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Abstract

An approach is introduced to construct global discontinuous solutions in L*° for Hamilton-
Jacobi equations. This approach allows the initial data only in L and applies to the equations
with nonconvex Hamiltonians. The profit functions are introduced to formulate the notion
of discontinuous solutions in L°°. The existence of global discontinuous solutions in L is
established. These solutions in L°° coincide with the viscosity solutions and the minimax
solutions, provided that the initial data are continuous. A prototypical equation is analyzed to
examine the L°° stability of our L°° solutions. The analysis also shows that global discontinuous
solutions are determined by the topology in which the initial data are approximated.
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¢1. Introduction

We are concerned with global discontinuous solutions in L* of the Cauchy problem for
Hamilton-Jacobi equations

uy + H(t, z,u, Du) = 0, reR", 0<t<T, (1.1)

u(0,2) = (). (1.2)

This problem for continuous solutions has been extensively studied in many relevant arti-

cles such as Hopfl?”!| Lax[**!, Douglis!"?, Fleming!'%!, Kruzkhov[?3!, Friedman['”, Krassovski-

Subbotin[??, Crandall-Lions!®!, Crandall-Evans-Lions'%, Lions-Souganidis(?6), Capuzzo

Dolcetta-Lions!®!, Subbotinl*®, and Crandall-Ishii-Lions['!). For more complete references,

5] Lions(?%!, Fleming-Soner('6!, Barles/?,

Bardi-Capuzzo Dolcettalll, and Subbotin[??). The theory of continuous viscosity solutions

we refer to some recent monographs of Benton
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has been established for Hamilton-Jacobi equations, since Crandall and Lions introduced
the notion in [9].

Our main interest is to explore possible approaches to construct discontinuous solutions
in L* for Hamilton-Jacobi equations. Constructing such solutions is important from both
theoretical and practical points of view. The experimental and theoretical results in game
theory, control theory, optics, and conservation laws indicate the significance and necessity
to understand the discontinuous solutions.

Ishii®", Barles-Perthamel®!, Barron-Jensen!¥, and Subbotin??! made efforts in studying
the discontinuous solutions. Their notions are in the context of semicontinuous solutions. In
Ishiil?!l, the Perron method was introduced to show the existence of possible semicontinuous
solutions provided that either semicontinuous supsolutions or subsolutions exists, while the
data were assumed continuous. Barles-Perthamel® studied Bellman equations associated
with optimal control problems and showed the uniqueness of upper-semicontinuous viscosity
solutions under some compatibility conditions. Barron-Jensen!* showed the existence and
uniqueness of upper-semicontinuous solutions with upper-semicontinuous initial data for
Lipschitz convex Hamiltonians. Subbotin?? defined the semicontinuous solutions as the
limits of continuous solution sequences and showed the existence and uniqueness of such
solutions, provided there exists a supsolution. For general non-convex Hamiltonians, one
can not expect semicontinuous solutions to exist in general, which motivates us to explore
new possible approaches for constructing discontinuous solutions of (1.1)—(1.2) beyond the
class of semicontinuous functions.

There are basically two ways to study the continuous solutions of Hamilton-Jacobi equa-
tions. One way is the viscosity method as mentioned above. The other is based on the
characteristics. In the latter, Subbotin introduced the notion of minimax solutions via
differential inclusions to study Hamilton-Jacobi equations (see [29,30]). Motivated by the
earlier works, we propose an approach to solve the existence of discontinuous solutions in
L for Hamilton-Jacobi equations with general L°° initial data. Our approach and ideas
are quite general. This approach allows the initial data only in L* and applies to non-
convex Hamiltonians. One of the main ingredients in our approach is to introduce the profit
functions for constructing discontinuous solutions in L*° .

The philosophy behind our approach for discontinuous solutions is very natural from
game-theoretical point of view. It is known that a solution of Hamilton-Jacobi equations
is a value function of a two-player, zero-sum differential game. Our profit functions can be
roughly considered as the deposits subtracted from the payoff functions. Our solutions can
be interpreted as follows: The supsolutions satisfy one player’s will, while the subsolutions
satisfy the other’s; the exact solutions must fulfill both players’ wills. The profit functions
are introduced to justify whether the solutions fulfill the players’ wills. The theme of two-
player, zero-sum games is that each player maximizes what he obtains and minimizes what
he losses. Our profit functions exactly follow this theme even for discontinuous solutions.

From Section 2 to Section 4, we present our theory in L°°. In Section 2, appropriate
terminologies are introduced to define and study the profit functions. In Section 3, we
present the notion of solutions in L* and show the existence of global solutions by taking the
infimum of the supsolution set or the supremum of the subsolution set. In Section 4, we show



No.2 CHEN, G. Q. & SU, B. SOLUTIONS FOR HAMILTON-JACOBI EQUATIONS 167

that the L solutions coincide with the viscosity solutions introduced in Crandall-Lions!"!
and the minimax solutions in Subbotin!?*3%, provided the initial data are continuous.

In Section 5, a prototypical equation is studied to analyze the stability of discontinuous
solutions in L*>°. Two lemmas on the measurability of a given set are shown in Appendix.
The analysis in Section 5 indicates that our solutions are stable with respect to the initial
data in L*°. Moreover, from the game-theoretical point of view, the initial data are generally
obtained in the essential sense, which is another point for us to consider our solutions in the
L topology. Our analysis also shows that global discontinuous solutions are sensitive to the
topology in which the initial data are approximated in some cases. Even for these cases, our
solutions can produce all other possible solutions as observed by sacrificing the L™ stability
and approximating the initial data via other appropriate topologies if one wishes. It would
be interesting to study further the behavior of the discontinuous solutions in L established
here.

§2. Profit Functions and Their Regularity

To display our ideas and methods in a clear setting, we make the following assumptions
on the Hamiltonian H (¢, z, z,p) of the Cauchy problem (1.1)—(1.2):

(Al) H(t,z,z,p) is continuous in (¢, z, z, p) and increasing in z;

(A2) |H(t,»,2,p1) — H(t, 2, 2,p2)| < Co(1 + |z])|p1 — pol, and

|H(t,z,2,0)] < Co(1+ |z| + |z2|), for all t € (0,T7;

(A3) |H(t,x1,2,p) — H(t,z2, 2,0)| < AML)(1 4+ |p|)|z1 — x2|, where |21], |22| < L;

(A4) |H(t,z,21,p) — H(t,x,22,p)| < Co(1+ |z| + |p|)]21 — 22

Remark 2.1. The proof given below shows that hypotheses (A2)-(A4) can be weakened.
Typical examples of such Hamiltonians include:

