfD]lgV(tp, to,p) we can use Proposition 3.1 if we replace
there ¢ or [£] by p and « by [. Lemmas 2.1 and 4.1 help to estimate Ny(t,p), N1(tp,p) 1,
respectively. Matrices Ea(t,t,,p), M ~1(t) and M (t,) are given explicitly by (4.1) and (4.4).
Taking account of Es(t,t,,p) = Ea(t,to,p)E2(to,tp,p)) it is enough to use the following
lemma to estimate Es(to, tp, p).
Lemma 4.2. For every positive number € and every [ the following estimates hold:

'311) exp (ip /tt )\(s)b(s)ds)

where the constants C; and Cy . are independent of to € [T, 00).

It remains to derive estimates for Q1 (¢, t,,p), R1(t,¢p, p), respectively.

Lemma 4.3. The matriz-valued function Rq1 = Ri(t,t,,p) satisfies, for every I,k and
D, p = €], i Zpyp(to, N) N{|€| < po}, the estimate

< min{Cy.p~ LAWY, p= €], (8.€) € Zpalto, N),

A1) In? A(2)

197 3Rt p) | < CraANOR) M =507
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where the constants C, are independent of to € [T, 00).
Corollary 4.1. The matriz-valued function R1 = R1(t,tp, p) satisfies, for every l,k < M
and every p, p = |£|, in Zosc(to, N) N{|€] < po}, the estimate
2
1050, Rt . p) | < cM,N,E<A<t>p>’“p*<1“”Wv
(t)p
where the constants Car n . are independent of tg € [T, 00).
The following lemma gives an estimate for d;Q1(¢,t,,p). The proof one can find in [11].
Lemma 4.4. The matriz-valued function Q1 = Q1(t,tp,p) satisfies, for every r < M
and every p, p = |&|, in Zose(to, N) N {|€] < po}, the estimate

185 Q1 (¢, s p)|| < Cas v, ep™ 772000/, (4.6)
where the constants Ca e are independent of to € [T, 00). The constant Co o is taken from
Lemma 4.3 (k =1=0).

Proposition 4.1. The fundamental solution V = V(t,to,p) to the Cauchy problem,

that is, the solution to (3.1), (3.2), satisfies for all r,r < M, to € [T,00), p = [¢], in
Zosc(to, N) N{IE| < po} the estimates

AE )T
9, V(t, to, p)|| < CM,N,ei(i)) ®) —e=r=2rCo,0/N=KCIN
0

The following proposition is a direct consequence of the previous one.

Proposition 4.2. The fundamental solution U = U(t, to, &), that is, the solution to (2.8),
(2.9), satisfies for all a, |a] < M, tg € [T,00), for (t,€), (tosc,&) € Zosc(to, N) N {|&| < po}
the estimates

NEAD o ol ancnsn
I3 < e—|a|—-2kCo,0/N—kC1 N
10Ut 20, )|l < On,a,e to) €] ;

Ate)Mtose) | oo inl— _
106Ut 10, )] < v LI Lex) el -2uCoa/ e,
0

4.2. The case [£| € [Po, Posc)-

The considerations in this part are similar to those in the other part of Zys.(to, V). We
have seen in the previous subsection that the estimates for 858;,721 (t,tp,p) and Oy Qu (1, tp, p)
are determined essentially by the behaviour of A(t) at ¢ = ¢,,. This brings powers of p. Now
we are in the position that there is no influence from Z,4(to, V). Thus the behaviour of A(¢)
at t = to is important. But this leads to the constant (In A(tg))2" 1 A(tg)>¢00/N in Theorem
2.1. Following the approach of the previous subsection one can prove the next lemma.