H(t,z,z,p) = pl, H(t,z,2p)=+1+[p*, and H(t,z,z p)=z[p|.
See Glimm et all'® Sethian?®! and the references cited therein. In particular, the Hamil-
tonian H = |p| was first introduced in combustion by Landau as a flame propagation model
(see [28]).
We first introduce some notations and definitions. Denote
d 1
B(x,r) = {y e R? ’ (Z(yl — x1)2> f < 1"}.
i=1
Define the essential infimum and supremum of an L (R?) function v(x) at every point
r € R%:
I(v)(xz) = sup ess inf v(y), S(v)(z)= inf esssupv(y),
(0)(w) = sup ess inf v(y), S(u)(w) = nf esssupo(y)

where

AN B¢
S, = {A C R? measurable | lim w = 1}
r—0  m(B%(z,7))
It is clear that I(v)(x) and S(v)(x) are well defined at every point = € R, and I(v)(x) =
S(v)(x) almost everywhere.
Now we introduce the winning and losing profit functions.
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Definition 2.1. Fiz 7 € [0,T] and p(t,z) € C([0,T] x R™;R™). Given a measurable
function v and a position (or value) function f, we define the winning and losing profit
functions:

AL (t, 2, (7, f,p)) = nf{S(v)(2(r)) — 2(7) [ (x(-), 2(-)) € Sol(¢, f(t,%),p)},  (2.1)

ALt a, (7, f,p)) = sup{I(v)(z(7)) — 2(7) [ ((-), 2(-)) € Sol(t, f(t,x),p)},  (2.2)
where Sol(t, f(t,x),p) denotes the set of solutions:

((4),2(-)) : [7,t] = R" xR for t>r1
of the characteristic inclusions, (&(-),2(-)) € E(t,z, z,p) satisfying the conditions: x(t) = x,
z(t) = f(t, ), where
E(t,z,z,p) ={(h,g) € R" xR [h] < Co(1 + |z]),9 = (h,p) — H(t,2,2,p)}.
Remark 2.2. In (2.1), the quantity

2(7) = f(ta) + / "((.p) — H(s,7,2,p)) ds

is the payoff functional. For a given strategy p of the second player, the winning profit
function AV for the second player, which is the initial deposit subtracted by the payoff, is
minimized by the first player. AY is the losing profit function of the first player maximized
by the second player. The definition of A exactly follows the theme of game theory.

Remark 2.3. To establish the equivalence of the L>° notion defined later in this paper
and the L*° viscosity notion which will be introduced in [8], we may define the following
less restrictive notion of profit functions:

A (t,z, (7, f,p)) = nf{I(v)(z(7)) — 2(7) | (x(), 2(-)) € Sol(t, f(t, z),p)}, (2.3)
AL (¢, @, (7, f,p)) = sup{S(v)(x(7)) — 2(7) [ (x("), 2(-)) € Sol(t, f(t,x),p)}.  (24)
In this paper, our analysis is always based on the definitions in (2.1) and (2.2), which are
more restrictive. It is straightforward to check that all the results hold in this paper if (2.1)
and (2.2) are replaced by (2.3) and (2.4).
Lemma 2.1. Fiz 7 € [0,T] and p(t,z) € C([0,T] x R™;R™). Then, for any locally
measurable function h(t,x) > 0 and any point x € B(0,r),
h(t,x) < A (t,2, (7, f,p)) = AV (2, (7, f + h,p)) < e“C"Tn(t, 2), (2.5)
where C depends only on Cy, T, and ||p||c-
Proof. For any € > 0, there exists a solution (x.(-), z¢(+)) € Sol(¢, f(t, z),p) with z(t) = x
such that
A (t,z, (7, f,p)) 2 S(0)(xe(T)) — 2e(7) — €,
where z. satisfies the differential equation
Ze(s) = (Le(s), p(s, we(s))) — H (s, ze(s), 2e(s), p(s, ze(5)))

with z¢|s=¢ = f(¢, x).
By Picard’s Theorem, there exists a solution on [7, t] of the following differential equation:

Zn(s) = (2e(s), p(s,xe(s))) — H(s,xc(s), 2n(s), p(s, ze(5)))
with data:
zp(t) = f(t,x) + h(t,z) > f(t,2) = 2().
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Since z — H (s, x, z,p) is increasing,

z2n (1) — ze(7) = h(t,z) + /tT(H(s,xe,ze,p) — H(s,Zc, 2n,p)) ds > h(t,x).

Thus, we have

AL (t, 2, (7, f + h,p)) < S(0)(2(T)) — 2 (T)
< S()(xe(7)) = 2e(7) — h(t, )
<A (t,z, (7, f,p)) — h(t,z) + e
Since e is arbitrary, AY (t,z, (7, f + h,p)) < A (¢, z, (7, f,p)) — h(t,x). Thus we proved the

first inequality.
Now we show the second inequality. For any € > 0, there is a solution (zx(),zx()) €
Sol(t, (f + h)(t,z),p) with z(t) = z such that

A (t,z, (7, f + h,p)) 2 S(0)(zn(T)) — 2n(T) — €,
where |&,] < C(1 4+ |z]), and
Zn(s) = (@n(s),p(s,zn(s))) — H(s,xn(s), zn(s),p(s,zn(8))), T <s<Ht,
with data
zhl|s=t = f(t,x) + h(t, ), Tpls=t = .
On the other hand, there exists a unique solution of the following Cauchy problem
(s) = (@n(s), p(s,zn(s))) — H(s,xn(s), 2(s), p(s, xn(s))),  zls=t = f(t, 7).
y (A4) and the Gronwall inequality, we know
|20 (r) = 2(7)| < U h(t, ),
where C' is independent of v, f, 7, and t. Then we have
A% (t,z, (7, f,p)) < S(0)(@n(T)) — 2(7)

< S(v)(@n(7)) — 2n() + e“Ch(t, 2)

< A_(ta, (1, f +h,p)) + Rt z) + ¢
Therefore

AV (t, @, (1, f,p)) < A°(t, 2, (7, f + h,p)) + e h(t, 2).
This completes the proof of Lemma 2.1.
Remark 2.4. Similarly, for AY, we have
h(t,z) < A4 (t,z, (7, f,p)) — AL (t,z, (T, f + h,p)) < ec(th)h(t,m), (2.6)

where C' depends only on Cy, T, and ||p||c-

Before we study the properties of winning and losing profit functions, we first state the
following simple fact which can be proved by the Gronwall inequality.

Suppose that (x;(-), z;(-)),j = 1,2, are the two solutions of the characteristic inclusions:

with 21(-) = @2(+), |21(t0) — 22(to)| < €, |x1(to)| < M, where p(t,x) € C([0,T] x R";R"™) and
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0<7<t <T. Then
|21(7) — 22(7)| < Ck, (2.7)
|21(7) — 21(to)| < Ol — 1o,

where C' depends only on M, T, and p.

Now we check whether our definition of winning and losing profit functions is well-defined;
that is, given a measurable position function, whether the associated profit functions are
measurable. For this purpose, we introduce a useful lemma from the measure theory whose
proof will be given in Appendix.

Lemma 2.2. Suppose that A C B¥(0,M) C R? enjoys the pointwise nondegenerate
density property: For each x € A, there exists a measurable subset A, C A,x € A, such
that

. m(AzﬂBd(CL'J’))
hrTnj(tle m(B(z.1)) > 0. (2.9)
Then A is measurable.

Based on Lemma 2.2, we now show that any profit function associated with a continuous
position function is measurable. First we show that, at a given time, the profit function is
measurable if the position function is continuous. To do so, we introduce some simple facts
about essential supremum and essential infimum, and the preservation of nondegenerate
density by bi-Lipschitz homeomorphism.

Lemma 2.3. Suppose v € LS (R%). Then, for a fized point x and any € > 0,

loc
. m({y € R?|v(y) > S(v)(z) — €} N B(,7))
llrfj(t)lp m(B(w.1) > 0, (2.10)
. m({y € R?|v(y) < I(v)(z) + e} N B, 7))
hrrnjélp m(Bi(w,1) > 0. (2.11)

Proof. On the contrary,
d > _ d
i sup P08 € R 0(y) > S(0)(2) = ¢} 0 BY(w,7))
r—0 m(Bd(gL‘, T))

Set B = {y € R?|v(y) < S(v)(z) — €}. Then

=0.

_ n _m(ANB(z,r)) _
BeS, = {A C R™ measurable lgm = 1}_

By the definition of S(v), we have S(v)(z) < esssupv < S(v)(x)—e¢, which is a contradiction.
B
Fact (2.9) can be similarly proved.
Lemma 2.4. Suppose U and V are open sets in R?. Let f : U — V be a bi-Lipschitz
homeomorphism. If v € AC A C U with
. m(AN B (x,r))
limsup ————————=
0. m(Bz,7))
then f(x) is a point in f(A) C f(A) C V with
A) N B¢
sy U A0 B @), 1)
r—0 m(B (f(x)a T))
Proof. Since f is a bi-Lipschitz homeomorphism, there exists K > 1 such that

1Dl e ay + 1D~ poo gy < K-

>0,

> 0.
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It is obvious that, for any r > 0 and any measurable set B C U,
BY(f(x),r/K) C f(B%(z,1)) C BY(f(x),Kr),
(dK%)~'m(f(B)) < m(B) < dK"m(f(B)).
Thus, for any r» > 0 and measurable set B C U, one has
m(f(B)N B (f(x),r)) _ m(f(BNB(xz,r))) _ m(BNBx,r))
m(B4(f(z),r))  —  m(BYUf(x),r) T d*K*m(Bx,r))

The above inequalities imply the lemma.

Lemma 2.5. Suppose that v is a locally bounded measurable function and p(t,x) is
continuous. Then, for any position function f(t,x) € C([0,T] x R™), the corresponding
profit function, as a function of x, A® (t,z, (1, f,p)) € LL (R™) for any 7 <t <T.

Proof. It suffices to show that, for any fixed t € [r,T], a € R, and M > 0, the set
D = B"(0,M)N{z|A” < a} is measurable. Let us look at a point o € D. By the
definition of AY (t,z, (7, f,p)), there exists a solution (z.(-),z(-)) € Sol(¢, f(t,x0),p) with
Ze(t) = xo, 2e(t) = f(t, xo) such that

A (t, 20, (7, 1)) > S(0)(2c(7)) — 2e(7) — % t>r,
where e = o — AY (¢, o, (7, f,D)).
Consider the following differential equations
: L+ |z(s)]
iC(S) = 1 4 |1‘€(8)|$6(8)’
2(s) = (&(s), p(s, x(s))) — H(s,z(s), 2(s), p(s, 2(s))),
where z(t) = z and z(t) = f(¢,x).

It is obvious that the above differential equations induce a bi-Lipschitz homeomorphism
shown by the Gronwall inequality. By Lemmas 2.3-2.4, we know that there is a measurable
set A;, with nondegenerate density at zy such that z € A;, C D. Lemma 2.2 ensures that
D is measurable which means that A (¢, z, (7, f,p)) is measurable and locally integrable.

Now we prove that AY (¢, z, (7, f,p)) is measurable in both time and space variables if the
position function f is continuous.

Lemma 2.6. Suppose that v is a locally bounded measurable function and p(t,z) is
continuous. Then, for any position function f(t,x) € C([0,T] x R™), the corresponding
profit function A® (t,z, (1, f,p)) € Li,.([0,T] x R™).

Proof. It suffices to show that, for each o € R! and M > 0, the set
E = B""0,M)Nn{(t,z)| A" < a} is measurable.

We are going to show that each point (tg,z9) € E enjoys the pointwise nondegenerate
density property. Set

E, = B ((to, 20),) N {(t,m) ‘ Iz — zo| < %(to - t)}.

If we can show that F,. C E for some small r, then F is measurable by Lemma 2.2.
By the definition of AY (¢, z, (1, f,p)), there exists a solution

(ze(+), 2e(+)) € Sol(to, f(to,x0),p)
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with z.(tg) = 2o, ze(to) = f(to,zo) such that
€
Al(to, 2o, (7, f,p)) 2 S()(2e(7)) —2e(r) = 7, o2,
where € = a — A (tg, xo, (7, f,p))-
For every point (¢,z) € E,, consider the following characteristic path (x(s), z(s)):

. {“ﬁo if t>s>t,
x:

i—to
Tey iftg >s >,
i=(t,p) - H(t,2,2,p), t=s=T,
with z(t) = z, z(t) = f(t, ).

Since f is continuous, by (2.7) and (2.8), there is 9 > 0 such that, for any (¢,z) € E,,,
S(v)(z(r)) — 2(1) < a — § with x(t) = z, 2(t) = f(t,z). Thus AY (t,z, (7, f,p)) < a — § for
all (t,z) € E,,. That is, E,, C E. Therefore, E is measurable.

Indeed, there is an intrinsic regularity relation between the position function f(¢,z) and
the profit function AY (¢, , (7, f,p)), which is stated in the following lemma.

Lemma 2.7. Let p(t,z) € C(R' x R*;R"). Let v(x) be a locally bounded measurable

function. Then

1
loc

(i) For any position function f(t,x) € Ly, ([7, T] xR™) satisfying sup || f(t,-)||z(a) < o0,

[7,7]
with any bounded measurable set A, A* (t,z, (7, f,p)) € LL ([, T] x R™).

loc

(ii) Suppose that g(t,x) € Li  ([7,T] x R™) satisfies sup ||g(t,-)||rcay < oo for any
[7.7]

bounded measurable set A. Then there exists a unique f(t,z) € LL ([7,T] x R™) with

sup || f(t,-)||L(a) < 0o for any bounded measurable set A such that
[r.T]

g(t,z) = AN (t,z, (7, f,p)) forall te|r,T],

and, in particular, if g(t,z) = 0, then f(r,z) =v(z), a.e.
Proof. (i) There exists a sequence of continuous functions {f;} € C([0,7] x R™) such
that fr — fin LL ([7,T] x R"). Lemma 2.6 ensures that

loc
A (t,x, (7, fr,p)) € Lige ([T, T] X R™).

The fact (2.7)—(2.8) shows that AY (¢, , (7, fi,p)) are uniformly bounded. By employing the
continuity property of integral and (2.5), we know

A (t,x, (7, fx,p)) = AV (L, z, (7, f, D)), in L ([r,T] x R™).
Therefore, we have
AV (t, 2, (7, f,p)) € Lige([7, T] x R™).