Lemma 4.5. For every r,r < M, the matriz-valued function Q1 = Q1(t,to,p) fulfills
the estimates

10,Q1(t, to, p)| < Car(In A(to))™ A(to) >0/,

where Cyy is independent of to € [T, 00).
To complete the estimates in Zos(tg, N) we write for p = |£], p € [po, Posc),

V(t7 tOvp) = M_l(t)Nl (t7p)E2(ta t07p) (I + Ql(t7 tOvp))Nl_l(t07p)M(t0)7
and apply Lemma 4.5.
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Proposition 4.3. The fundamental solution ¥V = V(t,to,p) to the Cauchy problem,
that is, the solution to (3.1), (3.2), satisfies for all r,r < M, ty € [T,0), p = [£], in
Zosc(to, N) N{|€] € [po, Posc]} the estimates

At
(t) »

Alto)

Proposition 4.4. The fundamental solution U = U(t,ty, ) to the Cauchy problem, that

is, the solution to (2.8), (2.9), satisfies for all o, |a| < M, tg € [T, 00), for (t,€), (tosc, &) €
Zosc(to, N) N{|€] € [po, Posc]} the estimates

108Ut t0, €)I < Car (In Alto)) ™ Alto 2C°°/N\/ IEI o,

108U (tosc, to, €)|| < Car(In Alto))M A(to)* o'V AA(;’;;)M .

-r

||8;V(t7 thp) || S CM(].D A(to))MA(tO)QCO.o/N

§5. Consideration in Remaining Part of the Hyperbolic Zone

It remains to estimate the fundamental solution U = U(t, to, &) in the remaining part of
Zhyp(to, N), that is, in {(t,€) : € € R*\ {0}, A(t)|§] > N1In® A(t) and t > to}. The lower
bound In? A(t) ensures that we have now a large parameter. Thus we can carry out further
steps of perfect diagonalization. A corresponding result to Lemma 4.1 holds for

(Dt - D(t? 5) + B(tv g))N]VI(tv f) = N1V1<t’ g)(Dt - D(t’ 5) - FM(t’ f) - 7?'M(t> 5))
This allows us to apply a hyperbolic-type approach which gives an asymptotic expansion of
the amplitudes (see [11,13]).
5.1. The Case [£] < posc-
Here one feels the influence of Zs.(to, V). Using Propositions 4.2 and 4.4 and the repre-
sentation for U(t, to, &) we arrive at the next result, where we use (2.2) to obtain

Alte) < Cele] ™12,

Proposition 5.1. The fundamental solution U = U(t, tg, &) to the Cauchy problem, that
is, the solution to (2.8), (2.9), can be represented in the form

U(t,to,§) = Y U'(t,to,8) exp lz/ A(s ds|§|) (5.1)

I=+,—
where the matriz-valued amplitudes U™, U satisfy for all o, o) < (M —1)/2,

10Ut t0, 1 < Carvin Alta)) A (1020 | 4o elanCun/vwcu
in the remaining part of Zpyp(to, N) for |§| < pPosc-

5.2. The Case [£| > posc-

Proposition 5.2. The fundamental solution U = U(t, to, &) to the Cauchy problem can
be represented in the form (5.1), where U™, UT satisfy for all o, |a| < (M —1)/2,

A i
102U (£, t0, &)l < Carw A((to))él o]
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in the remaining part of Zpyp(to, N) for |&] > posc-

§6. Summary
Theorem 6.1. Let v = v(t, ) be the solution to the Cauchy problem
Div = X ()b(t)[€*v = 0, v(to, &) = vo(§), Div(to, &) = vi(§).

It can be written as

o= 3 bt to el e (i | Asbls)asie).

l=+,—
k=0,1

Dy(t, &) = Z bk (t,to, &)vi (&) exp lz/ A(s ds|£\)

where
ag(t,to, &) = Uiy (t, to, O A(to) /A(1),
ay(t,to, €) = Ui, (t, 1o, )/ ([EIA(D)),
bo(t, to, €) = Uz (¢, o, €)I€[A (o),
b (t,to, &) = Usy(t, 10, €).