(ii) By appealing to the Gronwall inequality and Assumption (A4), we know that, given
a bounded measurable set A, there exists a constant M4 > 0 such that

AY (ta o (T7 _MA7p)) > HgHLm(A) > _||g||L°°(A) > A (ta €L, (T7 MAap))
for any ¢ € [r,T], where A C B"(0,r).
Consider the set
Sga={f € L'([r,T] x A) | A”(t,2, (7, f,p)) < g(t,x), ae}.
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By the above inequalities and Lemma 2.6, S, 4 is not empty. For any f € Sy 4, define

J(f) = / ! /A AY (42, (7, f,p)) dudt.

It is obvious that Sy 4 is a closed set in L*(A), and

T
J(f) g/ / g(t,x)dedt =1, forany f € Sy a.
T A

Claim. For any f € S, 4 with J(f) < Jg, there exists fi € Sy 4 such that f; > f and
J(f1) > J(f).

This fact can be seen as follows. Since J(f) < J,, there exists B C [r,T] x A with
m(B) > 0 and § > 0 such that

A (tyx, (1, f,p)) < g(t,x) — 0, (t,z) € B.

f, if (t,x) € A\B,
h= { f—e €75 if (t,z) € B,
where C is the constant in (2.5). By (2.5), J(f1) > J(f) and A (¢,z, (7, f1,p)) < g(t, ).
Thus, the claim holds.
By the claim above, there exists a sequence of decreasing measurable functions {f,}72, C
Sg, 4 such that J(f) > Jgf% and —M4 < fr < M 4. By the monotone convergence theorem,
there exists f € L!([r,T] x A) such that

fit,x) = f(t,7) € Ligo([r, T] x R™),  A%(t,2, (7, f,p)) = g(t,2), ae.(t).
Similarly, for any fixed ¢ € [, T], we can show that there exists f(t,-) € L*(A) such that
A (t,z, (1, f,p)) = g(t,x), a.e. z, by replacing J(f) above via

J(f) = /AA’L(L:E, (1, f,p))dx for any fixed t € [7,T].

Define

Then

ft,z) = f(t, x), a.e. (t,x),

which is in L*([7,T] x A). By (2.5), f is unique. It follows that sup || f(t, )| re(a) < oo.
(7T
Similarly, for the losing profit function, we have

Lemma 2.8. Let p(t,x) € C(R! x R";R"™). Let v(z) be a locally bounded measurable
function. Then
(i) For any position function f(t,x) € L ([r,T] x R™) satisfying

loc

sup || f(t, )| Lo (a) < oo,
[7,T7]

with any bounded measurable set A,
A (t,z, (7, f,p)) € Lige ([T, T] x R™).
(ii) Suppose that g(t,xz) € Li ([7,T] x R™) satisfies sup ||g(t, )| p(a)y < 00, for any
[7.T]
bounded measurable set A. Then there exists a unique f(t,z) € LL ([r,T] x R™) with

sup || f(t,-)||L(a) < oo for any bounded measurable set A such that
[7.T]

g(t7.CL‘) = Ai(tvxa (Ta fap)) f07’ a'nyt € [7—7 T]7 a.e.r € Rna
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and, in particular, if g(t,z) =0, then f(r,2) =v(x), a.e.
It follows from Lemma 2.7 (Lemma 2.8, respectively) that there is a unique locally
bounded measurable function u? ((¢,z),p) (u¥ ((t,x),p), respectively) satisfying

A? (t,z, (0,u? ((t,z),p),p)) =0, (2.12)
Aﬁ(t, x, (0, uﬁ((t, z),p),p)) =0, (2.13)

respectively, for (¢,x) € [0,T] x R™, where ¢(z) is a locally bounded measurable function.
It is easy to see that

u?((0,2),p) = ¢(z) = uf ((0,z),p). (2.14)

§3. Existence of Discontinuous Solutions in L>

First we define the supsolution set and the subsolution set for the Cauchy problem (1.1)—
(1.2) in terms of profit functions. Then we present the existence proof.
Let

W =A{u(t,z) € Lis.([0,T] x R™) | u(t, ) € LS. (R™) for every ¢ € [0,T7]}.
Denote by S* the set of supsolutions w(t,z) € W which satisfy
(i) For any p(t,z) € C(R! x R™;R"),

AZ(t,x,(0,w,p)) <0 (3.1)
for almost everywhere (t,z) € [0,T] x R™. Additionally, for every ¢ € [0, 7], (3.1) holds for
almost everywhere x € R".

(ii) The semigroup property: For every 7 € [0, T,

AT (b, (7, w,p)) < 0 (3.2)
for almost everywhere (¢,z) € [r,T] x R™. Additionally, for every ¢ € [r,T], (3.2) holds for
almost everywhere z € R".

Similarly, S! denotes the set of subsolutions w € W which satisfy
(i) For any p(t,z) € C(R' x R";R"),
AL (t, @, (0,w,p)) =0 (3.3)

for almost everywhere (t,z) € [0,T] x R™. Additionally, for every ¢ € [0, 7], (3.3) holds for
almost everywhere x € R".
(ii) Furthermore, for every 7 € [0, 7],

ATt w, (1,w0,p)) 2 0 (3.4)

for almost everywhere (t,x) € [r,T] x R™. Additionally, for every t € [r,T], (3.4) holds for
almost everywhere x € R™.

It implies from the definition of S* with the aid of (2.5) that, for any w € S* and
p(t,x) € O(R' x R™"; R™), w(t,z) > u? ((t,z),p) a.e. in [0,T] x R™. Similarly, for any w € S
and p(t,z) € C(R' x R R"), w(t,z) < uf ((t,z),p) a.e. in [0,T] x R™.

Definition 3.1. We say that u is a solution of the Cauchy problem (1.1)—(1.2) if u
belongs to S* and S' simultaneously.

Condition (i) for S* and S' contains the exact information how the solution u is deter-
mined by the initial data ¢(x).
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To study the perturbation of characteristic paths, we first recall the definition of weak
isotopy.

Definition 3.2. Suppose that O C R is a domain. A Lipschitz continuous map x :
[0,T] x O — R? is called a weak isotopy if

(i) 2(0) = I;

(ii) =(7) is a bi-Lipschitz continuous homeomorphism for any T € [0,T] with uniform
Lipschitz constant independent of 7.

Remark 3.1. For the definition of isotopy, see [19] or [27]. For the purpose of this paper,
we need to study the bi-Lipschitz homeomorphism which preserves nondegenerate measure
so that we introduce the weak version of isotopy above.

A typical example of weak isotopy is given by the following lemma, which can be proven
by the Gronwall inequality forward and backward.

Lemma 3.1. Suppose that f; : [0,T] — R",j = 1,2, are bounded measurable functions
and g : R™ — R is Lipschitz continuous. Then the following differential equation gemerates
weak isotopy over [0,T], & = g(x)f1(t) + f2(t).

The following lemma establishes a nice property of weak isotopy, which is the preservation
of nondegenerate measure.