The amplitude functions satisfy the following estimates:

(1) A@)IE] ag(t, to, )] + [Vl (£, t0, )] < CoA(E) F[E[—F N2 (#,€) € Zya(to, N);

(2) A)IE] [ag (t, to, )b}, (¢, to, ) < ConeAlto)' %y A/\((t?)A(to)QCO’O/N\frE*TO, (t,€) €
Zosc(th N) ;

1—k
(3) 02l (t, to, )] < Coarv e 25—/ ey (I A(t)) M A(t)2C00 /N |g|~h=ero=lel,

G2 £0,€)] < O e Mto) €D/ 200, (10 A(10))M A(t) 200/ g] =<0l
for |a| < (M —1)/2 in the remaining part of Znyy(to, N). Here e > 0 and k > 1 can be

chosen arbitrarily, Coo and Cy are the constants from Lemma 4.3 and (2.4). The constant
ro 1S defined by

ro = 1/2 + 2/&C010/N + kC1N.

§7. Fourier Multipliers

Theorem 6.1 and (2.6) yield the representation of the solution of (2.1) by the aid of
Fourier multipliers. To get L, — L, decay estimates for these Fourier multipliers we divide
our consideration into two steps in accordance with two completely different ideas: Hardy-
Littlewood inequality[?! and Littman lemmal5!.

Let us choose a function ¢ € C*°(R") satisfying ¢(£) = 0 for €] < 1/2, ¥(§) = 1 for
|€] > 3/4 and 0 < ¢(§) < 1. Moreover, we define

K(t) := (4N 1In® A(t))/A(t).

Generalizing the approach of [6] one can prove the next two results.
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Theorem 7.1 (Application of Hardy-Littlewood Inequality). Let us consider
Fourier multipliers depending on the parameter t € [tg,00),tg € [T,00), which are defined
by

P (e MO/ K (1))€] " a0t to, ) F (o) (€) ). o € CF° ().

Suppose that the following assumption is satisfied for ao(t,to,§) :

1
|a0(t,t0,§)| < CN,&-E‘_E_TO, ro = 5 =+ 2,‘4100,0/1\7 + HClN,

in Zpa(to, N)U Zyse(to, N), where Cy o and Cy are the constants from Lemma 4.3 and (2.4).
Then we have the decay estimate

[ (0= e/ K@ a0(t, 10, ) F (o) ©))|

1T —n i1
< CLON A2 g, )

Lq(BY)

provided that

1 1
1<p<2, —+-=1,
p q

1 1
0§2r<n(7—7)—25—r0.
p q

Theorem 7.2 (Application of Littman Lemma). Let us consider
B (o MOl (1) ao(t to. O F (w0)(©)) . o € G5 ().
Suppose that the following assumption is satisfied for ao(t,to,&) :
[0 ao(t. 10, €)| < Carvelé| 1717,

ro as above, in {(t,€) : € € R*\ {0}, A(t)|¢] > NIn?A(t) and t > to}. Then we have the
decay estimate

|7t (e i Pl ¢ R (1)) ] a0t to, ) F (o) (€) )|

< O Carn AT 256 =Dl g | 1 oy

provided that

Lq(R)

1 1
1<p<2, —+4+-=1,
p g

(n—l—l)(l 1

1 1
7—7)§2r<n(7—7>—25—r0.
2 P q P q

Remark 7.1. It is clear how we feel the dimension n in the critical case. If
Ty = 1/2 + QCo,o/N + C{N < (’I’L — 1)/2,
then there exist a k > 1 and suitable p and ¢ such that the assumptions of Theorems 7.1
and 7.2 are satisfied.

Remark 7.2. At the end of this paper we want to remember the constants from Theorem
2.1. First we have to choose a constant N > C},/(4C3), for example N = ~vC,/(4C2) with
v > > 1, v fixed. Then Cp/N can be estimated uniformly for all ¥ > ~y by a constant
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C = C(v0,Ch, Cp). Thus we are motivated to choose v = 7o because of the term C; N. Now
we are in a position to fix n, p, ¢ and k > 1 satisfying

(n—1(1/p—1/9)/2 > r¢:=1+4+2kCh /N + kC1N.

Finally with a positive small € we guarantee that the last inequality remains true if we
add 2e¢ to the right-hand side. In this way one can choose the constants needed for our
approach and can follow all considerations represented in this paper. The exponent 2n + 1
in (InA(tg))?"*! follows with Littman’s lemma and the condition |o| < (M —1)/2 = n in
Propositions 5.1 and 5.2. Consequently,

C’M,N,s = Cn,N,s-
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