Lemma 3.2. Suppose xg € B C 2(T)O and lim sup %W > 0, where O C R? is
r—0 ’

a domain. Then
-1 d+1(,.—1
o M0 (OT). B) 0 B @ (T, 1)
r—0 m(B¥H 1 (z=1(T)zg,7))

>0, (3.5)
where x=((0,T), B) = {(t,y) € (0,T) x R*|z(T)z~(t)y € B}.
Proof. By property (ii) of weak isotopy, there exists K > 1 such that
K Ya(r)zy — o(7)xs| < |21 — 22| < K|2(1)z1 — 2(7) 22,

where x1, zo2 € O, 7 € [0,T], and K is independent of 7. It is obvious that, for any r > 0,
B(xg, Kr) C z(T)O and any measurable set U C z(T)O,

z YT)(BY(xo,7/K)) C Bz~ (T)zo,r) C 2~ YT)(B(x0, KT)),
K 'm(U) <m(z~1(T)U) < Km(U).
By assumption, there exist § > 0 and a sequence {ry}?2 ,, with 7, — 0 as k — o0, such that

m(B N B (zg,71))
m(B(zo, 7))

> 4.

Note that

=7 1((0,T), BN B¥(xq,7)) € 27 1((0,T), BY(20,71)) C (0,T) x (x(t)x=Y(T)xo, Kr4).
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Therefore

m(:cfl((O,T), BN Bd(:c,rk) N Bdﬂ(x*l(T)xg, 2Kry)))

V3K
2/ m(z(r)e (T)(B A B (zo, ) dr
0

> V3Kr, K~ m(B N B(z,r))
> V3r K~ om(BY (x, r1,))
> VBEH5(2K) " Ly (B (o Y (T)wo, 2K 1)),
Wd+1
which implies that (3.5) holds.

We now show that S™ is not empty. In the proof later on, we denote by L(f) and L(B) the
Lebesgue set of measurable function f and the subset of points of density 1 of measurable
set B, respectively.

Lemma 3.3. For fized p'(t,z) € C(R' x R™;R™), u¥((t,z),p') € S§. More precisely,
u¥ satisfies that, for any p(t,z) € C(R' x R";R™) and 0 < 7 < T, and for every point
(t,x) € L(uf) which is the set of Lebesgue points of u?,

A (b2, (7, uf,p)) <O0. (3.6)

And, for every t > T, (3.6) holds for almost everywhere x € R™.
Proof. First we show that, for any p and p’ in C(R! x R";R") and any measurable
function f,

Sol(t, f(t,x),p) NSol(t, f(t,x),p’) # 0.
Consider the following functions
H(t,x,z,p') — H(t,z,z,p)
' = p|?

he(t, @, 2,p.p") = (9°(t. 2, 2,p,0"),p') — H(t, 2, 2,p")
= (g°(t,2,2,p,0'),p) — H(t,2,2,p).

By Assumption (A2), |g°(¢, z, z,p,p")| < C(1 + |z|). Therefore, we have
(9°(t, @, 2,p,0"), h°(t, 2, 2,p, ")) € E(t,x,2,p") N E(t,z,2,p),

which implies Sol(¢, f (¢, z),p) N Sol(t, f(t,z),p’) # 0.
It is obvious that u¥f € W. Assume that u% does not satisfy inequality (3.6) at some

point (to,zo) € L(u¥). That is, there exist 79 < ¢p and § > 0 such that

9°(t,x,z,p,p") = (' — p)

)

A +(t0a a(7-07uﬁ;p)) > 1) > 0.
By the definition of A_, for any (z(-), z(-)) € Sol(t, u¥ (z0),p),
( W)(Tm (

where z(19) = u¥ (z) + ft — H(t,z,z,p))dt and x(tg) = z¢. Thus

x(70)) — 2(10) > 6 >0,

( ) (10, 2(10)) — 2(10) >0 >0,

where (z(-),2(-)) € Sol(t,uf(xo),p) N Sol(t,u? (x0),p'). Let (2°,2°) be a characteristic
path in Sol(t,u¥ (xo),p) NSol(t, u¥ (x¢),p’). Consider the characteristic flow issued from the
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neighborhood of (tg, zg) given by the following differential equations

)
H5) = 1 () (3.1
£(5) = (#(5),p(s, () — H(s,2(5), (), ls, 2(5), 5)

where x(to) =  and z(to) = uZ (to,x). By Lemma 3.1, & generates a weak isotopy. With
the aid of Lemmas 2.3 and 3.2, and the explicit formula of &, there exists a measurable set
A of non-zero measure, which has positive density at (to,zg), such that, for any (¢,x) € A,
u¥ (10, 2(79)) —2(10) > & > 0, where & and 2 are defined by (3.7) and (3.8). By the definition
of uf and (2.6), we know A (70,v,(0,9,p")) > 6/2 > 0, where g(y) = uf(z~ ' (70)(y),p') +
t?((a'c,p') — H(s,z,2,p"))ds for y € z(ty)A. Thus
A% (to, z, (0,uf((t,z),p"),p)) >6/2>0, (t,z)€ A

This is a contradiction to the definition of u¥ ((¢,x),p"). This proves (3.6) in (¢,z). By the
same contradiction argument as above with the aid of Lemmas 2.3-2.4 instead of Lemma
3.2, we can show for every ¢t > 7, (3.6) holds for almost everywhere z.

Based on a given element w € S*, we can produce another one in S*.
Lemma 3.4. Given w(t,z) € S* and p(t,z) € C(R! x R";R"™), we define
A w(t, ), if () € [0, 5] x R,
w(t,z) = w(s,) . .
uy U (tx),  if (tx) € [s, T] x R™,
w(s,z)

where u satisfies
Ai(s’l) (t,z, (s, ui}(s ) ,p)) =0.
Then w € S*.
It is easy to show w € S*, with the aid of the proof of Lemma 3.3 and by the definition
of AY.

Now we are ready to prove the main result of this paper.

Theorem 3.1. Given a locally bounded measurable function o(x), there exists a unique
minimal element of S*, that is, the solution of the Cauchy problem (1.1)—(1.2).

Proof. Step 1. If uy; and us belong to S*, then min{u;,us} = ug Aug € S*. By (2.5)
for A, it is easy to see the following relations hold:

ma‘X{Avi (t,.l?, (Tv f17p))v Ai(tvxv (Ta f27p))} =AY (t’xv (T7 fl A .f27p))7
ANt a, (7, f1 A fo,p)) < max{ AT (8,2, (1, f1,0)), AP (2, (7, f2,0)) }-

Then the above inequality ensures that u; A ug € S™.

Step 2. Suppose that {ug}gep is an ordered family in S*: for any ui, us € {ug}, either
up < ug or up < uy. Then there exists w € S* such that w < ug for 8 € B. First we define
a sequence of domains Ay:

A ={(t,2)|]z| < (k+ 12T~ _1,0<t < T}
Let A(t) = Ax N ({t} x R™). For each § € B, we define I, g = fAk ug dxdt for each k € N,

and, for each t, Iy g(t fA (1) UB dx for each k € N.
Choose p(t x) € C(R1 x R™; R") such that for any 8 € B, ug > u?((t,z),p). Denote
Ik = fAk _ ) )dxdt and Ik- fA (t ), )dl‘ Thus Ikﬁ > Ik and Ikﬂ(t) >

Lu(%).
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For each fixed k, the family of I g (Iy g(t) respectively) has a lower bound Iy (Ij(t)
respectively). There exists a decreasing sequence {uy;}7°, C {ug} such that llim I, =
—00

inf [
gep P

Note that {ug}sep is decreasing. Define u; = min{uy,--- ,u;;}. Then {u;};°; is de-
creasing and has a lower bound u? ((¢, ), p). By the monotone convergence theorem, there

exists a measurable function w such that lim u; = w, a.e. in Ag.
l—o00

Denote by w the pointwise limit of {ug;}5°,. We know that w = w a.e. in Ay is mea-
surable. By the monotone convergence theorem, for each t, there is a measurable function
in z € R™ such that ll_lglo w(t) = w(t) a.e. in Ag(t). We know w = w a.e. in Ag(t). Thus w
is measurable in x € R"™ for every ¢.

Assumption (A2) and inequality (2.5) ensure that (3.1)—(3.2) hold for w in Aj. Therefore,
w is what we want.

Step 3. With the aid of Steps 1-2, Zorn’s lemma ensures that there is a unique minimal
element u in S*. With the aid of Lemma 3.4 and inequality (2.6), we can show that (3.3)
and (3.4) hold for u.

Remark 3.2. With the aid of the differential inclusion theory, the existence results in
this paper may be extended to the case that H(t,x,z,p) is discontinuous with respect to
(t,z) and is piecewise continuous with respect to p.

¢4. Consistency

It has been shown in [29, 30] that the minimax solutions are equivalent to the viscosity
solutions, provided that the initial data are continuous. In this section we show that our
solutions coincide with the minimax solutions, provided that the initial data are continuous.

Let the following functions

(t,z,y) = px(t,z,y) : (0, T] x R x R — R™,
(t,x,y) = p(t,z,y) : (0,T] x R" x R™ — R",
be locally Lipschitz continuous.
For the purpose of the proof of consistency, we need to establish the following lemma on
the existence of mutual tracking trajectories of the characteristic inclusions.
Lemma 4.1. Suppose p(x) is continuous. Let wy and u be the L™ supsolution (sub-

solution) and minimaz solution of (1.1)—(1.2), respectively. Then, for every point (to,xo) €
L(wy), there exist solutions of the systems of differential inclusions

(#,21) € E(t, 2, 22, px(t,2,y)),  (9,2) € E(t,y,2,p(t, 2,y)),
that satisfy the initial conditions
((to), 2+ (t0)) = (o, w+(to, o)),  (y(to),z(to)) = (w0, u(to, o))
and the inequalities +(z4(0) — p(2(0))) >0, =£(z(0) — ¢(y(0))) < 0, respectively.

Proof. We prove only for the “4” case; the proof for the “—” case is the same.

Let yo(t) satisfy yo(t) = xg for 0 <t < tg. By the continuity of ¢, there exists a solution
(21,2} ) of characteristic inclusion with p (¢, z) = p(t, z,yo(t)):

|$1| SC(1—|—|x1|), Zi:<$1,pi>_H(t,$1,Zi,pi)
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with initial conditions z1(to) = zo, 2L (to) = w4 (to, o) such that 23 (0) > ¢(z1(0)). Then,
by the definition of minimax solutions, there exists a solution (y;,z!) of characteristic in-
clusion with p'(t,y) = p(t, z1(t),y):

| <CA+lnl), 2= (G,p") — H(t,, 2", 1),
with initial conditions y1(tg) = xq, 21 (tg) = u(to, zo) such that z1(0) < p(y1(0)).
- e
Continuing recursively, we obtain four sequences p% , p*, {(zy, 2%)}, and {(yx, 2*)} satisfying
ph(ta) = pltz, e (1), pH(ty) = p(t2i(t),y),
il < CQ+|awl), 25 = (@n,ph) — Ht 2w, 25, 08),
okl < COL+Jysl), 2% = (G, ") — H(t,yp, 2%, "),

with initial conditions xx(to) = yk(to) = o, 25 (to) = w4 (to, o), and 2*(tg) = u(to,zo)
such that

240) = p(zk(0)),  24(0) < p(yk(0)).

Since |zx| + |yx| < (Jzo| + 1)e“T for all k when 0 < t < tg, there exists M > 0 such that
Ipk | + |p¥| < M for all k. Thus (zy,2¥) and (yx, 2*) are uniformly Lipschitz continuous.
By the compactness of the sequences and the continuity of ¢, there exist subsequences that
converge to (z,z4) and (y, z), respectively, which are our desired trajectories.

Based upon Lemma 4.1, we can prove the following theorem.

Theorem 4.1. Assume that ¢(x) is continuous. Let u(t,x) be an L supsolution of
(1.1)=(1.2) and v(t,x) the continuous minimaz solution. Then u(t,x) > v(t,z) almost ev-
erywhere.

Proof. Let L(u) be the Lebesgue set of u. It suffices to show that, for (¢o,z0) € L(u),
’U,(t(), 1‘0) Z ’U(to, {,Co).

On the contrary, u(tg,zo) < v(to,xo) — J, where § > 0. Denote by X(¢,zg) the set of
absolute continuous functions x(-) : [¢,T] — R™, which satisfy the differential inequality
|£(t)] < C(1+ |z(¢)|) and the initial condition z(t) = . Define

S={z(r)|Tet,T],z() € X(t,x0)}.
By the Gronwall inequality, we know S C B™(0, (1 + |z0])e?“T). Let A be the Lipschitz
constant in Assumption (A3) where L = (|xo| + 1)e2¢7.
Set

M

/1
1 y Tk(xay)z ﬁ+|l’*y|2,
k
ﬁk(ﬂ z, y) = nk(t)rk(% y)7 Lk(t7 x,Y, H, V) = ﬂk(t7 x, y) + n—v,
where (t,z,y,p,v) € [0,T] x R" x R” x R x R.
Consider the derivative of the Lyapunov function Lj with respect to the system of differ-
ential inclusions:

=

i (t)

lo] <C(A+z|),  fp=(&,p)—H(t z, pup),
[yl < C(1+ |y]), v = (y,p) — H(t,y,v,p), (4.1)

y—fE
P 2 Br(t, z,y) yBk(t,z,y) = ni( )rk(t,x,y)’
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with initial conditions:
z(to) = y(to) = o, p(to) = u(to, o), v(to) = v(to, o).
Note that
(to, o, pto,0) € N = {(z,y, p1,v) € S x S x Rx R|p < v}

Let the trajectory (z(t),y(t), u(t), v(t)) of the above differential inclusions go within the set
N on the interval [7,tg] C [0,%o]. The straightforward computation yields

dLy(t) _ OBk

dt E+<Dmﬁk7x>+<Dyﬁkuy>+u_y
= )‘ke)\trk(zvy) - H(t71‘7 Vap) + H(ta y7.uap>
> MeeMry(z,y) — A1+ [p])|2 -y
> Arg(z,y) (ke” —1—|p|)
= Mg (z,y) (ke’\t — 1 —n(t) il )

e, y)

> Mrip(w,y) (ke = 1= (1)) = 0.
Since Ly(to) = mi(to) + p(to) — v(to) < Zmk(to) — 6 < 0 and, for almost all ¢ € [r, o],

Li[t] > 0, we obtain that the trajectory stays in the domain N for all ¢ € [0, %o].
By Lemma 4.1, there is a trajectory of System (4.1), (zx(-), yx(-), i (+), v&(-)) such that

pk(0) = u(0,2£(0)),  vi(0) < (0, z(0)).
Since inequality Lg[t] > 0 holds for any solution of System (4.1), we have

Lito] = %m(to) + u(to, zo) — v(to, z0) > Li[0]
> Mk (0)rk(21(0), v (0)) + u(0, 2,(0)) — v(0, yx(0))
> ¢(21(0)) — ¢ (yx(0)).
Note that
len;O %nk(to) =0, kliﬂrglO 7 (0) — oo.
It is obvious that

lP(@x(0)) = p(r(0))] < max |u(z) —v(y)| = M < oo,

Therefore, from the inequality
1
1 (0)r(21(0), y1(0)) < 5 mk(to) +u(0, y0) — v(zo, yo) + M,
we obtain
|2 (0) — yx(0)| = 0 as k — oc.

Furthermore, passing to the limit as & — oo in the following inequality by invoking the
continuity of ¢:

1

72 Mk (to) + ulto, o) — v(to, z0) 2 ¢(2x(0)) — #(yx(0)),

we have u(tg, xg) > v(tg, o). This leads to a contradiction to the assumption. The proof is
completed.
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Similarly, with the help of Lemma 4.2, we have

Theorem 4.2. Assume that o(x) is continuous. Let u(t,x) be the L™ subsolution of
(1.1)—(1.2), and v(t,z) the continuous minimaz solution. Then u(t,z) < v(t,z) almost
everywhere.

Therefore, the L° solutions coincide with the continuous minimax solutions when the
initial data are continuous. Consequently, the L°° solutions consist with the continuous
viscosity solutions.

§5. An Example

In this section we examine some interesting phenomena and study the L°° stability of
discontinuous solutions of the Cauchy problem:

up — a|Du| =0, reR, a>0, (5.1)

u(0, ) = p(x). (5.2)

Before we examine the Cauchy problem (5.1)-(5.2), we first recall the definition of count-
ably piecewise continuous functions. We say that a function f is essentially continuous on
a set A if, after replacing function values over a zero-measure subset of A, the function
f is continuous on A in the classical sense. A function f(z) is called countably piecewise

continuous function over R? if there exists a countable open decomposition {Qx}72, of R?
satisfying

o0
Rd:UQk, QiﬁQj:Q) for i # 7,
k=1
such that f(x) is essentially continuous on every set ) for any k € N.
Denote by Lo°(R?) the subset of L% (R?) consisting of countably piecewise continuous
functions. It is easy to verify that L3°(R?) is a subspace of LS (R?) under the L> norm.

Denote by L2 (R?) the closure of L°(R?) under the L norm.
It is obvious that sin((sin(z~'))~!) € Lgy(R'). The following L>°(R") functions

1, ifz e (g — 52,9 + 5) forany i € N,
ﬁk(x):{ (¢ a+iy 4 2k+) y

do not belong to L2 (R'), where ¢; € Q.

Theorem 5.1. Let p(z) € L5 (R'). Then the solution u(t,x) to (5.1)~(5.2) is given by
the following formula

0, otherwise

u(t, ) = esssup p(y), a.e. in [0,T) x R, (5.3)
C(t,x)

where C(t,xz) = {y € R'||42] < o).

Proof. It suffices to show that (5.3) holds at each point (to,zo) € L(u(t,z)) N ([0,T) x
B1(0,m)). Denote by X(t,x) the set of absolutely continuous functions z(-) : [0,¢] — R*
which satisfy the differential inequality |Z(¢)| < C(14 |x(¢)|) and the initial condition z(t) =

z. Define

S = U {z(0) |z(-) € X(t,z)}.

(t,z)€[0,T]x B*(0,m)
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By the Gronwall inequality, we know S C B2(0, (m + 1)e?¢T). Thus there exists M > 0

such that —M < esssup p(y) < M.
yeS

Step 1. For every point (tg, zo) € L(u(t,x)) N ([0,T) x BL(0,m)), u(ty, z0) < esssup (y),
C(to,zo0)

where C(to, ) = {y € RY| |45 < at.
Consider a sequence of continuous functions defined as follows:
I(x — x0), ifT>t>t)— 1,
z—z0—alt—to+ 1)), fz—zo—alt—to+1)<0,t<to— %,
z—zo+alt—tog+1)), fz—zo+alt—to+3)>0,t<ty— £,
0, elsewhere,
where | = 2k*M for each k. For any z(7) € X(m1,21) with zo + a(r — to + 1) > x(7) for
71 < 7 < 79, one has

[+ alpear = [ - apdar

2 T2

pr(t,z) =

= k4M(a:(7') — g —a(7’ —to + %))2 T:Tl

For any z(7) € X (71, 21) with 29 — a7 — tg + 1) < 2(7) for 71 < 7 < 75, one has

| G+l = [+ am i

2 T2
1\ 2
= k4M(x(T) —z0+ a(T —to+ E))
T=Ty
Thus, for any z(7) € X (t1, 1) with ¢ + a(t; — to + %) <ap <o —alty —to + %) and
t1 < to, direct computation shows that
(i) If 2(0) < wo — a(to — 1), then

/ﬂ@mﬂﬂmﬂm=ﬁM@@—m+a@—;»%

ty1
(ii) If 2(0) > 2o + a(to — 4), then

[ )+ ol dr = 6421 (50) — 20 — (10— 1))

t1

T=T2

T=T1

(iii) If 2o — oty — 1) < 2(0) < mg + ato — ), then ftol(<:ic,pk> + alpi|) dr = 0.
Since (to,x0) € L(u), for any € > 0, there exists K (a positive integer) such that, for any
k > K, there is (tg,xr) € L(u) with
lf()fl>t,1€>t0*g $0+Oé(tk7to+l)<xk<$ofa(tk7to+l>
k Kk’ k) — "~ k/’
satisfying |u(tg, xx) — u(to, zo)| < €. By the definition of subsolution, (2.2), and the above

equalities, one has u(tg,xg) < esssup ¢(y)+ € by letting kK — oco. Since € is arbitrary, Step
y€C(to,x0)
1 is completed.

Step 2. For every point (t,z) € L(u(t,z)) N ([0,T) x B*(0,m)),

u(to, zo) > esssup p(y),

C(to ,Io)
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where C(to, ) = {y € RY| |45 < at.
Claim. For any € > 0, there exists an interval B'(z.,r.) C C(to,z¢) such that
¢ — esssup @(y)l Lo (B (z.,r.)) < €
to,xo
This can be seen as follows. There exists a measurable set A with m(A4) > 0 such that

1

ll — esssup ()| Loo(ay < 16
C(to,mo)

while there exists an L5° function g(x) such that

1
lg = Pllze(ctto,m0) < 7€

Thus there exists a continuity point z. of g(z) with z. € A satisfying

3
9(a) — esssup a(v)] < e
C(to,zo)

for any = € B!(x., 7). Thus, on B(x, ), the claim holds.
Consider the following continuous function:
p(t,x) = fQMk(:c -z — gt).
0
Note that, for any 0 < 7y < ¢,

0 0 0
/ (@, p) + alpl) dr = / (& — v, p)dr + / ((v.) + alp|) dr

70 70 70
< —Mk(x(1) — xe —7)? 1220,
where v = #0=£=. Using the fact that (2.1) holds for (o, 20) with the inequalities above,
one has
u(to, zo) > esssup @(y) — Ce,
y€C (to,m0)

by letting k — oo, where C' > 1. Since € is arbitrary, Step 2 is established. This completes
the proof of Theorem 5.1.

Remark 5.1. In the above proof, we know that Step 1 holds for any L°° initial data.
The fact that initial data belong to Lg, was utilized in Step 2. The proof of Step 2 implies
that even (5.3) holds when ¢(x) = B¢ (x), which is not in Lgy. The unique solution to (5.1)—
(5.2) with ¢(x) = Be(x) is 1 almost everywhere. Thus this solution does not have weak L!
continuity in time at the initial time. In fact, neither the continuous viscosity solutions nor
minimax solutions are stable with respect to initial data in the L' sense. For L7, initial
data, the L™ solutions may possess L' continuity in time. Moreover, the L> solutions may
preserve Lcy space.

Corollary 5.1. For any two solutions uy(t,z) and uyi(t,r) with L, initial data ¢1(x)
and pa(x), respectively,

||U1(t7 ) — Ug(t, -)HLoc S ||(p]_ — Lpz”Loo, a.e. t > 0.
Remark 5.2. The corollary just indicates that the L* solutions are unique and L*°

stable with respect to Lgy initial data. Our solutions can be also employed to construct
other possible solutions as observed by sacrificing the L°° stability. For example, consider
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(5.1) with initial data
1

0, otherwise.

. 1 1
if —¢z<z<q,

o ={
By Theorem 5.1, we know that
1L, if —f—at<az<i+at for0<t<T,
uk<t’x) =

k
0, otherwise,
is the solution for each positive integer k. So {ux}72, converges in L' to the following

function

1, if —at<z<at, for0<t<T,

u(t,z) = { )

0, otherwise,

which is Barron-Jensen’s upper-semicontinuous solution (see [4]) to (5.1) with initial data
1, if =0,

ple) = { 0, otherwise.
This example also shows that discontinuous solutions are very sensitive to the topology in
which the initial data are approximated. Our solutions are L°° stable as indicated above
and can also produce other solutions as observed by approximating the initial data via
appropriate topologies.

Remark 5.3. In this paper we present a notion of discontinuous solutions in L* and
prove the existence of L solutions. It is important to know the relation between the notion
introduced here and the notion of viscosity solutions and to understand the uniqueness of
solutions in L. In [8], we will clarify the relation between the two notions and compare
the L notion with the other existing notions for discontinuous solutions. We will also
present further studies of L>° solutions for a class of Hamiltonians, which are important in
differential game theory and control theory.

Appendix
Proof of Lemma 2.2. In the proof, we denote by L(B) the subset of points of density
1 for a given measurable set B. Let A = A° # (). Consider
So = {D c A°| D is measurable and m(D) > 0}.
By assumption, Sy is not empty. We choose a set Dy € Sy such that

m(Dg) > 3 sup m(D) > 0,
4 DeSo
and B°\Dy is measurable, where By = B%(0, M). Then B! = L(B°\Dy) is a set of density
1 for B\ Dy and m(B*') = m(B°\Dy).
Let A = (A°\ Do) N Bt If A! = 0, stop. If A # (), consider
S; = {D c A'| D is measurable and m(D) > 0}.

Then S; is not empty. This can be seen as follows. Take a point x € A!. By the defini-
tion of nondegenerate density property, there exists a measurable set A, C A, a sequence
{re}2, = G with klirn rp =0, and 6 > 0 such that

hade el

m(A, N Bz, 1))
m(B4(x, 7))

> 9, for r; € {ri}re:.



No.2 CHEN, G. Q. & SU, B. SOLUTIONS FOR HAMILTON-JACOBI EQUATIONS 185

By the definition of points of density 1, there is j € N such that
m(B* N Bz, 7)) 0 .
>1-—- for k > d G
m(Bd(x,rk)) 1 or k > jand r, € G,
which yields m(A, N B') > 0. While A, N B! C A', then S; is nonempty. Then we can

choose a set Dy C Sy such that m(D;) > 2 sup m(D).
DesSy
Recursively repeating the above procedure, we obtain the following four sequences

{D ¥, {B*¥22,, {AF}2,), and {Sk}32, satisfying
(i) B* c B¥=! D, c A*¥ C B*, and Dy, B* are measurable;
k—1
(11) Ak Ak_l\Dk,1 and m(Ak_l\(Ak @] Dkfl)) =0, and Dy N U Dj = @;
J

=1

(iii) Sr = {D c A¥| Dis measurable and m(D) > 0};

(iv) sup m(D) > sup m(D), m(Dy) > 2 sup m(D).
DeSy_1 DeSy DeSy
Since m(B) is finite and |JDy, C BY, m(D) — 0 as k — oco. By Property (iv),
k

sup m(D) — 0 as k — oo. Also A\ | Dy € B°\ U Di. Consider
DeSk k=0 k=0

o0
Soo = {D C A\ U Dy, | D is measurable and m(D) > O}.
k=0
It is obvious that
sup m(D) > sup m(D), for each k.
DeSk DeS

Then sup m(D) = 0, which means S, = (). Using the nondegenerate density property of
DeSs
A and the definition of points of density 1, one can argue by a contradiction to show

(A\ QO Dk) ﬂL(BO\k@O Dk) — 0.

Then m(A\ U Dk) = 0. Therefore, A is measurable. This completes the proof.
k=0

We here mention a necessary and sufficient condition of measurability of a given set in
R? implied by Lemma 2.2.

Lemma. A set A C R? is measurable if and only if there is a zero-measure set B C A
such that every point x € A\B satisfies nondegenerate density property.

Proof. Sufficiency. As proved by Lemma 2.2, A\B is measurable. Thus A = BU (4\B)
is measurable.

Necessity. The characteristic function 14 is measurable and locally integrable. By

Lebesgue theorem, for almost all € R?,

1
i s [ Ly = L)
r—0 ’ITL(B({E, T)) B(z,r)
It implies that, modulo a zero-measure set, every point of A has density 1.
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